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Abstract 

T he existence and urüqueness of solutions L-0 t.he difference equa.Lion with 

advanced argumeut óx(n ) = f (n,x(n),x(g(n))), g(n) 2'. n+ 1, are discussed. 

1 Introduction 

In this paper , where we denote N = (0 1 1, 21 ••• } 1 we LreaL the problem o í exisL nce 

and uniqueness of Lhe solut ions to the initia l value problem (JVP) 

{ 
ó x(n) = f (n,x(n),x(g(n))), n E N , 
z(O) = C (l.I ) 
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(where the difference operator !;,. is defined by !;.:i;(n) = x(n+ 1)-x(n)) correspond

ing to the difference equation with advanced argument 

!;.x(n) = f (n, x (n),x(g(n))). (L.2) 

T he sequence {g(n)} satisfies g(n) :o". n + 1, Vn E N . Far equations with continuous 

1>rgument, th.is problern has been analyzed i·n [9], and the present paper can be 

considered 1 with appropriate modifications, as the discrete versioa of those resulta. 

By a solut ion of Eq. (1.2) we will understand a sequence x N -> R" tha t 

satisfies tbis equation on ali of N. Thus, we are t reating a non local problem. 

This implies that tbe kaown methods for a certain class of equation with advanced 

argument appearing in the theory of equations with delay [6] are not applicable to 

Eq. (12) 

Although, a solution of Eq. (1.2) has nota clear physical mean.ing, from a simple 

inspection of problem (1.1) we may observe that the present state x(n) is conditioned 

to the fu ture understanding of the sequence x(k), k :o". n. The diflícul t ies arising in 

the study of equations with advanced argument remind the problem of backward 

~rolongation of delay differential equations [7]. 

The antecedents of this study are the following: The beautiful paper of Sugiyama 

[9], who, by simple examples, shows that, in general, the uniqueness of the IVP íails 

if we do not restrict the analyze of these equations to a specific functional space¡ 

the paper oí Popenda and E. Schmeidel [8] , who study the problem of existence oí 

convergent solutions of scalar equations with advanced argument¡ our own researcb 

on this subject , rnainly dedicated to 1-inear ~roblerns [l, 2, 3, 4, 5]. 

2 Existence and uniqueness 

T hroughout we will use a sequence {h(n)} satisfy ing 
00 

(HO) h(O) = 1, 0 ~ h(n) ~ h(n + 1) , Vn E N , L h(n)- ' < oo. 
n= O 

We define 

t; = {! : N -> R" , llfll1, < } , 
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where 

11/ll• = sup{lh(nt ' / (n)I, n E N}. 

[f llf ll• < oo, then we will say that f is au h-bounded sequence. 

The Eq. (1.2) is defined by the funct ion f : N x R" x R" -; R" , which is 

assumed to be continuous with respect to (x , y) E R" x R" for auy fixed n. 

Let us consider the following condi t ions on the IVP (1.1): 

(Hl) For auy point € E R" , the following sequen ce converges 
n - 1 

L h(mt' lf (m,€,€)1. 
m= O 

(H2) Let w(n, >., µ) be a nonnegative and nondecreasing function with respect to 

A and µ for any fixed n , w : N x [O, +oo) x [O,+ ) -; [O, +oo), w(n, O, O)= O, such 

that the series 

11(¡) = L w(m0 y, <>(mh) 
rn= O 

is convergent, where the sequence (<>(n)} is defined by 

<>(n) = h~(~;)), ltn E N . 

(H3) For a nonnegaitive constant -y, we define the sequence {M.(¡)} by 

Mo('Y) =-y, Nh +1b) = ll(M,(-y)), k = O, 1, 2,. 

00 

We w111 assume that for any -y, the series L M,(¡) converges. 
k-=O 

(H4) T he function f(n, x, y) satisfies the inequality 

lli(n.¡- '(f(n, x,,y,) - f(n,x,,y,)) I :5 w(n,h(n.t' lx1 - x,l,h(nt'IY1 - y,I) 

Theorem l. The hypotheses (HO, Hl , H2, H3, H4) imply l.he exisle11ce of o unique 

soluJ1011 {<¡>(n)} in t/1e space e;:' of the IVP (1.1) for every (E H". 
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Proof. We will use tbe successive approx.imations metbod to demonstrate the ex.is
tence of solution of the problem (1.1). Let us define tbe recurrence 

n - 1 

xo(n) 

Xk+1(n) (+ Lf(m,x, (m),x, (g(m))), k=0, 1, 2, ... 
m=O 

We will prove that tbe estimate 

lh(nt1(xk+1 (n) - xk(n))I ~ M,(b) , k = O, 1, 2, 

is valid for any n E N . For k = 1 we have 
n-1 

lh(n) - 1(x1(n) - 01 ~ L lh(nt 1 f(m, xo(m), xo(g(m)) I. 
m= O 

From (Hl) and the notations introduced in (H4) we write 
00 

lh(n) - 1(x1(n) - OI ~ L lh(mt 1f(m,( ,()I = b = Mo(b). 
m=O 

Let us suppose that 

Since lh(n) - 1(x>+1 (n) - x,(n))I is majorated by 
11 - l 

L w(m, h(m) - 1lx,(m) - Xk-1 (m)I, h(mt1lx,(g(m)) - Xk - 1 (g(m))I), 
m= O 

then i t fo llows the inequality 

lh(n) - 1(x,(n) - x,_1 (n))I ~ L w(m, M,_¡ (b) , <>(m)M,_1(b) ) = Mk(b). 
m= O 

Ft·on1 t.be telescope ident.ity 

Xk+1(n) = Xk+1(n) - x,(n) + x,(n) - Xk - 1(n) + ... + x1(n) -( + (, 

wc conclude that the convergence of sequence { x1;} is equ ivalenl to the convergence 
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of tbe series 
00 

{ + L:(xk+1 (n) - x, (n)). 
k = O 

In f: , the partial sums of this series are majorated by: 

lh(n)- 1{1 + lh(n)- 1(x1(n) - { )I + ... + lh(n¡-1(x>+1(n) - x.(n))I S 

11{11• + Mo(b) + M1 (b) + ... + M• (b). 

T he condition (H3) implies the convergence of the series :L:"=o M,(b) assuring, by 

lhe Weierstra.55 criterion, the uniform convergence of { xk}r=o' 0 11 ali N 1 lo a sequence 
<p(n) belonging to l';. Siuce {x. (n)});';,0 converges coordinate by coordinate to <p(n), 
theu <p(n) is a solution of the IVP (!. ! ). 

ow, we will prove the uniqueness of tbe solution <p of IVP (1.1) in f:. Suppose 

that (x(n)} , {y(n)} are two h-bounded solutions of problem (1.1). From (H4) il 

follows 
n - 1 

lh(n)- 1(x(n) - y(n)) I S L: lh(n)- 1 (f(m, x(m), x(g(m))) 

- f (m, y(m), y(g(m)))) I 
n - 1 

S L: w(m, lh(m)- 1(x(m) - y(m))l, lh(m¡-1(x(g(m)) 
m= O 

- y(g(m)))I). 

Since (x(n)), (y(n)) are h-bounded, we can defi ne 6 = llx - y¡¡,,. T herefore 
n -1 

lh(n¡-1(x(n) - y(n))I S L: w(m,6,a(m)6) S fl(6), 
m :=O 

írom whence 

6 s fl(6). 

Lhat the unique nonnegative number satisfying the above ine<¡uality is 

ó = O. First1 \VC prove that 

6 s ¡\f.(6), k = 1, 2,. 
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The definition oí n leads to the estimate Q(ó)"" M1(ó) , implying ó :5 M 1(ó). lf 

ó :5 M,_1(6) , then 
00 

M,(ó) i1(M,_1(ó)) = L w(m,M,_1(ó) ,<>(m)M,_1(ó)) 
m=O 

e: L w(m, ó, a(m)ó) = O(ó) e: ó. 
m=O 

00 

T he series L !V!, (ó) converges, what implies )~'! M,(ó) = O. From ó :5 Mk(ó) we 
k= O 

get ó = O. 

Theorem 2. Under conditions (HO, Hl, H2, H3, H4), the solution {ip(n )} of JVP 

(1.1) in the space t:; has a limii as n --t oo and both, the solution and its limit, 

continuously depend on the initial value ~. 

Proof of t he existence of the limit. Let ip(n) an h.-bounded solution of rvP 
(1.1) . We sball prove the existence of the limit lirn h(n¡-1ip(n). Since 

n_,oo 

n - 1 

h(n¡-1ip(n) = h(n¡- 1~ + L h(n¡-1 f (m, ip(m) , ip(g(m) )), 
m= O 

it is sufficient to prove the convergence of tbe sequence 
n - 1 

L h(n)- 1/ (m, ip(m), ip(g(m))). 
rn= O 

From the property 

lim h(n¡-1 =O 
n_,oo 

aud the Lebesgue dominate convergence theorem we obtain 
n - 1 

J!::'i L h(n¡- ' (f(m,ip(m),ip(g(m))) - / (m,(,OJ =O. 
m.::0 
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Tberefore, tbe idenlily 
n - 1 

L h(n¡- 1 f (m, cp(m) , cp(g(m))) = 
m::O 

Jl- 1 n - 1 

L h(nt 1(J(m,cp(m),cp(g(m))) - / (m,{,O) + L h(nt 1 /(m,{,{) 
m= O m= O 

implies 
n- 1 n - 1 

.!~n L h(nt 1 f(m,cp(m),cp(g(m))) = J~n;,L h(n)- 1/(m, {,{). 
m= O m= O 

This lasl limit exists due to the condition (Hl) . 

Proof of the continuous dependence on the initial values. Let epi (n), cp2(n) 

be h.-bounded solutions of tbe IVP (1.1) witb initial values cp1(0) = {. , cp,(0) = {,. 

Hence 

n - 1 

+ L lh(mt 1(J(m,cp1(m), cp1(g(m)))- f (m,cp,(m),cp,(g(m))))I 
m= O 

n - 1 

+ L w(m, lh(m¡-1(cp1 (m) - cp,(m)) I, lh(m¡-1 ('1'1 (g(m)) - cp,(g(m)))I) 
m:=O 

ince bolh cp1(n) and cp2(n) are h.-bounded, w rnay define the nondecreasing func

tion 

µ(t) = sup{lh(n¡-1(cp1(n) - cp,(n))I : jh(nt1({1 - 6)1 < t, t > O}. 

From (H2) w have 
00 

jh(n¡-1 (epi (n) - cp,(n))I $ jh(n¡-1({1 - 6)1 + L w(m,¡,(t ), a(m)µ(t)) . 
m= O 



408 Lolimar Díaz and Raúl Naulin 

Ifwe compute the supremum on ali n such that !h(n)- '(6-{2)1 <E, then we obtain 

µ[E) $ s + O(µ(s)). 

Taking into account tbe existence of the limit 

µo= lim µ(s), 
6-1-0 + 

it is follows that µ0 $ O(µo). 

The same tokens used in the proof of Theorem 1 show that the last inequality is 

a contradiction unless µo = O. This proves the continuous dependence, in the space 

f.'(:, of tbe hounded solutions of system (!.!) witb respect to the initial values as 

well as the continuous dependence of the limits at n = oo of these solutions. 

3 Linear equations 

How does the theory developed in section 2 w0rk for the linear system 

x(n + 1) = A(n)x(n) + B(n)x(g(n))?, (J.J) 

where {A(n)}, {B(n)} are sequences of r x r matrices, tbat are not required to be 

invertible. Let us assume tbe following set of conditions: 

(Cl) n + 1 $ g(n) $ n + N, 

where N is a constant natural number. 

h(m) 
(C2) h(n) $ H, 'Vn + 1 $ m $ n + N, 'Vn, 

where {h(n)} is an increasing sequence satifying (HO). Defining 

f(n, x, y)= A(n)x + B(n)y, 

the condi tion (Hl) will be accomplished if 

"' 
(C3) p = L(!A(n) ! + H!B (n)IJ < L 

11= 0 
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The function w(n, Á, µ) = IA(n)IÁ + !B(n)Iµ satisfies the condition (H4) and 

condition (H2) , since 

n ('y) = f. w(m:y, H-y) = 'Y f. (IA(m)I + HIB(m)I) < 00 

rn=O m=O 

409 

The sequence defined in (H3) turns to be M.(1') = ¡}-y. Thus, we may ennounce 

lhe following 

Tbeorem 3. Under conditions (HO, Cl , C2, C3), the IVP 

{ 
x(r1+ 1) = A(n)x(n) + B(n)x(g(n)), 
x(O) = €, -

(3.4) 

h<U a unique solution in the space l':. This solution, in the metric oj space t;, 
depends continuously on the initial data €. Moreover this solution converges as 

n-+ 

The conditions (Cl)-(C3) are stringent for tbe linear system (3.3). For example, 

Tbeorem 3 cannot be applied to solve the IVP (3.4) if A(n) is constant. Linear 

syslems wilh advanced argument have been studied in [1, 2, 3, 4, 5]. wbere conditions 

of existente and uniqueness, more general tban those given by Theorem 3, are given. 

4 Another class of problems 

Let us consider the equation 
g(n ) 

.t.x(n) = A(n)x(n) + B(n)x(g(n)) + L I<(.i¡(n), s)x(s), 
•= O 

where g(n) <'. n + 1 and g(n) ~ n for ali n E N . The sequence {h(n)) satisfies 

cond1tions ( HO, C2) . Also assume 

~im ~ ( IA(s)I + a(s)IB(s)I 

wh re th sequ n {a(n) ) was defined in (H2) . 
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Theorem 4. For any {E R:' , there exists a unique h -bounded solution x(n) of the 

JVP 

1 ~ 
llx(n) = A(n)x(n) + B (n)x(g(n)) + ~ K(g(n) , s)x(s) 

x(O) = {, 

pmvided the conditiornJ (HO, C2, C4) are fulfilled. Moreover, this solution continu

ously depends on the initial values. 

Proof. Let us define the recurrence 

xo(n) {, 
n- 1 

{ + L (A(s)x,(s) + B(s)x,(g(s))+ 
a=O 

9(a) 

L I<(g(s),m)x, (m)), k =O, 1, 2,. 
m = O 

We will prove tbat t be estimate 

lh(nt'(xk+1(n)- x.(n))I :5 l{l,f+' , k =O, 1, 2,. (4.5) 

is valid for any n E N . Taking into account conditioo (HO) , for k = 1, we have 

n - l 9(.11) 

lh(n)-'(x,(n) - O!$ L (IA(s) I + IB (s)I + L ¡I<(g(s), m)l)l{I. 
a=O m= O 

Prom condition (C4) we obtain 

Suppose that 

lh(nt'(x,(n) - x,_,(n)) I :5 l{!p', k =O, 1, 2, ... 
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Tben 
n - 1 

jh(n)- 1(x•+1 (n) - x,(n)) I $ .L;<IA(s)llh(st1(x,(s) - x. _,(s))I 

+o:(s) IB(s)llh(g(s))- 1(x, (g(s)) - x,_,(g(s))) I 

IC•) 
+ L HjK(g(s) ,m)llh(m)- '(x, (m) - x,_,(m))I) 

m= O 

then it follows (4.5). The convergence of sequence { x, ) is equivalent to the conver-

gence of the series 
00 

~ + L (Xt+1(n) - x,(n)) 

on the space t:;. From condition (C4), the series ¿;:;:0 p'+1 is convergent. Hence 

the sequence (x, (n)} converges to a bounded function x(n) belonging to the space 

f: . ~loreover, 

lh(n)- 1x(n) I $ ~ ( IA(s)I + o:(s)IB(s) I + H~ IK(g(s) ,m)I) llxllh + ll~llh , 
thaL is 

)h(nt ' x(n) I $ Pllxllh + ll~l l h · 

T bus 

llxll• $ -11i{ll• , 
-p 

from whence we obtain the continuous dependence of t ite solution x on t he ini tial 

data {. T he solution x(n) is unique, because if there were two bounded solution 

r (n), y(n), then for z(n) = x(n) - y(n), we would have 
j (n ) 

t>z(n) = A(n)z(n) + B(n)z(g(n)) + L K (g(n), m)z(m) 
m ::O 

"'htch lellds us to 

n - 1 [ j(m ) ] 
:(n) = ~ A(rn):(m) + B(m)z(g(m)) + ~ J< (.q(111) , s)z(s) . 
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T hus, 

lh(nJ- 'z(n)I <;:; llzll• ~ [IA{m)I + a(m)IB(m)I + H ~ IK(g(m), s)I] , 

<;:; llzil•P, 

implying llzll• <;:; llzll•P· from whence llzlli. =O, because p < l. 
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