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1&.lung 11tt11>1rnt ion frorn Lht· ¡u-omclnc::al tdr brh1nd 1 lw r lM:lit:nl Stm· 
Jftlan 1hmry rnr ordl11nry rMfort·nltal cquauon. m R U1 tl1IN pllpllr Wt' rt•\•il'W 

mt' rro-nl ln¡>olos;lenl LcdmiqUt'·"' lo •UKI) ~ propcr1 la1 oí "Yt11l.c111rt of 
OOf;' in ht¡th('r dlmunl!llon (\klft" trptafinJly. -.:- ... u dUtl'llf:tll 1 he 11nL1011 nr 

~(dJ " rnd#'J Íur iffJIFl/1/l'l't.W d..Ucrrnlml .. le-1-iu- 1 <- ÜIOfot' l'lylil t•IUH OÍ dlfíl•t 

c:nu.J oqu.,Li nl!I ul R" a> 11 • wh · Oou. Pf' ri.u &he c..1111onkAI dym¡ lt..'C'lic 
bm "uc::h 11ysLcmrt n1>1}utu' nnhirall.)· m a.:o &la. ••nh Lhr .111.cobl cc¡11ntlo11 

a M'RU· llh!llltUmilrn gt•mh.,a1r, or, mo11;• ~·~·. w1th 1'0luLln1111of 1~ 
•hl. llmf"-dC'J>c11d ·111. 1 lrunfüonhul.1 on ·mpll'.'CIJC' manifold11. In Lhlit l)l\J)cr 
•-r- lt\'1C'V.' t'úmt• rt,'('uuL rt•:.m\LI! m tht- lhoor}' ol eymp1ixt.lr dlJTcrcntltJ M)'d 

1..-ma,, with apcdnl ljlllpl11u!i11 on LhOt!C itrl'Lvnl a1U11n¡ lrom ecm\. llil"n11urnhu1 
lr)' 

l. Iatr du tion 

C.:O...c1r¡• M d Topology ofTor VCI')' powcrlul 1ools in 1ho sLudy of quullLuLIVI' 
...,.. qUénútatl prop rLles of dllforonllal <qUhlioM. Th muln ldcu b hlnd 
tht-... l is LhDL somo cqunlions, or bcuur, 5IOf1l clasSC.<t of cqunt.lons con be 

b,, mcans of t.h Ir symmeLnes, wharo by symm try wo mcun g n rlco.lly 
nuc or g 1nctirl · slrucLuro whic.h 1 prescn"Cd by t.hol r flow. Once such 
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lnvnrlo.nt tructuros a.re d Lormlilod for n e ol dUfcrcrul.8.I oqun.tl ns, m1111y 
propcnlco o! 1ho llOlutlons or Lh olns tlln b<t rood off lroon 1ho g m ti)• of th 
Ul"'ltl obuuncd b)• th flow, cakl ng vn lu In 1ho pooo ( typk:Ally a 1..1 group) of 

all stnteL\ll'OoprescNing m rphlsms. 

imple, 001 inst.roctl 1 oxnm pl · Is givcn b)' tbc tunnlan th ry íor nd 
ordor ordina1y diffi ntlnl cquoLlons In R ( for insLM (7, hapl r 1). Tho 
lnssic:nl illa1ion Thoorom glv on ¡uality bct" n 11><> nwnbcr of ooclllatlon 

(i. ., oí zcroes) of R :;olu t. !on of o St111·m cquo1ion with tbe numbcr of n nt.h 
ig nvsJ of 11 llSSOclatcd sccond ord r dUfcrcmial opc.nuor. In tion 2" 

wlll how OO..• to obt.81n a proor or che turm osclllallon th rem by showlng tha< 
t he two qUMtiú lnvolvocl In Lh t.hesls can be obt.aincd as the wmdmg numbt!'r 
of two homotopic closecl curvos ln ~ h rcu.I projecLh lin 

Thc class of differenLiul C?quutions Lh&t we " will consider in thi papo.r 
consl in the so callcd "sym plectic d ifrerential sysLemS ... ; thesc 1\ linear ys
L ms in R,, @ R" º wh ílow preservo thc canonlcel vmpl«lrc /onn, glvcn by 
w((v,o),(ir,11)) {J(v) - (w). llccallLho< n ·ympl ticfonnl a 11ond gcncrat.e 
'kcw-~ymmNric bilinea. r form on o (n · . sarily <.wcn dim n.<tK>nal) v l r spnce. 
Tht'SC diffi rcn1ial systcms 1lPI co.r ru.tt.urully In n grcal van y of firlds of pure nnd 
appltcd ma&ht-meli , nnd inuny ttr us oí me1h mftl~ and phyidcs, lik \nlcu
lusor \'ariatioru, llamfü nlAn syst. 1118, (scmi-)JUcmn.nman G mNry, ympJ liC' 

tTIClry. \tl"Chan.ics l:\nd pt l11111l Conlrol Th ry produce ampl of sympl 
tic r.y-..l 0\5 a,-., be.! ic objccts of lrwest.lgmion. For insumce. \lonc- wrm ~~ lflm 

Brt'. lnl cases of symplcct.1 syst.oms; such systcm. are obtaJned from th Jocobi 
cquation along any scml-1 .l mnnnlon good le by m rJ!ó o( B pare.JI J trhd&li1n,. 
tlon o! thc 1ang•m bundlo or Lh s ml-lll manninn manifold along Lh gcod le. 
More In neral, sympl ti ysc m nr obuúncd by oonslderin thc llncar1',cd 
JJamillon UBliOOS &long M y SOIULiOn OÍ 8 (possibJy lifTK'<l prnd 111) llamilt 
nian pn>blem, w;in.g 8 sym1 1 tic l rlvhilb.atlon e.long thc uüon of th UU1A nt 
bundlc ol 1hr underlyl1>g sy mpl LI manifold. /\ nothcr ~ cl11-.~ or cxamplc• 
where ti» th .'loado nnturnlly l Lh scudy of .ymp lle y<l m• 1 pro.,idcd 
by L.e&rangian ,11Jiat.lonal Lhcorl In monlíolds, J)O!IS1bly time-<! pcnd nt, """" In 
lhc~ ol am.stromcd vurlnLlona.1 probl m lndccd, undcr-a uit.abl 11wertrb1J1111 
a."ump Ion called hypcr-regulariiy, Lh solutions to uch problcim rrospond , vle 
lh<' Lqrndit tnmsform, 'º Lh solutlon of an owoclA1..t Hamlltonl&n probl m 
In lbo COll'ngcnt bundl . 

Th lundam uú mat.rlx or o sym pl t i •J'S m b a cu 
gro p. dCllOI b)' p(2n, R) , whlch 1" o closcd ubgn>up ol g n raJ lillCllt 
group CL.('.!n, R), h noo IL has o LI group tructure. Tlus tructurc 15 L mely 
rich, d&M' to lhc lRCt. lhOI 8ympl ~I ÍOnM OR 8 \· lOr ~ 8lt" intlmstcly Jat.Cd 
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to h~ eornplt"..x . t.ructu~. nnd such rclntlon prod 01.J er hwariont. g in trie 
ond al •·bralc •<ruc1ures, such ns lnnor prodoc•• and llermltlnn produ Ls. 

M1t.n)· lnt(' llng qucst.iom1 can be onsw nxt b) ~ud)Tif\& ~lut.lons oí symplcc
tk: > l('R\j whOllC lnh lol d•in bclon¡ ton fixod Lagrang.an subspooc of R" (!) R" •. 
lll'Q\JJ 1ba1 • LegrMglnn subspncc of a ymplc &te ~ 1 o maximnl sul spocc 
on whlch thc ymploctlc fonn vo.nl!h . udl inif 1 ('Oftditlons l\r obtnlnc'<I, ~ r 
hL1tafK!r in m mannlt\n or rnl- lll monnle.n gr.onwuy whc:n onc <' nsldors .Jncobl 
tirl<b a g<'Odt~lc Lhnl Urt' vnrlations mfidc of t.· .. ~ stRrLlng orLhogonolly 
nt n ,,n ubmttinlíold. Slncr ~ymplrctlc mAf)" ~~,..\'~: l.ttR,runAitu1 R11bspncNJ, 
th.-.. hM ,. o( tht1 lnilhll Lngronglnn by thCI floy.· of ;mpl<lf't.ic systc1n IH a rurw 
In lht ~ \ A o( lf.11 1 "gr1111gltw MubspnCN of R" e R"'" l lw i,ot. /\ Is " HlllOOlh 
(tnd;.. n· l·nnn.lyllc) ~uhrn11nifold of thr Cru. ttrqoman (.',.(R11 CD R" º) oí 1111 
fl·dimt n; f\hl . u~poc oí R" (i1 Rtl . ; Í.."i nt.lk Ül1 /Agro• gian ( ,'mJJSllHUUHfJU 

o{ the )·mplrcuc ~1:w.e<1 R'' (fl R" • 
Tb(t originnl int.c.•rt"Sl oí t lw nuthoN wt~ thl- udy o( ronjugt~~ polnts ti long 

in n ml·lllflnHH1 ninn mnnifold 1md l r UtbUity (MX' [16, 181), wilh 
ti elm o/ de' k>ping 1u1 inllnitc d11m•"•i011al , • .,,.... n. ry ("''<' 1t1, 1 !i, 171) for 
.,·mi·ÍÜ(fnftnnl1m g('()(lr!ilf'.'1. f\ fow drc~\dt"'I a~o rw--· mi. ~{'r VJ1 lurd ho1nnltlglcnl 
In~ nt callrd lh<" Mn.'lln11 rnrlc.r., \lltt." mtroduettf by thC' Hu~!ilnn sd1ool (st"t' 

Ínt 1"51.al'K:C lj 1tnd tlw r(1fort1nc·<-s tht•retn) íor closcd curv<'!-4 In ll l,11gronglun 
ubmani!okS Jf of lhl' spnt~l' R2" f!lldO\';t..'CI w1ll1 lt cano1ructf.l symplN'lh.: Mlrnrllln•. 

l'tW" hOllon OÍ tl\..'ihW lndox hlL'I bt't'll immi'Cillltcl)' n llÍí".!~I ll.."I flll hnporUHll 
Lool m thc lud)' OÍ c<>njug1u point~. and il h ~ hM ·n •horoughly \nV{'itllgnte<I 
nd ,1...-ndcd in ~vcrnl dlrc ·tions by 1nnthc-m"'llClll·physiciHL!41 goornowrg und 
Ml) •· TI •re 1 nowod HyH u vory t'XU.•ru.¡,,. hkrau1re ebouL thr subJC'CL, nnd lt 

1~ al~\ im~ iblo LO ucknowlcdgr th' wnrk of all t™ mtt.ny 1\uthors who hthlf' 
,1:1,· •.n nlhcanl contribu Uon1t to thc firld. 

"'dod1c or non 1wrlodlc liOlution" o( lhunihonlan yl'ltC'IOH, llkl' íor lnHUlnrr 
IC ln ·ml·ltl('l11Hu111lo11 nll\flifold, drftm 'cu" in 1 hC' HymplC'CtlC' gro11p, 
OC' ln thc lrfllll'nglu.n .rnss111n.11nlon, hrnre th<·y dt·h a Ma..!4lov lndC'x. Houg:hly 

tng, tbe \lfl.llov lnd(;x glvcs u sort o( algtbrou: covnl oí th cor1jugn10 polnts 
.a 'IOluoon; hrn.1 nrt' sorno oí th<' mnin propcn' of 1hls lnvnrlunL: 

• 11 • alwai finlt (ovon whon Lhr numb<r ol conj11&11I poin~• is l n fi nlt~); 

• u ~14bftt by 11snioll" p rtu rbatlons of lht· data; 

• h mlncidcs wl th Lh geome1r1c t0dt:T in thr case of 1.t camml (Limcllk or 
.1ht11 ) Lorenti l•n gcodcs1 ; 

• 'i:1 ~t.od tO lhl' 011alv11c mda (or, more in ncral 1 Lo Lh r lnLlv lnd x) 
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ol 1hc solu<lon, whlch le Lh lndax ol lho socond \MOi.ion OÍ M R>SOciouxJ 
U\grangtan octlon functionol; 

• il i rohuod "'cho spcclral proportlcs of 100 "530clatod lhunlltonlan sccond 
ordc.r dUferent.lal opornLor. 

ajup1e and ~ ul pcl nLs upp nr nalun>lly in Optl~, both classlcal and 
rela1Mslic, and •he M8Slov lnd x provldes a oow wpological lnv&rlanL. 

In 1hls anicle \VC rovlow LhO noLion OÍ ymplet:Lic .\ IA!m and tholr 00.ic 
propcrtiC!>, and wo will brlefly dlscuss some n!0011L epplk:8tlons OÍ Lh Lh ry OÍ 
lh MeslQ\• ind<!l<. Beslc r feronces for "11 lhc ma1A?rlal axpoo¡ed in Lhls pepor 61'1) 

1, 11, 16. 19, 20, 2~ . 2s1. 

2. A topological Proof of tbe Sturm O iilation Theo
r m 

The ciM'slcal tu rmlon lhoory for dlfferential cqua1lons ( for lnsLon (7, 
hoplor ll dcals wlLh qunLlons of lhc form 

(2 1) -(¡xr')' .¡ r:r 

and 1h oorrospondlng lg nvolu probl m 
(2.2) - (px')' .¡ r:t .u. 
whr.re p and r are continuous íunctions on lo 1 bj 1 p >O, and >.is a real pu.mm LN. 
W rt'C4ll 1hc followlng: 
2.1 Osc.i llalion Theorem. '/"lle number o/ uroe.s ur Jo,bJ o/ onv non tnv1tú 
•olwwn o/ {l!. I} sal14/ymg z(a) O eJ¡ua/s the nurnber o/ tht n<gcthve t 19t nt'alw-1 
o/ tht! C01T'e4Pondmg differtml.iol operotor w th~ Spt:U% o/ C' fun.cL1on1 uonr4hrn9 
ol o and b, 1.e.., th.c mm1ber o/ rtegatwe >. 14 for wluch (!.!!,) adm1t.s o non :rro 
Jo/utoon z . (a. bf - R sat.isfyi"g x(a) :t{b} O. 

An ahern111i' SLBl~lllen\ of Lho scilla1ion Thcorem ain b gl n In t~rona 
or .ymm lriC biUnoor íorms; In ~hls n w rorm LhC: O. UlaOon Thoorcm can be 
gcnc.raliicd to sys\"1119 of ODl,'s In R" . 

O..no<ing bl' C~(o·, /J\ 1h speco of C1-functlons on (o . lll \1Ullshlng •< o and 
, le<"" oonsider tho indu /onn of (2.1), whlch Is thc ~·mmetrlc billnc&r form 

(13) 13(x, y) f.~ [11:t'v' 1 rxul di 

d finod in thc Banecli spaco C¿(a, b\; il3 ondcz' Is prcc y 1hc numborof nrgath 
cigcm,.Jucs ol (2.2). n 1 he Lh r hnnd. an oosy lntegnoLion by PM\.S showii thal 

1R~ lh.At lbc btdo or " ay mmotrk: bllln.=.., fona JJ on" W«<tGt tripitrG" V ii. UH! (p.;.1bl7 
1nlin1,~) \lptTAunt ol t.hc dlmchl!lon~ oí AJI 1ut.~ W of \fon • h B b t\"'Mti'"! d..-flnUr 
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an lm1-.i1 1 E ¡o,bl la n z ro íor 011 (honcc íoriu1y) non trlvlol solu tlon x oí(2. I) 
1lJ)'lnj¡ l'(a) Olí nnd only lí Lh "''tncltd mdu fomi; 

d fint'd in C!fo, tl, has non trivial k rnoJ. Thus, _.,ha' thc íollowi11g: 

2 2 Ch!dllotion Thoorcrn (o llc rnntíve t nt m ot ). Tite in.dex o/ the index 
~ B "IUllÚ IM ' ""' ouer· ali L e Jo, bl o/ tM d•m«"'""'· o/ l.he kem el o/ U.e 
rr.nnclt.d wda: /onn 1] 1 • 

1111 lnsLrucli Xllnlpl or topological mc•hod in th thoory or ODl,'s, \Vil 

~111 P""''"' below • prooí oí tho S<:lllntion Throrem boscd 011 a 11 argum 11L in 
homo1'0J))• th ry. Mor proclsoly, wc will ~· tha1 t.he two quanLlt.les t.hnt. n 
cbi1mcd t"qual 1n Lh t.h roni , nnn1 ly, thc number of ...eros oí u.11y non trlvlt\I 
...iu1ion OÍ (2.1) Md th numb r OÍ 11og&tlVC Cigcm'lll OÍ (2.2) !U'C thO wl11di11g 
num N or 1wo homoLOplc curves In Lhc circlc 1 

Por ali,\ e R Hxod, donot by lo, bl 3 t - %(1. \)•he solutlon oí (2.2) sotisíyi11g 
th.· mlllal condltlo11 

(2 l) 

(25) 

x(a, ) O, 

p(a)¡\\x(a,,\) l. 

MlCI d<oot by fo, bJ x R 3 (t , ,\) - O(t, ,\) th map iakin¡ val u In Lh projec ti 
rr&l llhl' RP 1 uch thnt O(L, ,\)Is thc linc through th polnt (x( I., ,\),p(t)f,x(L, ,\)) . 
ObM.•.f\.•· '11.t thc fun t.lonl:I .z, ~: o.nd Sf are continuOllS In (l, A). Tho prime 
&ym ' •illl be U5Cd LO dcnot.c dorh'Oli\ wilh ~JX'C1 LO l .. L t. us u.~sumo for 
•1mplici1y <ha•>. O Is not"" clg nvalu or 1hc tunn oqu0Llo11 (2. 1), l.o ., Lhal 
th< no l10ll1' ro so luLlon T oí (2. 1) satlsíying z (a) x(b) O. 

~by O. th "vorLl to l lino" In RP 1, l.c., 1hc llnc In R' Lhrough Lh origln 
nd Ül< poin1(O, 1) . W obs r tha< lile lnd ol 8 is tho numb roí nogaLlvc 

l.'• lcw .. illch 1h urv ,\ - 11( ,\) O(b, .\) pa! through O. ; on Lh othor 
lwicl, '"" "ncl or D" Is non lrivlol (hcnce, unidimcn lonol) xactly ot thosc 
""' l . lor ~·hlch tho -urvc t - 0(1,0) pa.so¡e 1lm>ugh O .. W ulso obs rvc 
"''" 1(1 .1) /- 0. íor ali t e io ,bl nnd íor ali .1 uch tba1 : 

< -llrll - max fr(l)I; 
<Elo-'f 

. 8(1, .1) O. lí ond only 1r th lndex íorm: 

Di(x, u) J.' lrxt'i/ ~ (r - ,\).z:11J dt 
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ha.• non in wl n l In C~ja, 1.¡. Now, unclor w a.srompllon (2.G), l3l 1 poslll\ 
d firu1cc 

13l(;, :) [ [¡¡(:')' 1 (r - !.):')di _ J.' p(.:')1 di > O, 

for aU: e C~jo, tj, : /O. In pnrt l ular, thc un fa gh n by ia,bl 3 1 -
O(t, - r ) ~ not pnss through O .. O¡• (2 5), it Is ""'l' 10 Lh&L Lh oxhL• 

e JO,b º' such th6L .t(l,A) I o for •ll A e 1-Jr .01 ond for oll 1 e Jo,o 1 J; 
ne<'.~ O Is n L on olgonvnluo o( (2.1), on has O{b,O) /O •. 
pmof of 1.ho scllh1Llon Thoorem is obt.aiood by showlng 1h111 thl' 

, o];¡>.·- C1(A) and I• 1 c.bl ;¡ t ~· l2(1) 0(1, 0) he ho srun 
g through O .. Tho co11C111Alll8lion of 13 $11d 11 is homotoplc 10 

(~. moreo"' r A! wt• havc s 11 1 t3 el nol pa..,¡¡ through O.; " will ~tnblhih Lhr 
cqualit¡· of 1hc num r of p1cqs11gcs Lhrough O. of 11 and1, by •howlng LhRt. 

11(1. ) R. ~' '"'' (r,(1.)) > O, •nd t 1(.I. ) Q. 
8 ¡¡¡ ••n (F1{.I. )) O. 

whcre IM(i) drn t<'..S Lho LA11g<l11l OÍ thr orwnhd ng froin { to 0. , 
Thtmoquallty;/¡ 1.nn(e,(1,)) Oisca.'y ifx(I. ) 001.oha., 

p(z')' - (p:r')'r 
(p.r'J' 

1 ... o. 
p 

In oro r 10 compu iJ¡, by dlff r nLiMing (2.2), (2.1) and (2.5) with rcopoc;t 
lO \ .. ob.<cl'\ lhBI, for ull ,\ Rxed, th map : ¡¡l{-. !.) 1 th .olullon or tho 
non homog u.s cquat\on: 

(2 7) - (v.:')' 1 (r - A): :r, 

ti fying tbc lnltlol condltlons: 

(2. ) : (a) O, :'(o) O. 

Dcnolc by u u(t., A) th solullon of (2.2) saLisfylng 1hc lnillal condlLions: 

y(o, A) t , i/(o, ) O: 

o W'alglllf°"'-.ud compuLntlons ,,.1ng (2.2) .it 1ba1 

{ 9) p(t)x'(t, ) v(t, A) -p{1)¡/(1,,\):i:(1. 1, v1, >., 

lUld tba1 lbc oolullon or (2.7) ond (2. ) is ' " b)o 
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(210) gl(t,A) ~(t,A)f~ z(•,AJ'd• -:i:(l ,A)Í.:r{s, )y(s,A) ds. 

0)· (2 9), ~ g L thot "' Lh06<1 ¡>0lnlS where z O ono h8S: 

~·n ~-
f'lom (2 10) lllld (2. 11 ) w s t lmmodla<cly: 

lf. JL.1' x' 
pz' pz' • 

1 (' , 
(px')' lo X > Ü, 

.nd 1hll conclud tho prooí oí th · llla<lon Thoorem. 

¡;,, 1hl• gon ral et oí sympl tic •Y•ICrru, cqualily (2.9) wi ll b r placed by 
1htr ptqw:rly lhat thf' ílow of 1.h systcm p~n a . ymplcct.ic form 1 whll t.hc 
C\11' O In 1hr l'(l8.l proj Llvc lin wiU be repload b) a curvo in the Gr8Ssmanni•n 
ol U 1 ATM~&.n subspn oí a fixcd sympl he J>RCX'· 

J. h mpl ti group and i Li a lgebra 

'"vr11ptttttr. 11ector ~par~ Is & (6nitc dlmcn .. aonal) real vccLor spl\co V on
lh o nonc1cgonornL a.ml..symmrtric bllinear form w : V x \1 - • R; a 

t IC \1 tor !!PU(: Is ne<:cssarily C\ n dimensional 11.nd t,.h 001. p( V 1 w) of 
11domorphl•ms 'r : V · V 1h&< P""""' ., (. ymploc:tomorphisms) Is a 
ond connocwcl !,lo subgroup oí 1ho gonCllll linoar group C!.(V) . Th l,i 

p( ,w) oí Sp(V,w) coruil•L• ol Lhooc li"""' ndomorphisms X oí V •uch 
e t ... .\' ·.·) is n ~vmm tr-.c blllncar fonn on \', i.e.., w( ,.v 1 w) w(Xw,v) for 

E . 

, l<I p('ln, R) llf th loUowing rclat.ions are sati Red: 

O" A - IJ"C 1, A"C and B' D are ymmetric, 
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whtn A, B.C. D 8JICi n rl ffif\Lrl , 1 dCfiOll t,00 kicnth)' n n m&t.rix n.nd • 
dcnOl 111<>1...,..pooo. lmllorly, 1 rn "' ol )1(2n, R)aroKIOJ1tl6!'d wlth2n K2n 
real rna•ric;o,. ar 111 ~ rm: 

(~ -~-)' 
whcre ;t, B.C sro n X rl n10Mic ' w!Lh o ande ~ymmcuic. 

lden1ifying n )I; n mpl x mnHI es with 2n 2n l"ftl.I aunric vio th nmp 

l" l '" (º -~·) J" 1 :..n--· ¡¡; D , 

"'h ·rr D. ¡.; illl' ro&l 11 x r1. rnoLrlcos, Lh n lho u•ld.Ol'J,I grovp (n) Is ldcnllfiOO wilh 
a e ubgroup of. p(2r<, R). Moroowr, Lht> lnclw ion 1 U(n) - ·11(211, R) i 
a homotop)' cqWva! n e, h 11 : 

" •( p(2n,R)) ""•1( (nl).,. Z: 

rt'Call 1ha1 1ho l&ncr lsomorphlsm 111 •h obo• formula Í!< induc:ed by •h~ doler· 
mioam map d t : U(n) -• 1• 

4. Th Lag·rangian Gras maJrnian 

~ub5pece I or R" CD R11 • is sald to be 14oirop1c 1f i..111. l O; J,, i!'C u 
Logrong1on ubspace if l Is maxunal l/IOtrop1c, i. ., if íl 1'!01 roplc l\nd lt is not 
properly a>nle.inad In any OLh r 1 lropic suiXIJ)f\C(" h as e ~y to th&l un 
L'IOlroplc •ub!tpace L. is Lngroriglon lf and only lf dlm(L.) n¡ •h~ . t 

A { t, C R" CD R"º : L. Is l.agrallgiao} 
Is conuun in Lhc Crassmonnlun G,,(R" CD R" º) and i "callcd 1h IAJgmog1011 
C......,manman of thc sympl lle sp (R" CD R"", w). Tbe Lagranglon rtl> · 
JTIMruM ,\ haJ tbc slruct.uro of a comp&eL, conrwxlcd, A.'!IJ~e.na.lyllc rmbcddcd 
ubmanilold oí G,,(R" CD R"" ) hovlng dim Ion in(n I); for L. e , lh re Is 

a 110111ro.I .dmtillcetlon oí Lho u.rng nt. pace TiA "'1it.h P8CO ol symm trie 
bili"""' ronns on L.. 

Th<:tt ;. • on t.o-on orr pond ne bct~ n clcmco "1 e A Md pillrll 
(P. ), '""°"' P C R" I• ony subspncc and : /> P - R 11 • )'mmctn blllncw 
ronn on P; 10 and ( /', . ) ore rclotcd b thc foil ,¡ng; 

( 11) fo {(v,<>)E R"GJ R" º · e P,oj,. (~.) o} 
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11 ¡,,, E A IJ fixed , for onch k O, . .. , n we denole by A,(Lo) Lhe subseL oí/\ 
cfto8nod by 

ror-ii k, 11,(/-o) IJ o conn llxl embedded real-anslytic submaniíolcl oí /\ having 
coclimen.lon ~k(k 1 1) In /\. The SOL /\o( Lo) Is a dense, opon and conLracLible 
•u t of A; i~ oompl mont.ary SOL: 

/\~ 1 (4>) = u 11,(r.,) 
• 1 

1., u 011.o.l1f11c .rnbst:t oí/\, whosc rcgulor porl is ~\ 1 (1..Q), whkh is a dense open 
u 1 ol ll . 1(/-0). fbr Lh re9L oí tho popor wn wiU denote by lo Lhe íollowlng 
~Ml!p(ICQ: 

(42) lo (O) e R"º . 

1'1l<tt IJ & n&\Ural ll<lLlon oí p(2n , R) on 11, gh'eD by 

p(2n, R) x 11 3 (T, L)- T (l) E /\, 

llW 8Ct10D ls: roal-ano.lyLlc and t.rnnsiLlve. The rcslric1.ion of Lhla a.oLion Lo t.he 
unltal) llJOOP U(n) e p(2n, R) Is also transith and the isoLropy group oí Lhe 
1....,..,111an R" ID (O] con be Id nLífied with the onhogonal group O(n). l loncc, 
1\ • bomog n UB sp¡;co, nncl IL Is dlffoomorphic 10 1 he quotienL U(n)/O(n). 

o..ld thc homomorphlsm 

d - dot' : (n)- 1• 

n.o d Induces by p11Ssog Lo Lh quotícun a map: 

( 13) il : U(n)/O(n)- 1; 

uo thr bomolOpy oxucL scqu ·neo of the fibralioo ('t.3) ít is not hard Lo seo thaL 
tbo map i1 induces an lso111orphlsm bcL" n the lundom ntal groups, and so wo 

•1(/\) '.l! z. 
lft s-tticular1 U."ing th 1 lltr wicz homomorphi~m. "'C.? get. a.n iaomorphism for the 
ftN bamalogy g10up 111 (11) "' Z; finally, since o(l.a) is contrllCtible, using the 
~ roduccd homology scquouco ol lhe palr {•I , /\o( lo)) wo geL Lhat the 

q (.1, ) (/\, Ao(Lo)) induces an isomorphism: 

q. : l/1 (11) - 111 (A, llo(l.a)), 



ht•fltt' "" M' M lr;ornorphlsm 

('1 1) 111,.: 11, (A , Ao(lol) - Z. 

E• 1bouglt A muy foil'º be orlontablc (11 oricm.ehl Uf n Is odd), 1(/-0) 
has a oa1ural lron4'tie:r.irc on nt.a t,lof1 In , 1hc- choice o( a n~rl\lOr or // 1( ) 
d pcincl on 1bt> cl10I oí such orl nuit lon, a.nd tbt> chokr oí• '"'""' rsal ori n· 
1a1lon can be nuido cononlcolly uslng 1hc •ympl lle íonn . For • dlO: ntloblc 
cun · I (o.61 li wlth ondpoinLs In Ao(lo) and •uch 11181 eoclt lnWN'Ctlon oí 
I ~·i1h _1(lo) oocurs 01 o poln< oí 1\ 1(lo) and it b ln111St:<'r>ol t.O A1 ( l-o). th<> 
int<g ·r nwnber cor pondlng Lo Lh homology el o( I Is oqual t.O th num· 
b<>r or pO.Ptrl mt.c.rsec.Lion.s mlnns Lh nwnbcr of "t"90'"' rnl.-.r&crtton.r oíl wlth 

1(lo). 
Thc gcomary ~r Lho aym1ll 11 group, 11 Lle algcb"' a.nd th 

c ..... m&nn ..... is ry woll known In thc el it&l litc"1lUre. " 
ol mcntM}' C!XJlO!lltlon oí 1ho resulta prtJSCnwd In uon 3 a.nd In •I 
In Rcl""'°""" (IG, 19j. 

s. 

Logrnngi8ll 
mpl te and 
n be íound 

~ympltcl•c d1flerent.1al syst rn In R" 6> R" . 1 a linear homo n UA !4yst.em 
OÍ differcntial cquet iOll8 OÍ Lh ÍOrm: 

{ 
il(I) A(t) v( t.) 1 U(t) (L), R"º 

(~.I) 0'(1) C(t.)v( t) - A'(!) o( t), v:(o,/ll- R' , o .jo,bj 

(52) (~ -~} Jo,61- p( n, R) 

l. a •moo<h cun in th LI olg brn p(2n, R) such thllt B(t) Is 110,..rng,,Jor 
lor ali t E [o,61 ldcnll íylng /J(L) wlth o ymm trie bitincar íorm on R"', tho 

wnphon ol non•lngularlty incans th&t 8(1) is no·uJ, """''' íor ali I; In thl• 
""' 8(1¡- 1 ldrntlflcd wl\11 t1 •ymm trie bllln<'llt fonn on R" 

R ÜU!l 1h "'dc:r (rcsp., th co-mda) oí a•) "" bllln""' íonn bon 
•' t.O< pe<>: \/,dcnoted by n-( b) (r<op., n+{b)) 1• obccllmcn•lon oíe mllJl.imol 

U poct' 11 C \t UCh th&i bJwxW 1 0Cj!81t"· ( p, ti\· ) dtffnllc¡ 1( rilht•r 
•be lnd ..... lhe oo-lnd X oí b Is ftnllc, .. d fin<' '"" " •<Ji.a-e or b t.O"" th 
d11! nt1! gn(b) n, (b) - n _(b) . IOQ! 8(1) Is 1111 lor oll L Jo,61, 
U., lunctlon n _(B(t)) Is 0011'1l&nl In jo.bf, !Uld "° thtn" ath 
101 • O_ I~ S n , wlLh : 

n_( /J(t)) •- (8(1¡-') . Vt 
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..., 1 11 y thai (S. I) Is n sympl lle dilforontlal ) te1n o/ inde:i; ko. 
111 ""'°'e b)• 4• • fn,bj CL(R" 61 R"•) <he fundom~nt,ol mat1u of the sysLem 
(~ l), I • , >11(1l(t~. <1<>) (u(l) ,0 (1)), whoro (u(l),o( t)) is Lhe unlque solution of 
(SI) 1 )'lng (u(a),o(al) (vo, oo). Thca >11 salisfios: 

<t>' X<I>, <t>(a) Id, 

whN dd b th<' ld~ntlty mnp of R" $ R"· ; •lna> X talle; values In Lhe J, Je algobra 
p ·" R). 4' t k1"' ' itlucs In th sympl tic group p('.!n , R). 

t lo t\ be ll Lo.gmngh\n subspacc oí R" e R., º; v. will consider ~111 initial 
<lllldulon íor (5. 1) of t h • form: 

(U) (u(a),o (a)) E lo; 

U(/'. 1 tl1" poir corrcspondlng 10 t0 e.sin •1.1, thcn (S.3) is equivalonl lo: 

(5 t) u(a) E 1', o (a)IP 1 (u(a).-) O. 

\\ •ill "~\' thBL 11 nrnp (~,o) : fa, bj R" El R". is a soluLion o/ X if il 
1 1h<' .ympl~tlc sy•lOm {S.1). and that il is a solution. o/ (X, fo) if it is 
Jlllution OÍ X lhOL S6Llsttos Lh lnlllal condition (5.J). Wo suy Lh6L Lhe iniLiaJ 

<oodltlon (5.3) (or oqulvalonl ly (S.'1)) is nondeyent ml" if the billnear form l (a)·' 
\n nond1 ·t ncrtUt' on lhC spocc P C R"; lhis i l'qUh1lilent. LO t.he bllinear íorm 
lltal n¡ nond~ n ri\t.O 0 11 t.h onmhdotor Po e R" º oí P in R"º. 

11wYt ti tt nowrnl notlon oí equ-1uo.lt'nce in tbe dass of symplectlc systoms. 
\1 dtwM~ by p(2n, R; l;-0) th closcd subgroup of p(2n., R) conslsting of thooe 
yn> 1omorphlems l/'<J such thOL ""'( /.,.) Lo. 11 x,Ji : In, bl - Sp(2n, R) are 

1.~ m&ps ~ r sympl ti\ diffarc.nt ial 5) lctn.5, " soy tihaL Lhes systoms 
., H.trr.orph'c if 1.h r oxisL!l l\ smooth mop ~ lo,bl - , v(2n, R; 1-o) such t.hnL: 

( $) X <M.<liii' ~ t;loX<l\j 1 

~} \O~'!' lhOL \( 111 oncl ij; dvnotc rcspccti\'cl} lhe fu1,cl1.unontal matrices oí 
.1Dplortic •Y•W•M 1vi ~h coo!Hcicnt matri X 8lld X rosp tiv ly relaLed by 

), U.,, " havo: 

cii(I) 9g(t)<l>(l}...'\)(a)"1. 

bamorphlc 9ymplcctlc syst ms wilh coellicioot maLrlcos X and X relatcd 
1 and gh "!>n 1,agrnnglnn subspoces Co ami i;, tha t determino lnltial con

ch•a:n b ~ t.wo !lysl 1ns, w'C say thol a1so lhe initial cond\Lions íor Lhe Lwo 
• ,, .• dOmOrphl lf lo t;lo(a){Co). 

n . map ~ l houJd b lhought of 8S 8 "changc OÍ\'llrlables" map, i.e., lt takes 
•- (1( 1),o(r)) of X to !!Olutlons (11(1), ó ( t)) ~ q,,,(t)(u(L), o (t)) of X; the 



I oolo Ptooio11a IUld v. 1\ 

oondt1- <C.o(La) 1,,. Is n lod In rtl r 10 · uro ch.ti X nnd .~ hft\ 1ho >óJt1 

COl\Jlqlal lmcuc wlth 1 L 1.0 h10111orphlc lnhlal c:ondlllon.! 

S.I Exnmpl . Lc1 (M, o) b 11 s rnl-fUcmannlan manlíokl ~·lth dlm( 1) n 
nnd Wtlb 9 a m 1ri ,, nsor r lnd X ko :;; 11 Lct., (o,IJI M 00 6 g le 
In (ti!, g) and P e M bo n s11 b111nn lfold ~'ilh "}(a) e 1' and '\-(a) e T,<•>1'' 
D<not~ by I;' t.bt> covn rl•nt d rlvoLI of tllC? Lm'1 lvlta t0nnocLlon of o and by 
R1hccun 1ur.,..ensor f o choson with th<líollowlng lgnt0n' n1ion: "R.(X , ) 
v, v,. - ~, • - \11x .1·1· 

Le• l•I Lho sccond fundamo11 tal ftm11 ofP at "}(a) In cho normol di 11011 
·Ha). P-JllClObl R Id • long "I Is n srnooth ' 1.<>r Rcld V &long "I thot Sll tlsfl 
ti Ja«»• 

(S.7) - V" 1 7<.("t , )1 O, 

(he"' pri- mceAS varinnt dorlvntl nlong 1) and u. fylng th lnl tln l t0ndl· 

'""" 
(5 ') l'(a) E T,c•)P, o(V'(n), ·)IT><•IP f Sil•l( l '(a), ) O. 

l-.1ftl t parolf I trtmoh.:.0 11on í 'l',\J rJong ,.. ,._,, obuun so Id ntlHciulon 
r.,up\I R for ali f und tt blj ~Ion ~l'A n ' lOr 6rkl.., \' ptjonq "1 and rnop. 
t n ~ R" m .. uch ft wlty lhtlt lh<' tO\nrhuu drn\ th l'' oorrMpondi¡ to. tAln· 

dntd drrl' u •·' 1 hr !iPl\C'~ '/ ~(ul1., 1!4 Kh·mifil-d wuh" u ptt.L"(\ P C R''. 1h1 
.... -conc1 fundM!knlal íorm S1(o) wiLh o "lmmNrlc bilu for1n .. ' P /' R. 
thr rntl.OC g """h n con.9trllif i;iyinm~tri bilincar íonn 9 R" R" " 1n R" oí 
1ndcx · , and lho curvnturc t.-0nsor 7'.(1(r), .¡ t(r) wllh "''""''" curvo ll(r) oí 
g-•ymm ne cndoinorphlam; oí R" . Th JllClObi <'qU81CIO (5 7) turru in10 th 

xond on!rr cquotlon u"( t) /l (t) u(l). "•hiel> 1 l'QU• L t.o lh y. t<ml In 
R' '> R'º 

(5. ) { 
•'(t) 

o'( t) 
9- 'o (t), 

gíl(l)u(I) 

mpl tic 
UbC R(r) 
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JllC.d>I oquallon (5.7) produ a moro general y1nplocLic sysLem, i.e., its 
l m1urb: docs noL noccssnrlly hsve A O end 8 const.anL. 

IJl.'00 In• re.tlng to obsorvo Lhnl a similar cons1 ru 1 Ion oí o Mors SLurm 
r1«'m . 1>0ndtn¡ LO Lh Jocobl oqu6liOn a.long a sem l~lli mannia.n geod ic 

7 n ob1alnoo b.\' consld rlng n porallel tri,'8Ji1•uion oí Lh rionnal bundle 
t' 7 , 01: OÍ th quol1CJJI buridle T / Ri if ~ a ligh1.liko goodoslc. 

R"' 
i~ n'l&uoi1 holds: 

w 

canonical inner product. in R11 © R"• nnd 
anonit31 compie): t.ruct.ur for whkh t.hc 

(J . .¡. 

IM /1 ll (t,q, p) be o regular smooLh llomillOlll"n íuncLion, possibly time 
...t ·nl, drtii'lcd on nn op n subsot A e R (Rn x R". ); t.he llami\Lonia.n 

' "" 6 Id //, ~ dcRncd by: 
1i, - J 'VII, , 

w • 11, ll(t,-,·) ond 'Y 1 th U!ual grndiem opcraLor correspondlng Lo 
R• All tlm1 rogulnrlLy for a llamlltonian func1ion means LhaL Lhe socond 

. 11 Is nlwU¡ys no11d ·s n rete. lA!t Pe R" be a smoot.h submanifold 

(q,¡1) : la, bl - R" (!) R" • be an ln1egral curv oí I i, , i.e., a sol uLion oí 
11,,.,...Jlon N¡tUll.1(}n .. ,r¡ W. 1 P - 811 ; ..... umc1hat. r'(a) is in t.hcunnihilat.or 
ol rp in R" W R11 • • Th lmtan.:td llamdUJn equations ulong r e.re givcn 

IOJ p'(c) -J 11 11.(r(1)){p(1)}; 

ta p (v, ), (5.1 O) con bo wriucn in lhc fonn oí t.hc sympleoLic sysLem 
1 1), Úl: 

A 8 fi' 11 e 
f>P'' 

Tbr ftOOO l'n<1mty nssu1nptlon ror lhc coefficienl 8 is given by the rogularil.y 
ti 11 l."V"nghin subspncc fo lhatgi' _ lhe inílial conditlon íor Lho symplec•ic 
'fl' (~ IOJ I• glvQn by lh langcnl spncc T rf•J(TPº). 

"' .. 1 n. nJI~\ sympl lit dUfercnllat :t) lCfl15 are obt.e.ined ns linenrizntion oí 
ll&mllloo oqunllon along lho solullon I' ol 8 pos lbly Lime-dop ndenL l lamil-

11 oo • •.1•mpl Lle manifold (!111,w) by a s11mplect.ic triviali.zation oí T9Jl 
r rqnpaliblc wilh o gh n l...ngrangian distribuc ion. Again1 clifforent. t.riv-

ol •he uing 111 bundl T9Jl &long r produ lsomorphic symploct ic 
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m11n of Í'SCI., Lh lw oí 
Ilion~ • ·ml·Rkm8Jrnlnn goodCHI Is 

nm '1\Sing rrom ll Jo<0bl cqunllon 
g ........ bl<-

5..3 Prop0tll.i0on . B11e'l/ 8J1'11J}ltc.tu; d.J/i not,iOJ lJ.ft.t'm t.a 14omorpluc '" o 
Moo,. v s11J.tcm w1tJ1 tl1r blork 11 constttttl ~'°""" ~. on11 Morsr . turm 
"''" ",lh 8 MMl t'rnt and wítl1 uo~drt)(nrra1< md14' candtt1on lo Cl'Jrt bt oh· 

/ow'fi 6; a "'11'1 tnv•ol•:nt•Orl o/ !11e nonnal 6~nd/, yL (H h'mmplt 5.1) from 
thr Jol:XJll• tqv1h.an nlorig a grodc11r .., 111arttn9 anhogo1u.tll~ lo o uondcgrnrrolti 
ubmam/olJ 1" o/ o ,qem1-ll1t·rtian111au moru:/old (M,g). 

1l\C' no1 ... of Nympl t lc 9.YHlt.1111 wu.s lnuoduel'd in 1191• whl'ro th mnder wlll 
find nll th< d all• on Lh~ 11111\Nlul OÍ Lhi• 11011. A P<oof o( l'rof)O"ILI 11 S.3 "'1 

bt· íound In 113, tlon JI or j!G, l'roposlllon 2.3 q. 

6. 
ind 

oju st points, th ind · aod t b Ms lo 

For lh<> 1 oí t.h pupcr "'" wlll t0t1<1d r a ffx ympl 1.i •)'!IU'm (S. I) 
ol 1nd, .. uh • nond gon roL inH!al c:ondlllon (S.3) (or, cqulvalcnlly, (5.'1)); 
dt'flO(mg bJ,· .\· <h oocfll lonL l11t\lrlx ol th 'Y''""'· .. wlll rofor LO thr polr 
) 1<m lnllial condhlons w!Lh Lhc symbol (X,r.,¡ . 

ll 1 . (o 61- R" Is un obsoluLoly conLlnuOUll 1118p. chxM by'" : ja,b( R" ' 
•he ""'P 
(Ci.I) . (t) /J(t)- 1(11(1)- A(t}u(I}); 

clt'JarfJ, 11 (• , ) 1 • solutlon or (5. 1) then o o . Com.d th íollowln~ spoce: 

(u 2(1a, bj, R") : (u, o.) Is a solu11on of (X, C.,)), 

ond, fo< oll 1 E lo, bJ, 60L 

Vlti { (t) E V}: 

A •1mplr dlm<'n.lon ounLlng orgum nt •I 
hlialor v ir by: 

1ht11 , lo< ali t I•. 6j, <he "'1nl-

v¡1¡• (o.(r) e v. 1·(1) o) 

· 1 Dcllnh loo. A n ln•LOnL t Jo. b( 1• saJCl lO "' 1JJga.I or focal (h b 
e lcxtlM) 10 Ll1 wnn "<01\lu •• • In l.ht tlw ti; 1nlLiol condlllon ¡,¡ 
KI' l.a¡¡ro.ngl•n lo 4J (O) (!) R''. u._, COI f10l1dt lO loo 
al • oh fUJCd lnlllol polnt ln f..umpl<' 1 1), lor ( \' 1.,) il '"'°"' i.1 
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, ; u 1n v • ...-h 1luu v(t) O. 1 r., tr ti I R" Th m1Jt1pltcity mul(L) or • 
¡ '""' t ¡, 1h dlmrnston oí 1he poct' ol 1ho!io v E V 11 h thllt v(t) O 

°"• ......... 11¡, 1ht' C'Odhncn.lon oí V(tl in R" 11><' sig11ature sgn(t) oí ll focal 
lnolADI t '™' l1111u1uro o( 11><· reotricuon ol 1ho )·mmcirl bilincar rorm /J(l) 10 

nn1hllA1orV!t!•, or, 1 ¡uh11lrn1ly, thr iRnat ofth ""tri ti n or l (r) 1 10 
1111~ ª.orttlQKonN oompl~m4•nl Vjtt.L or V t m R" 1-or 11ott1Llomd purl)OSCS, 
...... n rnt 10 drflnr '"'' muluplicit) Md 1gn•• 11ro or ony l E la, bl by 

nuJ(t) •qn(I) O lí t I• no• íoe&l \ (ocal instnnt t is snid to be 
".fe'',.,,,'' 1( 11urh n."ttrlr\ton ¡, nood tntmh. O~·rvo t.ha.t. Vial P, and 

nond1 • •ritr~ ~urnptlon ÍOr lh mitlaJ condltJOIJ fo 111 ans t.hOl LhC initi&I 
1 t t o 1 n nondegon rnt focal pomt of lhc :y-.cm. lf (X, fo) admils 
onl • ~nlu· numb<'r oí íocul In 1an1-, lhm ., d n th fl)C(J1 mdcx ir..,( X, lo) 
ol ( \ fo) 10 !><' thr "'"" oí 1h1• 1gnatun:> of ali tho focal points: 

lfo<(X ,fo) gn(I). 
•E~ 

ampk S.1, 1 he "'' V corn-.pond to tt •pRCO oí 1'-Jacob1 fiolds ulong 
""' t I•. bl I• rocnl llf thr com"¡>Olldmg po1nt 'l'(t) Is u 'P-focal pornt 

l 1-odt~iC' "f, In whkh · ll • muluphci&y of t 8.S 8 ÍOCHI ínst.ant. OÍ 
( \ fo) coincod wil h onultlplicit)· ol 1(1) , 1'-Jocal poinL. Thc slgn1uure or 

iftl'l.&nl t OO\nc\deq Wilh thc -.1gnature OÍ lhc rcsLriCl.IOn OÍ Lh m trie 
f 10 thc •ubspocc OÍ 'f~(i)M wblch 1 th<- g-on.hogonal complomont oí th 

b¡• th vnluotlon •t t or ali the 1'-Jaoobl ficlds olong 'l'· CI orly, ií g 
f1 1'110n (1 ., positl d finitc), Lhcn (!'t ry (ocal inSLl\JlL is nondog 1lCí6lC, 

muhlpllcl1y cquals lts slgnatuR?; hence, 1he focal ind x of a lllomannian 
CXJlncld wlth tho gromttnc inda or 100 good ic, whlch is dcfined as 
ol lhr multlpllcllie oí ali the 1'-íocal poin1 along 'l'· lt is not hord, 
.-nt"'1hAL rn 11.1 lnvoh't'd, to pf'O\'' thal lh sam nclusions hold also 

thot the metrl~ 9 1< LolYnL:lon (i. , n (g) 1) and 'l' Is a oausai 
(I • , 1lm likr or llghtlike). 

Ut'I tnlUly SILUOllOn.S whr~ lhe num r of foc.al lnsL&nts is fin\Lc; for 
thJ• I• alwuys tho C8>C) lí the fficicn1 moulx X(t) Is real anaiytic in 

"'U' ÍOCl\I ln~l&lll'- are uolalcct. unilatly1 Lho init.iol lnsLsnL l a 
a íot11l ln•tont In particular, i( (X,lo) admits only nondogcn rato 

t. lhtn tht1lr numbcr l.! finilc, Thi!\ · thc r llicmannian or cuusal 
·<>dt le1 

toJ\.lil\d(lr thc fondamenl.8.1 matnx 4> oí our syinpl t.i syst. m; sin 
,R), lt íollows th&t <lo(tl(to) a Lagrangian subspacc or R" (!) R"' 

t \\ •h ·( get a mC)C)(b CUI'\ t - l (t) <lo(t )(t0 ) in th Lagrangian 



:ra.:o "mttAftla,Q ~\ 

h 1 ~ '11 1hnt. Lh ÍOCOJ lnSL(llU& o( ( .\'.f.o) cormtpond lO HllL'rlcth.0114 

ollt.· cun · 1 tlot h . ubvurlOly /1 ~ 1(f-o) \IDn' pr« )', an In 1.11111 t EIn,6j l. 
íoc.J ol mul11pllCJI)' k lff f(t) E /l•(/-o): lOO igNUUn" ol 1 uaJ U) lhO •lg1UUUn" 

ol lll· lnCt>Oll or l"( t} lO t( t ) n Lo (hcre. ""'1do ·nh~'I"' l&n¡;t'Ol \ l ,,. In 
r,11111 ""'h i·mm l rl bllln M íorona on l(I)), Md lhc nond nl(y OÍ lh íoaoJ 
\O! ton& 1 cqui '811 nt to Lh 1lond g(,111 )'o( uch ietnction. 

t\ n'(l(J, l ho lll9lMl 1 o '> an • lcd inl<' . Llon OÍ f wilh 
11_1(Lo) • .,....., th xlsts E > O such 1ha1 l ¡... 1• no lnt • 1lon wnh 
t\ _1(Lo). ~IOIWl·cr, lí t b Is noL o íocol ln;,wu, 1hcn l(b) ~ /1~ 1(/-0). Wr º"" 
1hcrclore go 1h íollowlng d flnlllon: 

~ Ocflnition . • upposo LhnL t b Is noL e í0Clll ln>1an1 lor lh polr (X.to): 
tho·n. tb< \1 f.o• 111dex IM.,1 ... (X, to) I• drRncd IO 1t.. lnt er numb<'r to.,..... 

•pondm1: 10 tho relt•tl"" h mol gy In." or tht> cun. 1 ., in 11 1( , A, 1(/<1)) 
b) ¡ ¡,.. "'IOOlClfllhil m (-1.·I}. 

li 3 Tb n:m. uppo.r t11ol t b ,. not o focal ,,...,.,ni o/ ( \ ', f4} oml thm oll 
tJ.., /oaJ tTUflQ!I'" o/( ... \', to) are nondcgn1rrol~ Th"l t/11 ~lculr11i md;;.r ami tlr<' 
J 1 r,s o/ (.>i,lo} ro11u-1dr 
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7. b l asl v ind and tb iod Form 

Rrcall U..t ~ tll't' donotlng by ;t , 8 and C 1be 11 n blocks of X us in (5.2), 
b¡ 1 lnd x oí 13 1111d by (P, ) lh pair ""'""ponding LO Lh Logrnngi1111 

ln (~ l). 11' donolll by // 'CI•· bj. R") lh<> Sobolov pace or ali absolutely 
R" •11lu!'d moJ)!I on l•.bl hnvlng "llllln>-iOl<'grabl d rivnLive; 1 L 1-l be 

'"""PllCX' or // 1 (I•. bl. R") gh n ti>· 
(11) 11 {ue 11 1(io,bj, R").u(o)EP.v(b) O) . 
j 1 O.:ílnl1 Ion Tito 111dr.:t /onn I of (X. lo) L- lile following bounded symmeLric 
bll , "' fonn on 11· 

(i . ) /(1 U') C [tJ(t){o,(t).o.,(t)) f C(1j(.(1),w(r)J] di - S(v(a),w(a)), 

•ti,m, a, nd c.~""' dcflnvd by (6.1). 

H:>r 1t1 ... t4ftci\ thc lndvx íorm of o MOl"SC" lUrm ~"."lem a.rislng from Lho Jacobi 
'\ don a&oi1ft tt. • .. ~m1l·U\(l111onnlan gcod ic in F:xamplo 5. 1 is givon expliciLly .,, 

1(1 11 ) [ o(ll' , W') 1 o{"R(;.. 1 )'\, 11') di - \ 1.,{V(a), W(o)), 

lhr \\ 11 knOWll Jnd X form or 8 g . ic~ i.o., the second vu.r\a~ion OÍ 
l ..-~lticntft.nnlnn uctlon functlonal. ~loro gen rally, lf t.ho symp\cct.ic sys.

oi.~ n<'d es ln 1,:;xl)111¡>lo S.2 from lhc lincariz.ed Jlamllt.on e<¡ua.Lions a.long 
'""' of • hv¡¡or-regulor llamlhonian // on 1he cotang nt bundle TM " oí 

canilold M , thon 1 corrospond lO th ~ •wlaLlon of Lho assoclaLod 
~ &c:Llon í11nct.lonnl. 

·U known Morso lndox lhCOfl!ln Lat<"" lhat for lli nmnnlnn or causal 
·rod I"', tho lndQJC OÍ I on H I' finilc. and it Is ec1ual LO Lho numbor of 

' counu<I with multlpllclty. which i al<o cqunl Lo Lho Muslov lndcx of 
poncUng MoN lurm "yslrm. lf /J(t) nrithcr pos\Livc nor n gat.ive 

" •J.n tho lndcx nnd th ro-lndcx o( 1 in 11 is lnfinlLo: 

o lnd T hcorom . '1ll&llon bel" n 1.bc Mllillov ind x iM,.,,lov(X, to) 
" nch; form 1 In 1hc Clllitl O Ali < 11 is 10 be found by consldoring re
-.. ol I to sultobl subspoccs of H.. For lhls consirucLion, wo now choose a 
'"'111)• l) (V,),,¡..;¡ o( l.i>-dimnnsional ubspoccs of R" wiLh Lho prop-

8(1) 1 Is ""8••h dtlfinlt on D, V, for ali l e [a, bl. IJy smooth, 



l' nolo 1 ICCI "" 111>11 

OX'IU\ t1utt 11,( ~ (•,xl""t Arnont h m"P" )~1 4 , Yi.. (o R' od1 IMt 
l '1(1J, , l , (I) • • b"•lsof ' , for•ll I, ,.... • .¡uca11 uc;h • ÍIUnlJ~· ) 1h .ft 

Jmr" ol D 
\\' d 

11 .. ' p 

(73) 

(7 1) 

wd 'º ....i S 11, 1 foil""· . 
n~ •1'1 In P" 

{u 1l : u(o) o, l)EP, íor..Jl1 lo, bl}; 
\1 ,·11 by Lh!l "!IOIULI 11' of (.\ ,lo) rn llll' din'Clion. of 1>", nnd 11 

1~ntly dt•R rwd wllh t.hr hclp d 1• lnunt ) 'º , l ' ní D 

1," {u · 1i ,., (lí) · 111(1• .• R) <ncl 

o,(lí)' 8 (.._ .... ,·.l C.. l; ), V• 1, . ) 

o~ 11 t Aºo . .L D. 

l(lllH.!llLS In ,.D l\R' con M:I rfd ulton!t In tlw dlroc:tlonjlj 

{~ .. ..1(1), (1),C(r) /, •n(R', R' ' ) r <lll'll ,.,,,.,..,..,..., . 

"' 'll,¡ (t) 1J(W'(Y. t1). l)CI)). A.,(f) O)•,(f)Y,(f) 
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C,1(1) U(rl(o1•,(l),o,.1(1)} .¡. C(1)(Y,( I) , l'¡( t)) . 

n,,, fl!Cl tlult P 1• nondcg ncm1 ÍOl X lmpl _ 1lu!1 'll(t) Is lncloocl nonclogon· 
., 1< tlult 'll(r)- 1 In (i.6) nmk "111!! . ~llln'O'I ·r, th lndcx oí Lho r luced 
, .. ..., (1.5) lllll• 1ho lndox oí () wlth ""'""'' 10 X Wc wll l denoto by X,.., 

n;., ni 1nn1rlx of (7.S) nnd by A..,,, 8..-. e_, tho e fflci nts oí X,"'. 
\n1r~UnR lo ob'lc>r\."C' thnl tht' indc.x fonn of 1hC' rod uc 1 syst.- 111 ·an be 

•·11h ..... re!ll rlcllon or I 'º ,, s" lnoo th njugnw insLMtS or 
t-C ~°'l<'rn OÍ indl\K 0 &ro il!Olf\lf'd, tt. QLll s&.y 1.ho.L U Is cU.tm L ti um OÍ 
D und r grrirnc lrcum"'ta~ 

; t Rnnod In 'l()ltl(' -t ltiunllou.s lt 1 u:icíul 10 ~ r t.hc symplccLlc dlffor ntial 
rtn _, • ....., whlch 18 IMOrnorphic to Xru1 o..nd •·ho:ie fficlonts Arrdi fJ,·cdi Crcc1 

.. .., b) 

F7J A..,.,(r) - 'll(W'oA...(t), 8..,., 'll (t) - 1, 

...,,.(1) (t) - ~~,,.(I) ~ A..,.(l)o 'l!(t¡-1 o A.,,1(1 ), 

A..11n( t) .A(l)tt(f}", (1) -"N;-"''l". 

R, rn* lf 8 nond 8 n ruw "'moolh íamil) of . ubspaccs V for o t1yn1plocu 
• ntilll .y1ll.('11TI X 1iclmlt!4n rr m { l., )~ t a>n.!!: .. tingof 80lvl1on.s of X SU.Lls fying 
~= '1ry condltlon 

1 11) 

odY,) lll;(l:), •,J 1, • , r, 

-fficlcnlM OÍ tlw rl'duct>d <ympl tic )"'ltm .~ """ d fined In fl.emurk 7.'I 
'll 1 .,,, O. The. ltm X...,, booom Lh dl ff r ntiol 

'!Jf' COlllJIAlll 

11 -1•,bl Is co1tjugnl for X..,J llT lhe ina ral: 

13 / (1) J: 'll(•)- 1 d.! 
l• (•ym1110Lrlc) billn<.W íorm In R .. , In whl h caso Lh 11111l Llpll lly 

lho d cn1•rO(;y ol al (t). 11 r b 1101 oonjugnL for .X,,.,, th n th 
rx of ,. f'Ctl I"' gh"C-n by: 

IMMlov( ",-•) '<' •~('B (t)I ) ~ "-• ,bj-..· lm(DI (\))-' • 



lo l'lt"<Jl 11 iutd 1• n. 

o1 B 1) far 1h t ln,bj """°'' b)• 11>o orthq1o•w 

11 (11 • o) n,(lls•.s•) n (IJ(o) 111-.1•). 

"'1 1, \\ll thoughLho rlghl •ld ol1h<·oqu.oli1)·(111)d no1d ¡ll'nd 
011 1h<• cholc< ol 1>, th 1wo tcrms 11 (il • .. ) lllld n (t s•.s•) tnny lnd 
dt•prnd on D 

n,.. uh olTh 

m111 (l 11~ n lh mM'.inJng oi th 
76 

U 1ho: sympk'CLlc: . )'SLOlll hM lnd • O, lh n Cll'MIJ 1 o( V w 
oo done r> {Ol. '" 'H nnd 11 (D(o)" 'Ir r) O r, 111 " hn•~ 

~f lo\• lnd In Id "'llh lh numb<r ol IOC<ll l111JL61lL. countcd 
" "h muh1pliCJ1y, Md th cqunllly (7.12) gh 1 • el ,¡ 1 M In· 

&ht'Gttfll klr Rl mnruil1.u1 grodcslc:o nnd for llM1lhonl1111 
)""llN 

l.. 1 U8 coruldcr now Lh 
lhrt Joa>bi 

for 
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t.. ,....., m.nlíold• 
¡,,. " con.•ld ~ now Lhc ctL.-e oí good • ic 1 oí sny causnl chnrncwir In n 

¡..,. 1 ...... mMlfold (M ,o) ouch •lu•• '"'"" i•I. ••un füro Jncobl fiGl<l Y nlong 
l 11 1 7), 10 bo Lhr on dlmon,loMl •flll<": '"" n1trd by Y(t), 1h n ll lo 
t* batd 10 prO\ 1hnt lht' \ndC'JC fonn I i_.,_ neplht' mJdcfi nl t.c 0 1l 1>1 ond SO 

u.(I C" .. .s~) o. 1to1wcu1t.iikt~rlhccn.~~mfix1.: -.MpolnM, i. ., P (O}, Lh n 
r""" F 1 ~, .. 'obl •In 1 ""' '"" Mnslov lndeJ: "l'qual 10 tl1 lnd X oí Lho rcs1rlcLlon 
~/to l P. 'lñ111 futt lm .. 'l un lntrrr:ttlnggt'Om1·~ncal uuic.rpre1tt.L1011 In Lho cus t.hnt 
l lht- 1rirne>n of t• (locnlly doftn«I) tlm<~l•~ i.;uling voctor fi Id. Nninoly, in 
l p ~ lht' !'!pll (.'(I OÍ vnrintiOnhl \1. lOr ·Jd long')' t.hnt. corrospo11(\ to 
'"""llant (1,) .. ¡ , •I OÍ 'Y tnfl(lt' OÍ cu""" 1 , tbat 1111<' " t'Od l ·s in 1ho di rccLlon 
al l , I •·, 11.fyhlj! t ilo ro•w<'\IOt1ou lo.,. ;l¡Q( , l') g('V''r. '\',.Y) O. Thl< 
idtD "'t'Xplol«'!l 111 IJ q, whero lh« nuthot> <k>•t'lop "" lnttnl1.o cllinonsio1111I 
Ves far KOO<lr~IC's In n 0tatlontu) Loren1.&1sn ma"lfold. 

13 n~rall~cd lndcx T h r m. \\ .,..¡u "°"'' connldcr Lho following ....... 

F 

• ( \ . lo)~" ~ymplooLir dlfforontlal "') h-·.m •·it.h mitlffl du~n 011 R" ov r thc 
lo,bj¡ 

• 'D ltf'l1 11011(IOgt1netrnu.1. mooth (a.mili ot ~Ub!'tpoccs íor X wlLh 6, C 
(), lar oll f; 

• (l,l; 1 IJ • !rumo for Tl sud1 thl>t (!.)~ 1 ¡, lr&n for 6 ; 

\'..., ·• tho rOOu<:l'!l Hympl lle •)->tcm corre-pondlng LO 'D and (Y. ): 1; 

• I lf 'H R IH thc lndcx form of {X,lo) and 7>, sr> (r p., K.", S") 
>h!< •uboi)IJ<'l!ll or li dollnt'd In analog)· ...;1h (7.'I) und (7.3) ror (X, to) 
D(IUlp., ); 

• f • .,. H...i U,,,, - · R Is Lhc lndeJ: íorm ol X...,; 

\ "·"' r> Is lh conllnuo ... i>omorpbbm de.finad by: 

,\ : H...,;,/ (/,): 1 ~ ¿::~ 1 /,Vi E v 

mooth rnmlly ol •ub>pl!OOS 6 ,.,,1 ¡¡ R• El> {O} C R' 
thc lnl l'VD.1 jo,bj; 

.._, and 4~• • '1> t i sub!p!.IC(:S or H~,, ddincd In analogy with (7.'1) and 

'"" W1ympl tlcdlffCl\'ntlol. I~ ... lh inll.lul clULB (X," ' ' {O) Ei>R' ' ) 
"' 7 to ti sm00<h famlly ol ub!Pk'!> d ..,¡; 



'"' /o ' ''"''"" ' .,,., 1 no 

Th llA l'>CI ~"' lm1n1<llfilt' 

111 "c••' .. Uld ·Acs0; 
(1) (S.._·•) .. , 
(3) ~ ...,...¡,.gt'11"rMO Íort11ly o! u 

\\ · pro. 1 followlnA pl'(•pnruLory lclDIM 

lor , .... 

Rt " n -"Olul~on o/ 
" "9 .l /u ptJr11rulDr 

lu1l n oíX,~1~J...,,1IT('llf1,, • h11.t•ly ntln· 

!('llf' 1 AJ).]' (C/ ~ .A' /'), l •. ,le 

11 > 1ocht tlllll thls la ulflO Lhc cond11oon !DI• 10 e lu1lon o! X l\long 

\\ b.."\\• 1M followlng gt1nNull·1.( 1 ln(fr 1tw n m 

·nt (,, n1U!1A'fl lndt11c lhl wm) Coi 1 ~ tn¡,lr ( \,10,1') nr 
";pfrrt.yr rl1ffrrt1ut111I 4Jlíll<m 1.;.,th t''''' / ,,;' la''' R" Ot't"f" thr mi' •JI 

(ó ~ ·,. 1 f ,Jf i.o rlrftt1rll (J UOUdr9r11ttnll' tntt14/ ~·.J1f1 ·•1 jor \ fl nd n u 11 

m ll•/v ,, o/ •11,lJNJMt'tl 111 Rº o tirr la.~ u.liou 1ndr.z "'" "' ~prrr to \ rq111:,/J( 

lh, ,,;¿.,....so/ \" Ornatr b11 X'Y<l t11t. n:dut ... d ~Jl'''I <et•< • \fn rorrt.t1 rtdwg '" 
X J'·'1 r> l/ 1 b t.f unl.hcr a focal ur;tcnl /or ( \ . I ) •19r a nnt)1J9fJ''"' tn .. t.ouI 

fa• \'..., "'' 

(i 11) n (lk~) '"'M""(X, to) '"~1w(.\'"'1l n.(IJ(o) 11r) 
/'roo/ , Th l'('ITI :\.2J, 

m i-Ri m annian 1\ ! ni~ Id 

.. 
o• r._...,r·, 

!nnn ol P In tli" 
, r ... ,r ....i n,.,.1 
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·n Pf'11'11 1 uMall"'"°" ol T '•I l\A ., th n 'P-.lncobl fl Id 
to ( \.fa)· lullou.., ~·tworo \ ¡, 1 . \1 1urm syswm (5.9) und 

U.. Lnd·~ ! rm ( tho pnlr (X, lo) 
~.,1, errt.on /tmc/roool 

1,;c.1 !Í:o(:'.:')dl 
t !he mtlcal polnl ~ Tlw do'""1n ol f' l• 1ho llíl -r1 m•nlíold n,,,(M) onsl•l· 

lng ol 111 "'" : ln.bl • M ~o!th :(o) E 1', z(I>) q, wlwrt' q "r(b). llocnll 
1ba1 tbr rn1la\I palnu o( 1-' In Or.< f ) ""' •~· io. swnlng orth gonnll) 
11'oml.iidlllJl•lq 

Thr 1 

'll,, o(Y .. Y,). 

c., o(.>~ • .)~) 

lt'l!...~('l) 

la' •lrlC<ll 111 1. 1ho Indo 
' ' 1 'l'ln lo< ..-inl· ltlemannibn groe! 

1 ~moc:nh vector 



l.,, lo l'IN:lofl """ I'. 111 

ne 111 ...i;1y (7 12) I• th lndtt ol 1 
1,1• 11' ol 11,.. ""' ,,.¡ ubn Mllold. 

o(.Y, Y, J' eh' .)~). 

' or '" 1 lllbc-n llWll 

olon~ 1 h<• ft Id .)'. 111 
.)'., an pen lcuhv, 11 1 1 • 

n,.,1.11): 

1 TI re01 . l 1 'T N11q( M ) be fu.al, C011>•da '~' /~llou•ng hum(Jg noo"' 
f;..tJ' , o/ l*r.t.10r OIJE'a tn R" CD R"º : 

1 1) { r - ('ll - 1 o .A)/ 1 'll - 1 ' 

( ~ n' ( t - (J\' C)o 'l!- 1 o A)J 
l "1 (R", R"' ) o dt/incd m ( .3) tm d , 

" 
o( y,Y,,"t'), ., 

({A ' ~ )o 'll 1) , 

/.rn(R '. R ' ' ) ª" 



( I} ,,., o •••l/hborlltlOd 'D "' 'v.(M ) .,¡..., 

" ( '•f), 
(I} u o rnt•ml J''""' o/¡.:¡., •D -, ,, o "'°"''' 
(3) •J u a mt•ml potnl o/ F¡., tltrn tM d'Y"" 

I 9 01 " ol to thc 111u//1pl•t•tv o/ 1(&) 

3•1 

u; o Jftlbtrrt 11ubmor11/old o/ 

.1f n,mg ort.hogoually ot 'P; 
tr o/ r,hr .1econd oanar1cm o/ 
o 1"·/oool ''°"11 olong "f· 

1 ·~·" thoJ ., ,. a r nl1cn/ pomt o/ f . ., " "'"' ')(b) "' 1101 'P ·/0<0/ 11/0119 
l 1 r u t ntfrgr1tf'"Mlt al "'r(O). /f lh' md~..r o/ 9 ff.,.<fn,cfcd (O tÍl.t dMi l'fbUttOll 

•p:.r . .,t brU~11: 1 f'11Uol' thr mdt.t o/ o'"""'"" 11/Pf'.'( u1du o/ l.!:liu ot "Y"' !Jitic. u 

¿" u(C .v,Y,)', -,') e(lh .>i)(.,' • .>)J.-,') i g( l¡Y1. "f') 

g(RC11.Y,)Y .. -,') 1 o(~l;Y .. T) -e,,. 

'lJ !' • U...! • """ª""' 
d l~ Ñ ld1t .)'; commulé~ t r, )',,.)'1 

.r 11M>n , 1 1 •ymmNrl• Md ( 1) 

F OAo(MJ-1.'( 

t'>•;l', - >•,Y. 
'- {7 9) . 

, IR") / nsL 

O for ali 



F( )(1), g(-l(r), ) ¡(7(r))J [ 

,r In ( u) 

'(O)) 

of J 1 m¡mll<I 11!; 

o(• '(r) . )l,(i( r))) 'u('r'(•I 9,, )") 
1: O(•', ~) 1 o(Rb'. o)'(.}1) G{f 

lar l•E' ,• 1, ,rtrnd ollu - r:,n,..¡.11 ) -
., 111~ oí V<'Ol r n Id• lhol •""411 •• !Ir 

fl'llll r •h nrld" )1, , l 1• 

'· 

/,(oJ /,(6) o} e 1,11,.,1 11 

howing1ll!J ther rlc-1 1oldJ, 10~'" u 
4' , ( ) can JVS'flU ' n.~ 

• In lhr llAI 1 ol 1lu 1t. 

loo ÚIM á 1 •1-t JOM lár J 
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di:,(o) t ab'. o')d< ' { IJ.a -/,}'.))' dt o. 
1 • 

1h81 1 la n Rcod Le •l6fling oni-111y •• 'P. ils In 1ho bogln· 
11on, ~" el-.•~ plll1llll'l 1miahi.a1ll>noíTM o.long 'Y nnd consld r 

, 1unn <) lt•tn wllh lntlll<l dain (.\', t ) _...,..pondlng to ( . 1) 1u1d lo 
l J""9bl , WJOon nkrns 'J i\ !1' h Y.'1\..\ ~ ~ t.hc irtd\.'X íorm I E /)tl-ym(?t) 
ol ( ' · ' •) nJfn">pond• 'º '"" ~ nd ,,.ria1t0n d· E E IM.,,, (T,np"(M )); 111oro-

corrr<pond• 10 1ht' •fl<>C" Sº In (i.J). """'1 I• n goodc>1I , 1111 gn11lon 
~ pan In ( ) '"º"'' lhM o E 'r,0,..(.11) .... •IK- n>rl of dT, lff o(u', Y.) ¡, 

ut )' eun1lnttou11 bJid 

o(u'.Y,)' o<•'}~) 1 o{R(i. •17.Y.). 

manni&n mllnifolds. In lhl'I !!u~ 
1 r gt'!ldt"ilC!I In s111tl0Jlllry 

11<'-

nn n~dlmrn. .. ianol !k'f'Dt.RitmannlM rmmlíold wllh o o 11\4'trk' 

r .ne! •urh llHIL (Y,(m)J'. 1 I• 
¡\/ 

• ,¡_. ltf) 1 • 1111 fl •ubmAJ>Llold ol O,..(M); 
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