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Abstrac l 

Wc r vise Lhe main dc fi niLiom1 of c¡uantiut1on n.nd in Lhis frnrnc wc Lrclll. 
in particulor Weyl und anLi- Wick Opcrnlors Thc papcr c1m ulso be rugnrdcd 
M n.n introcluci.ory revicw of sorne a.spcct:s of the pscudo-diffcrcnLi11l c1llc 11lu!l 
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1 lntroduction: from Class icaJ Physics to Quantum 
tems 

A& &he bcginning of this conwry cla ical ph) ics secmcd LO be ablc l..O x
plnin practically cvory physicnl phanomenon oí neture. On onc hnnd Lhc sccond 
~rw.rion' law F ma hecl boon rcclabortned and lead lO Lhc íormuletion of Lhc 
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Pº'' ríul ll ~ of LagrAngcan and ll amiltonian ~icchani th&t provided a S8L
isfe.ctory mathcmatical 111 del fo r ph nom na in""oh1ing parti 1 01l th oth r 
hand V.1\\'C'--liJc phrnOlll CllO ÍOUlld 011 intCrprcl&liOll by th W8\'C CC!U8li01l 

t1ru(1, ,.¡ ll,11(1,r) 

(with r E R",t E R, t1r L.~' 10;) nnd ).laxwcll laws of clcctromag1l tism 
rhi" illu-.ion found its cnd wit.h a numb r oí cx:pcrimcnts in th y ars arou nd 1900. 
1\ mong thc m<>!\t famous f t. hom we ju t cite th phoLO-el tri e!fct., cxpcricn " 
on cliffruction of ligh t and Lhc pl'Oblcin of thc tability OÍ thc lcctro11. IL is bcyond 
thc- ~JX' of thi pap r to disc rib prcci-.cly in which sen t.hcsc dí ovcric~ 

di!.rcgardcd the abo,-c--rncntioncd t hoori In onc word, on could say thot in thC' 
ca~ oí micro-.copic syswms involvi ng porli les such as atom or 1 tron , net11r 

mrd to bltih&\"C in quit. a di ffor nt way as it should hav don a cording to 
lhc knO\'.'O d .,¡caJ Lhoori s of Phy ics. Thc most Striking fa.et W85 t.hat llHlllY or 
thN> nC'\\ di-.co' rt'd feRt.mcs of na.t. me M'<'mcxl to be {and are today) bey ncl t h(' 
po. .. ibilit' of ¡x-1'C'C'plio11 of L110 world wr 8ít' abl to. Th duel mnure of mt\ttcr 
both ª' purticlC' and tt..., w~wr nnd t. hC' uncNLainty principie of JI iscnb rg or ju<;t 
thc> two mo-.t ÍRmOu'\ cxi:w1pl rs. 1 t bccomcs Lhcn rlcar that a dC"ep cxplarn1.tio11 of 
rmlurt' mu"'l nmounc LO Llw hclp of intuilion and practica( e.xpcricncC' dur to our 
-.('lt""-'' Rnd il appe11r~ thrn rvicl nL thC' imponttncc of consuu ting an nb..,trart 
mathrrnalical modrl t lrnt. at bcst fit.s th<' cxp rimC'nlS. 

To be more procisr IN us consider thc case oí a single pa r licl in thC' sp1l 
Rn (note th&l for n 3k it include · t. hc ca.:;c of k particl in th usual spncc 
RJ). Thc state of th systom is t.h n compl t.cly d termined by th 2n variables 
po;ition x E R" and momcntum {i.c. 1 in t.h simplcst ca.se, vcl ity limes mass) 
( E R" Ea h phy i al QLHUI Lit.y rolcvsnt for thc d ription of t he systcm, for 
in lftncc p<l"iition, ' locity, poLcntiol cncrgy, kin tik n rgy, angu lar 1l1om ntu111 , 
C'lC, i" rxpf"C"."''<"d by A r<'Hl nu rnbcr c\cpcnding on Lh tal of t.h systrm snd 1 

from th rmuh metical p int of vi w. i thcn a real íunction of (:z:,{). Thc spacc 
R; R.( is callcd lh 11/w~e space of thc systcm. lt. not diffi ult to iminaginc that 
in more oomplicatOO cas s, whcro thc pnrliclC':'; havc LO satisfy some constrnints, 
th po:.ilion \it.rieblcs d ribc u surfacc or mor g ncraJly e manifold in R". 'f lw 
pha-.c -.pa.cc ,., then thc cota ng<'nt bundle of this manifold and (x,() play th~ rol 
OÍ local C'OOrdin&tC'S. J fOWCVC'I' this is flOL C'-';Cfllial for thc Ubj«L WC' Wttlll LO dC'lll 
with. Th<' <'''Olution of thr sys t.cm is Lh<'ll u cun'C te R - (r( l ),~( t )) E R2" iu 
thC' phil-.<' "'P8C'(' tha.t sa t i~fics thc ll umiltoniAn 'iy ·trm o( cquetion..., 

tl(,// (:r,{) 
-0,Jl (x.O 
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wrhrrt// /~- \/ 1 /~'ist.hokin t.ik ncrgyand\l thepotcntial . / / iscollcd //m1ul· 

ioma11 /uncttou. Th 1 l nmih.onian cquotion are nOlhing lsc 1.han A r writ.ing of 
Lh sccond N wL n law F ma in Lhc fram oí phase pate. 

Thc phasc spac mod 1 is no longer suilablc for 1he d~ ript.ion oí quont.um 

sy .. tcm l nst ad of t.his1 SchrOdingcr and 11 i - nberg present.cd t.wo di fferenl 
moch,•ls thf\l w re lat r provee! by Schr·· lingcr to be equival nt.. According Lo 

thr moclcl of • hr&lingcr, t.he spa e l .. 2(R;) ar ..;quare-int.egrablc íun Uon-; on 
R~ "'U~titut of t he phasc spa.c R; x Ré' e - undl'rlying spscc. Moro predscly 

thr ..,tale oí thc systom H.t n givon lim is rrpre-<>nlcd by ti funcLion in /,2(R;) 
modulo R romplC'x multiplict\Livc constant. ThtH ¡ .. , if f E / .. 2 (R~), t.hcn for cvory 
c·c:mtplt>.: ronsuull e, t.hc ft i nct.lon e/ r pr<'SC'-1lh thc <..ffm~ !\t.iltC'. l ~quivnlonLly WC' 
c.·1m y lhtt.l lhc stoics of H quH11Lt11n syc;tcrn are point of thc cornplcx proj('Ct.iV{' 
"lpocc T'/, 2(R~) ond wc nH1 Lakc ns r pr ntalht" for arh 1 oint. in t his spu ·e 
n unltar;.· function of l} (R" ). Obscr\lnbles are now idcntificd wiLh (unbounclNI) 
"it•lf·ttdjoim 01 crntors '1' on t..2(R") with d n.--<' domain t\ncl t.hc ru los u!;cd to 
t\'i"iOC'i&lC' nn oportuor wit.h enrh clussical obscn'8bl are C'Rll<'<I q11anl1zalio11 rules. 
l'hl• dN°ription of t ho sysLom is in gC\nrml no more dctt'r111inisLic1 os in tlm;sicul 
uwclumic--, but prob~lbilisL ic in thc scnS<' ª"'follo" T hc probability tluit tht• 
\•olut• ª''umcd by an obsflrvnblc 'f' whon thc ")''!'.tCm is in tho SLHt.r tf> lií's in thc ~N 
/ € R ¡, gh• n b)• fl l-:r (/ )1>11 2

1 whorc /'/r is thc .~ptttml proJecliou ossocitH.<'cl wlth 
thc opNt\lor T . nly occosionally this probability distri bulion is ·oncontrntt'<I 
in ont• point, rcco ring then o particular e~ a dclC'rministic dcscripLion. Thc 
t1vohuion oí th - syst.em is givon by n Uf\'C l E R - <'E J) (R" ) t hOL, in t.cod oí 
th llamiltollial cquotions, soLisfi s thc hrOclingcr equat.ion: 

'lit/> 
h -- ,o 

2in 

whrre h ~ thc 1 lank const.trnl nnd 'H is Lh llam1IU111 0 ¡)(1mt01·, i.o. t.hc oper· 
n~or corfth'ponding with Lhc l lantil tonian íunction by 1hc qmrnt.ization rnlrs. IL 
bt"COln{"S thcn !car t.hoL t.hes mies play a íoundamcnts l role in t.hc const.ruc· 
tion ol thc mathcm0Lic~1l modal íor thc quentum .. y tcm. Tho Lw fou11dnmc1ltol 
requirem('nt~ th&L musL be sat.isRcd by thcsc rule-. are the followlng. 

l . Thc oper&Lor associntc<I with th pos111on olhervnblc /(x,{) x1 is th 
mul1tpftcol1ou opcrotor MJ <P x1tjJ 

1 The opernt.OI' f\SSOciaLcd wilh thc momcnlum obscrvoble /(x 1 {) { 1 i thc 

d18flf1thatron op rat.or DJ <P /,;¡ 1 1 4> 
ThC' qu1mtiauion oí gen ral obscrvabl /(J.{) i. gcncrnlly poríormcd by r<'

pli mg in thc cxprcssíon or f th vnriabl z, and f., wit.h Lile orr sponding 
operalor- This uníorturuitcly 1 ad Lo a non tri,·inJ co1111nutnt.ivit.y problom as 
"'-'' bft, oí cour..c .r1{J .f.ix, but J\11 0, / D,M,. This umbiguily nrnkcs iL 
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n ~sary Lo make a 1'choíse" giving riso to differem typcs oí quantiz.ations. 
llcrc wc s:hall fh: moinly au enLion on the \ cyl and the ami-Wi k quarnizo

tion. addrcssing to 13erozin 121 a.ne! Rob rt l 1 lf for e moro detailed discu ion of 
th general concep1 of quanti7.ation. Namely, the ontents of the pe.per are thc 
~ 110\ving. In the ncxL ccLion 2 wo begin to study W yl quantization for panial 
diíforcruial opcrators. To t.reat more general ymbols we orga.ni1.e in Scctions 3 
and l acalculuson !Rn, based on a fixcd wcigtu function A(::c1 ~). Thecorrespond
ing operators are in principie a perLiculur case of thc so-called \Veyl-l IOrmancl r 
el , CÍ. (9(, how ver Lile peculia rities OÍ the prop rties OÍ /\ (x, ~) allow herc 
stronger rcsults. In parLiculor1 i n SccLion 5 we introduce the 'T-quantization of 
A-;,vmbols, extcnding Shubin [12[ trnd Boggiotto-BU7.ano-Rodino [3[; for T 1/2 
w recaplurc Lhe Wcyl qua ntizaLion. General resul ts on symbolic calculus are 
prcsented in SecLion G. 1 n SecLion 7 wc Lr at. t.he anti- \V ick quantization in su lcL 
conncction with \Veyl operoLOrs1 cf. Lerncr jIOl 1 Wong fl3j. Th íinal Sect.ions 
conccm hypoelliptic operntor-s, Sobolev pa es and Predholm properLy. 

\\" cnd these inLroducLory remorks by fixing sorne notation. 

z· {1,2 .. ), N {0, 1, ... ), R ' {LE R fx>O), R,; (xE R [x<:O). 

Ch n t wo mult.i- incliccs 0 1 f3 E N" and x e R " , we 

lol O¡l-···-IOn, et! = o1 ! ···0:,1 !, a- SfJ <==:::> aJSP,. 
o < {J <=> <> ,¡, {J a nd o :S {J, 

(~) { {J!(a"~ {J)! ' if O :S {J :S o , 

O, olherwi e, 

Xº :rf• .. ·X~"1 

withD,., -1811:,, for j - l 1 ••• ,n,andi2 :;;: - J, 
Given :z:, y E R '* , wc set 

fa r j = 1, .. ,n, 

X · U X1Y1 t · 1 x,,y,, , fxfn.. fx[ ,¡x:x (xi+ .. · 1 x~) 11', 
(x) = JlilXi', ((x, y)) = ,/1 t lxl' 1 fy/2. 

\\'e cmploy st.andord 1101.aLion of d istribution thcory: S(R"), S'(R")i l"(fl), 
1>'(0). ~IOft'<)\'Cr(u,v) 1;, (·u,U) J11vdx, foru, uES( R"). 
Ir thc dome.in of imcgrat.ion is not. spcci ficd it. is inlcnded to be Lh whol spncc, 
i.c. for x E R ": Ju da; J ndx. 

n." 
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1r ~ e R" , "'" 1 d{ (2")-"d~. so thsL fu d{ (2•)-" f 1<11{. 
FlmJly, gi n lWO runcLion f ,g X - R •nd A e X , wc wriLC /(x) -< 
g(J), lor ali :r E A, ií thorc cxiSLS C E R 1 ·uch 1ha1 /(r) $ g(x). for sil x E A. 
ll('r th consto.nt 'muy d p ·nd on po.rnmcLers:. indices, et.e. possibly appcnr
lng in 1h cxp ion oí f ond g, buL noL on x e A, W wriLc /(x) - g(x) íf 
/ (:r)-< g(r) nnd g(x)-< f (x). 

2 orne Remarks on W eyl Quanti2ation 

Let ¡l(:r,() -lolS"' Cn(x){º b a polynomial in { with cooílicionLs e,, E 
C°"(R"). lí in oorrcsponclcnco wiLh p(3',() wc coru.idcr th diffol'OnLinl opornLor 
P(r,O) Liol:Smc0 (:v) l.Y\ wiLh Dª (-1)lo i·~. Y. hevt' t.lrnt. t.hc two l\b vo-
Ul('nlioncd rul .s of qmrnt.hmLion are uti Red (aparl írom th ines cnt.inl const.t\OL 
íoclor .. ".). Thc polyno1nit1l v(x 1 () is said .symbol of tht> opcra.tors P(x , D) . 

H>r u e S(R") 1 wc huvo u J e1.ri1i(()d( ancl it b titen convcnicnt. t.o rewritc 
thr npro-.~ion OÍ P(x.1 l )11, flS 

From th' íormulu it. appours nat.u ral t.o r place thc polynornial p(x,e) wit.h func
~\on:, a(.z\O b longing t.o som more general space; the opcrnt.ors 

obtaiood in thi way are Sfl id vseudo-tl1ffertmt1aL thc funct.ion a.(X1 {) is still allccl 
•ll'nbolof 1he opcrstor. 

l'níortunat. ly this corrospondcncc is 1lot a quantiwtion beca use t ho o porotor 
A,. nt't'd. noL to be lf-odjoint. olso whcn th symbol o{x,{) is rcol. To ovcrcom 
thi difticuhy Wcyl proposcd anoLhor typc oí ~iation nomoly 

llJ 1h1 .. corrcspond neo onc has t..luu. thc L2-adjoint of thc opornt.or M/11 is givcn 
by •h.· lonnulo 

11 ·~ w. 
hom • 1hk'h it clcar thoL in cnsc o is a real functton on obt.vins a solí-acljoint 
oprn11or. \Vhh r pcc1. to th nmbiguity oí quamiwlion duc to t h non com
mu1a&l\'Uy namcd i11 t.hc prcviuos tion, wc rcmark that t.hc Wcy l qut\ntizntion 
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omounts to the .. int rmcdiot.e" choice Í(M,D, + D,M,) in thc case of Lh olr 
scrvnbl o(x,() = x;f., , wc omiL t.he casy verification. lf Pu = L1o[SmCoD°u 
i 8 differe.mial op ratior wi t.h e coofficiem • then the adjoint is gi n by /"u = 
L:1olSm OO(~u) so, it is worth remarking that 

(2.1} 

that is the Wcyl quenl.izaLion coincides with th I· ymann quant.izet.ion for which 
thc observable a corrcsponcls Lo the op n\lor 

1 
J•;, = 2(A,. ¡. A~). 

l t is then nalUraJ to ask LO wha.t. ext.end the Wcyl and the I· ynmann quantizmion 
coincide. \\"e remark ot. once thaL for polynomial with complex cocm i nts wc 
huv'C in general no coincidence. Consiclor for cxempl a(x, () cx1~, with e E C. 
Thcn by linearity W0 ~(M,D1 1 IJ1 J\J,) bUL thc Feynmann qunnt.izati n is 
not linear and wc lrnvc (cM,JJ,) " c/J1M1 / c/)1Mr llowc' r , os obs n'('(I 
bcíorc. mcaningíul physi ·al obscrvublcs ore real íuncLions, so for polynomiols il 
¡, n'n...;onablc to consiclor rcn l cocíficiems. In lhis ca \\ heve Lhc íollowing bnsit 
case whcre \\'cyl a nd l·'c-y11ma n11 q1wnlizntions coincide. 

Proposition 2.1 /,,et a.(x, {) Ln.tJ a .11xfJ~0 be a polynomwl wiU1 real <XMffi-
c:1C11Ls ºª o/ degree r eilhe,. with 1-es¡Ject to x or ( , then: 

VV,. ·1t 
1 • 2 (A,. f A0 }1t. 

Proof. h is ufficicnt to considcr a(x, {) ao¡Pf1{º. 1( IPI O Lh n ob"iously 
tho thcsis holds. LeL li31 1, Lhen a(x, {) xJ(ª íor somc j 1, ... , n ond wc 
hR\ 

lí lnl 
ínr lol 

w.u(x) ~ J •. c,- ,,¡ix,{ºu(y}dyd{ 1 ~ J e«z-o){y,('u(y}dyd{ 

~ (Ar1¡•""' 1 r ' i{"ií,iil) 
~(Ar,("" 1 /)º IM,ul) 

~ ( A, 1¡ .. ·I A;1¡,.) u. 

O and 1;11 1 thc thesís is obviou. Jy Lru . 13y induclion, suppo 
O and somc {:J thon 

iL holds 
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lf fol 1 thcn a.(x,{) o:º<• for sorne k l, ... , n. Fbr 1.61 
¡, (2 1). uppose now iL hold for sorne fj, wc P'°'" il for a(x,O 

1, .. , n. \Ve hav 

w ,,,.<¡, u(:r) ~ J e'(•-u)I(,,, 1 y,) C' 2 v)3 ~u{y)dyd.( 

1 Lhe Lh is 
x¡xfJ(k wi th 

~x;W,,,1, 1 ~ J eo<•-•llu, ( .r: ") 11 ~»1(y)d.yct< 
1 w 1 • ) 
2XJ .r.11ei,." 1 2 ''' .r-'"e_.(IJ1 u(y) 

1-(A.riie1/tt 1 A;,,Elu) 1 ~ ( ,1,,.,h(y1ru) ! A~1'e .. (1Jk 11)) 

~"'"J' /)•"' 1 ~x, D.(x"u) 1 ~.r° D.(;, u.) 1 i)•(","'' 11) 
11 4 -1 11 

Bu1 r" D•(x,u) IJ•("F'''·u) - ( o.x8)x,u 8n<I :r' D>(x"11) 
¿,z"D,u SO lhBL 

1 . 8 1 o 
;zx,:i;-º•" 1 2 D•(x,x u) 

~ ( A.r,.r"ú u .. A;,.,...,(411) 

'to thc proposition is complctoly provcd. • 
flom <;cCOnd porL oí ihc proor oí thc &bo\"e Propositl n wo also got ih fol

¡.,.. i"8 Coroll•ry. 

orollru-y 2.2 leL a(x, O L,µ a,,x" be a poly1101mol wiih complex caeffici uL• 

(lhal ,_ lli" IVtyl quoutizatiou strll y1tlds multiplicalro11 ovemt,ors for volynormal 
·'llm I mdrprndenl ou () . 
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\Ve remnrk that if lo·I > 1, 1.61 > 1 Lhc P roposition 2.1 i in genornl fal . 
'on id r lnfaca íor in t.ance in dim nsion n 1 the ymbol a (:t, {) ~ x 2{2. Wc 

havc 

11",,f'" ~ ~ j e;(<- u)f(x2 1 23:y t ¡¡2)('u(y)dyd{ 
•I 

~x'D'11 1 ~xD2(xu) t ~ /)2(x2u) 
•I 2 •I 

R placing xD'l(.ru) = - 2ix0n 1 x2 D2u ami -i.zDu }D1 (x2·u) 1 t x2 /J2 u ·I 411 
yi Id 

T hi ugg l t lrn.L onc can in gen rol try lo expr Lh di fl r neo bOLwoon 
the two quanti1.ations as ri difforenLial operotor oí lower arder. This is in c ífccl 
Lruc in thc scnsc oí Lhc followlng proposi tion. 

Propo it io n 2.3 /..e.t a.(a;, ~) Í:n,f.I 00,IJ:rd~o be o po/y11omtal wir.h real coeffi-
cu:u.ts 0 0 .a. lhcn: 

where 

w:.n 

nu - L C..,,6:r., o 6u 

" s 
and the sum e:ztends t.o lhe mullii11dex "'!:S o, hl < lol - 2. ó < ,B, 161 :S 1.61 - 2. 

P roof. Wc havc from ProposiLion (2.1) Lha.t. thc proposition is t.ru for 1.81 
l. A~ u ual wc upposc it. t. ruc for soin IPI anti hall pro\-ed it. for xJx'J{º, \\ 
hm-c 

I X l y w,,,,!""· . •. ,,-y)!T<" 1 v)d{ºu<11ld11d{ 

1 1 
:rn; i•Vr"l"U ·I 2 \J\1.:11¿ .. (Y; LI) 

~x1 (m1JIY 'u 1 D°(x"u} t llu) 

1 ~ (:1i' Oº(x, 11) 1 /J"(:r,x"u) • Ru(x,u)) (2.2) 

t •sing Lcibnil1 rule wc htiva 

D"(:r,r"u) L (~) 8'x, Dº-'(:r"11) :r, JJ"(x"u) • o,JY'-<,(:r"u) (2.3) 
i $ 1'1 
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where thc ln.st tcrm nn be rewriLtcn ns 

JY' - 9(xf'11) xfJoa-e¡,, + (ª ~4')B"tx/J Do-er1 1t 
0h$a-c.J 

\Ve 113,,. olso 

ub51ilu1ing (2.J) ond (VI) inLo (2.2) wc g 1 

"'z,1"E<>" ~ (A.rJ:t"''e• t A~J.i-ºt") u 

1xin'u1 H(X/ U) 1 L (º ~ e.')tf1x1J o0-"i-..,,u 
D/:1So-c:1 

thn:l i!\ thc the ·J is proved. • 

(VI) 

Finally h. follows froin Lhe nbovc con idcrations lha1 \11 1ihc cnso of liho hor-
monic ~illBtOr OÍ CjUfUlLlllll !fl chanics, i.e. in the Ca&C a.(x, {) :112 I e2 WC 

hno,: 

3 Weight Functions 

Our closses or symbols will be d fincd in tcrms of g neral \V ight fun Llons 
¡\ (;)in R2n. Asan ln1irod ucM011, 1 1. us considcr first lha symbol of u dlífcr mial 
opcorntor with polynomiol cooffici nts in R": 

a(:c,{) 
lo .. l$ rri 

8t use o(x,{) is o polynominl in (x,{), ond IJ(~a(x,() is Id nticolly zcro 
rO( • ,,¡ > m, wc hove ~hnL for \ ry (o.P) E "X N" 

for ali (x.~) E R" x R" . 

rht ihrqualiti~ suggesl. 1.h d Hnitlon of th íollowing loss of symbols , inLro
dUC't'd by hubin, Bcrc1.ln nnd olhC'r.i oulhors. l..cl ; (X, e) E R 211 und dcnol 
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by " - (R '") t.he clnss of funclions a(,:) E ( R ") satlsfying th following 
esLimates for ea.ch 'Y E N 2" : 

18'a(z)I -< (z)'"- 1-71, for a li z, 

wi Lh m E R. 
Of course onc mny subsLiLuLe Lo (z) any weighr. flmcl.ion t\( z), continuous in 

R,,.1 , far wbkh there cxlsLs <: > O such that 

(z)'-< A(z)-< (z), for ali z, (3, l) 

and define t.he class of symbols a E SX' (R 2") such that fa r each "f E N 211 we havo 

for ali :. (3.2) 

Onc easily verifies LIH.1L sk e sx· wíth 111. max { ~. k} ' ond s~ e S"' wiLh 
m mnx {kc , k) . T his shows LhaL Lu king into accou nt more g neral wcighLs cloes 
not ntiaJly chanbrc t.h c c:lass of sy mbo ls uncl r consideroLion . Thc reason ror 

considcring a more general woig ht A( .: ) rcsid in thc íacL that sometimes it may 
be choscn in sud1 B way as Lo y ield bct.Ler cstimat in thc applicat.ions, sce fo r 
cxample the boundedness properLies in Lh ncxt Scctions. 

A baste cxamplc, which we slmll consid r in Lh seque!, is given by 
2n 

A( z) = 1 1 L lz1l' /q,, 
,- 1 

q = (q1, ... 1 qi,, ) with fli ~ 1, ada.pLed Lo the study of the operat.or hnving polyno
mial symbol of Lhc form a(.:) = L:o· r¡Sm ea;:º· 

Tuming lO the general case 1 to obtnin n good pseucl<HJilfercnt ial ca lculus, we 
h&\.'C LO impose LO A( z) sorne addi t ionl.Ll cond itions. amcly1 besicle (3. 1), we hall 
nssumc that J\(: ) is slowly varyi.1191 i .e. Lherc exisLs e> O such LhnL 

A(z) - A((), for I< - :1 $ <A( z). (3.3) 

Lct us obocrve that , sLarLing from (3.1) , (3.3), onc can a lways ~nd A(z) E 
(R,.), with A(z) - A( z), saLisfy ing (3. 1) , (3.3) and the sddiLio nsl properLy 

(JA) 

In Lh n XL scction wc shnll Lhcn be allowccl LO assumc &haL (JA) is ulso sutifüxJ 
b A(z). 

1-'rom (3.3) iL siso cusily íollows t hlll A(: ) is tem pero.lt!. in thc scnsc LhuL 

A( : ) -< A(( )(:-(). (3.5) 
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/\nothcr prop<lrL.Y wo sholl require for A{=) is •he lolk>ll•ing. Wo sholl A sume thot 
ror ali 1 " hnvo 

A(t=J-< 11(=), (3.6) 

"''OOre " nmy Lnke t E R 1 or moro gen rally t (ti 1 ••• 1 1211) E R2" wiLh tz 
(l1:.1, ..• J211Z2n). ombi11ing (3.3) with (3.6) we ob1uin for r' E R2", 111 E R2" 

A(t': 1 t"() -< 11(()(= - (). (3.7) 

l'rom (J.5) lt also fol lows that for any s E R 

A(z)' -< 1l {()'(z - () (:J.) 

ood more preciscly r r s < O 

A( : )'-< ( 1 1 A((){=-()-1)' (3.9) 

f'hot.' ooxt proposlLlon, usc!CI \11 Lhc seque!, combin~ 1he prcceding csLimnt.cs in u 
mort" g,ml"rnl rorm. 

ProposiLion 3.1 l)ofiu r 

,\,(x,1¡, { ) { 
A(x, {)'(.t - 11)'. for s ~ O 
( 1 1 A(x,{)(:r -11)-1)', ron < O, 

'ht·o 
A(v'.~ 1 ·u"'Y• {)' -< min { X,(.r,11.(). X,(y, :n, {)} , 

(:l.10) 

(J.11) 

for llll ·E R., u1
1 u" E R" 1 pl'Ovided (x, y) - (t/z + t.!'11. x - 11) is 1111 iso111orphism 

011 R~ .. 

umming up, wc shtill nssumc in thc ncxi •ion t.hnt. A(:) snLifics (3.1), 
P 3). (J.G), which givo llil th othcr prcccding "'timol . 

Add .. Jng finolly LO 1..hc 1 t\dcr.; scqunintcd with lh<' work or llOruu\11dor 191, 
Chap&('f' 1 , or 13eols IJJ , on gorlorol l)M"udo-difftrentinl opormors, wc wolll. to 
r.-pnl ,\ In lhc fmnw of Lho more gcnornl wcighl. ron~idrf'('cl t horC1. Pr ·i¡;¡C'ly \\ 

o ''"" '""' ( 211(: )' ~ 1 ~ gh..,,. • motrl 9 111 Lhc scnsr of IDI. In 
f1tir1 g .... k:Jwl~· \'t1rying1 \11.r.\' iC'w ~f (3.3). ~IOrt'O\'t"r thC' symplccl.ic dunl 111 tri 
• g1wn h)' A(:)2(2 /\(x.{)'y' ¡ /\ (x.~)2q2 ond 1hr Lo111porn1wc proporty 
ol 1 ,..,,.i, A(=) -< Al()( 1 ¡ 11({)1: - (1) , .. ror '°'"º N > O, whi h obvlously 
folloa rrom (3.5). Sl11c1..• g ~ gº in vicw of (3. t), 100 unC"rrt.nlnty principl is obo 
"':tl 
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Thc Weyl calculus of Hormonclor 191 oppli th n to pscudo-dilTcrcntial op
crolors relaled to our weight. runct.ion A. Lct us e.tso roi r lo Bony- hcmin 1611 
conceming Sobolev spaccs associat.ed wi th o generic m trie, and Lcrncr l lOl about. 
Y ick quamization. 'fho calculus oí [9] ullows aJ.so linear sympl t.i chang of 
variables. 

On thc other hand, A presents peculnriti , coming from the previous prop
crti , which will be cssontial in tho devcloprncru oí our Lheory. So, nnhcr t.h n 
appcaling to thc abovc--mentioned general calculus, in thc n xt sectio 1l we shall 
pr fer tostara from scrntch, emphssizing1 for a fixed ystem of coordint\l. , th 
r ullS relatcd 10 t.he r¡1.wnt.iunion probl m. 

4 S ·mbol a nd Amplitudes 

First wc want to be rnore precise about notatio11s for clas of yrnbols. 

Oefinitioo tl.1 7'/1 sy,nbol clasB . ';{11 d uoted/orsllort."' rn tl1.e.'ieq11el, m E R , 
con 1st.s o/ tJ1e fu11.clio 11.9 a.(: ) E(' (R2") wluc/1 satr.sfy t.he estmwtes 

Lct us umc, withont. loss oí gonoralit.y1 thal J\(:) satisfics (3.11); th n " 
may writc (:)E 1• 

\\'e list in thc following somo be.si· proposit.ion ¡ proof are omi t.Lcc:I . 

Proposition 41.2 Wc h11.vo s- n ... (R'"). 

Proposition 4.3 (i) sm e 5'"'1
1 i(m :5 m'. 

(ii) l fae. m.Andb ESru', U1on abe "' 1"'' nndo i bE •ru•x(m,m') 
(iii) lf o E .. ", tlion IY ' a E 5'111 - lal for 811 o. 
(i") /fo E ' , f,11 11 '1:.,a(:) a(: - w) E "'for 1111 w E R ' " · 

Lct u.s obscn· t.hat. S'" is a l·'rOChcL spacc wi1..h respcct to 1 he minorms 
l•l•.s- up,,1~, up,ElL'" A(: )- "' t i1i¡t1'o(:)I. 

Th prt'C'('(fing ProposiLio r1 11.3 cun be rcconsidcrccl in the corrcsponding topol
ogy; Wt' h&\'t' in partic11lflr COnLinuiLy OÍ 1.hc linear map l:r : Sm _,, m-1"1. 

Deflnition ~l.-1 l...ern1 ES"'J,j l,2, ... ,m1 -- 1s·rthm11 1 _ m1 forallj, 
ond lf"l a E. 1 lVr tunt.c a - ¿ 1 1 0 1 1/ /or ali mll!Jf'T r ~ 1 a - t<1 <,. a1 E 
,f..,,.' · Wr '°JI al.'\O "' tlu., co.'if' rlwl ¿ 1 1 a1 M 011 A.1.)'mp«or1c <!X/)Jtns/011- /ora . 
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Prop itiOn·l.5 l .. c. a1 e ·m,,J 1.2 ... ,m, wír h m1 1 1 ~ m1 fornll 
J I htn tbcrc cxls1s o e S"'• :w ch ll1nt o ..... L1 •o,. lf onot'1or 8J' ll1bol a' /10.:¡ 

1h1· wllf' properry, 111 na - a' e ( R2"). 

In tl>C n xt e<:tlon 5 wc shall assoclal to the 'ymbol a(;) e S"' ch p.s uclo
dllT<·n>ml•I opcrntor oí gen ralizccl 1 yl typc 

u - · J •(z-•Ha (( 1 - T).r f r11,{) u(11) dyd(, (1.1) 

whl>re T (r1, ... 1 r,,) e R 11 is fix 1 ancl, íor hon. " denot by -ry Lhc v lor 

(Til/I• ~ T"Yn) L .. 1 t Is l.h n nm.urnl to con ... idt-r rrom thr vcry bcginulng rnon' 
l't'nl"ml O(>(lmLors OÍ 1 he form 

A"(:v) j e•Cz--><o(.r.11.~)u(11)dytl~, (•1.2) 

~·h<rr thr functlon a(.r, ¡¡,~)E(' ( R3"), cnllcd runp/iwdc, llLi ñ s thc íollowlng 
o~li""''"' <OJAAOSl 1 b,Y (:J.!J) . 

D ftoit ion ·1.6 11' define !i'" to b< /Jit e/a. ' a/ al/ o(;r, 11, 0 C ( R'") .1n11.,-

( 1.:1) 

, ( ') Jto !/JI ~I 1 ••.• 1,(r,y,{) A(a:, {)"'(x -y)"' 1 1 l (r {)(:r - y) - "' , ( 1. 1) 

/oro trudobfe m' E R deveurl.iug on o(x,41,{). bul mdcpende11t ofo JJ,"f. 

Ole thal ( 1.:J} lmpllcs 1.hC' somC'\\lhat w<>akcr _ timet.c 

18( ,8Jn(:c, 11 , {)I -< ¡\ (:r,{)'"- • tfltil(r _ v)"'' 1 .. i ¡n 1/1 i.I, 

which "ill br oítcn uscd In i hc scqucl. 
In ( 13) th variubl s tr trnd y scem lo pin)' a dlffi r'(óllt r 1 ; lhc subsrqucnt 

ny, C'OO"(."qUCllC of Proposition 3.1 gh,,,... h '("\"'C'r ~ syrnm trie ronn to 1 r. 
UÚl 16. 

Propa«it ion .1. 7 7'h 

'"'ª for ~,uMblr vri lu 

tlmtHc (•l .J) is cqui,11IC'1U LO c·a h onc of th foJJowlng 
of m' E R: 

l8í'~tJ~n(.r,y,()I-< \ ,,,...,.,._,_.(11,x,{), (•1.ó) 

,'f1;o(:r, y, ol -< mln { .1 ...... ,.,..,(.r.11.0. ~ ....... ,.,,,_.(y, x,{)}. 
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Proposilion ·l. lfa.(x 1{) E "' , tlion forc:n't'ryT E R" l11~llmplltud b(Zif/,{) 
a ((l - T)z f· TJl,0, from (•1.1), b longs to.,..._ l11f)8TllrulBTb(z,y,{) a(z,{) 
nnc/ b(r.11,{) a(y,{) oro in " ' . 

Proposilion •1.9 l fb(x, y ,{) E""'"' , tlwTJb(y,z,{) E anda(z,{) - b(x,x,{) e 

Finally we Qb)(!'rvc LirnL Sru is a F't·tkhet space with respect to thc scminorms 

slip s lip""'·""·º· .,(x.11.o-1 J0(8!'8Ja(T,11.0I · 
lo t fJt -rl:fi.·:i::,y,( 

5 P eudo-differential op erator 

\\"e bcgin b. consicloring o general operator A of the form (11.2) i.c. 

(ó. 1) 

with o E . '. Wc lllt\Y regard (5.1) as oscillatory integral, a nd defhi it for 
u E (R"). Otherwise, Au E S'(R") shall be definecl on v E S(R") by Laking 
(x - y)· {as phasc, and a(", y,{)•u(y}v(x) as ainplitude, i.c.: 

(Au,v) = j é'-YHa(x,y,{)u(y)u(x)dxdyd{. 

lsing Dcfinition 4.6 ancl subscqucnL properLies, we obtain: 

T heorem 5.1 Thc operat.or A in (5.1) defines a continuous map from S(R11 ) t.o 
(Rn), 1md it exwnds lo a conlinuous map from S'(R") LO S'(R 11 ). 

D eflnition 5. 2 We slwll tm'i.le C"' for the class o/ all th.e operalors o/ lhe fonn 
(5.1) w11h ampli tudes a(x,y,~) E !:J"'. 

The Schwanz kernel l(A of A , definecl by (!<A, ue> u) = (Au,v) = (u, ' Av), is the 
di tribulion in S'(R 211 ) given by 

(K A(z, y), 1'(x, y)) = j e;¡,-•Ha(x, y , 01'(x, y) dxdyd{, 4'E S(R2"). 

\Ve hev for l<n Lhe following relcvam properLies. 

Theorem 5.3 l f A E [."' , Lhcn f(A e C"'(R 2" \ 6). where 6 = {(x,x),x E R" ) . 
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T h rem :S.:I /..et A be 11 contínuous map from (R") t10 '( R"), whll k rnol 
l< A E S'(R1"). 7'/1 fol/owing propcrtics ArO <qui\>tleJu· 
(i) A &S rcgulnrlzíng. i. . it. oxtonds to 11 continuou, .. mR¡) frow '(R'' ) 1.0 (R"}; 
(11) ¡.;, E (R'"); 
cmJ" e e- n ... e". 

'fnlu.· note lhul if thc nmpllLUdc a is in ( H:"") lheon ttrrn.inly a E :••;- , but 
tht• oppo:tilc is not 1ru ; U\k íor xumplc ~E S(R"') ancl cloílnc (l( :i;,y,~) 

<i>(r · vl.:><el e . , whloh i• noL rapldly de<""'" lng •• :r - y. 
Tiar Ul"Xl th rcm hos B orucllll role wh('n dt'\"l.!loping t hr symbollc c:a trulu~: 

H UHt~ lhnt C\ ry .A E C111 con b r prl>sentcd in thl" J)t'CiAl ío rm (11. 1) for nny 
tiu'(f r E ll11 , wh h n s nl Lublc symbol in .'1' ''' 

'Th rem 5.5 ten A E [,"' b~ gfrtm. with kt'mcl h.A twrl Amplll11J(/o o E sm. 
ruKI k 1 r e R n be fixrxl. '!'her cxist.s 011(' 8J)d only Onf' .iym/Jol bT E 8"' su h ,,.,., 

A11(x) j e•(•- •Hb.((1 -r).r r11.()11( y)d7¡!1.(. (!;.2) 

fl>r br(.r,() W'O luw IJICJ fo//owing :<p~ion 

b,(:r,e) Fu- ·<1<,. (:r f. ry.r - (1 - r)11) 

j e- '""''CJ(:r 1 ry,r -(1-T)I/. ~ - r¡) rlyd1¡, (5.3) 

nnd •h<- following 1Lsyn11,oiir axp1111sion 

" (- 1)1 1 " ( • "" ) b,(x, {) - L., p¡:yr--r-(1 -T)' < 'u; D~n (m,m,e), 
fJ,.., ' 

(SA) 

"' ht·n·" mRy &.1'umo ~ho ~orm;o; nre r(}-llrN:UlgC'd nri1h dN"rctL\li ng ordor.'l. 

Proor. \\~e mny gh Lho sLtrnclurcl oscillalory mca.ning LO (.5.3) oncl , chonglng lh 
ordiff ol' thr imcgrn1ions1 obLuin 

F.-l. K,.(:r 1 ry, :r. - ( 1 - r)y) j e'"f.-Oo(rl ry,x- ( l -r)y,1¡)dydr¡ 

J c-"'1a(x 1 r y, a; - (1 - r)y,{ - r¡)d!14r¡. 
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T his Pl'O\ th second idollLil.Y ill (5.3). Lel u how now t hRl Lh run l i n 
b, (r,{) defincd by (5.:J) is in . "'. In focL. int rating by pnrt "ª" for 
11rbiLrery M and N 

O( ,b,(r, {) 

J .-•M(y)-2M(i _ ti. ,,)'"' { (1¡) - '"' (1 - .).,) Na0~,(.i: , y , ( , r¡J ) dyd17, 

whcrc 

l ";;ing (-1 .3). " 1!' can csLinrn te trncl cr Lhc integral sign by 

1\ (.c I TI/,( -r¡)"' (y)"" (1 1 A(" 1 ry , { - r¡}(y)- "'') 1 ~(y) · 2Al (T¡) - 2N 

$.\ (.e¡ ry, ( - 1))'" - l• llli(y)"" '""J• I' -2.\l (r¡)-?N (.; .;) 

l° ·ing (3.' ). \\ IRh)' furt. h r CS Liin n LO in (5.5) 

,\ (r ¡ ry, ( _ 1¡)"' - 1" ' UI -< A(:r , {)m-lo i dl((ry. r¡))l"'l1• 1Jo 1111,. 

nnd cb()()o.tng '\uflkiC'nLly lnrgc M ~rnd / w con lude b~ E S"' . l t rcma.ins l 
prm thftl b" satisfi (l;.2) and odrn its thc a ymptot ic x-pansion {5A). 1 t. us 
denOle íor n mom nt ¡,·" 1 h k rn 1 of t hc opcretor in the rigbt-lm nd sid oí {$.2) ; 
~"' ho• for <>e (R" ') 

( /\.,<;\) j l(; - y)·( b, ((1 - r):r 1 ry, {) <>(z , 11) d.:rdytl( 

j '"'"( b, (v,()<f¡( u 1 rw,v - (1 - r )u>) dvdwd{ , 

by lling .z: u; rw , y v - ( 1 - r)w. l'rom (5.3) ~ LI n gct 

( /\ ,.ó) (T~- ( l(A(v 1 rw,v - ( 1-r)u>},T;.'..(<>lv4 rw,v- ( 1 - r)w)) 

(/\A(V f TUl, U- ( 1 - r )w) ,<fJ(u 1 rw,11- (l -T)ll')) ( J<A .d>). 

(5. 
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Thi ~h _ (5.2) n11d provcs olso Lhc uniqUl'ne--. of che syrnbol b". F'!t1olly, to 
ub&Airt (!J. I), \\ • orguc on Lhc cxpr Ion 

nnd r•pand wlth resp · ~ to ¡¡ nt y O: 

o(r 1 ru,r (1 r)¡¡, r¡) 

( 1)171 " ( ) /ii11' (1 r)'i/'" ;o;a (.r,.r, r¡) 1 ,.,.,(.l'.J¡,11) . 
lrllil<N 

'1nct• 

h will bt• .. ullklt•nt kO provc tlrnt 11v(J".~) jr'• 1'1·0rN (~1',J1 , r1)d11dr1 b in 
..,- 1 ' 1 his Is rmdly obLnlnrcl by gi\'ing m thl- remBiudN 1·N(.r 1 11, 11) lhí' 'illlll· 
d rd lhk¡:trnJ Íorm Hnd 1·rp{'!1Ling thr urgumCnl.., 111 fi~I port OÍ thr prOOÍ. • 

Oc-ftni1 ion 6.6 /,¡['( A E C"'. w ,11, thr llDlahOll-' of tltf' ]}f'(.'Ct'rfm9 Tllf'()l'f_' lfl 5.5 
!J· rollb,(.r.e) t11c T-!ly111bol of A . fht '-vmbol'-'(r.e), r.on'f'.'IJ>muliu!J to ,. 
(0. O). '·' a/110 ra flt1rl tht• loft symbol o/ A: b1{r,{) rof'1'f's1>0ndm!J fo T 
(l. 1) •• colled lhr l'lglit symbol 011d b1 ~ rorrtsporrdrnf¡ lo T (1/2, ... , 1/2) 
lh,. U1.rl t'wml)()/. In the :wt¡ucl we . .,hall a/,"O UTil.e bu for /.he \Vcyl sy111 l>0l. 

hom ("1.3) \\t(' gCL 1 he kornol in tcrm-. OÍ thc T•Sy lllb J: /\11(!1:, tJ) 
Ft!. •• .,b,((J - r)x 1 'TtJ,{). l t is worth to writcdowu c1xplicllly l ht• Lhr X· 

"'~-

Au(:r:) j c•lz-w)(bo(.r.{)u(11)dyde 

j cu{bo(r.{)ú(()d{, 

lh•(x) j e'1'-•Hb,(v.Oulu)dyde, 

A11.(x) j c•«-•Hb11 ("; 11 .{) u(y)dyde. 

(!;.7) 

(5. ) 

(!;.9) 
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and U!-t thc correspondhlg osymptot.lc xpe~ in t~ms of th nmplhude 
o(.c,u.O: 

6 

/.u(x,{) - L ~ (ll(tr,o)(.r,r,{). 

( - l ) lol 
b,(x,0- ~ -.,1-(0(~a)(.c,:z:,~). 

( - 1 )101 ( 1 ) i" .,, ( ) 
bu (.r,ü- L ,6!-y! :: O:'' l)~/J;a (x,:r,{). 

o., 

mbol.i a l ulus 

(5.10) 

(5.11) 

(5.12) 

W g¡,,~ now sorne t1pplic0Lions of Throrem .l.i Thc following lhoorem 
allow-. ll" lO dt'dure Lhc xpr •ssion of lhc 1'2-~ymbol oí A E C 11 fro111 LIUH oí Lh 
T¡·'~·mbol. •1 / r1, ln t rrns of irn nsymptotir ríe-.. 

Tb rcm 6.1 lfb.,,(:r, e) , b,~{:1: , e) llrC' r~µN'(/\'C'/_,. Ta 1111d 1"J-Sy1nbol11of A E C"' , 
tl1t•n: 

li..,(.r,{) - ~ ~(T1 1'J)ºli( IY,'.b.,(r,{). (G.I) 

H>r a gh n A E C'" wit.h amplit.ucl a(r,y,e). 1 l u now onsi 1 r th trnn.s
JXhc:'<I openuor• ..1 ft.ncl t.he foruml udjoim op rator A" . Coming bo k L th proof 
oí Thl"Orrm 5.1, " lrnv LhHL 1 A , el ñnf"(I by 

('A,,, ") (u, Au), 11 ,u E (R "). (G.2) 

bckm~ to C"' "'ilh ornpl!Lud • 

'll(X, y ,{) o(y, X,-{). (G.:s) 

IA'l u~ aJ imrodu e t.hc conjugutc oponuor 

( 11.,u) (All,n), 11 ,u E (R") 

bckmging lO C" with nmpli t.ud 

a(x, y,{) a(x, y, - ( ). (6..1) 

TI n ,..,. define A" 'A (iAf, sotisíylng 

u,u E S ( R"), (G .. ,) 
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Tt.·lt'lort' nl.o;o ,1 • bolong:; Lo S"', und lt ha.' runplilud 

o" (.c, y,() 0(11 • .r,')-

255 

(G.6) 

1.4"1 UJC"Xf> thi· T·!lymbUIM uf 'A. ::i . ..1 · , .. ·h1dl ":du.11 dl.·nPl\.' by 111,..(.r,E') . t ,.(.r,(). 
6'; (s,.(), m krrntt oí b,..(.t , {) \Vi: fir t1 l olJM•rH· th.l, in ,__... o{ (t; 3) 1rnd (0 :J), 

'11,(r.O J ... ,,,,,. (1 T)¡¡,.c f r¡¡.q-Odud•1 b, _,(:r,-e). 

r-.i111 1hrn 1 hcorrm 6.1 wc concluclc: 

Th r m 6.2 l ( .A E C"' , 11! 11 1A E C'" undrlK•r·~'lnlJol 1 b .,. (:r,~) o('A <'1111 bt• 
,.:cpn 'Cl In icrm.!I of tl1r• 'T'·symbol b, (x,() of A~- 1J1c+ fa ruwln 

1 
'b, (,; ,e) - ~ 0 1(1-2rJno¡/Y,'b.(:.-, (). 

hom (ij. J), (G.6) '" "' (ii.:I) '"''hove •imibirlr b,(r,{l b,(.r . e). b;(.r ,() 
t..1 ,.(.r TI 1utd. 'inmming up , from Th rrm b.I ""'ob1t1in: 

Th m 8.3 lf .A e C" tlt<'" A" E C''' .\/orron:r 1111• r-.~J1111bol /J "(:r,{) o( A" 

L .. 1 hd lo t/11,• (1 T)~sy111/;ol b1 ., (.r.~) of A '111 111 rd11r.fo11 

nnd mn fxo cxpros.'ie<I iu trrrn:¡ of tlw T .... yrnbol b,(r ~) of .A dn t.11(• WJy111ptat lr 

orollary 8A lf A e C"' , t/1 011 bi1-(r.() 
. .t · 1.1 rquh'Tlltmt to tlio rtu1/· \'Ulurdn 

bu (.r. '") In p.nrtlrul1tr. t lw <·oricllc lon 
of lhr \\ (>yJ sy111bo/ bw(.c,e ) . 

f mall)·. .. con!!ild('!r t h ·omposi tion A' A" ol '""º P""'Hdo~cllffcrcnt lo l opcrt\ lOI"!\, 
11 E c-·, A" e C"'". LN us wri l A' i n l nru ol 11 .. 0.. !oi.V111bol /Jó(.r 1 {) und A'' In 

ltrm ol il 1 .. yml ol b'!(,. ,(); 11 ho1 lrom (.).i), (5. ) 

ll' u(r) j t~ 1 1iíi(r.(¡..({)d(, 

F(A"u)({) j - "<b7(¡¡.l)u(11) d11. 
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This allows to writ.e 

A'A"u(x) = j e'<•-y)<b~(x ,() b'{(y, ()u(y) dya(. 

Sincc 
c(x, y, O = b~(x, ()b'{(y , () (6. 7) 

belongs t.o gn'-1 m" in view of Proposition 4.8, we concludc A'A" E ¡:,m'+111" . 

Applying furthcr (5 .4) to the amplitude (6. 7), wc conclude t.hat br(x,{), t he 
T-symbol of A = A' A" , has the asympt.ot.ic cxpansion: 

b, (x, o - I: ( ~ ~~~1 78 (1 - TJ'of+' (o~b~(x , ()Dib'{(x,(J). 
º" 

Applying Leibniz rule , we obtain t.hen thc following rcsult.. 

Theore m 6.5 /(A ' E [,'"', A" E L"'11
• l/ien A A' A" E cm' t-m". Tlw T-symbol 

b,(x , () of 1.hc producL opcnitor A c<:in be expressed in terms o[ t.hc 0-symbol 
lfo(x. ~ ) o ( A1 and Uw 1-symbol b~' of A 11 by 

b,(x,() - L 
/J,1,6,t 

Ó l < - /31 )' 

( - l)IBl (/) -I ¡)! 8(1 - )' (iJ!Dº b' )(iJ'D' b") 
,B!¡!ó!d T T < .r. Q ( :r 1 • (6.8) 

Combining (6.8) wit.h Theorcm 6. 1, we may in principie express bT in t.crms 
of b~ 1 , b'~1 , for any T1, r2 E R ". A natu ral choice is , of course, to set T = T¡ = T2 ; 

tcL us consider fo r cxample the cases T = (~, .. , ~) and T = (O, . , O). 

Theorem 6.6 Let b'w(x, () 1 b~(x , O be the Weyl symbols o[ A' E t,m' , A 1' E 
C' 11 " . Tlw11 ilw \Vcyl symbol bw(x, {) of llw product A - A' A" /Jas asy111plolic 
expansion 

Theorern 6. 7 Lct bb{1;, () , b~(1:, t:) be tlw 0-symbols of A' E C 11', A11 E t,m". 
Then thc 0-symbol bo{x , ~) o( A A' A" lms nsymptotic cxpRnsion 

bn(x,() - L ~O(b~(x,() /J~b~(x , () 
o "· 
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7 Anti-Wick symbols 

Let <l>(z) = rr-n/4 e-~lxl2 be the normalized gaussian function on IR2n 1 i.e. 

11 <1>111,'(R'") = J. We begin by remarking that for j = 1, ... , 2n 

(7.1) 

In terms of quantization this means that the map 

(7.2) 

satisfies rule (l.) and (2.) of Section 2. T he map (i .2) is callcd a.nti-Wick quan
Lizat.ion and we shall usual!y write Aa = W«i•<l>· Purther in this section we shall 
givc a deepcr int.erpretetion of this quantization in terms of L2-projections and 
C'xaminc il into the frame of the pseudo-diffcrcntial calculus. Por Lhe moment wc 
want lO compare Wcyl and a nLi-Wick q uantization on a more informa l Jcvel con
ccrning diffcrcnlial operator. Prom (7.1 ) we cxpect thaL, at least for polynomial 
observables, thc anti-Wick quantization do differs too mucb from thc Weyl quan
tization. More prccisely we rema rk Lhat if thc observable a(z) is a polynomial 
in z E R2n thcn the a nti-Wick operator Wa·<l> is a differemial operator. This is 
immediate since (7. l) can be easily generalized to ;;;ª zº * <l>(z) ! R0 (z) whcre 
R0 (;;;) L,.<a c,.z1 . Then a* <J1 is a lso a polynomial, but by Theorem 6.1, ~Va• <P 
can writt.en by means of the usual 0-symbol bo(<::) which is still a polynomial in 
vicw of (6.1 ). As the operators that arisc in physics are essentially differcntial 
operators iL is then natu ral to ask if thc converse is a lso true, t ha t is if poly
nomial symbols yield through a nti-Wick quantization ali differential operators 
(wilh polynomial coefficients). The answer is affirmative as we see from t he nexL 
proposition. 

Proposition 7.1 For each multii.ndex a there exi.sts a polynomi al P0 (z) such 
that 

P0 (z) • <l> (z) = zº (7.3) 

and P(z) = zº + Lo<o c,zº. 
Proof. Set P(z) = ¿ 0 5 0 c,z'. then 

P0 (z) • <l>(z) = L cp j(z -w)P<l>(z)dw = L z0cp (~) j w0- 0 <1>(z)dw 
fj<o fj, -y: -y$.J3$.a 

= L k0 (cp)zº 
1 $.a 
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k-,(cp) = L cp (~) j wP-><J>(z )dw. 
"'t5JJ:5o 

(7.4) 

As we require that (7.3) is satisfied , i.e. z-0 = ¿ 13<0 k...,(c13)z"1 1 we get the condi-
t ions -

{ ka(cp) = 1 
k , (cp) = O, for 'Y<<> 

(7.5) 

Let N denote the number of multiindices "( ::; a , then (7.5) is a system of N 
linear equa t.ions in C(J, {) S a. We show that it has always a solution. 

Prom the first equation of (7.5) we get. immediately c0 = l. Consider now the 
equat.ions in (7.5) corresponding LO mul t iind ices "f with bl = lal - l; they aren 
independent equations of t he form 

(7.6) 

with b = 11 so ali c13 with IPI = lol - 1 a re detcrmined. \Ve can consider now t.he 
2n equations in (7.5) for which 1"11 = l<>I - 2, they are again of the fonn (7.6), 
where now b = Í:p,..,. </3:5ai c,0(~) J wl3-1'1f>(w)dw (c,13 are already determined for 
¡ < /3), and we sec that also all CfJ wi th l,BI = la] - 2 are determined. Repeating 
t.he argument we get then for the sistem (7 .. 5) t he solution: 

{ ~ : ~ L~o<PSa cp(~) J wP-o<J>(w)dw for 'Y< Q ( 7·7) 

• 
\Ve pass now to consider the definition of the anti-Wick quantization under 

a diffcrcnt point of view. We shall see further in t his section tha t they are 
equivalent. 

Wc first consider the orthogonal project ion Py,r¡ in l}(Rn) on the vector 

(7.8) 

where (y, 17) are parameters in R 2n; that is, for u E L2 (R n): 

P,,"ii(x) = (j <l>,,"(t)ii(t) dt) <l>y,"(x). (7.9) 

We want to regar<l Py,r¡ as pseudo-diffcrential operator with symbol in t.hc 
classcs of t.he preceding sections. To this cnd 1 wc introduce the multipl ication 
opera tor and t.he shift. opcrator in Rn 

(7 10) 
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Tyu(x) = u(x - y) (7.l l) 

and set then 
(7.12) 

Since M;¡ 1 = M _,, = M; and TY- 1 = T_y = Ty 1 the operator Uy,r1 is unitary, 

i.e. u;,~ = u;,rr Consider now <I>o,o(x) = rr-n/4e-!lzl2, for wh¡ch ll<t>o,01!7_2 = 
rr-n/2 J e-lzl2 dx = 11 and the orthogonal projection Po,o on 4>0,0, with Schwartz 
kernel 

(7.13) 

\Ve have <l>y,,1(x) = Uy,r1<l>o,o(x) and therefore summing up, the o rthogonal projec
Lion onto the vector with unitary norm <l> y,r¡ can be wriuen as Py,,1 ::::;. Uy,.,Po,oV;,,~. 
Let us begin by computing uo,0 1 the Weyl symbol oí Po,o; from (5.3) and (7.13) 
we havc 

uo,o(x,~) = F1-il<o,o (x + ~t, x- ~t) 2"e- (1•1' +1<1' >. 

Looking finally íor Uy,,,, Wcyl symbol of Py,r¡ i we may write 

n () u J i(x- •)-( (x + t ) u - ')( )dd' ry,r¡1L X = y,r1 e uo,o -2-.~ ( y ,r¡1L l l ., 

= j e•<x-•>-<uo,o ( x; t - y,( - 7)) u(t) dta{, 

in view of (7. lO), (7.1 l) , (7.12). Hence 

P.,,u(x ) = j e•Cx-•>-<u,,, (x;t.~)u(t)dtd(, (7.l ,l) 

with real-valuecl Weyl symbol 

Gsing Corollary 6.4 and summarizing1 we have the following result. 

Proposition 7 .2 The orthogonal projection operator Py,., on lhe unitaiy vector 
(7. ) r.an be written as a. se/f-adjoint pseudo-differential operntor, with Wey l 
symbol uy,, E S(R2") given by (7. 15). 
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Consider now a E S"1; we may define 

A = j a(y, r¡)P•·• dyar¡ 

as integral of operators. To be definite, if u E S(R n), then Py,r¡u(x), as a function 
of x,y,17, belongs toS(R 3n) . Since a(y,71) E sm is a multiplicr of S(R 2n) in view 
of Proposition 4.2 and Proposition 4.3, (ii), then the mapping 

u E S(R " ) ~ a(y,r¡)P.,.u(x) E S(R 3") 

is conLinuous. Considering 

Au(x) = j a(y,r¡)(P •.• u)(x)dyilr¡, (7.16) 

wc concludc that .4 acts continuously from S(R n) into S(Rn). 

Definition 7.3 Lela E sm. We caU pseudo-differcmial operaior with allli-Wick 
symbol al.he map A: S(R ") ~ S(R ") defined by (7.16) . 

lnscrting (7.14), (7.1 5) into (7. 16), we obtain for u E S(R") 

Au(x) = j ei(x-t)-<b(x~t · ~)u(l)dtd~. 

with 

b(x, O = 2" j a(y, r¡)e-(1•-•l'+l(-•I'> dyar¡ 

= (2ir)-"(a • uo,o)(x,<). 

(7.17) 

(7.18) 

lt follows in panicular that thc operator with anti-Wick symbol a(x,{) ..:..: 1 is 
the identity operator. Befare ana lysing in deta il (7.18), we Jist sorne d irect conse
quences of (7.16); t hey are actually valid under much more general assumptions 
than a E Sm. 

Proposition 7.4 Assume tha t A has anti- Wick symbol a(x, {) E Sm . Then the 
( formal) adjoint A• has anti- Wick symbol a(x1 ~); in particular if a(x, ~) is real 
valued then A is self-adjoint. 

Proposition 7.5 Assume that A has anti-Wick symbol a E sm. lf a(x, ~) ~ O 

for (x, {) E R 2" , Uien A 2: O, that is (Au,u)¿, 2: O for ali u E S(R"). Morcover 
if a(x ,0 > O for (x,O E R 2", llien A > O, i .c. (Au,u) > O foru f- 0. 
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Proposition 7.6 Every operator A with anti-\•Vick symbol in Sº is bounded in 
L2(R"). 

We now return to (7.17) 1 (7.18L and show t hat A is act ually a pseudo
diíferent.ial operator in the classes oí the preceding sections. 

Theorem 7.7 Let A be an operator with a nti- \·Vick symbol a(x, ~) E s m 7'hen 
A E cm. Precise/y, i t.s Wey/ symbol b(x , 0 defined by (7.18) be/ongs lo S"' wit/1 

nsymptot ic cxpansion b(x , {) ~ Lo.O @mO(/ta(x,{), w/iere 

Con = 2" j i¡ºy8e-(l•l'+lol') dydi¡; (7.1 9) 

in f)Rrticular eoo = 1 and C0 fJ = O for odd la+ .BI· 
Proof. lt will be sufficienL to prove that, for b(x,{) defined as in (6.16), we havc 

(7.20) 

In fact, wc may Taylor expancl 

1 
a(y ,i¡) = ¿ a!iJ ! ii('él~a(x, rn11 - 0º(y - x)8 r rN(x,y,C i¡). 

Ja-t .Ol< N 

lnserting in t.hc expression b(x, {) = 2" J a(y, 17)e-Clz-yl2+le- l'lr') dydr¡1 we obtain 
(7.20) wi th Coa given by (7.1 9) and 

RN(X, {) = 2" J TN(X, y, { , i¡)e-(lx-•l'+l<- •11 '> dyili¡. 

To prove RN(X, €) E sm- N we a ppea\ LO t.he Lempera nce propcrty, ancl prccisely 
to (3.8). The t.heorem is thereíorc proved. • 

:\ot every operaLOr A E t,m ad mits an anti- \Vick symbol a E S'"; observe 
in fact that. t.he Weyl symbol b(x, {) in (7.18) must be an analytic function of 
(:t,() E R 2". From t.he symbolic calculus we ha ve however a converse of Theorem 
7.7 modulo regularizing opera tors, cf. Theorem 5A. 

Theore m 7.8 Por every A E l"' there exists a'(x, ~) E sm such lliat, wrh ing 
A' (or the operntor with anti- Wick symbol a'(x, €), we lmve A - A' E t,- 00 • 1f 

a(x, O is tlic Weyl symbol of A , Llien a' ""J L,018 ~/JO<: af a for su hable constants 
C..a E R . with Coa = 1, c0 3 = O for la + /JI = 1. 
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We may now draw sorne important conclusions, concerning boundedness and 
compactness of pseudo-differential operators. Namely from Theorem 7.8, P ropo
sition 7.6 a nd Proposition 7.5 we have: 

Theorem 7.9 Eve1y A E Cº extends to a bounded operator on L2(Rn). More
over, if A E [,"' with m < O, then A is com(J8Ct in L2 (Rn). 

Theor em 7.10 Let A E l 2 have Weyl symbol a(x,{) 2: O; lhen for a suitable 
C> O 

for al/ u E S(R "). (7.21) 

IL is possible LO improve Theorem 7.10, precisely the conclusion (7.2 1) kceps 
valid ií a E S'1 and a(x, () 2: O, cí. Hiirmander /9/, Chapler 18. 

l-lowever pseudo-differentia! opcrators with posilive \·Veyl symbol are not pos
i t ive in general. Consider for examplc in dimension n = 1 t he syrnbol a(x1 O ==x2e 2:: O. The operntor A wi t h Weyl symbol a can be wriuen as A = *(xDx ¡ 

Dxx)2 - ~ and t hcreforc (Au,u)1.2 = ~ jj(x D,,. 1 Dxx)uUI,2 - ~fluUI,2 , wherc the 
right-hand side is negative for suitable 'll E S(R ). 

As in Quantum Mechanics the smoothness of Lhc observables is not required, 
wc rcmark finall.v LhaL i t wou!cl be inLeresLing to extcnd the pscudo-diffcrcntia.1 
calculus to sorne classcs of non-smooth syrnbols. In Lh is regare! wc recall nexL 
some results where the anLi-Wick symbol lies in the U'(R2n) spaces. As at the 
beginning of th is section 1 lcL A.1 be t he operator with anti-Wick symbol a(z) and 
<t>(z) the gaussian function. 

Theore m 7.11 Let a E l 11(1R2n) , 1 ::::;: p :$; oo. Then tite linear map T : a E 
U'(R2") - A0 E B(L2(1R")) 'is continuous. 

A proof of t his result making use of thc Closed Graph T heorem can be found 
in /•IJ. Ot her results are the following. 

Theore m 7.12 Let a E LP( JR2" ) , p E/!, 2), then A,, is a Hilbert-Schmidt opera
tor and for the Hilbert-Schmidt norm llA,,112 we ha·ue llA0 /h = llbllc'(R'")> where 
b = (27r)- "a • <I> E L2(1R2") is the Weyl symbol o/ A 0 • 

Theorem 7.13 Let a E /)(R2n)i then Aa is a Trace Class opemlor and: 

T r( A,,) = (27r) - "" j a(y, ~) <l>(x - y ,( - ~) dxdyd{dry. 

For a dccpN invcstigtt tion in t his dircction sec Wong /1'11· 
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8 Hypoelliptic Operators 

D eflnition 8.1 A symbol a E Sm is called 1\ -hypoeJJipLic if then~ exisl l .$ m 
and R > O wch that 

A(z)1 -< la(z)f, 

and for each "! E N2n we have 

/ff'a(z)I -< la(z)IA(z)-hl, 

/or lz/ <:: R 

for /z/ <:: R. 

(8.1) 

(8.2) 

We denote H Sm,t the corresponding cLass of symbols. We say lhal a E S'm is 
A -clliptic if ( 8. 1), ( 8.2) are sal'isfied wUh l rn m ( . l ) and we use the notation 
ESm mstead o/ 115m,m. 

\Vhcn chccking A-cllipLiciLy, it is convenicnl lO use the following proposiLions. 

Proposit ion 8 .2 Lct a E 5m. Wc Jun•e a E ESm i f 11nd on/y if ilwrc exists 
a > o sud1 tlwl 

A(z)"'-< la(z)/, for /z/ <:: /l. (8.:l) 

Proof. In fact, Íl'Ofn Lhc VCl'y dcfinition of class m WC llave l81'a(z)I -< A{z)"'-h'I 
and thercforc (8.3) irn plies (8.2) . • 

Example 8.3 (Standard elliptic polynom1als) Cons;der the we·ight funclfon 

A(z) ( 1 1 ¿;_:1zJm) 112 , which ·is asymptotically equivalenl to lzl. Considera 

polynomial a( z) = :Llol:S:m c0 zº and its prúicipal parl a11 ( z) = Lial=-m CoZª. We 
have that a E ES1 if and only if jzlm -< Ja1i(z)I; because o/ lhe homogeneily, litis 
is equivalenl to the standard eUipticity condition 

a,, (z) f O, for z f O. (8.'I) 

Example 8.4 (Quas1:-elli.pt·ic polynomfols) 
Fix M = (M 1) ... , M2 .. ), 2n-tu.ple o/ positive úilegers. We write ¡t 

max1 Al1 and 

with m 1 = ¡t/ fl.11 , j == .l 1 ••• , 2n (8.5) 

arad consider consequently a( z ) = La·m$µ eozª , with quasi.-prinC'ipal part 

a,,(z ) = L c,,zº. (8.6) 
o ·m ¡• 
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Define 

( 
2n ) I /µ 

i\(z) = 1 + L z;M; 
j = l 

(S.7) 

which is asympotically equivalent to 

(8.S) 

We ha ve that a E E 5'µ 1'.f and only if 

Let us observe that a1,(z) is quasi-homogeneous of degree ¡t wi.th respect to the 
weightm = (m 1, •. ,m2n) in (8 .. 5), i.e. 

for ali t > ©. 

Since [zlM i.n (8.8) i.s also quasi-homogeneo·us of degree ¡t, we have tha·t (8.9) is 
equfoalent to lite quasi-eliiptic1.ty condüion: 

a1,(z) i ©, for z i ©. (8. 1©~ 

Far;; = (x,,;) E R 2 , a s1:mple example of quasi-elliptic polynomial is given by 

Imr i © 

where h and k are positi.ve integers; 

We begin h>y starting wi•thm1t ¡.Droof sorne {ilreliminary proposi·Lions. 

Prop0siti0FI 8.5 (i) Ha E 1-JS'm,l, UieFJ a- 1 E11s-i,-m_ 

(ii) ffa E /·/S"'J, lhcn a- 1(fta E s-1-r l for eve1y "f-

(iii) lfa E f-18"''1, b E llS"O' lhen ab E HS'm -t-m' ,t+I'. 

(iv) lf a E HSm,l and r ES"'' with m' < l , thcn a + r E f! Sm,l. 

(S.11) 

Definition 8.6 Let A E ,em and T E R". We write A E //í:.."'· 1 1f b7 (x,{), 
lhe T-symbol of A, belongs lo H.9111 ,t. /~'C" nn~ cmrespondingly defined lo be the 
classes of all the pseudo-dijJ.eren'lial operalon wilh T-.~ymbol in 1~·sm. 

The next result shows thait the definition of NL"' ·11 EL'"' , cioes r1 ot de pcncl 
on TE R n. 
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Proposition 8.7 /,,etr1 , r2 E R" begiven. lfbTJ(x,{), tlier1-symbol of A E [, ... , 
is in f/ Sm.,I, tli en also the T2-symbol bT'l(x,{) belongs to u sm,I. 

Remark 8.8 The preceeding proposition, joinlly with Theorems 7. 7, 7.8, gfoes 
that A belongs to /-1 [,m,l if and only if 'it adm1t.s1 possibly mod-ulo 1·eg,ularizing 
operators, anti- Wick symbol úi /-/ 5m,t. 

Proposition 8.9 (i) /[A E 1-/Cm,t, B E Hc m',l'. then AB E ¡.¡e, 111+m',l·ll'. 

(ii) lf A E //{,'n,I, then LA E f/[,m ,I and A· E H [,m ,I. 

(iii) 1( A E f/ [,m,I and R E [,m' with m' < l, thcn A + ll E /·/ [/"·'· 

Theore m 8.10 lf A E //{,'11 •1, dien lherc exists BE /-/ L- 1·- "' such lhai 

BA = 1 1- 5'1 , AB = I +S,, (8.12) 

whcrc 5~ E [, - 00 , j 11 2. Such a map 13 is said parametrix of A. 

Proof. LcL us begin by considcring Lhe opcraLOr 81 with We.vl sy mbo! b1 ( z-) 
a(z)- 1, bclonging LO s-t,- m in view of Proposi tion 8 .. 5 (i) . F'rom Thcorem 6.6 wc 
ha ve 

B1A = I + R,, (8.13) 

wherc H1 has Weyl symbol 1· 1 with asymptmic expansion 

( - J) IPI 
r (x ~) ~ ¿ --rl• +Pl{J'!DPa- 'iJ!D0 a. (8. 1<1) 

l ' lo +i11>0 o !,B! ( z ( z 

Prom Proposi t ion 8.5 (ii) 1 (iii) we have for ali a ,{3 

which implies T 1 E s-2 , i.c. ll1 E c-2 . F'rom ( .13) we get fo r evcry N the 
iclentily 

( ¿ ( - I)' R~ ) B1A = l -(- l)Nllf". 
0$. j <N 

(8.15) 

Lel us write r; for thc Wey l symbol of H{ , which onc can compuLe by applying 
repcaLcdly Theorcm 6.6 to r 1 in (8. 1 il). Wc ha ve r1 E s-2; 1 and using Proposi tion 
•1.5 wc may construcL 

r - ¿ (- 1)ir1 ES'. 
j ~O 

(8.16) 
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T hc operator R E .S'° with Weyl symbol r satisfies, in view oí (8.15), (8.16), 
RB1 A = 1 + S1i whcre 8 1 E {,- 00 • T hereforc the first identi ty in (8.12) is valid 
ror B = R B¡. Simila rly we construct B E H c - l, - m satisfying the second identity . 

• 
Note that the parametrix is unique1 modulo terms in c-00 . Hence operators in 
/-/ [,'" ·1 a re global/y 11ypocJJipUc, in the following sense. 

Coro llary 8.11 Let A E H C "·1. /f " E S'(R ") . and A" E S(R") , Ll1en " E 
S(R "). 

T he solvability of t he cquation Au v , wi th A E /-/ cri ,I, wi ll be discussed 
in Sect.ion JO. \Ve begin herc to give the following special result of existcnce a nd 
uniqucncss, which will be basis for t he definition of the Sobolcv spaces in t he 
next Sect.ion 9 . 

T heorem 8.12 LCL a E ES"' and assume a(x ,{} > O for cvery (x,{) E R 2" . 

Denote by A the operator with anti-\iVick sy mbol a(x, ~) - The map A : S(Rn) -
S(R n) is ~in isomorphism, ex tending LO an isomorph ism on S'(R 11 ) . Morcovcr , 
Lhe invcrsc A- 1 bclongs to Ec -m. 

P roof. O bserve tha t A actua!ly bclongs LO E Cm , in vicw of H,~mark 8.8, and is 
sc lf-adjoint in vicw of P roposition 7.4. Sincc a(x, O > O implies A > O by vi rtue 
o f t hc seconcl part of Proposition 7.5, Lhe injectivity of A o n S(R n) is granted. 
Wc want to show that the equation AJ = g admits a solution f E S(R " ) for 
cvcry given g E S(R n). To this end , consider b = a - 1, which belongs to Es - m in 
view o f Proposition 8 .. 5 (i) , and deno te by B the operator with anti-Wick symbol 
b. Sincc b(x,O > O for every (x, ~) E R 2n , we have that also B is injecLive on 
S{R " ) . Therefore wc may reduce ourselves to find a solu tion f of the equivalent 
cqualion 

BAJ = Bg E S(R "). (8.1 7) 

O n the other hand we have 

BA = f + R, wit h R E c-2 (8.18) 

This can be proved by obscrving that thc Weyl symbols of A and /3 are rc
spcclively, in vicw of T hcorem 7.7: aw = a 1- a, wit h O. E srn- 2 a nd bw = 
a- 1 ¡... b, with b E s-m- 2 . Sincc B is in EC- "' by vi rl.Ue of Rcmark 8.8, from 
P roposit ion 8.9 ( i), Thoorcm 6.6 a nd formula {6.9) wc t hcn ded uce BA E E'!º 
wit h \Vcyt sy mbol 1 l r , whcrc r E s-2 . Thc claim (8.18) is thcrcforc proved , 
a nd cqua tion {8. 17) rcads 

J ·I n¡ fJg E S( R"). (8.1 9) 
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Now we can apply the standard Preclholm theory to the map 1 + /?.: L2(R•1 ) ~ 
/}(Rn), since R is compact in L2(R11 ) in view of Lhe second part of Thcorem 
7.9. Namcly1 the equation (8 .19) aclmits a solution f E L}(R n) for evcry right
hand sicle in /}(RnL proviclecl 1t-1 R·u = O has no non-trivial solution in J}(R n). 
On the other hand we know from Corollary 8.11 that every u E r..2(Rn) solving 
u f Ru = O belongs actual ly to S(Rn), whcrcas 1 -f R = BA is injectivc on this 
space as procluct of injcctivc opcrators. 

We can Lhcrefore solve ( .19) by a ccrtain f E L2(Rn), which acLually belongs 
LO S(R") in view of Corollary 8. 11. Since such falso solves AJ = g 1 we havc 
proved t haL Lhe conLinuous map A : S{R") - S(R 11) is an isomorphism. 

Pinally we observe that thc invcrsc A- 1 on the F'réchcL spacc S(R") is also 
continuous1 and Lhcn by transposition A extends LO an isomorphism from S'(R11 ) 

to S'(R 11 ). Thc remark at the cnd of Lhe proof of Theorem 8.10 shows A- 1 E 
¡:;c-m, t haL givcs Lhe conclusion. • 

Example 8.13 We ma.y act·u.a.fly find a symbol a satisfY'ing the (LSsumptfons of 
'I'laeorem 8.121 i.e. a E BSni and a(z) >O for e11ery z (x, ~) E R 2" . An 
obu1ous exarnple is 

a(z) 1\ (z)m (8.20) 

9 Sobolev spaces 

By using anti-Wick quantization, a scale of Sobolev spaces1 depending on 
Lhe parameter s E R , can be associated in a nat.ural way to any given wcight 
íunclion according to the fotlowing definition. 

Oeflnition 9.1 Let a E ESs satisfy a(x, () > O for e11ery (:.c1 () E R 2'1 and A be 
the operotor with anti- Wick syrnbol a , then we set: 

H' = r' (l2 (R")) = {u E S'(R ")IAuE l 2 (R") }. 

FTom Theorcm 8.121 A is a bijection between ¡.¡s and L2(Rn), thereforc a 
naturaJ llilberL space structure is induced from L}(R") on IJ·' via A. 

l:Urthcrmore thc definition of ns as wcll 85 its topology are independcnt of 
thc opcrator A. More preciscly wc havc t hc following 

Proposition 9.2 ¡.¡s is a 1-/iJbert spnce wi¡,h respec¡, to ¡,/¡escalar prod11ct (u, v)11• 
(Au, Av),,, nnd tl1e corresponding nonn llull11• = llAulli.• , w/1crc A is 111i op

crAtor wit/J suicll)' posilive RMi- Wick symbol a E ESs. Morcover if b is anotlier 
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strict.ly positive symbol in llie same class ES!I, tlien Lhe operntor B wilh anti
Wick symbol b defines Uiesamcspace N' and the two nonns JIAulli,' and J1 Bull i2 
are equiva/ent. 

Thc proof is obvious in vicw of Theorem 8.12. We remark that. it. could be 
someLimes usefuJ LO consider t.he Hi!bert space topology of /·/" defincd through a 

fixed standard scalar product.. Wc shall do this by considering as "standard1' the 
scalar product associated to thc opcrator lrV., with anti- \.Vick symbol A (x,~}', cf. 
1, xample 8. 13. 

Propos it ion 9.3 lf A E .C"\ lhen il defines for every s E R a continuous oper
ator A : 1-1" __. ¡.¡s-m. 

Proof. Referring LO Wt, the operator in El} with ant.i-\.Yick symbol N , l E R , 

wc have 

since l>V,-mAH~f- 1 E Lº and we may apply Theorcm 7.9. • 

Proposit ion 9.4 For l > s 1Ve lw ve a compacr. immersion j : /.¡t - ¡.¡.~ . 
Proof. Writ.e j -: W_8W..:=-}w1- 1Wt , wherc W..:=-81 f•V1- 1 E i s-t, L}(R n) 
f . ..2(R n) is compacL, in vicw of thc sccond par L of Theorem reft6.4 . Sincc 1,he 
maps wr,: H 1 - L2(RT'), w_s; L2(R n) - ¡¡s are continuous, the proposition is 
proved. • 

Wc havc t.he following obvious consequence of Proposi t ion 9.4. 

Proposition 9.5 An operator A ili cm defines a compact map A : ¡.¡ s - 111, 

wlicncn:r s - l. > m. In particular, a regularizing operator is continuous and 
compar1. from 11 ·~ to 11' for any s, l E R . 

Proposition 9.6 /·br cvcry s E R , we Jmve continuous immersions j: S(R " ) -
W , j: ¡.¡ • - S'(R"); morcovcr íl., ¡.¡ • = S(R "), U, N' = S'(R "). 

Proof. The first asscrtions follow from thc very Definition 9. 1. Moreovcr, 
since U"' en cont.ains ali thc <liffcrcnt ial opcrators wi th polynomial coefficient.s, 
WC have n., ¡.¡s = S(Rn). Similarlyl using thc SLructurc thoorem for S'(R "), we 
obtain U. N' = S'(R"). • 

Example 9.7 An equiva.Jcnt dcfinition of l hc spncc 11" in die c11sc wlicr1 J\ 
is dcfincd as in cxamplc 8 .1/ wil h wcight m ;::: m 1, ••• , m2n and s mu/tiple of 
al/ m1 . is Llw fo/Jowing ¡.¡s = {u E S'(R n) / xª D f1u E Ll(R n) for al/ 'Y 

(o, ¡1) , sudi t ilat 'Y· m S s} with norm Jlull11• - L:, ¡0 ,~¡,1 "'~' llxº Dº"llL' · 
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10 Fredholm opera t ors 

In this scction we dcal wiLh thc F'rcdholm propcrty of the hypoellipt ic opcraLOrs 
in Eí/". Por complctcness wc begin by recalling sorne elementary facL about 
F'unctional Analysis. 

l...ct B ancl F be I3anach spaccs ancl Jet 6 (E, F) denote thc spacc of the 
bounclecl linear operators from b' LO F. 

Definition 10.1 let A E /3(B, F) ; we ind1cale w1tli CokerA lhe quolient space 
F/ lm A. An opemtor A E /3(B1 F) is said lo be a l+edl1olr11 opcnHOI' if both 
l(cr A and Cokcr A are fin'ite dimensional. IVe set Frcd(l'.;'1 F') to denote the set 
o/ H-edliolm operalors from E to /i' and / or A E Prcd( /; . .', F) we define lhe index 
o/ A as lile integer n·u.mber l nd A dim J<erA -dimCokcrA . 

Propositio n 10.2 J( A E l·)·cd( E , /.') then thcre c.xist nn opcrntor B E F'rcd( F1 ¡_.,,·) 

fllJ<I two opernwrs P1 and P2 s11c11 tlmt: 

{
[JA 

AB 

t,,-P1, 

l p- P2 

11nd P1 1tud P2 lm vc fi1ii LC rnnk (11~· mlCI l p denote respective/y t/1c irlcnthy op

crators on E a11d F ). More precise/y P1 is a projcction opcra tor onto l(or A and 
I r - Poi is a projcction onto lm A. 

LeL us denote by /((E, /•') Lhc set of t hc compacL operaLOrs from E LO /"; in 
thc oppositc dirccLion wc havc Lhe following result. 

P roposition 10.3 lf A E B(E, F ) nnd t/Jerc exist two operalors 81 , D2 E 13( F', E) 

such that 

{
B1A l e-R1 

AIJ, = t ,.-112 

with R1 E J((E, E) and R2 E /<(!', !'), t/1cn A E Pred(E, !'). 

Propositioo 10.4 1( A E F'red( 8 1 F ) and A' is its dunl opern.tor, then A ' E 
l'rcd(F' , E') and lnd A' - lnd A. 

The analogous propcrLy hotds in Lhc case of l-lilbcrl spaces, Lhal is1 i f //¡, 112 
are llilbert spaces and A E l'rcd( f/1, //2), t hen A" E Precl(/-1,, f/1 ) a nd lnd Aº = 
- lnd .4. ~!ore precisely Ker.4 ( lm.4º).L and (lmA).L KcrA" 

We come now Lo Lhc case of pscuclo-diffcrcntia l operators with symbols in Lhc 
cla -m, acLing on thc Sobolcv spaccs /P with s E R . 
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As wc know an opcrator A E {,"' can be viewed as a cont.inuous operat.or both 
on S(R") or on S'(R 11). In t he former case A t.urns out to be also a continuous 
operawr frorn fP to ir - "' wit.h dorna in S(R"), so that it. has a unique continuous 
cxtension to t he wholc space f/S. lt is a straightforwa rd matte r t hat this extension 
coincides with Lhe restriction to 1-/ s oí the operator A vicwed as a.n operator on 
S'(R ") . 

D e finition 10.5 We shall denote wilh A!J (sometimes m the sequel again A by 
abuse) the restricti.on of A: S'(Rn) -+ S'(R 11 ) to 113 or equivalently the extension 
of A: S(R ") - S(R") from S(R ") to N' . 

Combining the existence of t he parametrix with preceding proposition, wi th 
respect to the Pre<lholm property we have easi ty t he following theorem. 

Theorem 10.6 Let A E ECn, t lwn: 

(i) A ., E F'red(I-{', H·'-"'); 

(ii) lnd A s dim Kcr A - dim Ker A·. Ind A s dim Ker A - dim Ker t A , wl1ere 
A~ is lhc formal adjoim in (6.5) and 1 A l ile lransposed opcra.wr in (6.2), so tlml 
Uw index is independent of s; 

(iii) lfT E l..,1111 wilh m' < m then A s+ Ts E Pred(l-/S, 1-/ s-m ) and lnd(As + Ts) = 

lndAs. 

Corollary 10.7 lf A E E Cm has real principal Wey l symbol then lnd A = O. 

We consider now the following question: Suppose we a re given an invert
ible pseudcrdiffercntial operator A. Is the inverse operat.or A - 1 still pseudC? 
different.ial in the same class? The a nswer t.o t.he question is affirmative for many 
clRsscs of pscudo-differentia l operators of o rdcr zcro and lcads to t.he conccpt of 
t.hc Spectral lnvaria nce introduce<l by Gramsch-Ueberberg-Wag ner . Refercnccs 
on t.his subject. can be found in Gramsch [8], Cordes 17/. Por thc case of operators 
in t.he c0 classes, we refcr lo BoggiaLto-Schrohe [5/ a nd s tate without proof the 
following result . 

Proposition 10.8 Let A E l º and suppose that A is irwertiblc in thc spacc of 
die bounded opera.lOrs on I.}(R ") , then A- 1 E /,0. 

Example 10.9 Consider in R P = /)7 1-rxk , 1uilh k positive inleger cmdr E C . 
!Ve regard P in lhe frmne of l~';cample 8.4, D'C<tmple 9. 7, witJ~ weighl (k, 1) a.nd 
r·m1."iequeut dejinil.fo n of A. 'f'he opemt.or !' is hypoel/lpttc rf and 011ly ;¡ 1m1· / O. 
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The lran.sposed operator ü gfoen by 1 P = -Dz + rxk 1 in the Mm.e ciass El 1. 

Tlae classicol sofotions o/ Pu = O are the fwicttons 

CE C, (10.1 ) 

which /or C f O belong to S(R ), or S'(R ), i/ a11d 011/y i/ k ·is 01ld and lm r <O. 
Smu/arly, 1 Pu O admüs a non-tf"iuial solution In S(R ) if and only if k is odd 
mad lm r > O. We may regard P as a F'redholm operaror, setr.ing for example 
P : 11 1r - /}(R), with l ncl P dim l<er P - dim i(cr 1 P given by 

l nd P 

as we compute from (1 0.1). 

for k euen. 

for· k odd and lm r < O, 
for k odd and lm r > O, 

Remark 10.10 Concen iing hypoellipt1c operalors m /1 C"·1, they cannot be 1'('

garded mgeueml as F'redholm 011 11 11 • lloweuer, adaplmg lhe preceding a1:911ments1 

we may easily show Lhat A E ! l ["'.f is a Predholm operntm· on lh.e t.opologica/ 
spaces S(R "), S'(R ") in lhe foUo wiug .•ense: 
(i} the map .4: S'(R") ~ S'(R ") satisjies Kcr .4 e S(R ") and clim Kcr .4 < 
(11) lm A is a closed S'Ubsvace úi S'(R"): 
(m} /or Cokcr A = S'(R ")/ lm A we may find 1-epresent.atives úi S(Ru) and we 
haue dim Coker A < oo. 
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