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Consider the fo llowing two problems: 

Proble m l. Let. G be a finile gro1t¡J. Docs the1·e exist a Galois extension K o/ 
!(! such llwt Gal(K/Q) "' G? 

Problem 2. Let /{be a finit e Galo·is extension o/Q and Tan irreducible complex 
revreseutat.ion o/ Gal(K/Q). Does the1·e exisl an elliptic curve E over Q such 
tlwt T occurs in. the natural revresenlatfon of Gal(J< /Q) on e 0z E(K) ? 

Of coursc Problem 1 is t he famous "invcrsc Galois problem". It has a distinguis
hcd pcdigree going back to Hilber t and E. Nocther, and it remains an active topic 
of rcscarch to this day. Problern 2 by contrast has rcccived little attention, but it 
arises natura\ly when one investiga.tes thc possible vanishing of certain Rankin
Sclbcrg convolut.ions [9], ancl in thc prcsent expository article it will be treatcd 
s imply as a natura.\ companion to Problem l. The remarks ami examplcs which 
comprise the art.icle are int.endcd to show t ha.t. this point. of view is reasonablc. 
Wc begin by mentioning a special case in which Problem 2 has a n affirmative 
answer. 

1 A Result in low degree 

Problern 2 has an affinnativc answcr whencvcr T occurs in t.he representation 
oí .al( J\/Q) induced by the trivial rcprcsent.at ion of a subgroup of index ::;;; 9 
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([l t ], p. l2J ). :-lo te• that. T is t hcn of dirn('llsion ~ 8. Us ing Frolw nius rcc iprodty1 

wc may state thc result. as fo llows: 

Proposition 1 Let !(be a finü e Galois e:1:/.(' '118ir111 o/ Q oml T un frredm:ible com 

¡ilcx rqn-esm lat ior1 of Cal (J\ /Q) . Suppo1H' !herf' ·is o suúfield l o/ F< sulisfying 

th e followú tg comJitious: 

(a) [L ' QJ ( 9. 
(b) Gílf( !( j L ) fixes a n on ze1'0 vec tor in f.he 8pnre o/T. 

Th en !Itere is nn ellivtic curve E ovcr Q .mch lhat T ornirs frt lite natuml re¡ire

mitaUo" o/ Gal(f( /Q) 011 C ® E(!<). 
I3y way of ill us trat. ion, considcr the case wlicff T is a charactcr x : Gal(/( /Q) -t 

e x (wc use "charactcr'1 asan abbreviation for '101w-d ime nsional characlcr" whcn 
t.he mcani ng is clear fro m contcxt} . Ta ke l to be the fixcd ficld of t hc kernel of x1 

so that (i i) ho lds. If x has order ~ !) t.hcn (i) is also satisfied a nd we ded uce t hat 
X occm s in C® E (K ) for so rne E. Thus Problf'm 2 has an a ffirmat ive answcr for 
characters of ordcr ~ 9. Act1ially we can do a li lt \e bctter tha n this by usiug t hc 

fo llow ing lem111a: 

Lemma !/ f is a quadmtic clrnrn.cf.í:r o/ Gal(J</Q ) <md E< l.he c01Tespo11di119 
quadralic twis t o/ E lhen Ec(!<) rmd E(l<} ® f m·e isom.orpfric as Z[ Gcil(I</1Ql)]
mod11les. 

Proof. Lct y2 = r 3 + o.e + b he an equation íor B ()\'l' J" Q and writc thc fixcd ficld 
of t.hc kernel of l as Q( Jd), whcrc .../íi. dcnol.<'s a fix<'d squarf' root of sorne d E Q. 
Thcn E{ has c<¡uat ion dy2 = :c3 + 0.:1; + b a Jl(l (.1:. y) i-+ (.1:, ./dy) is an isomo rphism 
of E'( K ) onto E(K) ® e 

S n ppO.'iC now that x is a cha rnctcr of Gal(J\/Q) of order 10, 14, or 18. Thcn 
\VC can Wl:itc \ = t:é witb ( ª·" iu t.hc lc111111a ami é :G;iJ(l( /Q) -t ex a charadcr 
of ordcr 5. 7. o r 9 respcctively. Afi wc havc jusi. noted , é occm s in so rne !C® E(K) 
by Propos it.ion l , whcnce X occurs in C ® E' (I<) by Ll1e le111 111a. 

Remark. r...iorc gc11e ra lly1 t.he len1111a gives: 
P ropositio n 2 Problem 2 has rm ajfimrnlive rmswt' 1· /01· a ,qiuen T if nn<J mtly if 
it lws an t1ffi1-r1w live rmswer for e.ve.ry q11.culml.ic lurist o/ T . 

T hus Problcm 2 is 1'invariant under quadrat.ic tw ists··. 

To sumrna rizc1 Prohle111 2 has au a ffirm aJ,ivf' auswcr for charactc rs of ordcr 
~ 10 ami a lso fo r cha racters of ordcr 14 or 18. Howevcr the rase of a11 a rb itrary 
d1arncte r rc111ai11s open. Note by cont.ras t tlmt, whcn G is abcl ia u Problcm l is 
an casy excrci se. 

Thc proof of Proposition 1 is e lcmC' 11t. ;1 ry. S im·f' [L: <(ti ~ !) , a ny 10 clc mcnt.s 
o f l are lincarly dcpcnde nt ovcr IQ. On t lll' othn hand . thcr<' :trf' 10 1110 11o mi;tls in 



(;;¡/¡¡j,..,· l?<'JJl'/ 'S('llt i lf,iOllS i11 .\lor<lrll- \\Cil . 151 

. r a mi y oí df'¡:;r<·~· :s:; :J. T hns for <'ach ! E f.., thrr<' is a uorn:cro po ly nomial F(x, y) 
owr .(( 0 f df'J;l"<'t' :s:; ;j such tha1 f'(!- 'l,! -:i) = O. l f ! ami F a re chosc11 propcrly 

Llw11 ilw N¡na!iou F(.r.y) = O d rfiuc:-; a smoo th planf' cubic with a rat.iona l point 

in 01 ltcr worcls a n f'll ip tic ("urvc E OV<'r Q ami T occurs in C© E( I< ). 

2 Irreducib le Trinomials 

Th(' same approach so1uctirncs works cvc11 whC'n [L : QJ > 9. Hr.re is an 
1•xa111plr whC'l'f' [ r ... : Q] is a n a rbit.rary int.f'g('J" ll ~ 2: 

Propositio n 3 Let [( be a s plitting field o ue1· Q of U1e polynomial f (n) = u" -
11 - l. 

(i) Gal( K/Q) is isomorphic to S,l. lite .'iymmetric group on n letters. 

(ii) Lcl ! E /(be a rnot. of / (u) = O. (md pul L = Q(!)- Up l.o 'isorrw11Jhism there 

1.~ a rum¡uc nonl.ri:vinl irreduci ble comvlex represeu la.lion T of Grtl(I< /Q) 
surh Uwl G(/1( 1\"/ L) jius rL nonuro 1Jcclor in. lhe spare oj T. Furthcrmore1 
tl1c di111e11sion of T is n - 1. 

(iii) A s,H1111e lhat n ~ 01 J modulo 12. Titen there cxist8 tm elliv tic curve E 

oucr Q .rnch t./uit r occun; in U1c nrit 11rnl 11!JH'CSen!ti l ·ion of Gal(K/Q) on 

C® E(f(). 

For a 1>roof o f (i) scc Sclrncr (12] ali(! Sene [ lJ J. p.42. T hc key point is 
!.In• in w lucibility o f f, which is p rovC'd in [12J. Convcrscly, (i) i111pl ics t.hat f is 

irrrcl11ciblC'. 
Assrrt iou {ii) a 1110 1111t.s by Probcnius n·1·iprocit.y to a sta.11da rd fact. about rc

p rl"'srntatio ns o f S,, (cf.[7Ji p .501 Ex. 4.14): ií /-1 is a subg:ronp oí indcx n in 
S,. (nC'C"('ssarily isomorphic t,o S11 _ 1) thcn t.hc rcprrsC'nt.at.iou of S11 indnccd by 
t.hf' trivial rf' IU"C'S<'ntat.ion of 11 is a dircrt sum of thC' triv ia l rcprcscuta t. ion o í 
S,, anclan irred ucible rcprcsr.11t.a1,io1 i o f dimC'nsion n - l . l11e:i<lcnt.ally, thc lat.te r 

rC'pn.'Sl'lllation is so111ct.i1ncs callee\ t hc "standard"" rcprcscut.ation o í Su 1 b ut. t his 

Lcrminology is dangcruus wlicn n = 6: Lhl'l"C itl'C' two conjugac-y dasscs o f c111bcd 
d i11gs o í S.,, in Sr. and c·o11scqncutly t.wo i11f'qt1ivak11L rn11dida t1~s fo r t.hc 11st.a 11dard" 
rrprcsl'ntation of Sr.. 

l t rrrnains t.o provc (ii i) . ff n. ~ !) 1,hc11 t hC' a.ssC'rtio n íollow.s fro rn P roposit ion 
1, :-;o wc may assumc t lmt n ~ 1 O. LC't d dC"notc t.hc di:-;nimina nt of J( and pul 

¡\/ = Q(Jd). Thcn Ga\ ( K/M) is isomorphic lo ihf' a llC'rnating p;roup A11 al\(! is 
1.hl'rC'ÍorC' a nonabclia n s irn p lC' grou p sine<' H > ..i. Thr fo llowing rc~rn l t is a slight. 
variant of lhC' p roprn;it.ion o n p .12!) of {11]: 
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Prnpos it io n 4 lt t ¡,· l1r " ji'll:ilr Gti.lois <'fil'wwm o/ Q mH/ 'T cm in-ecfo ciblr 
t·o111 1J/Cf rcprurnfílft011 o/ Gol(K/rf.J]). 511./l{JOS<' llwt fher'C Cfff' sub/ields /_, aud M 

o/ /( .~íl/1!1/!Jltl !J th1· followi11 y crmd'il.ions: 

{i) [L ' Qj = l + d i1n T. 

(ii) Cal( /\/ L ) fiLes a r1011 zc1"0 vrd.nr in l.hr' spnc<' nf 'T. 

(iii) Gal(!</.\ !) 1s a no11abdio.n 8i11q1le ynmp , 1\f is Grilois ovcdJl. 11ncl LnM = 

Q. 

lf E is any c lliptic curve ovcr Q snch t hal E(L) f. E(Q) l hcn 'T occurs iu l hc 

nat ura l rcprC'SC11latio11 o f G;i l( J< /Q) O ll e® E( t< ). 
\Ve scc that to complct.c t.hc proo f of p;1rt ( iii ) o f Propos itio n 3 it suffi ccs to 

cxhi bit an c lliptic curve E ovcr Q t.ogc t.IH'r wit.h a poinl P E E( L) snch Lha t 

P <t. E(Q) . For C'vcry co11grnc1wc da~s of int cgC'rs 11. '/=.. 0. 1 mod ulo 12 a poss iblc 
<:ho icc o f E aud P is s hown in thf' fo ll ow ing l;ih le. 

E l' 

2 mod J 
2 111ocl 4 
J mod ,¡ 

3 111od 6 = :t' + l ( - ~ .. ,. ·~" -" "" ) 

-1 mod 6 

St ric tly spC'akiug. s inn• UH' ('qua.tion in Lh1 • thin l row o f t bc table is 1101. in 

g\'llf'ra\i7.('(J \\ 'ciC'rstrass fonn , l lt1 • 11011s in ¡..:, ular n ihil" <"mve E it defines does not 
dcscrvc to he ca ll r<I a n ('] lipt.i f' rnrve 11111. il wr dí'signal(' somC' po int. O E E(Q ) ª·" 
o rig in . 1-lowC\'C'r a ll t liat ma.t.lf'rs is t. hn.L E(Q) is 11o ne111 p Ly. so Lila!. sow c d1o ice 

of O (c. g. O = [O' 1 ' OJ or O = (O, O)) ;, l" '" ihle . 
\.Yh(' ll u = O or 1 mo d ulo 12 t.liis l'lc111 f' nla ry approad1 fails. Pu rthcrmorf' , 

whilc it succceds for ma ny ot.li cr irn•d1wi lilf' tri no mials, its applinthilily is 11\t.i-

111atcly ratliC'r limitC'd: t lH' 1wp1 ir<'mcnl Ll 1;lt a fi11i l<' Galo is cxlC'nsiou /( o f Q be a 
spli t.Li ng fie ld oían irrC'd nci blc: t.r i11 0 111ia l a pp(•a rs to bC' a rathn scw re rf'st rict.ion 
ou K For (•xamplC', supposf' t.lntt.1> is a pri111f' ~ IJ whid1 is 110 1. a Pern1al. prime. 
lf /{ i::.; a splittiug fiC'lcl o f au irrcdm:ihlc trino rni al of dí'grre v thc11 Ga l( l</Q) is 

c it hf'I" sokablc o r isomorpli ic tos,} 0 1' A¡1 ( PC' it IGJ. p . 179, Cor. ~A). 
Nom•thclC'~s. kt us briC' fl y irnlirntr ltow th f' a rg11111C' nl 0 11 pp. 12!) l ;JO o f 

[ 1 iJ can bC' modified to yif'!d a. proo f o f Pro pos it,io 11 4. Put G = Gal(/( /Q), 
H = Gal (K / L ). a nd .} = Ga t(K / M) and ll'I n 1 .!'12 •. • 0 11 br rC' prcscnlat iv('S for 
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t.hr dis t111ct lcít toscLs of J n /1 in ./ . with a, E fl n J . Al::;o choosc a point 
/'E E(L) not hclongin~ lo E(<Q!), and pnl '" = 1 ® (P - cr,(P) ) E C 0 E(!<) 
íor 2 ' 1 ' n. Let V be thc subspaC"C' of C ® E( K ) spanncd by t hc vcctors 
u, . incc L n i\11 :: Q nnd M is Ga lois ovcr Q we have G :::: JH by Galois 
tlicory, aud conscq ucnt.ly t.hc clc1nr nts a 1 are also a set oí rcprcscntativcs for the 
disti1;ft lcft coscts of H in C. T liC'rcforc \1 is stablc unclcr C. In fact Jet us writc 
"iucl'' for i11cl uctio11 a nd l x for thc t ri vial rcprcscnt ation of a group X , so that 
co11ditio11s ( i) aud (ii) of Proposition 4 takc thc form indf¡ 1 u :::: lo ES T. T hcn 
t lll' universal propcrt.y of t hc ind uction íunctor shows that thc represcntation of 
e 011 V is a q noticnt of T. Consequcntly, since T is irreducible it suffices to show 
tliat \1 #- {O}. T his is provcd just ª """in [1 IJ, exccpt that the symbols G 1 H 1 and 
L of [ 11 J corrcspoud to t hc prc::;cnt J , .J n H , and LA,/. T hus the key hypothesis 
in {I lj becomcs thc requircmcut t ha t P bclong to E(LA1) but 11ot to E(M). T his 
comlition is i11 fact sati::;fied , bccausc P bclongs to E(L) bnt not to E(Q), and 
L n M =Q. 

3 L-functions 

AILhough Problcm 1 is widcly cxpcctcd to have a n affirmative answer , this 
txpl'Clation does not. sceni to be foundcd 0 11 auy broadcr conjecturnl framework. 
13y contras t , if one grants thc standard coujccturcs about L-functions then an 
a!Fir111ative answcr to a specia l case of Prohlem 2 follows as a corollary. To explain 
this point. \el !( ami T he m; in Prohlc111 2, J('f. E be any clliptic curve over Q, 
and consider t.hc "R.a11ki11-Sclbcrg eonvolntion" L(E, T, s) associated to thc tensor 
product oí T with t lic P.-adi<; rcprcsc11t.atio11s dctermined by E. (More prccisely, 
n•plarc T by a n cq11ivnlc11t. rcprcscuta lion dcfined overa 1111111ber ficld IE e C, and 
for cnch place .\ of JE over e fonu t hC' tensor product of t.he rcprcsent.ations al 
issuc by Laking thcir com111011 ficlcl of dcfi11itio11 to be !EA , t.hc corn plction of IE at 
.\). Thc orcler of vauislting of L(E, T, .-i) al .-; = 1 is conjc<·tured to sa.tisfy 

ord.,~ 1 &( E. T •. <) = (T, E). ( ! ) 

whC're (T, E) denotes t hc 11111lt.iplicity of T in C@ E( K ). T his is a lso t hc multiplicity 
oí thc dual rcprcscut.at.ion f, bC'f'a11se t lw rí'prt'St'11lation of Gal(l< / Q) on C®E(K) 
is obtainNI by cxtcnsion of scalars from l.hC' rC'prC'scnlatiou 011 Q ® E(K) and is 
thC'rdorc defined ovc~r Q, hcncc iu particula r ovcr IR. In a ny case, wc are ccrtainly 
ju~tified in viewin¡;; ( 1) as onc of tbC' ··s1a 11darcl conjccl.urC's about L~functions11 , 

íor it is a routinc ext.c11s io11 of Lhe Birr h-Swinnf' rlon-Dycr conjcctm c a nd even a 
formal c-on5('{1ucnfe of tite 1Jirch-Swi1111erto11-Dyt'r rnnjc('tnrc whcn t.hc Jattc r is 
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:-11pplt'11tC'11tc•d iht• Dcliµ, n('-G ross cunjcci.11n• (<"f. !~IJ. p. J2J. Conj. 2.7 (ii) and 
~ J i. p. l 'l.7. ancl nOIC' tha t. t.hC' phrnse '·mmpll'x r 111h('dd ing of t.hc 11101.ive" in [9] 
~l ;n11ld bt' "complcx C'111bC'dding of t.h" <"O('tlicit•n1 fip\d of t.hc motive"). 011 t.Jw 
1i1l1t·r l1a11cl. ;1110LhC'r s t a11da n l co11j t•d.11n• t.11<"' Hassc'- \Vcil conjcct.ur<' for mot.ivic 
L- fu1 11"tious g ivcs 

A(E, r,s) = W(E.r)A(E.f. 2 - s), (2) 

wherr lV (E, r) is a constan t. or a hsolutc valur 1 ancl 

(J) 

t he q uantit y D = D(E, r) hciug a. ccrta iu pnsit ivc intcgcr. I3ot.h W (E,T) aud 

D(E.T) have a d efinit.ion indcpcndcnt. n f [!] ;rnc\ [?] a nd a re in princ ipie com pu

tab le (cf. 141 ami IJS]) . 

. ow s upposc t hat. T is se\f-dual. or <'qnivalt•ntly t hat tr'T is rcal-valucd. T hc11 
¡2j IH•co111<•s A(E. T,,....) = W(E. T)A(E.T,2 - .<;) , whencC' IV(E,T) = ± 1 aud 
nrd.~= 1 D(E.T. s) is e vcu o r o dd accordinv; as 1\/(8.T) is 1 or - 1. T hercfore [ l] 
h';ul!; to a statc111c11L whi r h no longcr rna kt>s ;111y cxp!iC"it rcÍ<' l'('llCC Lo L-fuucLious: 

The Pari ty Conjecture. Su¡qwsr: 1.11.11.l T =f. Th.1•11 

W(l, , r) = (- 1¡<u :1. 

/ 11 ¡1<11·t1r11for. lf \V(E, T) = - l lh('u llw 11mlli¡ilfrily of 'T i11 C @ 8(1<) i.o; orlrl muJ 

/11·11r·1· 1m.,1t11w. 

T h(' co1111cctio11 witl1 Problc ttl 2 is l.l1al. f(n' 1·1•r ta i11 srlí-<l11a l rcprC'sc11l.at.io11s 
T it is t'H·"Y to prod1wr a n E s11d1 t.hat W(8. T) = - l. Thr s im p lrst gf'ncrnl 
s lat ('lllf'lll. aloni; i h('s(' lines ir.; Uic l'ollowiu¡..:; (l'f. [ IOJ. p. JI l. Prop. A): 

P roposition 5 S11¡i1io.~ f' l.hal T ha.~ n·o/- /lftl1wd rlHmi clt"1· oll(/ 1•i llw 1· odd r1imr11sirm 

or urmt1·1111fJI t/pfr..,-m'1Hml.. Tlll'n lh1·n · t•.rish º" rlliplir nw11t B 011e1· Q .rnch l.lwl. 
IV(E.r) = - 1. 

F'or c·xamph-. tilkC' /(to lw a Ga lnis 1·xl('11sion of Q with C:alo i:-: g:roup 5,.. ;11111 

s up¡>O:-.f' tlml T is ··:-;tanda rd·' : in ntlwr wonls. supposf' t hal T is t.hc 110111,r ivial 
1·011:-1 ti l 11f'11l o f lhf' r<'¡1rcsC'11t.at. io11 o f ( :;1[( /\' / Q ) i1Hl1wf'cl by lhr trivia l r<'prcsf•nta

t io n of sorne' :-.11bg-ro11p (;;d( /( / D) of i111 IPx 11. T li<'n d irn T = 11 - l. Hcucc for cw11 
11 wc t·onclndf' nndí'r 1.hc Prtri t.,v Co11j~·1·t1 1 n· l hal T OlT11rs in !-1 111 1r> C® 8(/,·). 111 

fad thC' samc condns ion holds wlw11 11is111ld . l11•1·a 11s1' for an_y n 1.l1f' dt' lí'n ni11auj 
nf a standard r('prC'Sf'ntat.ion nf .)'., i ~ t 111· ..;iµ, 11 d1a rac·trr. 
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Tht'M! rl'mnrks ap ply in pa rticula r to t lic t>Xamplc considcrcd carlier, whcre I< 
wns thc spl in ing fif' ld oí thc po\y 110111ia l ] (u)= u" - u.- 1 a11d L t.hc rx lens ion oí 
Q gcnl'ralcd by n root. o í /(u) = O. W hcn 1t = O or l mod11lo 12 wc wc re una.ble 
to pro\•C tha1 r occurrcd in so rne C ® E(!<) . Uudcr thc Par ity Conject.ure this 
conc111sion now fo llows from Propositio1?. 5. 

4 Specialization 

Thc hasic sLrntcgy íor atlacking Problcm 1 has nol changcd sincc Hilbcrl: 
onc firs t rca li zcs G as a Galois group ovcr '-l ficld oí rat.ioua l funcl ions over Q, 
and onc thcn quolcs t.he Hil bcrt irrcclucibi li ty t heorcm lo deduce that G is a 
Calois group ovcr Q. In principie l hc rc is an anaJogous approach to P roblcm 2 
in which thc role oí l hc 1-iilbc rt irrcducibili ly thcorcm is playcd by a d iffcrcnt 
sort of spcc ializat iou t.hcore111 1 namcly t hat oí 1éron 1 ), Silvcnua n [17], and Tate 
[19J. Givcu /(ami T as in P roblf' lll 2, Ollf' firs t find s an ell iplic curve C over Q( t) 
with 11011consta 11l j - invari<1 11 t, such t hat. 'T ocn1rs in thc nat.ural represental iou of 
Gal(K /Q) 0 11 C® E(l<(t)) , ancl ouc t llf'11 quotcs t hc thcorcrn of Néron-Silverma n
Tat.c to deduce tlmt T oi.:curs in C:®l'10 ( !<) for a li bu l fin itcly 11uu 1y spccia lizations 
E,0 of E ovcr Q. Hcrc l'to dcuolcs thc fibcr ovc r t0 E P 1 (Q) of a rclat ive ly mini ma l 
cll iptic fibratio n S ~ P 1 wi l h g<' neric fi bf' r E, ancl thc fin iLc set oí cxcluded values 
of lo is undcrstood Lo conlain a li to E P 1(Q) s uch that {;10 is nol a n elliptic curve. 

To !)('C th is approach im plcmented in pract. ice wc rn ust l urn to thc work of 
Shioda {15], PGJ. Sbioda focuscs 011 Lh<' ca.-.C' whcrc thc c ll ipl ic surfacc S is 
rnt iona l. In t his C<.L'iC t ite Mordcll-Wcil rank oí E(Q(t)) i s~ 8 all(I can be con1puted 
írom n knowlcdgc of t hc rcduóblc fibcrs of S ~ P 1. Por cxamplc, ií thcrc a.re no 
rcdm: iblc fibcrs a t a li l hcn lhc rnnk oí E(Q( t )) is cxac tly 8, a.nd in fact E(Q (t)) 
is a frN' Z- mod ulc of l hi s rank . T llC' ncga t ivc of t hc hcight. pai ring lltc11 makcs 
E(Q(t)) inlo a posil ivc-dcfini lc , cvcn, int <'gral. unimodular latt.ice of rank 81 so 
tha t a.-. a lall icc l' ((li (I.)) is iso 111orphic lo thc E~ root la t.t.icc. Q ui te gcnern ll y, for 
any root sysLcm X lct W {X ) denote' t hc iL'isoc ia tcd Weyl gro np. 

Pro position 6 (S hioda) Lct /( /Je n Gulms e.rlcm;ron o] Q wil.h Gal(/( /Q) ~ 
H' (E n). wli crc n = G, 7. or 8. cwd lct T lw cm 11-d1m('11sional ÚTeduciblc com71lex 
r-c11rcsrnlation o] Cal(K/Q). Theu lhe1·(' t'11.'i ts ílll (' /l i71l ic <:nrve E 011e1· Q such 

tlwt T orrurs iri lit.e m1l.uml re¡ircse11ta twn o/ Gal( J(/Q) on C® E( !( ). 

This is a n immf'Clialc co11 scqucm·c of T l1C'o rc111 i.2of1 15] and thc fo llowing rcmark: 

EL1f'ry 1rTt':d11crble 11 -d·ime11.sion<il comp fex n'¡m 'srnlatJon o/ W(E,i) is cquivalent 
e1tl1t'r to tl1r stamfonl 1Y'1Jrese ri tri tiori o/ H' (E ri) on lite co 111.7Jlcx s¡ian o/ E ,1 01· 
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/o 1/11 ' "''·'' o/ lh1 , /,md11nl n ·11n'M·11 I M1rm by lhr 1ow ¡111• q111ulml1r clrn,.orlcr o/ 

ll "( E ,,). 111 11n- l1y ll11· ··1 111•rirHmt ·t' of l1mMc111 ;J 1m1kr qtu11/mllc l11m 1 ... •· ( P1YJfm

·'ilHw J), llH" ¡11-,JOj o/ Pm¡m.~i/ i.0 11 6 is rrd11n·rl lo lllf' CORt' uilltTt' T rorn.'SfJOT1d.~ 

/o tlw .</lrmdrml n. p1nt 11/ol-l(m o/ W(E 11 ) m1.rle1· .wmt' ufr11l 1fimtio11 o/ Cnl(l(/Q} 

1111/h iV (E ,.). 

Tlw n•111ark can bt.• vNifü·d n:;i u~ thc dmrad.rr tahlf·s íor U1(2), 56(2): ami Ot(2) 
i11 [:iJ. Notl' tliat \\ ' (Eh) ro111 a i11:; Ui(2) ;is a :;u lignrn p o í indcx 2. t hat W{E1) ~ 
Sc,{2) x {± 1}. aud thai ll "(E~)/{± 1} rnntain:; OJ (2) x {± !}:L.; a s11bg ro 11p oí 

i11d1·x 2. 
Proposition 6 i:- 11011var11(111s in 1,l1c :;troiip; :;(·11:;1• tbat t hl' g roups W(E,.) do 

orrnr ;1s Galois groups ovcr QI. T liis follows from C heva ll1•y's l h<..'ore 111 0 11 fi11it<..' 
rdiN·tio n groups (2J. b 11t. Shiocla"s rnnsl.rn(·fion g iv<'s a n i11clc pe 111lc11t p roor. ln
dccd t hc 1111d<'rlying rnn:.;t rHf'lion ¡H•rt.ains 1101 to J< lrnt to 1 he frac tio n ficld K. 
o í 1.IH' i-:y 111111Nril· algcbra oí t. lií' rational spa11 o í E 11 . a nd Shioda show.s dircctly 
1ha1. tite fixr><l field K"'(E") is a rnt.io11al Íll11d.io11 íicld ovcr Q. 

Thc fan that Shio da·s ro11:;t.rnct.io11 is '·grnrric" rathrr than speci ífr to Q 
~iví's it 111uch broader scopr than is inrlicatC'd in Propositio n (i. 111 particular, 
lf't X hl' 011c of the root :;ysf.l•t11s A ,, ( 1 ~ 11 ~ 7) o r 0 11 (-1 ~ n ~ 7) , a 11cl 

\' iew U' (X ) as a suhgro up o f W(E8 ) via an (' lllhC'cidi 11¡; of Oy 11k i11 diagrams. I3y 
ni111hi11i11g hioda's con:;trnrt.iun wit.li C licvall1·-''s l.)H'Oi"<'lll (ap plicd 10 1.hí' fie l<! 
A:11 (X), wht•rf' K. is attadird to E l( as ahove) il s ho 11ld be po!'sibl(' to dí'ducc 

a :;tatt·m ('nt similar to Prnposi lion (j for M1 (X ) . Altnnalively. w (• rn11 obtai11 
a s1a1t•111t•n1 along thC'sC' lim•s íor a s li].!;hl ly di!l'f·n ·11t rnllC'clion o í root systC'ms 
hy 11s i11~ Propositio n 1 (uok th;i t at \Pa.sl tlL1· 1·;1.-:1·s oí A1 and 0 1 wrn' alrl';nly 
t•xa111i1n'<I h)o• Shioda in pu]): 

Proposi tio n i l d X fw 0111' 11/ /he follow111y mu/ ·'.'/·' ' ' 111.~ : A 11 ( 1 ~ 11. ~ 8) , B 2, 
8 1. 8 1• 0 1• G 1. l f' I K lw ri (.'11/ois 1 •.r/t'11.~i011u/ QI 1111/h C:íll(J{/Q) ~ W(X ) . m11l 

lf'I T IH rm 1r n·ductblt r o111pf1·.r n·711·1'8f' lllnl io11 of Gol( /{ /Q) nf d111w11.,im1 ,.,¡rrnl l o 

lht· rrmk o/ X . Tlin1 ll1rn· 1·.nsl s (/'// dli¡ilir r·1,,.11f · /~ oun· ·Q .'illl"h //wl T nff111·.~ 

111 llH" 1111l 11rol 1r·¡Jrl'M·11trilú111 of (,'"l(K jrfJ}) ori i[ ·) /~(/\" ) . 

. \ proní o í P1o po:-ilio 11 7 is h ri1•fly s11t11111ari/.l'd iu t h1· íollowi11~ 1ahl(•. 

X C = lll (X) 11 ¡e, llJ 
i-\ 11 (1 $ n $ 8) S,,11 s" 11+ 1 
B ,.(2 $" $ -1) (Z/2Z )" ~S., _(';.-/27'. )" 1 ~Su 1 2 .. 

o , (Z/2Z )· )3 S:1 (2/22 )-,, s , 
G, IJ,, "':/ 27. 



(,';ifoi., 1?1 •pr('.w•11tn1io 11s i11 1\f,m f1 •1J- \\ i•i/. 

111 t lu • fii s t n1 lu1 1111 of 1 hP lah!t· W(' li s t Pacli of thc root systC'1ns X in tlic propo

s it ion . and 111 tlll' :-;cnllld c.:o h1t1111 w1 • indicatf' t lit' s lnwture o f t bc corrcspoudi 11 g 

Wl'.Y I ¡,;:roup G' == \\ ' (X ). L1·t 11. <lf'nOll ' tlw rank o f X . A rnsc-- by-case vcrification 
us i11g t.11(' ~rn 1 1d 1ml fa('ts abmit. irrrd11cih1L~ rC'prcs('utations o f scmidircct products 

with ahr li an kernel shows tltat if 7r is an n-d iu 1e11 s io 11a l irrcduciLlc rcprcscutation 

o f G tltcu t hrn· is a s u bgroup /1 o f G such t lmt t•ithcr 7r ora quadrntic twist of 7r 

ocrnrs in indf¡ 111 . Thc st.rnct.11rc o f // is i11dl'pc nd f' 11t of 7r a li(! is indicatcd in the 

third l'Ol11111 11 of thc Lahlr , bnt whal r('all y 111alt c rs is thc index [G: H J dis playcd 

in tlw four th rnl11m11: iu ('VC'ry case. [G : // ] ~ D, so that t hr data fall wit.hin the 

pmvit•w of Propos it.io n \. Alt.bo11gh t.li c iso111orphis 111 l"hL.;;s of H c.:an be specified 
indC'pC' 11clcn1 ly of 7r, t l lf' n·;uler is rnu1 io1i f'cl t l1at t.hr abst ract. isornorphism class of 
11 ntcd 1101dctN111inf'a11nicp1C' rn11j11g;acy class of r mLeddings of Hin C. lndeed 

in t li c cm;C' G = \\l (A :, ) ==: S6 , H ~ S5 \V(' hav<' alrcady not.cd t.hat there are 
lwo sm:h conj ugacy du;sc~. corr!'Spondiug to two i11C'q 11 ivalc nt choiccs of 7r, and 

in thc C~L"C e == IV (G ;i) ~ D(¡ (thc dihedral group of ordrr 12) , H ~ Z/2Z there 
ar{' t. hrt'<' s uch co11j11gacy dass1""• of whid1 o nly tlw two no ucc nt.ral dasscs givc 

risc to t he irrrd u('iblf' lwo-di111 r nsio nal rcprf'Sl'Hlatio n of Dfi. Piually, we rcmark 

tlm! Lli<' roo! sysh• ms C :1 and C.1 could al so havr h('(' n lisl f'd in Propositiou 7 bnt. 

wo ultl have addl'd nothing 11cw, hcl'ansc W (C ,1) ~ IV(B ,1). 

5 Mu lt ip li c it ies 

Fonnulat<•d pos it.ively, ProblP1112 assc· r! s 1l1al for Pvcry fi11it,c Galois cxt.cnsion 
/\. of Q ancl cvery irrcd urihlc co111plex rqll'l'Sl'nl ation r o f Ga l( K /Q) thcrc is an 

t· lliptic r nrvC' B ovcr Q s11d1 t.liat. (T, B) > O. Om fi nal rc mark is that if this 
1·011jcc·turc i:-; corrr ct th t• 11 the set, of ali mnl t.ip lic it if's is unbo nndcd: 

(') 

Thc n ·a.. ... 0 11 is s i111plc. First. o f :dl , s i11n· t hl' rqm'Sf'Hla t.io n o f G;1J{l< /Q) 011 e 0 
E ( K ) il'.o defim .. '<I ovC'r Q, t.ltt• mul t. iplici ty (11. B) is divisih lP hy tlw Sd1m inclcx of 

T. Now iL wi\...;; ohSf'r V('cl long a¡;o by l3ra11('l' ([ 1]. pp. 7·12 745) tlmt for cvcry 

intl'g(•r u ~ 1 t lH' rf' is a fii1it. r g roup Cu aJl( I a11 irrC'duc ibl (' rcprcsc11tat.io11 7r,1 of 

C,1 witli d111r indcx 11. F'urtltf'nno r<' , Bra111•r's PX;1111plr is OIH' for which Prohlcm 
1 ha:-. an aílir mal ivc ;rnswtT: in o11in words. wr 1·an wr if(' G11 ~ G;tl(J<,,/Q ) 

for !'Omf' Galoi:-; cxtc 11 s io 11 !( 11 uf Q. T lms n,, lwco 111cs a. rc prcscntat.io u T 11 of 

Gal (K11/Q). ami (T11, /:,,') ~ 11 w lte11<•vt>r (T11 . E) > O. ll e11 1"C if Problc111 2 ha ..... 
1111 affirmatiw sol 111io 11 1. ltf'll (t) fo\l( 1ws. No t1• howcwr t. hat (•) is 1n11d1 wcakcr 

tlmn LhC' C'OnjC'C" I un .. · t ltat rauks nf <' ll iptic ntrws ovrr Q n rn be arbit.rnrily largc , 
h l'cnu'-C' thC' lall<'r c011jl'c·t.11n• :11110 11111 .s to sa.v in~ that T iu (•) <"<lll he dioscn t.o 
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lw 1 !tt· trivial r<'prcsr11b11.io11. 
Lt•t us bridly indicatc how 1.o t :t~ Hst r11 ct G,1 • rr,.. a nd E<,, . Wc urny iL'isumc 

1 li;11. n > J. C hoosc a pr iJHe /1 = l mod1·iil o 11. s11d1 t1hat (p - l )/n. aud n me 
n• ln t ivcly prime. a nd lix nn emhio~\ CJ!i •11 p; ©!' Z/n'll in (Z/p'!tr'' . 'I'hen Z/nZ acts on 

::/¡/ll via the 1mLura l actio11 of (Z /¡/Z) x. 11.11 1 ~1 Z/111Z ads on Z/vZ via the nattuml 
11 111p Z /n1Z ~ Z/n'l... lt snfüces to p n ~ 

C., = (Z/¡ill) ~ (Z/n'Z) 

11 nd t.o takc fo r ;r,. any rcp rcst·:Mta.l:icm uf G,, iuducetl by 11 faithful cha.rader 
t>f tlic snbgrou µ (Z/rill ) x (nZ/1 1.2Z) . As for I<11 , une t.:iLll appc;Ll to general 
trht•ovcms 0 11 t.he rea li:rnbi lit.y of s0llva.fole g11©1U!!>S as Ga.Jois groups (d. Shaf.arev iuh 
[ 1 ~1)) or pcrhaps more appr0¡i>riaitely !1© wc ~1\ok0r st.at.c rn nnt.s which suffi ce for the 
•Lpplicat ion at hand (cf. Sene [13] pp. 17 - l8) . Howevcr it is also ea.<;y te give 
a dir<'ct constrnction. Let L be n bot.;\lll ,Y real c:yd it'.: r.xtension of Q of degree 
n~, a ud lct F br t.he subficld or L wit lt [P : QJ = 11.; fix a n idcnt ificatio11 of 
Gal(L /Q) wiLh Z / 1i1Z ami heucc 0f G;.ul(F/Q) with Z /n'll. O.v com posing t lic 

lar.ter idcntif-ication wiL h om fixcd trn°1.ló>edd iug of 'll /11.'ll iu ('ll/pZ )x, we 0bta.iu a 
d1arnct.c r x: Gal(F /Q) ~ IF'; We w>tc that. ;tiuy rcp rPSPH!;ll ion of Gal{F/Q) 

ovc r IF'1, is scm isi m p le , becausc v f n . 

P r op osit io n 8 Lel q muí r he this l.i.n d. 7n·im('s cm1,r¡1w•11./. l.o 1 morfalo v whieh 
.~ plil rm1111letely in F. anr/ wi·i./. r, C f or 1.hr, wúLe rn:y dass !1m·11.p of F modulo q1·0 , 
mlwn• O is th e ri119 of inleyrT.~ of F Vi.e'/// C/CI' os 11 n ·1m ·s1•11lul.ion s¡mcr.. Jo1· 

(.'ri/( F /Q) oue,. IF',1 • Thcn X Ot;r"W'S in C/C''· 

Gra111i 11g t he proposit:io11, lct D !~e a s11 hgrn11p of i11 d1·x ,, i11 C, M.ab lc nudcr 

C:a l( F /Q). such t. hat Gn l(F/Q) achs on C/D via X· Ll't. M lw t. hr c:hL'iS fic ld over 
F' rnrrcs pouding t.o D. Tl\cu C:a.l (LM/IQ) ~ C 11 , so WC' may litkc l(,1 = LM. l t 
rcmni11s to provc thc propos il.i t•m. P 11l: U = o x . A= (O/r¡rO) " . i1 1td B = A/11(U) , 
whf'rC 1 : U ~ A is t hc ua1t.11 rnrl M•l a.p. 

Lem m a &11cry irrt'lfoc.ib/f' n•¡rn~ s1·11/.nlimi nf ( ,'fil( P/Q) 01•1·1· iF'r or·rm·,.; in D/ 0 11 . 

l 'nmf. Considrr t.hc <'xact. s1!qtw1H't' 

U/U 1' - > A/!l'' - > 11/D"---> {I }. 

~rh t· Diri c:hlt•t 1111iL t.hPore1n s hows t. li a11. as 'L ropn'sc'1t l.a.! ion for Ga\(F/Q) owr ffi'w 
1111' spnn• U/ UP is iso morplii t lro t. l1c :tiUJ.!.' llH 'ntat.ion rq 11Tsr11tat,irn1 (tihc s nhrc¡·m!· 
sPntnl io u of thc n!gular rcprc>sc11!.;~l.i n11 ttffordcd l iy t h C' ;111~ 111 <' 11 !.at. io n idc,1d). On 

!he• ot lll'r lmml. onr choic(· or </ a nd r r'11s11n 's t.liat /\ /A '' is t h1· din·cL s11 111 oí l1wo 
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ropit•s of thC' rc~1dar l'('prrsr11ta.t io11 of Gal (F'/Q). ThC'rrforc a t lca.-;t o nc c.opy of 

l hr n·~ular rt•prrsC'11t11t.io11 survivcs i11 13/ /)JJ. 
For a ny ;ihclia11 group X and any positi \'(' integN 111 Jet X [111,] dc uot.c thc 

snb~rn11p oí X 11 11 11ih ilatcd by m. Affording: to tli<' lcmma, x occurs in 13 / 8 11 1 

:-u hv t he .lorda n-Hóldrr thcorcm thr n' is a11 in tcgcr j ~ O s11d1 that. X occurs 
i11 riu;+1j/JJU>'J. 0 11 thc othcr ha nd , Bis 11at11rally a subgroup of e, whence 
O[¡>' H J/ DiJ>'J is 11att1rn lly a s11bspacc o[ C[¡>'+IJ/C[¡>']. T ltcrcforc X occurs in 
t lu· \alter sparc, ali(( a sccond a ppcal to thc .Jordan-Hó l<lcr t.hcorern shows that 
\' ocrnrs in SOltlf' c11k· ¡c11k+ \ (k ~ O). F'ina\ly, sintc CP~ ¡c1ik··H is nat.urnlly a 

qnotií'llL oí e /C'' W(' co11cl11dc t.hat X O<.:Clll"S in e /C1'. proving Proposit io n 8. 
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