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l. Introduction 

In the present survcy papei\ wc are willing to givc an ovcrview of t he so-callcd 
wavc pockets methods in PDE. T hesc methods were rcvivcd in western mathe
matics by the papers [Cl' J,JUJ, although they go back actual ly to a long trndi tion 
initiatcd by Bcrczin [Be] in t hc Soviet nion. The samc t.y pe of transformation 
was uscd in IJ..al Lo hancllc PDE in infini te dimen ion. Wc are using hcrc thc 
neme \Vick quantization a.s a reminiscence of thc so-callcd Wick symbols as t.hcy 
aro dcscribcd in thc book JShJ. 

In scct ion 2, we start from scratch and we givc a self-conrnincd int.roduct ion 
to F'ourirr enalysis, using asan csscnt.ial rcat urc t he wavc packcts transformaLion. 

"Kry .. -anU and phm"e". Pois.son formuln, Wavc Pa.ckcts. l:Ouricr trnnsform, C ttbor wavclct .. 
\\'1d, !O)'mbol, FBI tran11fotm, Encrgy ~linmte:; 
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To illustrate t.he versatilit.y of this too!, we provide a simple proof of the Pois
son summation formu la. Section 3 describes more systematically various posit.ive 
quantizat.ions which are widely used, sometimes implicit.cly, in the Physics liter
ature under the generic na me of coherent states. Sorne composit.ion formulas for 
these quantizations are given along with thei r proofs, since we believe that they 
are original and qujte simple a.nd were useful to proving various a priori estimat.es 
for POE. In section 4, we recal l t he remarkable fact that the regularity of a func
Lion can be read on its wave packets t ransform, for t he Sobolev regu larity as well 
as for the Gevrey regu!arity. T he invest igation of the analyt.ic regularity via the 
Pourier-Bros-lagolnit.zer transforrnation IBI] has a now long hjstory ancl is closcly 
relatcd to our approach. Section 5 opens the wide t.opic of energy estimatcs; wc 
show on two typical t.heorems how the Wick quantization can be useful to proving 
a priori estimates. 

2 . Elementary Fourier analysis via wave packets 

Let. 11 be a funct ion in thc Schwartz class of rapidly decreasing functions 
S(Rn): it means that u is a C00 function on Rn such that for ali multi-indicesl 
o,(3 

sup lxº~u(x)I = C0 p < oo. 
:z:EIR" 

A simple example of such a function is e-lzl2 , (!xi is t he Eucl idean norm of x) and 
more gcnerally if A is a symmetric positive defini te n x n matrix the function 

(2.1) 

bclongs Lo the SchwarLz class. The Pourier transform of u is defined as 

(2.2) f¡(() = r e - füx-( u(x)dx. 
l r*." 

lt i an easy mat.t.er lo check Lhat thc Pourier transform sends S(Rn) into iLself 
t. ~1lorcover1 íor A as above, we ha ve 

1a (01 . . . . . 0,.)EN",x" :: x~' ... x::·', f3EN",~ = ~: ... f1:;. 
1 J us i noticc tha.1 
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(2.3) 

In facL, diagonalizing the symmet ric mat.rix A, il i enough to prove thc one
dimcnsional version of (2.3), i.c. to check 

whcrc thc sccond cquality can be obtaincd by taking the ~·dcrivaUvc of j e ,,.<.., + •<l~ 
dx. L'sing (2.3) wc calculate for" E S(R") and < > O, dealing with absolutely 
convcrging int.cgrals, 

! ~ e-•1'1' dy + u(x). 

with absol11l11 vnlue$<1Ylllu'l!L 

Taking the lirniL when e goes to zero, we gct the Pourier inversion formu la 

(2.<I) 

So far we havc just provee\ that thc Pouricr transform is a.n isomorphism of thc 
hwartz clsss and providcd an explicit. inversion formula. This was dcviscd Lo 

rcfresh our memory on th is LOpic and we wam now to movc forward with thc 
dcfinition of our wavc pa.ckcts. We define for X E R", (y, 11) E an X R" 

(2.,l) <Pv,'l(x) 211/•le-,...(.i:-y)2 e2ur(.i:-y) 'I = 2nf ie-,...(z-y- i11f' e-u12 

whcre íor ( ((11 ••• ,(11 ) E C11 , wc sel 

(2.6) (' 
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We note that the funcLion l(Jy ,r¡ is in S(Rn) and with !.} norm l. In fact, 'Py,r, 

appcars as a phase translation of a normalized Gaussian. The foUowing lemma 
introduces the wave packets transform as a Gabor wavelet. 

Lemma 2.1. Let ·u be a function in the Schwartz class S(Rn). We define 

W u(y, 17) = (u, ip,,,,) L'(R") = 2"'' j u(x)e-•(%- y)' .-2;• (%-y)·ndx 

(2. 7) = 2n/•1 j u(x)e-•(y- ;n-")' dxe-•"'. 

For u E l 2(R"), Ute function Tu defined by 

(Tu)(y + i'l) = e""' Wu(y, -1/) = 2n/•I j u(x)e-•(y+;n-"l' dx 

is an entire function. The mapping u 1-+ Wu is continuous from S(R") to S(R2n) 
and 1"".3ometric from L2 (R11 ) to L2{JR2" ) . Moreover1 we have the reconstructionfor
m·uia 

(2.8) u(x) = ( ( Wu(y,1/)'Py.n(x)dyd1/. 
j j R" xR" 

Proof Por u in S(R11 ), we have 

Wu(y,1/) = e2;,,.""01(1/,Y) 

where fi 1 is the Fourier transform with respect to t he first varia ble of the S(R2") 

function íl:(x,y) = u(x)e-1T(x-v)22"14. Thus the function Wu belongs Lo S(R2" ) . 

IL makes sense to compute 

Now Lhe last. i ntegra l on JR:4n converges absolutely and we can use wi t houL shame 
t hc F'ubini t heorem. Integrating with respecL Lo 17 involves the F'ourier tra nsform 
of a Gaussian funct.ion and we get c ne-"c- 2 (:i:i-z:1f". Since 

2(X1 - y)2 + 2(X2 - y) 2 = (X J r X2 - 2y)2 + (X1 - X2)2. 

integrati ng with respecL Lo y yielcls a facLOr 2-n/2 . Wc are lefL wit.h 
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(Wu, ll"u)1,'(R'") 

'hanging thc variables, Lhc integral is 

by Lcbesguc' dominaLcd convcrgcncc theorcm: the lriangle inequaliLy and thc 
tirnalc lu(x)I :5 C(I 1 lxl)_,,_, imply, with v u/C, 

lv(s 1 ct/2) ü(s-ct/2)1 :5 (1 r Is¡ ct/21)-0 - 1(1 1 Is 1 ct/21)_,,_ , 
:5 (I 1 Is 1 ct/21 +Is - <t/ 21)_,,_, 
:5 (1 r2lsll-n-l_ 

Ev ntually, this provcs t.hat. 

(2.9) 
i.(' 

W : !}(IR" ) ~ /}(R2") with 

Xoticing first. t.haL JI Wu(·y1 11)f1'y,r¡dyd'f] bclongs to / . ..2(Rn) (wiLh a norm small r 

Lhan ll1FuJ11,1 cR2")) and applying F\lbini 's theorcm, wc gcL from t.ho polariiat.ion 
of (2.9) for u,v e S(R"), 

~·it>lding thr rcsut1. of thc lcm1na u J J \\ ·u(y. 11)1.P11.11dyd17. 

111c following lcmma is in facL t.hc Poisson summaLion formula for Gaussian 
functions in onr dimcnsion. 

Lemma 2.2. For all complex nmnbers z, the /ollowmg series are absol'Utely con
t: rgmg and 
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(2.10) ¿ e-w(:+m)2 = L e-'..-n•' e2i:x-m.:.. 

mEZ mEZ 

Pmof We set w(z ) = Lmez e-7l'(z-l-m )2 . The function w is entire and 1-periodic 
since for aU m. E Z, z 1-1o e-1'r(:+m)2 is entire and for R > O 

sup le-.¡,+m)'l '.ó sup le-"2le-=' e2• lmlR E l 1(Z). 
/•/$R lz/$R 

Consequemly1 for z E R.1 we obtain, expanding w in Fourier series § 

w(z ) = ¿; e""" 1' w(x)e- """'dx. 
kEZ O 

We a/so check, using Mibini's theorem on l 1(0, 1) x l 1(Z) 

¿; 1' e-•(x-l·m)' .-fükzdx 

mEZ 

= f e-.,,.(1 e-2i1rkl = e-l'l"k2. 

jR 
So (2.10) is preved for real z and since both sides a re entire functions, we conclude 
by analytic continuation. O 

lt. is now straightforwarrd to get t he n-th dimensional version of lemma 2.2: 
for ali:; E C" , using t he nobation (2.6), we have 
(2. J l ) Í: e-'11'(: ·t·m)2 = ¿ e - 1rm2 e 2i7rnM:. 

uiEZ" mEZ" 

Tbeorem 2.3. The Poiss0N summation formula lel n be a positive inleger 
and u be a funclion in S(JR.n). I'lien 

iNotc t he.t we use t.his expa.nsion only for a C00 1-pcrioclic function. T hc proof is sim1>IC and 
requires only to compute 1 + 2R.e L:i<k<N c2hrkx = '1":f~~; l)x. T hcn onc ho..s to show thnt íor 
a smoolh 1-periodic function w such uhai: w(O) = O, 

lim f 1 s~n ,\x w(x)d.:r = O, 
.1. - •+ oo } 0 S in :lf:C 

which is obvious si ncc for u smooUh ti (hcrc wc tukc v(x) = w(z )/ sin :ir:i:), 1 ¡ 1 
'' (:r:)sin A:r:tfu:j = 

O(,\ - I) by inlcgrut ion by ¡mrls. 
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(2. 12) ¿:: u(k) = ¿:: ü(k), 
kEZ" kEZ" 

wliere ti stands for tite l'ourie1· tmnsform (2. 2) . 

Proof. \Ve writc, according Lo (2.8) and to F\J.bini 's theorem 

¿:: u(k) 
kEZ" 

L j j Wu(y, r¡)<p.,,(k)dydr¡ 
kEZ" 

(2.13) 

= jj Wu(y,r¡) L <f>. ,,(k)dyd1¡. 
kEZ" 

Now, (2. 11 ), (2.5) and (2.3) givc 

L: 'P •. ,(k) L: -•. ,(k). 
kezn kEZ" 

so that (2.13), (2.8) and l"ubini 's Lhcorcm imply (2.12). o 
lt is a simple rnattcr to introd uce et this point the dual space or thc F'réchct 

S(R"}1 that is t hc spacc S'(R'1 ) oí tcmperccl distributions (the continuous linea r 
rorms o n S{R")). Wc can de fi ne thc Pourie r transform o n S'(IR11 ) by duality , : 

(2.l•I) (T,<p)s•(R"),S(R") (T,\Ó)s•(R"),S(R" )< 

M> that the invcrsion fo rmula (2.4) s till holds for "I' E S'(R" ) and rcads 

J.. 

T 'Í', wi t h ('/ ',<¡>) (T,.p), .p(x) <p( - x ) . 

L'sing duality, it is a matler oí ro utine lc ít to the reaclcr to givc o vcrsion oí 
lcmma 2.1 for L mpcrcd dist ributions . Now theorem 2.3 can be givcn a more 
compact ,·crsion say ing: lirnt t hc tcmpcrecl distribution Do L:keZ" Ók is such 

that D;, Do. 
We hall 1)ccd as wcll a pararnCLric vcrsion oí wave packcts1 a nd we state hc rc 

a lemma a nalogous to lcmmo 2 .1, whosc p rooí i left to the rcHdcr. Wc de fine íor 
X E R•, (.\, y , r¡) E R'¡ X IR" X R" , 

, In th" íormuh1. bdow. wc dcal with real d uaJ11y. so t lm1. if 'l',VJ are in 
f}( "), {T,~5'(1"' ).S(I"') ('/ ',ip)1,1(R")· 
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(2.15) ~.,,(x) = (2...\)"l"e- ,,."(:i:- ur'e2iir(:i:-y)-11 = (2>..)"l "e-d{:r:-11- i>.- 111)'.le_ d - 1112 

We 1101.e that. the function 'P~,,, is in S(R") and with /.} norm l. 

Lemma 2.4. Let u be a function in the Schwarlz cla.ss S (R11 ). We define, for 
(,\, y,17) E R", X R" X R", 

w, u(y n) - (11 '"' ) - (2A}"/•I j u(x)e-»(z-y)' e-fü(z-y)·•ib; 
"' , ., - '1Y71,r¡ L~(R") - ' 

(2.16} 

For 1L E L2(R"), tlw function T,u defined by 

(2.17} (T,u)(y + i17) = A- "i'' e''"' W,u(y, -A17) = 2•/•1 j u(x)e-.>(y+;o-z)'dx 

'is an enlfre.function. The mapping u ,_ W"u is conlim.uous fromS(R11 ) to S(R2' 1 ) 

and isometricfrom. L2 (R11 ) lo l 2 (1R2"). Moreo·ver, we hm1e lhe reconstructionfor
m·ula far each posWve ...\, 

(2.1 8} u(x) = f" r w,u(y,17)cp~ •• (x)dyd17 
JR" X!R" 

In the next section, we sha ll clarify the role played by the Gaussian functions 
in Lhese formulas. 

3. A family of non-negative quantiza tions 

A few facts on classical a nd W eyl qua nt izations. LeL a.(x, () be a classical 
HamilLonian definecl on IR" x IR". The Weyl quantizaLion rule associales to Lhis 
funcLion Lhe operaLor aw clefined on functions u(x) as 

(3.1} !! . ( ) x+y 
(a'"u)(x ) =· e2' " - Y 1 a(~,{) u(y)dydf;. 

For instance we have {x · ()w = (x O:c 1 /)r · x)/2, wi t.h Dz = 2k- ./;_ whcreas 
Lhe classical quanLizat ion ru le would map Lhc Hamil t.onian x · ~ to Lhe opera
tor x · Dz.. A nice feaLUrc oí t he Wcyl quantir.fl.Lion rule, introducecl in 192 
by l lcrmann Wcyl in /Wy], is Lhe facL LhaL real l lamilwnians gei, quanLized by 
{íormally) self-adjoinL operaLors. Lct us recall that t.hc classical quanLizaLion of 
thc l lamil tonian a.(:i;, () is given by Lhc operator Op(a ) acting on f unctions u(x) by 
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(3.2) (Op(a)u)(x) j e2'"< a(x,{) u({)d{. 

In íact., introducing t.hc following one-parsmcter group JI = cxp2·i:rrt./J,¡; · De 1 

givcn by lhc integra.! formula 

(J'a)(x,{) 111-" jj e-2••1 ""a(x+11,{ 1 r¡)dydr¡, 

w 500 lh8L 

(Op(J'a)u)(x) jj e"*-•H a((I -t)x 1 ty, {)u(y)dyd{. 

In panicula r onc gcts a."' Op(J 112a). Moreover ince (Op(a))' = Op(Ja) wc 
obtain 

(a.'")" Op(J(J' i 'a)) Op{J 112a) (a)"', 

yiclding formal sclí-ac~joint.ncss for real a. Pormula (3.1) can be writtcn as 

(3.3) (a'"u,v) = jj a(x,ffH(u,v)(x,{)dxd{, 

wh re the Wigner function 'N is defincd as 

(:1.1) 'H(u, v)(x,{) Jtt(x 1 !i)v(x - !i¡e-"••-idy. 
2 2 

The mapping {u, v) - '1-l(H, v) is scsquilincar continuous from S(R") x S(R") to 
S(R2") li'"iO that. a111 makcs scnsc for a E S'(R2") (here u , v E S(R") and s · stands 
for the amidual): 

(a'"u, v)s· (R").S( ") (o, 'H(u, v))s•c '"),S(R'"> · 

Th<' W igncr íun tion atso sat.isfies, since 'h'.(u., v) is lhe psrtia.1 Fouricr t.ransform 
of the íunction (x, y) ~ u(x 1 y/2)v(x - y/ 2), 

ll'H(u,v)llr, '( '"> llttll1,'(R•)llvll1.'(R")o 

(3.S) 'H(u, u)(x,{) 2"(a,.{u, v)i'(R•)o 

with (a,~u)(y) u(2x -y)exp-4i.ir(x - y)·{, 



222 N icolus Lerner 

and Lh phase symmet.rics ax are unitary and selfadjoinL operators on L}(Rn). 
Wc havc also (IUI, IWyl), 

(3.6) a" J. a(X)2"axdX = J. íi(::':) exp (2i1r::': · M )á=, 
R2" R2" 

whcrc :=:.AJ .i:. x ¡ ~ · /J~ (hcre 3 = {X.~)). These formulas give in particular 

wherc .C( l 2 ) sta nds for t.hc space of boundecl linear maps írorn L2(R'1) int.o it.sel f. 
As shown below, t.he symplcct.ic invariancc of t.he Weyl quantizaLion is act.u

ally its most import.ant. property. Let. us consider a finite dimensional real vccLOr 
space E (the configuraLion space IR~) and it.s dua l space E' (the momenwm spacc 
R!)- The phase spacc is defincd as <t> = E E9 Eº ; it.s running poinL wi ll be clenoted 
in general by a capital !et.ter (X = (x1 ~), Y = (y,71)). The symplect.ic form on <1> 

is given by 

(3.8) l(x. ~). (y, 11)1 = (~. y)e-,E - (71,x)e·.e, 

where (-. ) E· .E stands for thc bracket of duality. The symplectic group is the 
subgroup of the linear group of cp preserving (3.8) . W ith 

= ( O ld (E' ) ) 
" - ld(E) O ' 

wc have for X, Y E <1> , [X, YI = (u X , Y }<t>• ,<ti , so that. t he equation of Lhe symplec· 
Lic group is A· u A = u. One can describe a set of generat.ors for the symplccLic 
group Sp(n), identifying <l> with IR:~ x IR(: Lhc mappings 

(i) (x, () ~ (Tx,' T - 1() , where T is an automorphism of E, 

(ii) (x • • {.) ~ ({• , -x.) , and the other coord inates fixed , 

(iii) (x,() .......... (x, ~ + Sx), where Sis symmctric from E Lo B". 

\Ve then describe t he mctaplectic group, int.roducccl by André Weil ¡wq. Thc 
rnetaplectic group A1p(n ) is the subgroup of t.hc group of uniLary transformat.ions 
or fY(R") generated by 

U) (Mru)(x) = jdet'.l'j - 112u(T- 1x), whcrc 7' is an automorphism of E, 

W) Partial F'ourier transformaLion, wi th rcspcct to Xt for k 1, ... , n , 
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llii) ~lultiplicaLion by exp(iir(Sx,x))) where Sis ymmecric from /'J to E•. 

Thcre xi lS a Lwo-fold covering (the " ' of both M p(n) and Sp(n) is Z) 

" : Mp(n) ~ Sp(n) 

such thal., if \ n(M) and u, vare in l . ..2(R"), 1i(u, v) i Lheir Wigner funcLion, 

'lt(Mu,Mv) = 'lt(u ,v) o \ - 1• 

Thi is gal formula [SJ which could be rcphrased es follows. ].;eL a E S'(JR2" ) 

ond \ E p(n). Thcrc cxists M in Lhc fiber of \ uch lhaL 

(3.9) 

In particuler1 t hc images by 7T of Lhe l.ransformation U), (.ü), (.ü.i) are rcspccLivcly 
(i), (ii), (iii}. Moreover, if X is thc phasc translation, \(x,() (x 1 "º'( 1 (u), 
(:S.9) is fulfillrd wil.h M T.r0 ,(o, Lhc phase tran lation givcn by 

(r.,,,¡0u)(y) u(y - xo) e2'"<•-'f.io>. 

lí \is the symmctry wiLh rcspect l.O (xo,~0) 1 J\I in (3.9) is, up to a unit facwr 1 

th phase syinmcLry a.ro.fo clofincd above. Thi yield th following composit.ion 
formula awbw = (a.~b)ui wiLh 

(atb)(X) = 22" jf .-·li•IX- >'.X-Zlap ·')b(Z)dYdZ, 

wit.h an integral on R2º x JR.2". We can compare thi with thc classical composi
Lion formula, 

Op(a)Op(b) = Op(aob) 

(cf.(3.2)) with 

(aob)(x,() jj e- 20 .. ·•a(x,~ H¡)b(y 1 x,Odydi¡, 

with an integral on R" x R". IL is convcnicnt to give an asymptoLic vcrsion of 
th compositions forrnulae, e.g. in Lhc semi-cla icaJll case. LcL m. be a rcol 
numbcr. A mool.h function a.(x,(, ,.\) dcfinccl on R~ x R(1 x ! l 1 1 oo) is in Lhe 

\\'(' ha'~ dC'\"Clo¡>Cd n 1 ns tc íor us ing a large. para.mclcr .\ 1nstc1td of n 11mall P lanck constnnt 
h "" º''"I). l/h will glvc bnck thc mo re fa m ili&r picturc. 
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ymOOI class ;;1 if 

Th n onc has for a E ;,;/ and b E S':::í' 1 1,he xpan ion 

(3.1 1) 

wi th rN(a, b) E 
whcrc 

(ocb)(x, () 
- k (- l)IPI D p . L 2 L a!/I! D(&'ja D(ff;b 1 1N(a,b), 

0$. k< N lol 11.Bl ""k 
;:,1 1 m:i-N . The bcginning or this expansion is thus ab 1 t {a, b}, 

{a, b) L 8(,a 8,, b - 8,,a 8(, b 
l $.j$. 11 

is thc Poisson brackcL ancl 1, = 21d.. The ums inside (3.1 1) with k even are 
ymmetric in a, b and skcw-symmctric íor k odd. This ca n be compare<l Lo Lhc 

cle.ssical ·pan ion formula 

wi t h l N(O, b) E 

(ao b)(x,() = L ~D(a lf,' b -1 lN(a,b) , 
lol<N o. 

Oeftnili on and Arsl properlies of the Wick quantization. Lel r be an 
1.::uclidcan norm on R2n , idcnt ifiecl wilh a 2n x 2n symmeLric malrix ; we defi ne 

f<' - uT- 1u, wherc a = ( -~11 ci' ) . Wc shall say that. r isa sym plcct ic 

nonn whcncver r = rº. Thc basic examplcs of symplectic norms t.hal wc are 
going to use are 

(3.12) r = ,\Id .12 l d~ I' = ( M " o ) 
,\ X / ). Q >, - 1 ¡n , 

whcre A is a positive parameter. Our consLruct.ion of the Wick quant izat ion 
coulcl be carried out for any symplec tic norm, however, for simplicit.y, wc shall 
limit oursclves to the norrns (3. 12). Thc following definiLion conLai ns also sorne 
cll' ical propenies. 

D eftnition 3.1. Lct Y = (y 1 r¡) be a poinl in R211 and A > O. \.V d fine first Lhc 
operator 
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(3.13) 

Thi i a rank- ne on.hogona.I projcction: using the notation (2.15- 16), wo hove 

(3.14) 

L<'l a be in l (R2"). Thc Wick(,\) qu&ntizaLion oí a is dcfi nccl as 

(3.15) alVkk(A) f. ," a(Y)E~·dY 

To ch('('k (3.13) 1 starting frorn (3.1 11) is ancas~· l'X<'rtic;e on thc Wcyl quantizn tion 
lrít to the rc8dcr. 

Proposition 3.2. let A be a positive number anda be"' /., (R2"). Theu 

(:1.1 6) 

u•/lPrr H .\ is tlie 1Bomelr1c UW.]J¡J ing from / . ..2(Rn) to / . ..2(R2n) gi11e11 in (2.1 G) , (UUI 
aµ the operotor o/ mtill¡pl'iralion by a ui l 2(R2") /'he opcmt.01· rr11 :.. W.\ W,\ ' ·" 
the orthogo11al pm1cclion 0 ·11 a closed proper bub.'tparc 11>. of / . ..2(R2"}. Morrover, 
wr hatie 

(3 li ) 

(3.1 ) 

(3.19) 

a(X) ;:: O => awkk(>l;:: O, 

JJroof. llcrc wc assumo thot ,\ 1 and omit Lhc indcxation by ,\. Thc ca lcu lations 
arr anAlogous íor 01.hcr positivo valucs oí A. Thc first. propcrLics ond (3.18) 
are immOOiatC' onscquencrs of lcmma 2.1. Thc operator 7r 11 is fin orLhogonol 
proj tion on its rnngc, which is thc samc as th rangc of H' and thc lattcr is 
d0ei4.'Cl -.incc 1V is isomctric. On thc othcr hand. ií11 is noL orno, oLh rwisc rr 11 

would be lhc idcntity of /}(R2") nnd for ali u E S(R"), wc wou ld hove 



226 

l(o"' u,v)f 

N icolas Ler ner 

lf.," u(Y)(E1•u, u)d \' I 11.'" o(\ ')(E1•u, Eyv}dYI 

~ 11•111.-(R'") J. llE1•ulli•(R"Jlf ' ,,vllL'(ll" )d\' 
R1" 

)'" ( )''' ~ 11•1 11.-(R'") (J., .. llE1·•lli•c•"ldY f.," llE1·•lli·c .. ,dY 

11• l l 1.-c•"· > l lu.l l 1.•1•", 11• l l 1.•c•",. 

yiclding (3.1 7). í-br }""1 Z E JR.21l a st. raight.forward computat.ion shows t. hat. t.he 
\Vcyl s)·mbol of L)· ~z is, flS a f uncLion of thc variable S E R2n, sctt.i ng r· 1 (T ) 

l'lf 

Since for the \Veyl qua nt. ization, one has lla '"llc(/,1(5.")) s; 2nllal11,1 (Rl")• w gct. 
thc r ult (3.1 9). O 

!lenwrk: Thc positivit.y propcr t.y (3. 18) is not. satisfied for t.hc Wcy l quanLizHtion 
sincc thc \Vigncr fu nct. ion 'h'. (u , u ) (sec (3.11 )) is not. atways non-negati vc, al t.hough 
it is acLUally positive if u is a Gauss ian funct. ion. \Ve leave t.o 1.hc rcadcr thc 
computation of 1t(11 1 ,u 1 )(x,~ ) wh ich is ncgativc in a neighborhood \1 of t.hc 
or ig in in R2 " for t.hc choice u 1(x ) = x 1e-wfzl1 . Now, choosing a no1H1cgati 

a(x, 0 E Ce (V) and using (3.3) wc geL (a"u,, 1L 1) < O. 

P ro pos it ion 3.3. /,et rn be 11 real nmnber and p(x 1 ( 1 ..\) be a symbol in 8.~~ 1 (see 

(3.10)). Theu 

(3.20) 

with r(p) E s;:i- 1 so that lhe mappúig p - r (p) IS co ,itmuous. M oreover, r(p) 

if p is a lillear form or a conslant. 

Proof F'rom the defi nition 3 . 1, one has /JWlck(.\) pw, with 

(3.21) ,ii(X) - f. , f <X 1 Y) e-2"IW'l2"d Y 
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p(X) -1 f}. (1 - 0)-p"( X + BY)l' 'e->.r,(l')2"dYd0. 
Jo R2" 

•(p)(.\') 

Wc note now that t he estima.tes (3. 10) of ~1 on pare equivalent to 

Thus we geL 

ond sincc det( I '.\) 1, t.hc integral above i a con tant and Lhis implics t.hat 
r E ;:1- 1• Thc last. point. in Lhe proposilion follows from t he formule (3.2 1) 
showing th&t. r(p) dcpcnds li ncarly on p". O 

llcmark. l·br furthcr undorstt\nding of our re ulb, il woulcl be bel.ter LO use 
-.yrnbol cJa<;'iCS dcftncd by a mct.ric in t hc phasc c;pace, a-; i nt.roduccd in chupt.cr 
1 of 11 1 . As wc havo secn above1 

~' 
S(,\"',r'r,), 

tht\l is symbols uch that. 

or more accurat ly1 for at l k E N1 

'Y• (a) sup la('>(X )r•¡,1-m• i < 
XeR'.l" ,.\~ l , 

'l'eR'..1" ,1'.\('f) 1 

Proposition 3.ti. J la E J., (R211),b E S1ct' be rea/.ua/ued funct·ions. Titen 

(:l.22) [ l "'•"ÍA) 
Re(a lV•d<(Alb""'•(A)) ab -_!_ a'(Y)- b'( l ') 1 S , 

' liT 
whn-.11. :lc(ll(R• )) :S d.,,llal l 1,~'Y2(b) . //ere 12(b) is a semi-nonn of b in s;" and 
d,, deptuds only on the dú1ten.sio1t. 

l'roof. \\"e omil in t.hc proof bclow thc supcrscripts ..\. \Ve havc 
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ci w 1ckbw lck JI a(}' )b(Z )>: y>: z tlYdZ 

l! a(Y) lb(Y) + b'(Y) (Z - l')1l:1•E2dl' dZ 

wiLh 

+JI a( Y ) [!,' (1 - O)b" (Y 1- O(Z - Y))dO( Z - Y)' ] Ei·Ezd l' dZ 

- J a(l ' )b(Y) Ei·d Y + J J a(Y )b' (l' ) · (Z - Y) E1.E2 dY dZ \· R, 

R .! J <> (Y, Z )( Z - Y) ' E1·Ez dYdZ, 

whcrc Lhe norm oí t he quadraLic íorrn e>(Y, Z) is 1 s Lhan llalli -n (b); horc ~, (b) 

is a scnli -norm of Lhe symbol b. We necd now LO u Lhe celebra.Lec! '01, lar 's 
1 mmn in a version givon in t.hc papar IBLj{ lommc 4.2 .3' } (see also [H t ], !U]) . 

Le n1ma 3.5 ( o t.l a r ' s le m rna) . l.Jel (n ,;Vf , tt) be a u -finite measured spoce 
where 11 1s a pos1twe o -fi.ni le nwa.su.rn and Jet H be a ll llbert space. /,,et w - A ... 
be a weakly measumble mapp·ing from n ú1,to C{H ). IVe as ume tJtal 

M max ( .fllp_,eo fn u;1 i:,Aw' ll 11'J dp.(w'), suv ... eo fo 11A .... A.:,.1J 111dp.(w')) < 1 

Theu lhe operolor A = .fn Awdti(w) ·is boun ded on H with n-0nn less titan M . 
l=torn (3.19) and lemma 3.5 1 using 

on gel lhat 

(3.23) 

whef't' C(n) dcpcncl. only on Lhe dirnension. We check now t h second tcrm in 
Lhc cxprcssion or a Wkk bW1ck, using dofi ni tion 3.1 , 

[ 

wlll ~-.O 1 •· 
(3 2·1) J b'(I') (Z - l') l:z r/Z - b'( V ) . J ( Í-X ¡ X - )')2"• 3•r(x z¡ dZ 

b'p ·¡ 1.r. 

whcrc l.,,. is lh<' (vccLOr-va lucd) linear íonn .\" - Y. Nole Lhat, írom proposi Lion 
:t3, /, 11t. l}' 'ldt . \\le gcL then 
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(3.25) R (oW~kb\Vkk) (ab)Wkk 1 J a( l ')ll( l '). Re(l\!Ei·)dY 1 Rc/I. 

Now, sinC'C l .. \. is a real linear íorm , wc hav 

(3.26) R (/,\~E , ·) [(X - Y)2"e-2• 1'(X-i->J" ...!..v\'.(Ei·) 
.17, 

An int gralion by parts, in t.hc cli st.ribulion nsc, gh-es whet wc cxpcct. in prop<> 
"itíon 3. 1, cxc pt. po~sibly for 

(3.27) - ...!... /a(Y)Trac (b"(l'))E,.d l ' t Ro/l. 
''" Th °''""ª' oí /1 in (:1.2;1), a E /, ,b ES(,\, \-tr¡ and tho oSL imatc oí llaw1''11 

in (3.17) applicd to t.hc integral in (:J .27) prO\'C the -;tatcmcnt. on S in proposiU011 
3.-1, wh proof is now cornpl ct.c. 

liernarl•. l'nd r lhc assurn pt.ions a E l., (R211 ), b E. !:1, '' havc ACt.uo lly provee\ 
that 

[ 1 ]w'''''I a"'k'('lbWkk(.\) ab - :f,; o'( l ') · b'(l') t -¡;-;;-{o,b) 1 .'i, 

"hrn· llSlitCl'Cl<"))) _ d .. llofü. -r.i(b) . 

The \ ic.k and Be rczi n- Wick quantization .. \ 1~·pin1\ problrrn in t. ht• ~1 11ul

Y"i~ of Pl)E is to dral with a ll omiltonian a(r.~) which is homogrrwous with 
rt"'IJX"Cl lo{. This is Lhc rcason which lrd to thf' lUdy of Lhc rn osL cla:;si('nl c:la"~ 
of p-.<'udo-diífercntial opcnnors: n smooth function a d<'finC'<:I on R2" bdongs to 
thr clft.."'' S"' (m is a givcn real number) whC'ne\'cr 

(:l.2'J) 

A \'Cr) nicc 1.001 1.0 stucly Lh<' propcrlics oí thi clas"i of opcrawrs is thr SO·('Hll«I 
l.lulrw'OOd-Pal y dccomposit ion, whi h rcdu~ the problc111 LO n scmi-dassict1 I 
onr. \\'c~h· hcrc a shorL integral vcr-.ion or thi tool. LoL O E Cgo ((l,2),R 1) 

such that J0
1 0(1 / .\)d.\ />. l. l'or \o E C, ({l~I 2)), idc nti('!\ Jl y cq iml Lo 1 

in thc unit ball, w 1 - :to, a E S"' we havc 

a(x,O lL(x,~ho(() 1 [ o(~) "'(()a(x,{)~. 

°'°" • lling a,(x,O a.(x,Ow({J0( 1!1J, wo thal 

a E s.:;:,, suppa, e¡,\ 51(15 2.\) and 

(3.30) a(r,() 
d.\ 

a;(x,fr:\ 1 \ (()a(x.~) whcrc \ E C, ({1(1 5 2)). 
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Now, wccan - t-u p, wiLh Oi E Cr; ((2- 1
1 22),R+),01:=1 on (J,2) 1 

(J.JI) 4,, (x,O = O(~)w(~). •h(x,0 = O,(~)w(~) , 
so thaL we ha' 

/,<~ el>. /,+ d>. _ 
(J.32) a = 

1 
a.;-:f 1 Xª = 

1 
·\/J;~a;~ \l';-:f + S , 

with '- = nmeR S"'. 

A a mauer oí fact., since 1/J;. = l on Lhe supporL of OJ. , we have1 wi t. h r1 E S~j 1 

Sine ' "l SR.ti tics io:a: r:i l 5: C0r1 ,vmin(l{I N f1 , .. \ "" ltf!) '' gel t. het. f 1+00 r 'J d,\ / .. \ E 
. \ e can now modiíy (3.32) Lo gcL thc Berezi n-Wick quentizat.ion of a symbol 

a ES"': 

0 1JW 

l·'rom {:!.32} ancl proposiLion :t:~, we geL that 

1/1';.1 a~Vlclt{J.)'¡/J_\1 '1/•~' a'.\v•iu f l/•l"b:~1 - J,,\lÍ0r 

with bm- 1,.\ E •1- 1; it. is an eusy exorcise Lo prove Lhat ¡1• 1/',\~ b,, 1 - 1 ,.\b 'l/1>. d>./>. 
belong to n-r: This in1pl ics LhaL 

(J.3'1) 

ancl ince the Wick qmrnt iY.a.Lion is posiLive, w geL at once the stenclurd Gii rd ing 
incquality. 1..et a E S 1 be u non-negat ive symbol ¡ Lhen, wiLh an opcrator /? E 
Op(S11) , wc gct 

(J.J5) (a wu, u) 1,'(R" ) = f 100 (a'f '' ' ,v·'J:tt,1/•l"11) ~ 1 (Ru , ti) ~ -CllullI•cR")· 
./1 '-...,.-"' " 

20 

Oí coursc formula (3.31t) can be iteraLcxl so LhaL for any a E 11 , th re xists 
ii E S"' uch that a-DE .5'111 - 1 and 

(J.36) a"' (i /JW 1 r"i, wiLh r E -

llcmarks. l t i intercsLi11g LO noticc tha L th Wick une! the Bcrezin- W ick qut111Li-
1.ntion could be dcfincd in ~1 much more g nc-rnl íramcwork. involving clw of 
11~·11do-diírcrcmi11l oprra tors doflnecl by rnc t.ric;s as in chepcr 1 oí 11 1 lj. lil ín L, 
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followin,g lh prcscnLaLion in IBLJ, onc an writc íor a .ymbol in thc class (m, g) 
thUl 

a l 'Jn atp}·d } ~. 

t: ing Lhc m t r ie !J)·, one can define a symplectic metric 1"'1· such that 

g,· 5 1'1· r¡ 5 gf .. 

Thcn changing lightly our notations, wc can define thc W ick quant iwtion for 
thc 'iympl tic mctric l\ · 1 dcnouxl by Wick{rr). Then th formula 

o/JW l
2 
.. 1/•}!(a.rp1·)\\'idt(l'y)t.')"idY 

pro•oide-. 6 posith·c qunmizution of lhc symbol o. a...,r;,uming t.lltlt Lh symbol., 1h· 
nn• uniformly in S( 1, g) oncl supponcd in en ncighborhood of t h support of 1()1• . 

On lhr othC'r hond, t hr d i ffcrcnCC' 0 111 - a 8 n hl\.'i" \\·c~1J ... ymbol in S(mh, !J). 
¡\ difí<'rt'nt ancl more clcrncntary qucstion ¡., to undC'r<.U1nd to whiC'h rxtrnt 

C:trn -.itt.n functions phty All i 111pOr lt\nL rol{" in th<' ddinition f LhC' Wkk quonti-
1.nlion. \ ..,oWn'C'CI in tlw proofofThcor<'m l\.l.1 1 in lll l j, thc rC'gulnrlzH t io11 
of tOO ... ymbol by l hC' W ignor function of A Gau.,.,ian of th<.' conñgurution Sl)HC'<' 

(which i al<-0 a .ttussiHn funcLi n of lhC' pha.<:<- c.¡pacc) can br replocccl by r g
ulnritJllton b~· <l>~<J1 wlrnro 111 is ven wilh / ... 2(R1") norm l . DC'finiLi n :t i givC'~ 
lhflt thc> \\'cyl syinbol of a Wkk(..\) is Lh conV"olution 

In f 1 thC' solr vi r tuc of t his mollifi<'r is lo corf't"Sponcl Lo o non-nC'gntivc 
nprralor. hrre a rsnk-onr proj cction wh~ \ V yl symbol is thc Wigncr function 
ll( "',.,:) whrrt' is a GlH1ssion fu11cLion. ~oneth<'I<"' ;,p ooulcl be rcploccd by ony 
t•\·C'n (or odd) function1 buL in foct tl1~<1> would be an sppropriot.c substiLntt• ~ r 
H(-,;. ,:)4 h m~ thnt t hr foct tlmL tite omputation. with Goussian funcLio11s 
rnn b.· mRdr rathC'r rxpliciL is thc only xplanation to th<' populMity of Cuussian 
mollillcr. ror positiv(' qunmiwlion. 

, \ R finHI í<'rnark in Lhi~ Sl'Ction, onc could abo ~Y that Lh<' more rC'fine<.I 
IOY.t•rbound" giv n 1 y LhC' l;cffcrmon·Phong inrquality Rr ut OÍ rcach f t h<' 
tool mtrodoc«i hrr<'. Thc microlocalilation ill\'Oh"C'<l in this incquollty us(• s 
C 'AldNó11-Z~·gmund dccomposition, which clC'pC'nd-. hc-avily 011 Lhc symbol unclrr 
"<:Qpf llO"A1'\('r, thr strr ngth of Lh<.' wa\'<' packct-. mcthod rclics n LhC' foct thRt 
it pro' id~" non-nrgativr qunnti1.a1ion. 
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4. R egu larity of Functions 

Going back to 1 mma 2.11, we recall t.hot with tiV>.t' de fined in (2. 1 G) ancl <P~ •• 1 

givcn in (2.15), " have for any posi t.ive ;\, and u E S1{R11 ) , 

in such a wa~· Lha1 T>. is an ent.ire funct.ion . .\"ow t.he funct.ion lttf.\u i clefined on 
Lhe phase sPace R211 a nd appears as a good representative of t he funct.ion 11 8L 
thc frec¡uency ..\. In fact., using the 13erezin-Wick quanLi?.at.ion of sect.ion 3, we 
havc 

•""'qWlcl<(>),1w / /
· l·OO d,\ 

u = . 1 'Y).'>.. .,1,\1LT 

The follon·ing proposit.ion is preved in !CJ (see also [DJ), u ing t.he operat.ors 

Proposition ~1. i. // ·' regula ri ty. Del s be a reol number, n be an open. set of 
R".uEV'(!1)011d(xo, {o) E fl x(IR" \{O}) "i'°(!1). Tlte11 11 E 11;0 ,fo ifft.here 
ex1sl5 a 11e1ghborhood \lo of (.7;o, {o/ l{ol) s11ch lhal far ali\ E C:'°(r.1 (\fo)) 

(4.2) !!. . 2 • .,, d>. 
. >S l(IS'·'· I W;(\11)(x,~)I dxd~>. -;¡- < 1 

(.i:, J!r )e \/o 

;\.B. In fact. the 1 fL-lrnnd-sidc of (11.2) appears as Lhe H .$ norrn of a"·\u1 wher 
a is a ymbol in Sº whosc essenLial supporL is inctuded in \,(,. 

lt is prcuy r Jllarkablc Lhat. t.his t.ool could be used as well LO el cribe C vrey 
reg ularity (thc a nalyt.ic cuso is a = 1 ). 

Propositioa 4.2 . Gevrey G'" regu larity. let a > 0 1 Sl be a.n ope11 set o/ 
R" , 11 E V'(!1) and (xu, {o) E !1 x (IR"\ {O}) 'i" (!1) . Tlien u E c;,,fo iff Ll1ere 
ex1 ls a 11e1ghborhood \lo of(xo,{o/l{ol) such that, for ali~ E Ce (rr1(\/o)) ide11~ 
t1cally I ne.ar xo, thent e:ci.<;/,s p > O su.ch thal 

(4.3) sup; 2 1. ; s 1fü2.1. IW;(xu)(x,()lexp(p.\1/0 ) < 
(z, ~)EVo 

5. Energy estimates 

Propagalion est imates for micro- hyperbolic ope ret..ors . 1 ... ct us considcr 
». principal lYP<' propcrly s11pport.cd pseudo-cli ll rcntial opennor /> of ordcr m 
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on an open t n of R'1 ancl a ume first that lhe principal ymbol p(x, €) is 
rrnl-\'UluOO. J,,('t r' (-r(t)hoc::t<Tt be a picce of bicharact ristic curve, tlrnL is ar1 

lnt ral curv oí tho l l atnilL0~1i~n vector ficld of p. 

d 
di-,( t} 11,,('Y(l}}, lfp 

¿ ...I!._.!_ _ _.!!_!!_ 
1$.J$" ~, :r, x, 8~) 

rhr clll: :o.ira! propagA.tion-of-singulariti 
thnt if u E V'(fl} is uch t hat 

rcsult (seelhoorom 26.l.'I in [1 11 1} stntcs 

P·u E //f., 
tlwn 

11 E //~N~l)-1' 

r hr tmr suncmcnt rcnrnins true if the imaginary part of pis non-nrgnLive. l f 
thr imttgmery pttrt of p ronrnins non-p01;;itivc, thr rólC' of 70 1:1nd T1 should be 
('xchan"'l'° in thc sUH<.'lllC'llL ~\bovc. Therc are r-...eruially lwo fAmil ics of prOOÍ'i 
oí tht n.'!-.Ult". ThC' firs t 011c clf'als with Fouri<'r inlCl?;rBI opNato1·s rcdu('ing lh 
problrm to proving an et\sy <'sti tnfll<' for OpC'rato,.... of lYJX' 

o,, 1 1·0(.r1,.r'. /J') 

whcre ro i a pseuclo-clifl'crontiA.l opcrntor oí ord r O. Th(' scconcl typr oí prooí is 
mort' dirt"Ct, but in íacL cquiva\cnt, and consisto; oí finding a ZC'r"Oth-ordrr "multi
pli<r- ,l/o lo check 

2/le(P u, 1Mot'} 

íor 1t. compactly support.cd v. When ver thc imaginary perL o í pis non-ncgaUvc, 

Wf' ~a no11-ncgaLivc m 0 such that 

lln,,.(mo) ~'o - ~·, 

w~rc lf'J are non-11 gotivo symbol in S° upponcd re,p Livcly 11 or ¡rr~),j 
l ,2 t ing (3.2 ), it ÍS J)OSsibl LO gh 8 \'Cry imple appr0t1ch LO this kincl OÍ 
prool. Th natural 1111.111.iplior 1\40 is thc \ Vide quentization of a non-negativo 
Íunc:Uon mo(z, e) which is LhC charnct ri ti íun tion OÍ 811 opon SOL W such Lh8t 

//n,,.(mo) ~o - ~ . 

whrw ..lJ is a positivo mctiSurc support<.'d on an hypersurfocc ~, 3 ¡(7~) trnnsv r
... ,110 llR..,.. Thc fa t t httL m 0 is only l is noten obsta Ir t.o using p .28). 

oh'&bility estimaLes fo r a class of o p eralor with complex symbo ls. 
1\ lthoulh miC'ro-hyprrboli(' Opc'ratoN are "•'t'll-under.toocl fer quitr o lo ng Lime, 
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thr .. ituation for p~ udo-clifforenLitll opcrators with complex symbols is far more 
oomplicalcd. \\"e refcr Lh reaclor LO Lhe ·urvcss f112},jL2J for an overv icw on t h 
qucstions_ llO\\ \'er, wc wunt. to q110LC and commcnt in more detai ls Lhc rcsull oí 

p, lj. L l us oonsidcr t he opcrato r 

(5.1) /, IJ, 1 fr¡( t ,x, IJ,) 

whcrc t E R and q(t, x, ~) is a first ordcr symbol such that 

(5.2) q(t ,x,€) > O and ·' ~ t = q(s.x,{) ~O. 

Conclilion (5.2) app a rs ~l S Lhe natura l ondition to gct solvabilit.y for /.,' 1 thc 
adjoint operator of L: it is Lhe so-ca ll ee! condition (\ ') on the symbol r - iq(l , x, (). 
l t is not known if t his cond iLion is suffici nL for solvabilily oí I~ · 1 al t.hough t hc 
nCC' .,,¡ty is pro,,ed in [111 l(Corntlary 26.11. ). In lhc paper ILIJ, wc wor ablc t.o 
pro \'C the íollowi11g solvabilit.y rcsulL, sup plcment.i ng (5.2) by an xtrn nditio11. 

Theore m 5 .l. /,etq(t,:c,€) E Cº([ - 1, JI, (R~ x R()) be reo l-tialued salls/y1n9 
(5.2) such that 

(5.3) SUP¡11~1.(z.OER' "l ~a¡' r¡(l. ,x,€)l(I 1 1{1)- l IJ~I < 1 

We as.sume that tl1ere e:tists a con.'ltant Co such tha t, for 1(1 2:: 1, 

(5. 1) 1{1-· 1~(1,x, ol' 1 1{11~(1. ,x ,ol' :S Co~(t,x,{) 01 q(t ,x, 0 o. 
Theu, lhere exist two posil.'hJe constant.'1 C1, Po such llwt1 /or ali 11.(t , x) E Ce 
11a111shmg wlieu ltJ 2:: Po , 

(5.5) 

Th prooí is Loo long a.ncl t,oo t.echnica l Lo be rcproduccd hcre . llowcver t.hc 
id ni pretty imple and quite naYve 1 as a mat.Lcr oí fact. Condition (5.2) impli 
t.hat therc i a íunct.ion s(l.1 x, ü v~ilue<l in { - 1, 1} u h that. 

q(l,x,{)s(l ,x, {) = lq(t.,x,01 os . 
and Ft is a non·neg&l1' mea.sur . 

Thc function s is somchow a good choice for t.hc sign oí q. Th n wc choosc as a 
multiplicr lh opcrat.or 

s(t,x, ()Wlck 

nnd wc use propo ition 3.tt Lo handlc sorne of t.hc computations. Thc foct. t.haL 
wc dc»I with a no1H1egat.ivc quant.izat.ion plays an importru1l ról , 1 yoncl thc 
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lowcrbound~ prop n.ics. Uníortumncly, proposition 3..t is not nough t.o got. (5.5) 
a..itSuming (5.il), cxccpL ií Co is small nough. The argum m g ts m rl' compli
co.tcd lO L&cklc largo const.anLs C'o in (5A) and we ha' LO rcson. t.o thc more 
rcfincxl Bcals-1· ffcnnan part.itions oí unity. 
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