
Cubo M alemá.tica. Educacion al 

Vol. S., N' 1, Enern 2003 

Envelope equations for modulated 
non-conservative waves 

Vadim N. Biktasb e v 
/JeptU"lmenl of M atlaematrool Sc1ences 

U11foer8il11 of Lwerpool 

Liverpool, L69 7ZL, UK. 

Abstract 

In rnuny 11pplic1Lliio11:; pcople <leal wit.h waves t hat. are locully planc und 
pcriodic, buL uL large disllu.nccs and/ or ovcr long intervals of Lime clurngc 
lhcir churncLcrisLics, i.c. m od·11foted waues. An efficient. w11y Lo stmdy such 
WtWt.'S is Lhc mcLhod of envdopc equat.ions, whcn thc original wiwe equal:iorn; 
are rcplaced by cquu,tions dcscribing t.he slowly \'Brying pu.nunellcr!i of Lhc 
\YnVCS. T he prucliic11l Hipprouches Lo this problcm are nurnt:lroui;; howcvcr , 
many oí Lhcm have li mi~1Ll1iolls, ci lihc r in uchicvn.blc nccurncy, or i11 Uhe wavc 
cquaLions Lo which ~!iey could upply (c.g. only conservnliive :;ysLcins), or 
both. T hc purposc·! of t:he pre.sen!. pnper is lO review resulL.s oí 11 pnrticula r 
appronch of Lhis kind, whioh is fr~ fTOm t.hcse disadvantnges. Tbis u.pprouch 
is mostly illustrn!Jed for a:u.lowaues, which, in the auLhor 's opinion, should 
play Lhe s11mc role in !Jbc llhcory of wuvcs, a.s auto-oscil11üio 11a=fonit cyd es 
play in t.hc hheory of rnsc-i llnt.ions . 
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1 Int roduction 

1.1 Mod uJated waves 

Whcn diffcrcnlial equat.ions, desc ribing a natural or t.ech.nological process, are too 
complicat.ed LO be solved exactly, one needs to do iL approximately. This can be 
clone cithcr numcrically1 or analytically, e.g. by using some asymptotic methods. 
I t i known that approximate methods rnay noL only serve for pure purposes of 
ca lcu lation, bul aJso be an 11 instrumenL of understanding" oí complex sysLems. 

T hc simplest e.ase is if Lhe d i fferent.ial eq uaLions hevc the right.· lrnnd sides 
conLaini ng small paramct.crs, and the systems becomcs much simpler , e.g. can be 
LrcaLcd cxactly, ií thesc parameters are equal t.o 7..ero. Thcn íor nonzero buL small 
"alu of th parnmcLcrs, solut ions can be obLainecl by 11perturba.Lion t.cchniqucs". 

Th perturbation 1.echnique may be a lso appliecl to system withouL any small 
parnmctcrs. This may be t.he case if w ore intcrestcd in solut ions oí a spccial 
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form, contalnill8 such paramcLers. A wcll known examplc is small-amplit.uclc os
cillations in a nonlincar sy tc rn. By scaling the dynamic variables to 11normalisc'' 
thc amplitud of osci llotions, ono can bring this problem Lo a problcm explicitly 
dcpcnding on thc mal\ paramctcr, which becomes linear if Lhis small paramcLer 
is cqual LO zcro. 

Thcrc is a less tr ivial cxamplc of Lhe same kind. Thi i Lhc famous "gcomm.ric 
optics" approximation. An important case of geometric optics is t.hc "quasiclas
sical approximalion11 in quant.um mcc:hanics, which i" so vital for rcvcaling it.s 
intrrrclation with lassical mcchanics. Classical imerpretation of gcomctric op
Lics is that thc onsidcnHion is re t.ricted to solution with wavclcngths small in 
comparison with oLhcr choract.crist.ic sizcs of the problem l 11. This works wcll 
with classical, linear wavo cc¡ualions, which admit wave solmions with orbit.rarily 
short wav 1 ngths. In gcncro l, th is restriction may be impractica t, c.g. if wave 
solution may n t. cxist. wiLh wavclcngths lcss than a ccnain minirnum. Thcn t.hc 
id<.'8 oí thc goomctric opt ics i r - formula.Lec! as the idea of modulatrd wiwcs!!I, 
or 11tlowly varying wsvcs ¡a¡: thc charactcristic c;iz~ oí the problcm, in particular 
of thf' initial condit.ions for tho c<¡ua.tions, should be much largor tlrn.n a typical 
wovclength. This mcnns that in rclativcly small region ... , thc wuvcs are rlosc to 
phu1C' Bnd pNioclic, but. t.hc param tcrs of th(.'-.(' \\'tt\'M, inrluding cli rcct.ion of 
propagalion and th pcriocl 1 slowly chang in time end/or in spacc, bccoming 
signifkam at largo dist.trnccs and/ or aft.cr long time iruervals. 

Thc cla....sical gromctric optics npproxim6lion for linear wnvc cquat.ions hcav
ily l"C'lics on thc spcciRc propcrLics of thc, cquation, notAbly1 t.hc supcrposition 
principlc. This of courso is no goocl for nonlinl'ar "'ª''(w;;. A w 11 known mct.hod for 
nonlinear wavcs is Lhc Whit.lrnm proccdurc, or thc \ Vhitham rnoclulation t hcory 
11, 2¡. Qll(' form of t.hc mot.hod uses knowledgc of ronscrvat.ion laws1 valicl for 
many \118\'t' systems originating from physics, and derives thc cvolution equotions 
for ~lowly "arying paramct.crs from thcsc con" rvrnion laws. Anothcr form of thc 
mcthod also uses Lho propcrt.ics of physical origin, namC'ly, t hc fact. that t.h' licld 
rquations can be writ.tcn in t.hl' form of a La.grsngr \'8riaLional principie. Thc 
rvolution cquations ar<' thrn derivad from siso from e Lagrnngian pl'inciplc, whcrc 
thr IJ\grangian is rrwrittcn in the form that dC'p nd" upon tho nrw indcpcnclcnl 
vnrinbl<"' dl"SCribing t.hc slowly-varying solution.,. This mcthod has bc<'n opplic<I 
to man)' cla...,sical nonlinm1r c<1mn.ions, such ~ nonlinrar l<lcin~Gordon cqmnion, 
l\ortC'\\'l'g-dr\'riC'S cquut.ion and olhcrs. 

J. 2 utowaves 

Thcre l~ an irnporttu1t. class of non linear wsvcs, for \\'hich t.h Whi t.hain approach 
CfUI not bt: 1tppliN.11 as t.hcy are nrithcr l lamiltonian, nor hoví' any conscrvcd 
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quantiLies. These are so called "autowaves". From the physical viewpoint., these 
a re waves that propaga.te not because there is no dissipation, but because i..he 
dissipat.ion is compensated hly the constant supply of energy. This can happen 
in open spatially distributed systems far from thermodynamic equilibrium. 8x
amples are nerve and heart tissues1 a nd waves in sorne chemical reactions where 
the consumed reagents are either supplied, or are stored in subst.antial amounts 
so that their decrease during the wave period is negl igible. Mathematically, such 
sysLems are most oft.en described l:>y systems of partial differentiial equation of 
11reaction-diffu ion" t.ype, 

u, = /Jt:.u + /(u) . (1) 

Here u = u(x, L) E Rl is a column-veccor of concentrations of the reagents, 
f{1l) E Rl is a column-vecLor 0f nonlinear reaction terms (interest ing behaviour 
Starl from [ ~ 2), /) is 811 e X e matrix OÍ diffusion COefficients OÍ t.he reagent.S, 
which we a ume symmeLric; Lhe space coordina tes x E R" where t.he dimension 
of phy ical space, n., can be equal to 1, 2 or 3, and 6 is the Laplacian in R". 
llcrc ancl lhroughout. the paper subscript by a dynamic variable denotes portio! 
cliffcrentiation, so u, means 8ti/éJl. 

Sy l m of the form ( 1 L descr ibing real aut.owave systcms, do not. htwe any 
conserved quemit.ies at. all, and, i n part.icular, are not l lamiltonian. 'T'he simplest 
form of autowaves in ( 1) ore plane periodic waves, 

u(x, 1) = U ((k,x) -w(k2)t 1 1'o,k2 ) = U(( , ry), (2) 

wh re 

(:!) 

llcre k is thc wavevect.or, w is the frequency, and <Po is an arbitrary iniLial phtJ.se. 
Breckets L) denote the scalar product in thc physical space R". T hc charncter
isl ic features of the family of solutions (2): 

• FUnction U(f., 71) is 2n-periodic in its first argumenL, 

U((+ 27í, ry) "'U((, ry) . 

This corresponds to waves periodic in space wiLh Lhc period 27r/ k, where 
J.: is Lhe \VS\'enumber. An impor l.nnL class of systems Lhat. only admiL non
pcriodic solutions, e.g. propagaLion of fleme withouL ubsequent replcnish
mcm oí íuel, can be considered íormally as a special limiL case of (2) with 
k-0. 
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luiions (2) , 8S a. rule, ca n not be found analytically. As i t can be ecn by 
dirccL subsLit.ution , fu nct.ion U(~ . 11) obeys a y tem of ordinary di fferential 
cqua. Lion 

17DUu(~. 11) + w(r¡)U¡((. r¡) + / (U) = O. (5) 

depc.nding on r¡ as 8 paramctcr. 

• Typically, i f t ho rcac t.ion·cliffusion sy t.em has wave solut ions of somo pcriocl , 
thcn it will hsve wavo solutions at closc periods. T hat i , sincc dcpcnclcncc 
of thC' problcm (5 ,i1) on r¡ is continuous, it solution norma lly doponds on 17 
conti nuou ly. Wc wi ll sssumc that (2) xi t at lcast for k~ bclonging LO on 
ir\lcrva l, 

k E (k1 , k2) ; 1'/ E (kr,Jq). (G) 

• Functions U (up to thc arbitrary phase shift) and w uniqucly depcnd on 
k'". Thtll is1 for cvcry wavcnumbN k , tite hapc of t hc wavcs, a nd t ilo 
wmporal pcriod (a nd t hcreforc Lhc phase \'Clocity) are fixrd . At most , for a 
gi\"el\ J.:2 t hNc could be a (l·iscrete number of diff. rent wavc1' 1 possibly with 
díffcrt'OI frcqucncics. F'rorn thc physica l viC'wpoint. this hRppens be<.:HU!:lC 
thc propag8l ion of weves is t hc result of lhc unique balance betw n cncrgy 
supply and i ts diss ipatlon. MaLhcmati a lly, this mea.ns thAL the perioclic 
orbi ts in (5) are isolatcicl ¡ t hc proof of th i fa t is bcyond thc scopc of Lhis 
papcr. Thc dcponclcnce 

w w(k') (7) 

i!':i oftcn w lled d1..sperM.on relátionslup or ds.spersion cun1e (cspccially i f iL is 
rcprcscntcd graphically). In conservat. iv sy tern<l, dispcrsion rclutionship 
would invo lvc also ti n ampli tudc or ampli t udes of the wavc¡ in auLowiw cs, 
the w&\'CVCC:tor is Lhc only arg11 mcnt in (7). 

• \Ve "how thc dcpendcnco on k2 nnher t ha n k to ensure wc don' t forget Lhat 
ií WB\1!'5 in {l) can propagate in one dircction, imilar woves ccrtalnly can 
propagatC' in thc opposiLo dircction, t.hus U should be an oven function of 
k. 

This íemi1y of solutions is Lho basis of thc wholc problcm, and wc cal\ Lhcm 
ba.,1c u.101.iu or bas1c solul'i.ons. 

1.3 ¡\fod ulated a u towaves 

Now v. can formulat.c our goal. We want to describe a ccrta in class of solutions 
lo ( 1), based on thc pis.ne porioclic wavcs (2). We now \Vftnt to considcr not plana 
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periodic waves, but waves that are in sorne sense close to them. The difference 
(rom plane and periodic waves should be obvious on time and space scales much 
larger tban the period and length of the waves. 

Mathematically, this can be expressed in t.he form 

u(x, t) = U (</J, ('\74>)) + v(x, t) , (8) 

where \l<P is a loca.I wavevector slowly varying in spacc and time, and v is a small 
correction, so that 

</J = ,-1<1>(<X,<l ,<), (9) 

and function 4> is a smooth funct ion of its t hree arguments. lndeed, one can soo 
Lhat if e is very small , then </J in any boundecl domein will be clase to a linear 
function of x and l , and th11s (8) will be clase, up to a phase shift, to a perioclic 
wave of the family (2). The cliffe rence from that periodic wave will be due t.o 
the departure of <P from a linear function in that domain, and also due to Lhe 
correction v. 

The necessiLy LO havc thc sm~1 ll correc.Lion u in Lhe AnsaLz ( ) may noL be 
obvious from the begin ning1 but. is a resulL oí ca lculat.ions. For now iL suffic . 10 
note Lhat such a correct.ion ii:; aclmissiblc, and as long as it is small 1 solut.ion (8) 
in every boundcd clomain is close Lo onc or anOLher plane periodic wave. 

Formula ( ) and (9) formv.!ly define the class of solmions wc are inL rest.ecl 
in. \ .Ve will e.ali t.hem modulaLecl waves, or slowly varying waves (SVW). Our 
expectaLion is thaL i f Lhe inltial values of (1) are SVW, t.hen the solution will 
remain S \ V, at least in largc regions of space and íor a long Lime. 

The question is1 what. conditions should t he phase ( "eikonal") variable 41(x, l.) 
saLisfy. IL happens, t haL Lhe soluLion can be wriLLen in t.he form of a pnrt.ial dif
fercnLial equat.ion, the evol:ulion equation, whjch wil l be the analog of Lhc cikonel 
cquat.ion in Lhe gcomeLric oplics. Our purpose is to develop a met.hod of dcrivu
Lion of thi cquat.ion for every given react.ion-diffusion system (1). One Lhing wc 
shou.ld ahvays bear in mine!: as a rule, Lh is can11-0t be done entirely an.alyticolly, 
Lhcre usually will be sorne bits to do numerically. One rea.son for Lhot is quite 
ob\lious: th basic soluLions (2) can noL be íound analyLica.lly. 

1.4 Structu.re of t he paper 

In Scction 2 wc will approech Lhe problcm on a heuristic leve!, in orcler LO "guess" 
Lh or rocL answer wiLhouL worrying LOO much abouL the oorrocLness oí Lhe pr<>
ccdurcs uscd. ProperLies fJ.nd conscquenccs of Lhc obt.a.ined evoluLion equetion 
are analyscd in SecLion 3. By analysing t.he lírniLaLions of Lhe meLhocls uscd in 



En\'clopo Equations for M odulated Non-Consen 111r.ivc \Vnves 295 

·tion 2, w show t hc ncccssity o f more formal procedurcs. Thc main ideas of 
thaL proccdure are introcluccd in scction Scction 1, on the cxa mplc of a. 11 modcl" 
probl('m for ordinary differcntial equat ions. You will see howcvcr1 t hat t his modo! 
acLuolly cov"Crs many of thc wcll known asymptotic methods as special cases. This 
more formal approach is upgraclcd Lo be applicd 10 1hc problcm oí SVW in tho 
nC'xt two secLion , whcrc wc will introduce the methcxl of thc dctccting opcrator 
(SccLion :;) and oí che ub-cenLrc manifold (Scciion 6); boih oí chem can be usocl 
LO derive th volut.ion cq uation of arbi trary asymptotic prccision. 

Thus thc ovcrall progrcss o f thc papcr i from intuitive undcrst.anding of thc 
bchaviour of SVW by i nfo rmal and in fficient way , towards t.ech nica lly cfHcicr1t 
buL formal mcthocls. 

2 H euristic derivation of the SVW evolution equation 

2.1 Pr liminary comments 

FirH of ali. w imm<'cliAt.cly try wobtsin thc evolution cquation1 on Lhc l< physicnl" 
IC'\'("I of 'itrictncs and in t hc lowr L nomrivial ordcr of a-.ympLOtic precision. \\Ir 
».s-.umC' that. wc know, anulyticolly or numcrically, the planc wnvo solutions (2) to 
LhC' PDE sy.,1cm (!), ~lnd wr wom to obtain an C'\'Olution C1C¡m1Llon for thr phHsr 
tP o( thC' slowly vary ing wavc sotutions ( ). 

To proccccl with t.his prngrnmmc, w(' nccd to do onC' moIT' <·oinmcnt. Nol<' tlrnt 
Lhf' choir<' of U({, TJ) in (2) is not uniqu . For diffcrt'nt '1 thc arbiLrnry init.iol phnsr 
</)(] may lx- chOM'n indcpcnclontly. ?\ la.thematically, if a fuJlCLion U({,1J) s~lt isfics 

(5) and (-1}, so cl ocs t\!l,Y funct ion u1«{. '1) giv 11 by lhc "gaugc t ransfon nation" 

U 1<((,q) U(( 1 K (r¡),ry). ( 10) 

for arbitrary l<(1J). Lster wc will sce thal no aJI choiccs of /( t\l'C alikc, ancl sorne 
will gi\'C i;;impl r cvolution cquations t.han othcrs. 

2.2 Linear approximat ion 

By "IUb--tituting ( ) into ( 1 ), wc gct a l-oomponC'nt \'t'Ctor equation fo r 1.wo un
known íunctions: vector funct ion u E Rt and scalar íunction q,. So, th • cc1uation 
l'i undc>r-det rmincd. In linear approximation in t' it takcs thc fo rm 

v1(x,1.) D'i72v(x,1) 1 Fiq'J(x,t)lc(.r, 1)1 hlq'i(x,1.)1, ( 11 ) 

wh<'re thc Jacobia n matrix F' and Lhc free tcrm h dcpcnd on thc unknown </J(x, l) 
'iO that ª'(")I 

{}u u L' . 
(12) 
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- (w((V,P)2 ) + .p,) U¡ - U,~(V</>)2 

+D (u,V2 (\7,P)2 +2Ue, (V</>, V ((V</>)2)) 

+u,v'q,+ u,, (V((V<f>l'll'). (13) 

Mere Lhe function U is assumed with arguments U =U(</>, (V,P)2). I n (13), Lhe 

function f ancl term with Uee a re absent due t.o (5). 

2.3 Elimjnatiag the secular growth 

We make sense of t.he uncler-de~erm ined system {11) by t.he íollowing argument.s. 

Pormally, t.he funct.ion <f)(x, t) can be chosen arbitrary, and t.hen t.he syst.em ( 11 ) 
solved with respect. t.o v. However, no t every such choice woulcl guarantee t.hat. 
Lhe resulting u will be small. And t.his srnallness is neces a.ry fe r t.he linear 
approximalion and t.he definiLion oí SVW Lo be valid. 

The rcquircmcni. t.hat. v be small leacls LO cert.ain limitations the funct.ion 4' 
should obey. These limit.aLions a.re just. t.he desired evolut.ion equat.ion. 

Jf tf> is flxed, equat.ion ( l l ) is a linear inhornogeneous ec1uat.ion for the unknown 

u. 
Since the local wavevecLor k = 'V</J var ies slowly, t.he cocfficiem mat.rix and 

t.hc free term in ( 11) are in a laii·ge region close t.o perioclic, wit.h t.hc spacc periocls 
2ir/lkl and Lime periods 2ir/w. 

On t.his ta.ge, we apprm1ch t.he condition t hat u be small, ncglecLing t.hc 
diITcrencc and a uming Lha.t. F' and h are cxactly perioclic functions wit.h t.hese 
pcriods. ~!ore preciscly, we will consider t.he funct.ion tP included in ( 12) and 
(13) asan argument. of U as linear , and it.s deriva.t.ives, including highor ordcr 
dcriva.t.ivcs. as const.ant.s. In et.her words1 every Lime q, occurs in ( 12) and (13), 

w r tain only the principul t.erms. Thc derivat.ivcs are used as panunot.crs until 
w g t n closed cquat.ion for tf1. F'or ('V</>) 2 we use t.he notation ('\7(/J)2 = 11. 

Ncxt., wc pass ovcr t.o a moving frame of refcrcncc, by cheng·ing i ndependcnt. 
variables (L, x) to (r, ~.y), wheFe r = L, ~ = ,P(x, L) "' (k, :t)-..i(k2)L, and y sLand 
for ali spatial coordinat.es perpendicular to k.. 

Thcrcaft.cr, thc coeflkient.s Ji' and t.he free t. rm h become periodic functions 
of onc independcnt varia ble~ only. lnsteacl of ( 11 ) we t.hen gel 

whcrc C i the linear differenLial oper&LOr with periodic coefficienLS clefinecl 85 

Cv = r¡Dvee + Dó.,v + wve + F(O• (l ó) 
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Far brcvily, " omiL Lh clepcncloncc on l he derivali ~ of <fo. 
Thc St&biliLy of plan porioclic wav is determinad by Lhe specLru m of ! 1 

CV,({.r¡) ,\1 ( r¡) V1((, r¡). ( 16) 

Oiffcrcntiation of (5) by ( ancl com parison with (15,16) provcs tlulL 

( 17) 

Lhc so ca llcd sluf t mode, or Coldstone m.ode, is an ei.gcníuncLion of C corrcspond ing 
L thc ig 1wa luc zcro, 

CVo O ( 1 ) 

Wr will assumo LhBL sil ot.hcr AJ havc ncga tiv real parLS, which is Lhe st.rnngcst. 
stobili ty wc cou ld cxpec t. for t.hi sysLcm . T h ex.i l nce of zcro cigcnval ue and 
thr corresponcling Golcl st.onc rnodc is du LO thc transletional invarianCC' of t.h 
r('oction-diffusion <'QUOLions: CVC'll if Lhc wav(' is table, Lherc is always indiffcrcnt 
stability wilh r pC'C t to i t.s phosc shift.: if wc pcnurb thC' wavc, t.hc pcrw rbati n 
will d ay, but t hc wavc rnoy gct s l ightl~· shiftt'd aftcr tha t.. In t.crr ns of t.hC' 
NJUatH>n ( 1•1), this rncn ns t.htH for /1 O and gen ric initiAl condit.ions, oll thc 
romponcnt of t.hc solulion v In t.hc basis or igcnfunclions V, die out. , cxc pLccl 
for thc ' hift mod ( 17). 

Rcmark 2.3.1 Act.ually1 O is not an isolatcd cigcm1'1ueof( 1'1 ) considrrcd in t.hC' 
cmirc spacc1 as th r ~\ re othcr modcs which dcc.ay arbitrnril y slowly. Thi::; 110L 
jucn an o pnon poss ibil iLy, but o. nccessary consequcnC<:' of t he v ry asyrnptoLi 
throry dt'SC'ri bcd hcrc, trncl will b om evidcm latcr. ThC' slow ly cl ccaying rnodcs 
o. rr thc modcs t.haL corrcsponcl Lo very low modulalion. of Lhc pmiodic wav . 
ThC"W? mode!t, whcn proporly normalisccl , will be arbitrarily closc to ( 17) in cvcry 
pr~ribrd finiLe rcgion . T hcrcíorc1 in cvcry finitc region Lhc solution of Lhc 
cquation ( l ·I) wit.h h O flpproachc ( 17), with a factor drpcnd ing on t ho rcgion. 
T his "' may say that t.ho slow modulotions an be includccl int.o <P, whilc not.-so
c¡low modulation r mnin in v and th y do dccay quickly. 

~l us now considor t hc inhomogcncou form or (l·I). As Lhc frCC' t.c rr n h and 
th CO('ffici nts I" are poríod i functions of ~ only, then.' cxists a partio l solu ti n 
pC'riodic in ( and ind pcndrnL of y. Por t.h i solution to be boundccl in t. i rnc1 l t i::; 
11 e...·"'6tJ and sufficicnt t.hnt t hc frnc t rm is onhogonal to thc shi ft. modo 

f (Wo({ , r¡) , 11 !.Pi)d{ O, ( 19) 
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where ~Vo{{1 11) E R:c is tihe eigenfunction of the edjoint operator e+ 1 

(20) 

corresponding LO t.he eigenvalue O. BrackeLs (,) denote Lhe scaler product in Lhe 

concent.ration space Rt, and the integral is taken over a period. 
Provided (19) is satisfiecl and the initial values oí {l •l) do not exceed '· we 

can be sure thal, afLer a large enough span oí time, Lhe general solut.ion of (14) 
becomes a nearly periodic function of ( 1 slowly depending on T and y and havi11g 
the order E, ,.,.·)tich is t.he a rder of t he free t.erm h. 

Condition (19) wit.h "unfrozen11 cle ri va.tives of <P becomes t.he desired closed 
equat.ion for rp, which does not depend on x and l explicit.ly and can therefore be 
used as a macroscopic evolut ion equation. 

2.4 T he final equation 

Let. us normalise the adjoinL eigenfunction Wo so t.hat 

f (Wo((,ry), Vo(( , q))d( = l. (21 ) 

The evoluLion equat.ion is sirnpler if 

f (Wo((, r¡) , U,1({, ry)) d{ = O. (22) 

IL prov always possible, Ll'lanks LO t.he possibility of Lhe gaugc t.ransíormation 
( 10), wilh appropriat.ely chosen 1((17). This can be seen by direct. subst.iLuLion, 
wit.h account. of {21). 

Keeping in (1 9) only berms oí Lhe orclers o í O( 1) and O(<), we obtsin the 
dcsi red cvolULion equatiion 

t/>1 + w((V't/>)2) = P ((V',P) 2) V'2t/> + Q {(V't/>)2) (V't/>V')(V't/>) 2. (23) 

This íorm is equi\'8lent. LO t.hc following cquat.ion for t.he loe.al wavevocLor k(x, l ) = 
V't/>: 

k1 = gr ad {- w(k2 ) 1 P(k2)divk + Q(k2)(k,grad(k2))). (24) 

Thc coefficients P and Q ore funct.ions of,., and are defined as 

P(r¡) f ( Wo((, 1¡), DU¡((, 11)) el( , Q(~) 2 f (Woxi. ~). DUE,({, q)) cl{. 

(25) 
:\otc that if Lhc diffusion is scalnr, that i /J,J dó,1 , thcn I' =: d. 
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2.5 On t he accuracy o f t he equation 

Th hcuri ·tic d rivation wo havo just pcríormcd lea' -es somc qucsLion open. Why 
el thc final cquation (23) com.ain t hc Lcrm of 1hc ordcrs oí 1 ancl e only? 
Would iL be corrcct if wc kccp also Lhc tc.rm of the ord r of c2? At. last.1 o 
rhctorical qucstion: could wc gct. an absolutely preche cquation if wc do not oinit 
e.ny tNrns at. sil'~ 

Thc kcy poims of t.hc hcuri lic derivation are climina tion of thc srcular 
growth. and ''írcczing" snd uunírcczing" thC' dC'ri\1Ui\'~ of q,. Thc climination 
of th<' '>('('ular growl h SC'ClllS quiLC' rcasonablc, but thc proccdmc of frcczing t111cl 
unfrt'("iing looks somrwhot arLificial , cspC'Cially if " allow for tho foct that. thc 
ignorl'd non-pcriodici ty of /" ~rnd h lcads to un rrror oí Lhr ardor of e 1..'vcn ot 
n dicttw1re oí onc prriod, t.hough t hc finaJ cquation (23) kccps t.hc tormH O(c) 
prC'i<'rvcd. h is thercforc obvious t lull. oven when this cqutHion is corrrct, thr 
mrthod cannot providc more otcuratc approximation!'<I. A more sophisticntcd 
lool' i~ requirccl. uch o t.ool is dcvclopNI in ncxt -«Lions. 

But brforc t hat, w(' cnjoy t.hc r ·ults oí our C'ffort, ancl lrnvr n look Hl Lhc 
OblilifH.I() {'\'OlutiOn C()Utl tion ~llld itS proprrtie-. 

3 Making en e o f t he SVW e o lut ion eq ua tion 

3 . .1 The phy i al mean ing of the t.e rm in t.he q uat. io n 

T hc trrm .u(k2) of t.hc ordcr of 1 mea ns that thc rnlC' at which t hc phasr cha11gC's is 
norme.lly clOS<' to Lhe fr<.'<1ucncy typical of thc planc wa\'e wit.h t hc givcn wavrvCC'
tor, and can bc dotcnnincd by t h d i persion rclation hip (7). This tow í'Ontrols 
lhr dili;pc~ion oí Lho wavcs1 or t ranspon oí thc phru.c, ancl thus wc muy call it 
di~ptr.i.ional, or transport1 t.on n. 

1ñc l"-"<> tcrins in t.h righL-hnnd sidc of (23) ar<' oí thc arder of e and vanish 
for plane J>l'r iodic wavcs. Thcy mokc the cquation pa.rabolic, flnd wc inay all 
thE'm .. difful\ional" tcnns. Thc fa t th&L t hcrC' are 1wo such Lcrms poir1ts Lo t.haL 
h<'re lll1" two di tinct. proccss hcrc: "longitudinal" and '"lt\LCral" diffusions. T hcy 
can ea. .. ily be i l lustratcd with a case oí ncarly cor\Stant. locol wavcvccLors. Assumc 
lhnt 

.¡, (1.-0 ,x)-w(kJ)t 1 .P1(z,y,I), l'V<li il « ko; 

w(1¡) wo 1 ( •¡ - kJ)w¡ 1 O((Q - k~)2), 
P(Q) Po 1 O(~ - "Ó), 

Q(11) Qo 1 O(Q - kJ). (26) 



300 Vadim N. Biktasliev 

when '1 - .\~. 
Assu.m also that the physical space is aplane with coordinet.es x 1 y1 ancl the 

vector ko is directed along the x ax.is. Then the linear approx.imAlion in V<J>1 
y icld the equation of anisotropic difFusion wiLh Lrnn porL 

(27) 

where the velociLy of t.ransport is none other than the group velocity definecl by 
Lhe standard expression 

c9 = 2w1ko = dw(k2)/ dk, (28) 

the lateral diffusion coefficient is Po and the longitudinal diífusion coefficient ¡5 

Ro = Po + 2kJQo. 

3.2 Some special cases 

3.2.l Geometric o p t ics limit 

(29) 

l f wc ncglcct the terins of thc ordor of O(c::) in (23) 1 wc gct lhe simplest ueikonal" 
= Hamilton.Jacobi equaLion for t he phase, obtained in the contcxt of llutowavcs 
by lloward and Koppel 131 

.¡,, = -w(('\74>)') . (30) 

This into account t.he dispersion processes only. 

3.2.2 " Deformed stripes" dissipat ive s truc t ur es 

The special case wiLhouL dispersion, w = 01 corrcsponds to basic woves being ste~ 
tionary di ipalive sLructures in Lhe form of stripes; t.hen lhe VW ore dcformed 
strip . The e'rolution eque.t.ion ls 

(31) 

Thi equation has been obLained by Cross and Newell 1201. 

3.2.3 Long waves in selr-oscillatory media 

A ume Lhat Lhe local kinetics susLains a stablc limiL cycle so thet. cvery point of 
thc mcdium is a self-oscillator . In Lerms o f plane pcriodic WB\'eS this mesns t.haL 

Q = 0 ( 1) as ( '174>)2 - O. (32) 
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For ''°ª11 Vr:> thc \ lution cc1uation tak th íorm 

(33) 

For a copccial case of lf-o'lci llatory system , - ...i \. trms, 1 his cqusLion has 
bC<'n sugg ·too by Kurs1noto and Tsuzuki 1171 

3.2.-:1 n ann lyticnlly solvab lc exemple 

('on~idt•r a <liimplc spC'Cia\ cn,'ic whi<:h rn_qiJy yif'ld., lh<' <'xplkil forrns oí <·orflki C' 11 ts 
(2S). 1 hi<li is lhl' C'ompl<'X C:inzburg- Landnu rqualiou with zcro linC'ar disporsion: 

u, u ( 1 io)ulul2 1 V 2u, u E C, n E R. 

I'hC' ba..ir;ic farnily is 

U({, 11) ( 1 - q)1 i,.i. 

with th(• di,prrsion rclot. ionship 

w(k) o(I k2) 

Thc adjoinL 1.rro l'igc11 fu11ct ion is 

Wo(~,r¡) 
1(1 q) .¡ 
~r . 

(:16) 

(:17) 

11 re wc assumc tlrnt 1.hc scalar product in thc cor)C("ntraLion spa e is dcHnccl 

(w, u) R (üJ((}, l'({)) (:l) 

, thc rocfficicnts of tho V\V cquation are 

P(q) 1, Q(7¡) - 1/( l -q), R(q) (l - 317) / ( 1 - r¡) , (39) 

and Lb<- t·\'Olution cquotion 

(•10) 

Thc onc-<limcnsional v Nion of th cquation has becn derive<! by 1\il alomcd 
[I J •nd lkmorr [19[. 
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3.3 Dissipative properties of the one-dimensional SVW equat ion 

We have already seen in Section 3 t hat t he diffusion term make Lho evolu1.1ion 
of autowaves with near!y constant local wave numbers irreversible. Here 've 
desc ri be two di ipaLive propert.ies of the one-dimensionaJ SV\"I equat.ion which 
keep preserved even fer t.he regimes with wavenumbers varying generally in a 
wide range. BOLh t.he proper t.ies consist in align.ing t.he wavenumber. 

3 .3.1 Lyapuaov functiona l 

Consicler t.he funct ional 

E(t) = ~ J q,;(x, t)dx , 

whe:re (x1.x2) is an inLerval. By (2:1), iLs t.imc dcrivaLive is 

,, 
E, [U(¡/J,) 1 ¡/J, ( ll(•/i~ )qi,, - w(,P;))J:: - J R(ef>;),¡,;,dx (42) 

wh re 

il(k) / w(k2)clk 

is a primiti,·e of tite dispersion curve. Thc int.egrnl in (42) ums up t.he imernal 
ínctors, which cause t.he funct.ional E' LO decreasc. Thc outside act.ion (t.he non
im.cgral lCrm ) vani h 1 for inst.nnce, when 

l. thcrc is a pcriocl icit.y concl it.ion on t.hc bounclnries x1, :z:2, íor examplc, t.hc 
problcm i put on n circle¡ 

2. thc problem is put on t.he real axis ( - , -1 )i wi t h Lhe idcnt ical asymptot.ic 

valu 1 SO lh8t </J7 - htJ 1 </Jzx - O as X - ±oo; 

3. Lh bounclaries are impermeable, t.his mnkes nsc, e.g., for sclí-oscilletory 
systcms. 

In thcsc cases the (posi t.ively clefin i Lc) íunctiono.I 1:: monotonicelly dccrca.ses, 
and thc wavtmumber volvcs t.o a consLant, which is 2r.N íor sorne intcg r N in 
Lhc fir.-.t case, ko in thc sccond, ond O in Lhc Lhird. 
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3.3.2 Ntaximum principie 

Assumc thaL local wsvenumber has a local maximum at an interior poinL x0 al 
some i1\StanL of Lime, to, so the.t 

k, (xo, t.o) = O, kz. (:ro, lo) < O. (4•1) 

'Then iL decreases wi Lh ~ime aL Lhis poim. lndeed, 

dw dP 2 1 k, = dkk, 1· dk k, ~ Hk,, = Hk,, < O 
•• o 

ií only R(k(xo, lo)) is posiLive. ConsequenLly, H the local wavenumber is lírn iLed 
to o ran.gc, Lhis rango cloes not increase wiLh time, and 1ypically shrinks. 

4 P erturbation of a manifold of tat ionary stationary 
points 

As wc notcd in t he ond of Sectio11 2, t..hc h uristic deri\'8lion, a!Lhoug'h proclucing 
sorne roa."'°nably looking 1·csult, is flawcd, ancl in a.ny case, cAn not produce hig·her· 

rdl"r rcsuhs if required. So Lhc rcst of thc papcr is d \-Olicd Lo a more uccuraLc 
Lr'(lntment o f the problem. 1 n th is scct.ion. wc will consider a modol problom, for u 
sy-,~em of ordinery d ifferentia.1 equnLions. Thi will be usccl Lo int.rocluce Lhe mu in 
ideos of the meLhod . T'he me~hod is wc ll known in se' -erel cli ffcrenL formulaLions; 
Lhc purpose of discussing iL horc is Lo inlroducc thc principal ideas in LhaL vcry 
form lhat will be usecl for Lhc main problcm. Thcreíore, sorne notntiorn; in thi. 
s tion will coincide wiLh the resL of Lhe papcr, while some wi ll be differeni, ~rncl 

Lhc rcader i advisecl to wo.Lch ouL. 

•1..1 t.ate ment of tbe proble m 

Lct us considcr a perLurbed sysLom of ordinary dHfcrentia.I qua..Lions (OD l::s) 

'" = / (u) ~ <h(u), u E R" ('16) 

nrid assumc that ni. l = O i L hos an m·dim n ional manifold of stalrionary poinLs: 

/ (U(a)) ~ O, a E A e R'", m < n.. ('17) 

l lcrc o are coordinat.es on t,ho manifold. Wc assumc thet i hc stationory manifold 
¡.., :\tabl(' (auraclivc). 
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H e is not zero, sufficient ly small , t.h s tationary manifold is g n rally cle
st.roycd. ince the manifold wtls stablo, r,ho penurbed y tem will hove anot.hc r 
in\lariam manifold in the vicini t.y of U( AL but il will no longer be a manifold 
of sullionary points¡ rethcr, we will observe a low dynamics on it. That. is, wc 
cxpcct xi tence oí trajecLOries of t he form 

u = U(a(t)) + cu(t) 

JI r u 0(1), anda, va re c~slow l y varying funclions 1 i.e. they dcp nd upon 
l only \' ia. th oombina tion et. ll era a ncl lat.er we omit xplicit. dcpcndcncc of 
f un Lions on e, for the sake of brevi t.y. 'rhc problcm i to determine asymptot i ally 
che funclions o(t) and u(f.). 

Thc solulion of thi problem depends u pon required preci ion ancl observmion 
irucrvnl. lf \...-e are int re Lec! in t he Lime scalc of thc arder of 1 or lcss, t.hen wc 
rnay pul a con l , or any other i:-s lowly varying function, and 11 O, or any othcr 
funclion O( 1). The discropa.ncy betwcen left- nnd right-hand sidcs in (116) will be 
of lhe order of e, nnd wc ca n be su re thal in som c-vicinily of our "approximnl " 
solution th re exists an acttm l solution of {'16). ,\ loreovcr, \\ an obta in more 
precise solutions at th e time sea.les, if we put a(t) con t and fine! v(t) by the 
simplcst pe.rt.urbation proced ure. 

lf wc are interestod in lurger Lime sca l s, for in 1.ancc, O(c- 1) , iL i not suffi
ci nt Lo find appropria te v(f}, since it will increa • to th \'8lues of thc ordor of 
,- i un! v. con idcr 1.hc dynamics of a.(t). In whal follows we how 1.ha1. for 
th problcm of findin.g appropriate v to be solvabl 1 Lhc \'CCLOr a must sat.isfy an 
cvolution cquat ion of t.. hc form 

a, = «J(a) ('19) 

Bclow we uggest an asy mpLotic proce<lure for dcriving the cquat ions, which 
cnables approximation of exsct solu t ions in arbitrary largc lime scal . J\ • an 
examplc, wc derive such on cquation va lid for Lime ale of the order o(t-3). 

4.2 Tb requirement of ort hogona li ty 

Thc central idea of Lhe ovoluLion e<¡uet ion dcrivation is rc.latcd to thc following 
obscn'8lion. 1\"ot , that. ~ he represent.aLion ('I ) is ernbiguous: we may introclu 
ncw ' 'Rri&bles ó, ü: 

{ 
ii( I} 

ii( I) 

a(t.) 1 w< 1l(t), 

u(t) - 8U(a)/ a aPl(t} 1 O(<), 
(50) 
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Lhal will corrcspond Lo t.ho ssme funcLion u(t). In other words, any point. in th 
t -vicinity of th manifold U can be ropr med by the sum of a vccwr on U and 
n voctor of thc orcl r of e, in cl i fferent wa.y , the only necesse.ry condition is tht\L 
lh point on U should lic in some rcgion oí ize of lhe order of c. l f we wonL to 
obtain thc right-hnnd slde in evolulion (49) with prccision boLt. -r t.hon 0(€L we 
should remov this ambigui t.y. In our cxample, lbe prccision O(c3) is noccssary 
10 "º"" 1hc error o( 1) aL Lhe Lim seale o(c-3). 

A possibl 1 nlthough by no mcans thc only, choice i thal 1.he small correct.ion 
tu should be ort.hogollt\l Lo t.hc manifold at th point U(a). Bcíorc wo pul t.his 
rcquircm nt mor formally1 Jet. us d fin thc ba..o,;i!!- oí eige1wcctors \'i , j l .. n or 
Lhc Jacobi I08lrix I' or ! 011 Lhc /lllllliíold U(o): 

F(a) ª'("'JI BU ,. U(11); 
F(a)l~(o) ,\1(n)V,(a). (51) 

Thc cquilibria on lhe manifold U ore indHfc nt \\'ilh rei;;pect t.o shift.s ulong thb 
manifold, and Lhc urngont. spac;c t.o U is thc null-..,pocc of 1 he .Jacobia.11 /<'1 

V,(a) DU(a)/fJa,, -\,(•) 0,J . .. rn. (52) 

Wc n.''loum(' that th nwniíold (•17) is sLablc. !,() 

11.e(,I,) O, J m ¡ l .•. n. 

And et lasL, 1 L us define thc be.sis bionhogonal 10 {V,). This consi Ls of Lhc 
cigcn\'CC:tors \VJ of t.hc t.ransposcd Jacobian matrix: 

¡i ,.(a)W,(a) :\,(o)L1"1(o), 

( W,(ci) ,V,-(a)) JJ'• 

(5'1) 

(55) 

whcrc . ) is thc innor producL in R", and X d notes thc coinplcx conjugutc of ,\ . 

:'\c:w.• th<" rt'C)uirrmcnt. of orthogona.lity, making th(' rcprcsontalion (11 ) unam
biguoW' , is writ.t.cn us 

(W,(a), u) O, J l..m. (56) 

n. mnrk 1.2. l To g L rid ar 1.h ombiguit.y. Lhe biorthogona.lit.y condition (55) 
Í'i not 1 -..Rry. /\ny et.her SOL of vector.; ( ll .,) would do 85 lo11g OS t.hcy ar 
('"I ntiaJly dUf<"rcnt. tHld not orthogone.I Lo the null-.pac(' of F'. llowcvor, it. is 
H-~UDll"· COO\eni nt. H WJ ali belong to Lh null- pace of 1-'1 . 
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4.3 Derivat ion of t he evolution equatioa 

Substiwlion oí the /\nsat" ('18) into ('19) gives 

u= L V,a, +<li = cF(a)v+•' ¡<2>(a) ·v·v+ •h(U(a)) +<2h<1>(a)v-I O(c3) (57) 

l lcrc 1ve ha1·e used (-17) and the Taylor expan ions oí f a nd h . . 'iot.e tha t by using 
more t.crm in Lhe Thylor expansion, wc could obLain a higher precision. ince 
da/ dl O(c), ""can put 

a; = •9;, 9 = 0 (1). (S ) 

Lor equalion (57) is a system of n oquaLion for n. f- m real wriablcs v anda, 
i.e. is under-delcnnincd. I ... ot us rewriLc iL asan cqueLion for v1 dcpcnding na 
ns a pammctcr: 

F(a)t• (h(ll(a )) - L V1 91 ) 1 '(¡<•) · v ·" 1 hll)v) 1 O (c2 ) (59) 

nnd ••PI1n<l t•(I) in 1hc bRsis (111 (a(I))): 

v(f) L 111 (a(t) )v1 (t), u, E R. (GO) 

In Lhb tion, we hall ca ll t.ho cornpon nls v1 111odcs. distinguishing bctwren 
Lhc un table modu "''' j ... m ond tho stable rnO<les v,, j m 1 1 •.• n. T hcn 
thc orlhogonalily <X>ildition (56) incans thnt. unstabl mocles are a.11 zero. J\ 11 v, 
sati'>fy 

u, .\,(a)v1; (h,(a)-9,(1)) 1 e {f: h1••• ~ f:u,·,.,9.v1 t J,uv•v1)} 1 O(<'). 
k- k-,1 

(61) 
ymbob 9, for j :5 m are dcfiiHxl by (•19), and íor con' nicn we d fined 

c;;J =O Cor J > m. ymbols h1J.: , J,~ .. 1 Le. are Taylor coefficients oí Lh íun t ions 
h and j. ancl n·Ju ere dcfinccl u.'i 

¡.;,., (OW,(a)/8ak, V,(a)) -(IV, ,81r,(o)/8o.). (62) 

Followin~ lht- r'Cft.."<Olling oí s c~ion 11.2, wc ncOO lO find lhe runctions a,(t ) "iO 8$ 

(61) \\Unir! hR\'t" A nniformly bouridcd solution u(t) íor &JI I in 1hr prc;!,eribcd tirnc 
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lntcrval. lcL us find Lho condiLions when 

u,(1) ¡;¡ O, j ... m; v,(t) = 0(1) j m l. .. n; lit E ( - , 1 ). 
(6J) 

To do this, wc determino i LernLivcly aJ(t) 1 v1 (t) with higher a11d highor procision. 
Wc do it by on id ring a.ILernatoly Lhe table modes equations, as cqm\lions for 
uJI und unstable modo equ&Lions, o e<1uations for <;,. 

table-modc equat.ion in leading t.crms give 

9;(t) h,(a(I)) 1 O(c),j 1 ... m. (G4) 

According 1.0 {- ), this Is 1.he fir L-ordcr approximation for t.he dcslred ovoluLion 
cquation: 

a, ll,{a) 1 O(c2). (65) 

Solution of Lhi cquotior' wilt be closc to ·act solulion of (•16) al Limo sculcs of 
tho ord r of o(c'). 

l ''\ing high<'r-ordor t.crms in unstablC'-mod<' rquation.-., wc• c.:onld obt.nin more 
pr j'>(> ttpproximations ÍOI' QJ, ií only wc kncw th~ .. table modc•s uJ, j 11t 1 1 . . . u 
with !<tUlllci nt pnx:ision. 1 f W<' know v \\'ith thc pn.'Ci ton {< ') for i;ornc ( 1 iL Is 
uRkicm to gel thc pr ·ision O(crt 1) for (,. 

'\'rxl, lct us considcr cquaLion (61) ror stabl<' mode-.. l f W<' know (i1 ns íunc
lion'i of o1 • & in (6'1 ), wiLh a prccision 0(<') for "iOmc l', Lhcn wc t'On obt.nin 
uniformly bounded soluLion for uJ with thc pf'C('iston O(c1), using (JJ ns known 
ÍlutC'liOI\.'. 

To pfO\ this, loL us :;how Llmt. if G'J are known, \\ can build arbl trary pn:;.'CiHion 
nppro~imeliOnS OÍ luLiOllS 'U to e<¡uotion. (61) unifonnly &L Rll f E ( - 1 \ ) 

(u...,~uming, of coursc, t hoL such solutions exist in the vicini t.y oí Lhc manifold 
( 117)). \\. rcwrit cquaLion {61), for brcvily. in the form 

v; A,(t)·u, 1 h,(l) ¡ cll,(l , u(I)), (66) 

whcre thc L rm llJ 0(1) includc, bcsid dcpendence upon VJ, ony nccdcd 
numbcr of tcrms in Tuylor cxpansion off and h. Consid ring llJ as a known 
íunclion of tim , wc forrntd ly solvc rcsulting linear cquet ion for vJ, and obtoin 
lh(' iml"gral equation 

u, (t) [ "' e•l, (t)-A,(r)(h,(r) 1 cll,(r, u(r)))clr, (67) 

,,,.h<'n- ~\ nrc primitives of ,\, 

clA,(l )/dl "•\, (1). (6 ) 
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We have selected here t.he particular so lu t. ion which is boundod for ali t , uslng 
Lhe facL lhat a li Re(,\,) < O. 

Thi integral equat.ion can be sol ved it.e ra.Li\'ely, which yields u.niíorm approx
imation for exact solutions wit.h success iv ly growing precision in c. 

Moreover, dueto t.he st.abili ty condiLion {53) and slown of A; , h1 and 11, 
wc can prcsent the res ult.ing expressions for u1 in non-integral form . Let. us how 
t.his for the IO\\. t-ordcr approx i1mit.ion of vJ' ince the xponent. in (67) docay 
a t. time scalcs longer than 0(1) 1 t he majar comribution to thc int grals i maclc 
by Lime momems T clase cnough Lo/, so Lhot r - 1 0 (1). Exponding /\1 a.ncl 
h1 in Taylor series in t,1 T and 1 t.he rcfore 1 in e, we gel t he asymptoli t.imut.cs 

val id for th 
integral, we obulin 

A1 (r) = A; (t) + ,\;(t )(r - t) 1· O(c), 

h;(r) = h;( l) + O(<) , 

(69) 

(70) 

ubstiLuLi ng Lhese expr ions into (67) and calculnLing t.h 

v,(t) - h;(a(l))/,\,(a(t)) 1 O(c). (71) 

Not lhat with a1(t) known, t.h is is a un iform a pproximation for cxacl solulion 
of ( 16) -..lid for ali l. 

Aítcr wc gct the asymptot. ic exprcss ions (71 ), wc can rctunl to onsidcrt1tio11 
of unstable-modc cqua tions (G I) oL j 1 .. m. Substituting 1hc (7 1) imo (GI ), 

nclude that 

cG, 

ch,(o) + c2 { - ~h¡•h•/,\, ·I t,: ( J(jkth,h,/>.1 + f¡kth,h¡/(,\• ,\1)) } 

1 O(c'} (i2) 

Oiscarding thc tcrms O(c1) in this evolULion equation impJies t.hat its solutions, 
whcn <;ubstitmed inLO {•I ) Loget.hor wit.h v írom (71) "'ill produ e Lhc res idual 
in thc x:act cquation ( 16) oí t.he o rd r oí c3 , t hcrcíorc, they approximol XACl 
"iOlutions nt tim<" <;0tlc o(c:J). 

So. it i" pos.:.ibl to gct nrbit.rarily prcci sollllions for stable mocl , gi\'t'll 
'iUffiri ntJ_,. prcci ):Pf ·s io11s for GJ. Th xprcssion c;2). then."forc, C8 1l be u'>C'CI 
to buih tht' .. table mod . wit.h t. hc pr io;io1l O(t2) inst~ of O(c). This solution 
nm bt- ... ub-..titul<'d bnck into unst.ablc-modc cquation, whtch yiclds thc cxpr slon 
for {;, wtth lhr prccision of O(c;1), ancl conscqurmly for da1 /dl with thc p roci')ÍOrl 

O(<'l rt< 
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Wc 1 thAl this itorut. ive proccclure yi lds ua:e¡. ively mor and more pro-
ovolulion cquetions. Thc signifi canl fca ture oí 1be pro ad ure is t.het. Lh -ir 

11olullons approximato axoct solut.ions not only wilh uc sivo ly clccreasing (in 
o.symptotic scnsc) error 1 buL olso bccome valid at uccessively growing Lil nc scal 
This bccomes p ible only by keeping terms o/ d1ffen:n-t order i.n t.lte .1mme equa-
t1on. 

11.,4 ociations wi t h other popular methods 

l'l.4 .1 yst em s witb s lowly vary ing coeffi cieni s 

Thc problcm or asyrnpLot. lc clc·cription or lowly \Wying sysLoms of t.ho íorm 

"' /(u, et,<) , u E R" 

io; tri\·ially rcctu ccl t.o t.hc Ct\Se olrcady consid red: wc introduce n w dy1Hu1ti 
vnrínblc •(t) govcrncd by 1,hc e<pmt.ion 

T t Q f- ( 

nnd immcdiat ly facc t.ho probl rn ('16,·17) íor Lh<> \ tor (u, r), wi1.h Lhc 111t111ifolcl 
of stutK>nnry points in R" 11 glv n by Lhc cquation 

/(u ,r,O) O. (75) 

4.4.2 T ikho nov 's fo st-s low syst.em s 

'T'hi!; l<ii also true for t.ho 1'ikhonov1s standard íorm or singolarly port.11rbcd sys tems 
¡io, chaptcr 391: 

"'' / (u, o), 
u1 g(u, o) 

if.,.. pcrform Lh Umo scol ing 

·111• / (u, o) 

"'' cg(u, o) 

l\nd n<M<" 1hal this sys t.om nL e O has th manifold of sLaLiorrnry poims giv 11 

by lhl> cquation . 

/ (u, o) O. (;6) 
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4.4.3 Ea s laviog p r incipie 

Th power cxpansion oían a utonomous 008 S} lem near bifurcation oí a sLnbl 
cquilibrium may be writtcn in t hc form 

ii'' cv" 1- rfU{vu, u")1 

1i' - Lv' 1 N'(u", u'). 

11 r 11" i a" tor, Lis f\ mat.rix1 llc(,\(l)) >O, e - O is thc supcrcrili ily nnd 
N"·" ha\'c ¿ero linea,. perts in t hc ir Ta.ylor cx:pansions. Thi S) tem is Lransforrncd 
by scalin.g into ihat of th forrn (116), with the stationery manifold v,. O. Th 
iLCralion proc«luf't' describe<.\ above will involvc cxprcssion for v" vis 11u , which is 
just Lhc .. laving principie of syncrg tics" p tj. Thc> cxn l form of the d p ndcn 
u"(u") ¡,. closely relatcd ta thr fo111ous e nccpt of th mml manifold [9J¡ scc elw 

tion l.ó below 

11.4 .~t Krylo -Bogoliubov uveraging 

lf thr unpcnurbcd -.ys1c1n hos u llU .. Ulifold of P<'riodical lilOlutions inStcRcl or Sl8-
uonary point ... thcn litrrRI t.rn n~ lnLion of th abov forrnaJi rn ms i1npo:.slbl , 
b«au..- cyclcs lU'(' more' C'omplcx muthomntical objoct!'t than oquilibría. :'\;on th 
le..,, th<' basic id~ of th<' a.bovc d •rivation: varialion of arbitrary consLants, l.e. 
th coordinat~ on 1he 111anif lcl o í unpcrturbcd solulions, and lh rcquir<'m<'nl 
o( orthq;onalilJ rcmain opplicabl . The difTC'rcntt i'\ that thr ffirlenLs of 
th l'volution ('Quatlons includc intcgrnlion of scaJar product (,) ov r a pcriod. 
Thi. mcthod" Hrst uscd by Krylov nnd llogoliubov 171. 

Finally, it hould be notcd thol thc • of s tational) manifold in (•16) i• 
... uucturally un....,tabl<", a11d t.h rC' shoulcl be sorne speclal rcasoru for such a problcm 
to occur in applktuions, whílc thc cuse or isoletcd pcriodk •;ohuton {limit cyclc) 
is grflC'rtc, and "" alwnys hRv nt lcast onr arbitrary con..;,1at1l, thr ioitlal phu~. 
l\..'-'"<>CÍ&tcd with ihr fe.et t hat /() docs nol dcJ)C'nd cxplicitly on time. 

~1. 5 ubc. nter man ifo ld 

1: ... pttially imponan1 is th associnlion of thc dcscribcd method i with th<' 
method or thc (. ub)C<'nt<'r ma11iíold, which is both e fundamcnt&lly lmporurnt 
ti n.•tK1l.I coOC'Cpt and an cfficicnt practlcal tool 

The proc«lure oí alt rnoling lncrcru of e.symptOLiC p ion of thc 9(a) and 
t:(o) k'.acb, to building a..'lyrnpt.ot.lc ríes In e for th('S(" rclation$hiJY.-;. l f lh ri 
COOWfl,l.t for "'OITK" (, this lílC'llll'I t.hOL rsch OÍ 11)()',(' t "'' .. rill h1t\: 811 ÍllvRrienl 
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manifold 
U(a, <) U(a)-1 <u(a, <) (77) 

and the molion on LhnL mani fold gi \IOn by 

O. = 9(a ,c). (7 ) 

The unique dep ndoncc of v on a o.riscs whe.n \ti'e rcsoh th i nLogrol cq uat.ion 
{67) , since this proccdurc chooscs a uniquc solution LO thc dif~ ront ial cq utiiion. 

In the extended phn spa e R" x R {u ,c) , m&nifold U is an int.orscclion 
of thc manifold U by Lh hyporplan e O. lt be Cl\Sily n tha.t. tho cliíl'oroncc 
botw n U ancl U al srrrnll e Is along \10, \Vhich mean.~ thet U is t.Rngont. Lo t.hc 
ccntcr subspa of U. T hus it. is o contcr manifold ora sulr ·cnt.or 11rnnlfolcl ; th 
L !Chnlcal diffcrcncc is 11ot impor tnnL for u h re. as all "·e use is t.hc fornrnlism. 

Thls motivatcs an 0\1.ornst.i\IC approoch to building the asymptot ic cvolnLion 
C"<¡uatK>n: from th vory b glnning, LO look for represenlations of (77) and (7 ) 
In thc fonn of 1>ow r sedes in e st.raightaway, in.slced of com ing to (77) via. thc 
complic.atcd proct'Clurc de!!cribccl ttbO\' . This cenainl~· is e vcry cfficicnt. 111 t.hod 
írom a practicnl viewpoint., which will be demonstratcd le1 r Cor t. h ' VW e<ptn
tlon. Th .;;light disuclw.rnu,gc of this rncthod for thcory and for st.udy purposcs 
is th&l incc for vcry a tu1d e il focuses on thc .,ingle solut.io11 out. of un infinltr 
vnril'l)', it romploLCly ignores thc clynnmi , around 1hc (~ub)-c nt r 1n11 111íolcl , nnd 
111 !fh it origin. Anothcr d ruwback oí thc thc ubcent r mani fold oppronch Is 
thl\l il ~ hordly applico.blo Lo problcms xplicitly depcnding n Limo. And os ínr 
M actURI calcula t.ions rat.her t.han th ir moti,-ation aro co11 rncd, bot.h 1not.hods 
ar strikingly similar , ns wc shnll on thc samc c.xamplc. 

5 M thod of the detecting op ra to r 

5. 1 Preliminary comments 

In thi üon, wc wi ll rcst.ricl our ·onsid rntion to onc spst.lo l ditncnsion , n 1; 
thl" "•mplifics th fo rmuluc bul uddrcsscs Lh main difficu lt.ics. 'orr pondlngly, 
Wt'I Yi'ill pent.mct.risc t.ho p riodic solution end its frequcn ·y w wl t h k whi h 
I" "°"'. Lhc WB\'Q.numl . r rnt.hor t.hon wavc,·ector. instcad of 17. Thus th kcy 
íormulRC ..,lighlly chango t.hoir shnpc. Th L\\'0-dimcnsional moniíold of porlodic 
wrwt• 'l;Qiulions is 

u(:t, 1) U( k;· - (k) t 1 ~. k) U({, k ), (79) 

wlth thto coordinet. of t.ho iliiliul phasc d>o nnd thc V.'R\ numb r k, lyi ng in n1l 
lntcn'tll. 
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F\inction U(c, k) sa.t.isfies t.h equa.t.ion 

k1DU¡¡(~,k) l· w(k)U¡((,k) + f (U((. k)) O. ( ) 

ancl t.he periodicity condi t.ion 

U(( 1 2",k) = U((,k). ( 1) 

Thc lin arised opcrat.or [, now has t.he form 

l(k) k2 D&{ 1 w(k}fli F(U(( , k)). ( 2) 

Hnd it shiít (Goldst.o11c) eigenfuncLion is 

l\lo - O, \lo(( , k) =U¡({. k). ( 3) 

The gnugc transforniat.ion now looks 

U 1<((,k) U(( 1 l\'(k),k). ( 1) 

rhc $\'\\ A n"'8l:l. ( ) bN:QlllCS 

U(q,,,p,) 1 u ( 5) 

whrre 
( ) 

An arbitrnry func1ion of t.hc forn1 (85), ( 6) whcn subslit.utcd into original cquH· 
tion >' kh a residual of the ordor of 11 tHlcl , thcrcfor , j<; inapplicebl Rlr· dy on 
lho lomo 'C&lcs 0(1). 

For tho !>al pcriO<li wHves (79), th ir ph•sc .¡, obcy 

.¡,, w(</>,) ( 7) 

lí '' con t<ler ( 7) formally ns a.n · volu tion cquation for t/J, ancl ubst.il.Utc o 
lutiOn OÍ it lO ( ·, l ), it. will lea.el LO l\ r ·idual in (1) OÍ Lh Ord r f <, SO ÍL 

ia applicablc a1 thc tim sea les O( 1) but not O(c 1 ) . F'inding a prop r funclio•~ 
t1(r. t) can improvc t he pr. ision u.L lrhe Lhn O( l ), as it "''11.:o don i1~ pop rs J3, • 1, 
bul rumot nlargc lhc Lim scale in which il is applicublc. 

Thb "iluelion i imilar Lo LhtlL oí ti n •1.1, oncl to nlergc Lh timo scal , 
we 5hould g~l end solv a more prcci cvolut ion l'QU&lion for 41, thal would 
gh"t" a ..,mall r residual in (1), say1 oí Lh ord r of c2• To do thBl wc shsll U':IC 
thc uxhniquc de' lopcd in S ·Lion •I, propcrly modifying it LO thi spotin.Jly 
tli..,lributcd probk-m. 



5.2 Th orthogona.lity r quire menl aod t he d lecting operator 

t\s ít " mude for ñnit. dim nsion cxanlplcs, 1 t u" DOU?1 thot. 1.ho r pr ont.aLion 
( ) L" nmblguous, wh '' consid red wit.h th proc:i ion O{ ). ThnL is, wo can 
ndd <;0m nrbitrnry sufficl nLly smoll íun tion oí tho order oí e Lo ,¡, and thon 
compcnsat t.his chsngc by chn11ging Lhc correciion tJ so t.hnt. t.ho íunctlon ·u 
r rn ins t h saino: 

U(<f>,<f>,) tu 

U(<I> t <\ , (<I>. 1 <~,)) t [u - cUc(<f>.<ó,h - 'J...U,(l/>,4>,)4>,~. t O(<')j ( ) 

Thc 8S!lumpllons ( G) ore not. violaLcd by tllis transíormeUon, if t.ho funct.io11 \ 
11;0.bioc-.low. 

tr to\: ' wru1t. LO obwl n r sults wit.h th rcquircd accurncy, t.hi nrnbigui t.y shoutd 
be climinatcd. Not 1 t.hnt. t.ho t.rnnsformotion ( ) Jcads, in pnrt.iculor 1 LO ·hongo 
ln thc "emoum " f shift. modo ( 3) i11 th tcrm c.•. loca.lly in v ry place. So, 
thl.' rrp~rtl8lion 1C'COlllCS 11nu111biguou if \O,,"t" requirc that t his 11SmOunL11 is icro 
with t™" rcquircd prcclsion 1 os it wes madc in \ion ·t 

infl' this rcq11ircnnor1t f!ho 11ld b clcfincd locally, \\"(' ra11not 11sc slrnply Lhc 
sculur product wit h t he ndjoirlL moclc:-,. Tlu .. ·n:'ÍOrt' " drRnc n lincur opcirntor 
with thc- "'o('O"(' oí "dotcx·t.or" of thc shiít ntodl·. which •m('itStirrs,, tlw 11t111101111t" 
or tht• hiíl mod scpnrnLnly in rvory piare. inn"" dC"~1l with rllloti11g busir 
solution, wc '>hould uso 1,lmc lntogrntion ( tion 1 1..1). 1 lowcw r , this cun bo 
llVOidt'CI, ií \\ u, ind pondonl \'f\ritlbll"<; ( o(r.l,t), ., 1 in:HC'1.\d of .r, (. In 
roortlinau:-s {, T, thc port.urbcd solulion is not ChC'i1buing1 b111 only slow\y vnrying 
In tlmc. and time avcruglng is no longC'r rcquircd. 

In th coorcHnaLcs ({, r ) t.h e rrcction u is go\"t'rncd by un cquut.ion with o
~lflcicnt.!'. approximnt ly poriodic i 11 pu and o;;lowly \1u·ying ln Lime. 'l'horoforc, 
nítN ,ufficiC'nt span oí t ízn t.ho solution u al<;0 bc:'com a1 proxlmoLc.'ly porlodic 
und can be xpandcd ii1 Lho sum 

v(~. L, e) L A,(c{, et, c)I ;({, k(c{, et,<)), (89) 

where \ ) are t.h 211'-poriodic oigonfunctions of linear op rst.or C giv n by (82), 
o.ncl 

k e (fJx/fJ,p)- 1 k(<{,<r,c). (90) 

~ov. dar rcquircmcnL of orthogonf.\li ty may be formulatcd as followH: Lhis xpa.n
'4ion of v 'll<>uld n v r conLa.in thc hifL mod , i.c. rlo = O. So \\ llCCCI a LOOI 
to dl'ICnninc- lh íun Lion Ao(c~ , e), from a gi\' n íunction v((,c) 1 oto fixcd t.imc 
momt"nl h would b o linear opcrntor wilh thc propcrty 

Vu Ao (91) 
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for ev ry v of the form ( 9). We shall call 'D deuictrng o,,..,..wr. lt soom LO be 
impossibl lO en uro (91) exucLly, but iL would be ufficienl for us, if iL Is valld 
LO thc preci ion c2: 

'D2v = Ao + CJ(c'}. (92) 

To construct this operator, we define Lhe biorthogonal basis to th igenfunct.ions 
of c. which consi ts of eigenfu11ct ions W; of the adjoinL operator l +·, 

[,; (k)W;((,k) = :\j(k)W1({,k) (93) 

SO Lhl\l 

(9'1) 

Thcn wc make the first aLLompt. to define th dctecting operator, as th local 
projeclor onlo 1he shift (Colclstone) rnocle: 

,,, 
'D1v(() j (W0 ((, k(()), v(()) d(. (95) ,_, 

ubs1ituting ( 9) int.o (%) a ncl using Taylor cxpan ions of Lhe lowly varying 
functiorut around Lh middle of the integmlion periods, '" gel 

.-to(<() (96) 

t< (A;(c€) 1 A¡(<€)k' (<€)8;) J "cwo(.1,k), V,(q,k)) (q-{}dql 

I ( " Ir 

(97) 

•O(<') 

whcrc for brc\1ily thc primo' denotes cliífcrcntislion by the hown argumcnt. 
\Ve that V1t incl el, is o detecting op rntor, but tbe detcclion rror is of 

th ortlcr of e ancl not of c2 os we wnnted. Thc anal is of (9 ) also shows thc 
way how lO impl'O\: l.h sit.unt.ion. Not.e, that. the error i an oscillating function 
of ( in the order CJ(<). an op ralor of liding avcrnging, .g. 

11 • 

Ag(() ~ j g(() d(, (99) 

( -• 

would cut lhis l'rror off, wit.houL a ffc:ct.ing lhc maln signa.I A.o. Thls is provcd, 
a.gain, by using T8ylor cxponsl ns of t.h slowly VB')'ing integrands. 
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Thu " soo t luu. t.hc opcraLOr 

Di - A o 'D1 (100) 

obcys lh propcny (92), l.c. iL is Lhe d •ec•ing opera<or noodecl. Rcctlll, this 
opora&or works in th spnce or íunctions oí one patial variable ~¡ iL deponds en 
t.imc T and on e as poram L rs, via k(). 

NO"' u can speciíy t.h rcc¡uir m nt. oí unambiguily of 1hc roprcs nLatlor1 (85) 
wlth 1hc holp of d Loct.lng oporntor in Lhc following \'\'By: 

V.,v 0 (<2 ) ( 101 ) 

ll I• possibl to moko cv ry SV W ( 5) to so•isíy (101}. by using th trnnsíom1atlon 
( ). To do thut , w would mcasurc Lh ampliludc of the G Id ton modo in u 

by thc d t lin.g opcrnwr 'D2, and Lh n use 1h· - very srnpli1 uclo as tho ·or-r t.lon 
\ to thc ph~ tP. To how Lhis1 it. i convcnicm 10 mekc 8U / Bk orthogonnl Lo W0 
vio n gsugc transíormutio n (8•1) with appropria•cly cho>cn /( (scc b low, (105)). 

Rcm a.rk 5.2.1 To olirninij.LC tihc umbiguity of u '11rilh 1hc prcdslon c2 it might 
b(' SUOiCicnt LO US th Sitnpler d OLCClifig Opemlor Of lhC rd r Í e" Sinco t.hc 
corrt'Cllon rn it Ir is smoll of ord r or c. Th nd ord r of th proclslon will 
be rcquircd laLOr, l.O dotccL Lho free t rm h in lhc linear cquution for v, wlll h 
conullns l rms O( 1 ) . 

Re mnrk 5.2.2 T he obovc COI) LruClÍOI\ sllOYo • ~' the proccss or lncrcaslng 
tho p i4'ion oíd t. t.lon con b continucd íLCrati,-cly. uch un in reos will be 
rcc¡uirOO ií " ncccl more und more pr isc cvolu1ion cquat ions. 

Rc mark ~.'2.3 D t.ect.lng oporntors íor mod othe:r lhan \lo c.:un l e consLru Lccl 
slmilarlx. by using other adjoinL ig níun Lion n~ insl.eed or Wo. 

5.3 T h voluLion eq uation 

íly tht- 11&-umptions madc1 t.hc fun tion u obcy!> lhe following o.symptotic cqua-
tion. in C'OOrdinat.es e t/J1 'T t : 

"' k2(<~,<T,<) Duu 1 O(c{,cr,c)ut J- P(c{,<T,c)"1h(~, k(),8k()/8{,0()) 1 O( 2) 
( 102) 

l lo"' t(), d Hncd 1 y (90) a nd O(), d fincd os 

O(c~,cr,c) -(élt/8~)- 1 (103) 
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are known IO\l;rly "a ryi11g fun cLions, and h hos the form 

h = ¡(!1 - w(k)) -1 u.(!1k¡ - k., )+ D( ( 1 U¡.k) H ¡ (1 0•1) 

IL is now the tim LO choose Lhe ini Lial pha.ses oí U Cor di fferen1. k Co r 1.h gaugc 
transíormalion ( 1). Namely1 we requi re thnL 

f (Wo({, k), u.((, k) ) d( = o, \fk. (105) 

When Lhis is fulfilled, we apply Lhe operator 'D, to both id of (1 02) and eoncluclo 
t haL 

1!1(<{,<r,<) - w(k(<(, <r,<))I V,v¡ + V,h = 0(<2) ( 106) 

Since v = O(<), equoLion ( 106) means Lhat 

'D2h = O(<). (107) 

Selccling here tcrms 0(1 )1 wc gel 

rl(c(, cr,<) -w(k(c(,cr, e)) O(c) (10 ) 

Aílcr substituting this rcsult back into (106), w ronclude thnt 

'D, h 0(<2) . (109) 

In prin iplr, this is alrrady 1. he rcquircd result, jusi slightly disguhcd. /\ft r sonie 
algebra. im-olving thc c!Ncc ting prop rty (101) of V2, slown -s of thc funC'tlo11s 
k and n, and then changing Lo Lhc original indepcndent variabl T, 11 cquation 
( 109) lcad to 

q,, - w(,P,) 1 11(4'.)4',, 1 0(<2). ( 110) 

whcrc 

/l(k) f (Wo((, k), D(U¡((, k) 1 2kU¡•((, k))) d{. ( 111 ) 

Equation (110) i Lhc dcsired evolut.ion equaLion of the preci ion 2 IL coincides 
with th cquation obLaincd by heuri t.ic considerations in tion 2. 

Rem ark 5.3.1 Th L· hniquo of Lhe dctecting opcrator can h lp in d riving 
mo~ precise C\'Olul.ion -quat. ions1 in Lhc way iL was done for Lhe Rnit -climcnsion 
cxamplc in tion •l. Somc new feoLur occur on this way: 

• ~lore precise dcLecLlng op rators are needed, 

• ~onlinear tcrms in t he Toylor xpan -ion of thc fuoction /(11) shoulcl be 
to.kcn into accou 1u, 

• Th amplitudes of Lh su.ibl modcs should be d nnincd, tht"'n•fort" th 
dt•tttlOr'\ for thcs 111od oro nccdcd 
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5.'I O g n raLed (conservalive) waves: a.o e ·a mple 

i\11 o.l1t.ttdy notcd, autowovcs or nn cxo.rnple or .. gcocric., wnvcs, not el po11cling 
011 . pccbll p"lpcrtl of tho POE systcm, like con.."'1'\illion laws. Thu Lh fo1nlly 
of tOO liiC, plan pcriocli wavc solut.ion i thc pooresl posslble. In 011servative 
sy uml.! , tho conscrvntlon laws acld n .w parnmetcr.- 10 th families, orrcspond
lnaz; to thc conscrvcd quo.ntiLi For in Lance, in -) -1.ems whoro total onorgy is 
co1L'ltn't'd1 W6 "or dif~ r nt. ampliLud s are pclb-Siblc, that hevc difforont. norgy 
con1rn1 

111 1hi" lion, wo will 8how thut thc de' loped tochniqu or th dotcct.ing 
bpt'ralor cnn br u'Wtl to t.rcnL slowly ''arying wa\t. in such systoms1 by tnking 
lntu .Jt"COum th nvnllnl le mulLi-parnmctri family of 00..Slc wovcs, buL wit.hout 
din ti)· rxplolt ing Lhc cor1sorvuLlon laws. 

t\ un ex1unplc, \\!(' c:hoosc t.hc wcll known nonlint"ftr J.;:Jcin-Cordo11 C'quHLion 

ll11 U.is , /(u) 0 (112) 

for lhr :alar fü~ld u.; h l'C' /(11) b u nonlin<'ar íuncuon. rlH' 2-puruml'tN fomily 
oí pniod1c11I Wll\' -;ol 11 tiom1, drpcnding on punulk'l" k n11d n, Is clrtormlrwd by 
t'ffllftllOfl_ .. 

U((, a) , 

l>(a)UH 1 / (U) 
kx "''· .-' J>(a) 1 k2, 

O. l'(~ 2 .a) l/({,a), (113) 

where k i lh(' w1wo 1H11nbor, w(k,o) is llw frequt>ncs and /fJ Ji¡ on nrblt.rnry 
c·on..,lanl, that is la1. 1 Lo Lh conscrvt"d quantity in (1J'2) fl l1d could be lll'!Cd Lo 
dl"tnigui~h bct.v. n tho wov or di ffi ront amplitud o. 

Rcmark S. 1.1 T h ro l!i no unlquC' wny to dt'finc 1hc amplitud n, RS t.hC' slrnpc or 
dtll'. "'"' be.?:ic wtwcs in Lho imm cquntion may tx· difr: rcnL. In clill rcnL si t.11nLlon 
difft·n-nl ~ of ¡ onun Lor o moy be prt'forabl 1-0r i 11s1nncC', IL mlght. m 
natural lOc.hc>osc quont.ILy /~tas thc amplitud panun 1 r , 1 hus tlllowlng 1~·(n) o. 
ílu' ahi not. work íor linear v.1'\: -, whC'rr F' ,.., thC' ~RmC' for ull tunpllLucl " 
nnd 1h c:Mnot. b uscd LO dislingubh bct"' n lhcm. 

\\ ptt""<'nl lh d rlvnLlon OÍ lhc volulion cqualioRS brlcíly, US tho L h111c¡u 
wa...~ aJmtdy d ribcd i n d u1il, and now " "' onb presenL Lhc rno.in mil LOn 
nd pouu~ ific Lo Lhls particular problt'm 
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u(T, f ,<) 

q'>{x, r.,c) 

a(r, f,c) 

O(c), 

11dlm N. IJik•.&. .. 11 v 

U(q'>(o;,1,<),a(x,l,c)) t u(x,1 , <), 

- ~ (I) ( X,tl,c), 
< 
A{cx, l,c), 

<l>,A = 0(1). 

Linear opproximeLion for v is 
Cv+ /1 O, 

where 
Du = Vu. - 11,, · / J'(U(q'>, a))u 

and 

(115) 

(116) 

h - (q'>¡ - w2 (a, </1,))Uee 1 (</Ju - q'>,,)Ue + 2(.p,o, - q'>,a, ). {// 7) 

The rcprcsenLal ion (11-1) is a.mbiguou with r pecL Lo thc 1ransfonnulion 

</i </1 1 di</l 
a -1(iJ ~6a 

v - cU.óca - cU¡ó( 1 0(<7) 

w hould impo Lh condit.ions implying da O, 6( O. 
Thc calcuhuions wi ll b sirnptificd if w u th follo"'ing identi t les spccific w 

lh e \'Olution equat.lon ( 1J2): 

f U¡U.,cl( f U¡U¡¡cl( f u.U¡.d{ o, (11) 

f UuU .. cl( -f U1U<.cl{ 
dC 

( 119) (i; 

whcrt f le!(. C{u) (120) 

N'olc lhnt t id ntlLI n t. ·ru ·iul for thr rn thod ~ . uch, only slmplify 
thc al ulhlioru 

Rcmork ~- t 2 incc holee of LhC" nmplltudc parnm IC'r o i!i arbitrnry (rc<:o.11 
llenmrk 5. 1 1), cqu••ion (120) cloes 110 1 really define lunc:•ion C(a); rath r, it 
defi""' Lhe QU3Rllly C i r 8 glv 11 Shope OÍ , &nd wfull •alll(' o( O drslgnoteS Lh 
.;;hope .... ~ IUlOlhcr i! uc-. 
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Ptom 1hc-.e id ntilies \\ can , in particular. 1ha1 10 cons truct t.hc cloU'<:Lor 
Wt' lnh~· u: thr k rn Is U/ { oncl 'lU / E.' íor dea ting ó<ti o.n e! 6a, r<'SPCCLiv ily. 
ll l'n.~ \\ l"~_lll Hemsrk lf .2. 1 t.hat. th projCClON do 001 h~\ l () be builcl rr lll thl' 
djolnt lgcnfunctlons. 

, " imposc thc following condlli ns oí unambiguity· 

·n¡uc}v D{U(( )" o. ( 121) 

fl (ln• P{x} dtmot lhl' M.'<'O l1d·orcl r dctccling opcrator oonRtrutlcd frorn funt· · 
Uon x R..'I n kt"'m 1, in thC' snmc wns as iL wa.., d()t)I_• m (9.5), (99) nncl ( 100). l·'rom 
tht' t UHLÍC>n 

·n¡u1)(Cv 1 h) c>(l ¡)h o (122) 

\u' Af'l tht• íollowing (.wolut1011 cc¡uatlon : 

(,'(n)(<f¡,, -lf>,,) 1 ~~(.;.,o, -.;.,o,) O, 

ond lrom 

n{U0 )(Cv 1 11) V{U¡¡) v 1 P{l'.}h Pfll,,] h ( 12•1) 

gN thl nd l'\'Olu t.1011 t'(l lU\Llon: 

( 125) 

Supf>O"<' tln~ WflVf' propt\Q/\l('S to t.h<' riglu and tOO runc1ion w(k ,a) Is poshlvr, 
l\nd lntrodUC'(• th 1 ul wuvc numb<'r k / 'r TI1tn lhC' S<.' ond cvolu t.ion 
«1ua1M>n (1'15) rn be rowrltt. nos 

o\, (6,,o) ( 126) 

or 
(117) 

lhi"I! (1 ), " xprcss 8,P/ 1 and '<>/1)1 2 in (123) "i• spai lol d r lvntlvcs, ond 
grl lhe cquation 

(.C. 1 Cw,.)a, 1 (kG,. _,.,,w.G)a, G(I w1) k, O. (12) 

EquallOn> (1 27) and (12) '" ih requircd \ ' \\ cquo1ions for Lh nonlincnr 
l(l<1n.cordon cqua<lon ( 11 2). ll is cnsy 10 1ha1 a linear ose Lh y oorrcspond 
to lhc l nov.in C'ikonol cquo.t iOn ÍOr Lhc ph&SC M<f lrensporL cquat.i01l ÍOr lh 
mpbtud<o 

( 129) 
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11 re " mado the mosL usual choice of ampl iLudc param 1er, 0(11) a1 (rocal l 
íl m11rk ó. 1.2) , aad usad Lhe expliciL fo rm of 1he d lspe.sion rcletlonsltip, w2 

e 1 1.:1 . 

Fbr a nonlinoor e.so, iL is conveni m to cltooc.c th amplitud panun t r 
a = G(a). Then equetion ( 12 ), wl Lh Lh h lp of (126), con be rewrltten In Lh 
forrn 

(w(k, a)O(a)) , 1 (kG(a)), O (1 30) 

1h it .hould be, cquolions ( 127), ( IJO) coin idc. up LO lh notetions di~ rcn , 
wilh C\'OhHion cquaOon obtal ncd by Lh \V hitham m thod, .g. monogruph 
12, p11g ól6J 

6 T h u b nt r m an ifo ld a pproa b 

In thc pre"iou.-. tion, w XL ndcd t.hc osymptotic procOOure tL..00 in thc modcl 
finitc dim ru ional problcm of SccLlon 1\ to the PI E ... , by applylng IL in '-en • 
point oí J>H("'r. Anoab r way LO d sucl 1 cxtcn.-.ion wa.. .. sug ·1.00 by ll b rt . p2¡. 
Thh 11pproacb con!-iidcr.3 t.hc wholo phnso distribution ~r). in ih cmiroty, lL." R 

coortlinatc on thc mftnifold U. T hus, lns Lcud oí A finit dim n~ione l mttnlíold , \\ 
con.!>ídcr a íunctional moni~ Id . 

Th formftli~m i. ba.-,ocl o n conslcl rntlon oí Lhc swnin¡, 1'1 I·~ !-1.YSL rn ( 1) lL'I 
hn ordina~· dilfcrcmisl oq u&Llon In u 13nnuch spacc Y: 

chi 
dt Í(ú) (131) 

\\•hcre U(I) is o run tlon or Limo wlLh volu in o Benach f)3Ce Y, r p nling 
tho •petial di lribulion of t h fl olcl 11(x, 1): 

ii : R - · Y; i - u(:t, 1) (1 32) 

The proccdure is inspinxl t ho (sub) nt r "'"" Ion of thcBSympt.0tic proccdurc. 
n:; disct >cd abo- in octl 11 •1.5. l t is bllSC<I on Lh Ansau 

u(x, t) Ull/>(x,t)I, (133) 

where <quare bmcl«?ts 11 el no t funct ionol d pend ncc. W ,..¡JI necd only locel 
de)l<!ndCl • so "' will assurnc LhnL 11/>I d 1101cs el pendenoo on ,¡, and ali 1/4 

•poJ•a/ dcmo<ll• U(l/>,81/>/lJx,, 82¡/>//Jx,fJx,,. .. ). An$atz ( 133) can wriu n 
in Ba.nac;h..\ lOr form as 

ü(t) li(~t )) , (13'1) 
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whttt ~ \. lhL• \ tor OÍ O !!mullcr ÍUl\CliOnnl 'JJ8n X, repre:.f'nlinA t h<' spnLll\l 
dl-.tnbuttou oí lh • phtt 4l(r, l) Bl a particular lUJW ln"lff.111 t: 

tjJ:R · ,r , 1-.,;¡.r,I) 

1111<1 ti .r Y. 
JltK"' 11> b ''o.,rnullrr" thon Y1 r.g. in Lllt• ~·t~ Lhllt ll oonsists oí sr.tdor íune

tion tittht·r llum R'-vnl11NI íunrtions ti.._}' .\ nodtt'f 1tOJ1-íor11111lbr<I cliffol'011<'r ¡, 

thnt ~ "ill rrpn> ni íunrtlnns iP(.r,t) ""in (11), lr ''ith .. 1mvly vnrying sptttlul 
d11rt\ U\'l. 

11"• 1•\ohllion or thr phn"lt' ,P(x, t) ¡., -.ought lh 1) fornt 

or 

w1.,,. ¡; .r · .\'. 

/),¡, 

7ii 

d,¡, 

di 

91(>(.r. 1)1 

f,(<>(I)) (1:11) 

lht:-n, th(· opt•n11ors /( 11ncl e; arr -.oughl in thm rorm of íor11111 I (n'>y111pl01iC°) 
pc.74 •r ""n~-.. 111 thr snutll pnrH1 1mN f, 

,¡ u<"lt''. ¡; ¿ 91•1,•. (1:1 ) 

" o " o 

nr 

/,/ u Cn)<", (i 2... (i'".f". ( 139) 
u o 

T1W"n V.: Ul.j(' lh(' p rO('rdurC" cl~ribcc:I in . li<M1 11 ('X¡')J"('Si,Cd in tornH; OÍ 

ll nd ~ fl guldunco, b11L immrdial ly tnm .. lait.~ obleinrd N:pre>Ssiont1 LO Lhr 
'ltnnAllt(oni.rt.rd form, withouL IUH!i. 

TOO Ol'bit de"''"' ivc of ( 1 :¡:¡) b)' 1hc 'Y'"'"' ( 136) yirld' 

( 1•10) 

int, m<'lllio11('(! 1 U is íunction OÍ t/) and aJI 11, drrivtttlvCS, und d rlvaLh't''t 
ul hi r ortlrN!i flf't\ o cordlng LO (9), of highrr .. ~rmpto1 ic ordC'rs in c. 

In 1um, dia f'('lntie Llon or G by spatlol \'8.ri ble:-.,, udng th~ choin rul , yicld!f 

DO/ .r, G.ó, 1 r;., <>,, t 0(<2). (i'l l) 



322 \lndi111 N. CJikt&/I('\• 

l lcrc ond bclo.,., " d 110Lr spatlal d rlvatlvcs OÍ ef> by 'ubscripl.' c:o,,.._,.pondlng l.O 

Lh ·po.tial coordinate, ::.o t.ht\L <J>, 111 um; 8,P/ :c. te:.: o..nd ah M umc 1;ummutlo11 
by rc¡><'8Lcd indict'> 

ubstlluting now (l·ll ) ulld (140) illL (1), " 'ilh ecc:ount of •prui.lons (13) 
yiclds 

u, 

[(u} 1 Du,__,_ 

u~0>o<0> 1 u~'lg<0> 1 u~•>g«> 1 u<:_1g~~>q,,, 1 0(<1) 

/ (U(O)) 1 /<'(U(O))ul1l 

1 o ( ui~</>1</l. 1 w~141,41,, 
10( 'l 

(O) (1) ) u. <fl., f /,/H</1,4>, 

Thcn ~-e coru.id r ~uentln lly diff r m. ordcN In e of this cquolion. 

rd r 0(1). Equatlng cerins of ( 1•12) of thc ordcr 0(1)" hove 

·rhi"i coindd , "1illt lhC C<'JUHLI 1) (!;) for lhU ba."íiC WO\ íf 

ulo) U; g l•l -w; 

(1 12) 

(1 1:1) 

(1 1'1) 

nnd "·4'• ¡ .. id nlifiOO wlth 11. o, LOgcu.hcr with th requircment of p riodlchy 
In~. thb prQ\id _ a nonlin nr lgo1wnluc problcm dctcrminlng th büsic ~lution 
U(O) U and lh moin írt'qu ncy - Q(O) w as fun LÍOn't of Lb IOCRI vulut.' of LhC 

slowb \1lt)'ing pheoc gmdicnt ~ <fl,</J, ('i76)2. 

rd r O(<). In 1hc rdcr O( ), cquotl n (f 12) gh en aquetlon whi h is con· 
veni "' to inl«?rpret as a linear cquoLi n ~ r ¿¡O>: 

cu11> h (1-15) 

\\Tl\ero thri- linmr opcmtt0r e Is 

(1 1 ) 

ond 1hc f t mi h d p nds n g P l, 
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