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As it is well known1 the theory of infinite-dimensional Lie algebras has been 
bcautifully and quite excitingly developed in recent two or t hree decacles. A Lie 
algcbra g is a linear space with a bilinear map 

[ , [ O X O 3 (X, Y ) ~ [X, Y[ E O 

satisfying the conditions 

(i) (skew-symmetry) [Y, XJ = -[X, YJ, 

(ii) (Jacobi identity) [X, [Y, Z[[ +[Y, [Z, XJ[ + JZ, [X, Yjj = O 

for ali X , Y, Z E g. The map [ , J is called the ccbracket,, or ubracket product" 
or 'rLic algebra structure1' on g. In this note, a ulinear space'1 rneans always a 
linear space over the complex field C. 

Thc most interesting ancl importanL class of inñniLe·dimensional Lie algebras 
are affine Lie a lgebras and the Virasoro algebra, whose representation t heory has 
cleep connections with various areas in maLhemat ics and mathematical physics 
such as invariant theory, modular functions1 soliton equations, conformal ñeld 
theory, particle physics, lattice models in statistical mechanics and so 0111 and has 
produced so many frui tful results. These results are explained in many literatures 
(see e.g., J5J, [6[, [11 [ and their bibliographies) . 

Thcre a re yet. sorne important algebraic systems which are related to or derive 
their origin from Lie algebras. One among t.hem is a Lie superalgebra. In our 
physical world, elementary particles are usually classified into two classes; bosons 
and fermions, where bosons behave under the commutation relations {i.e., xy -
yx = · · ·) a nd fermions obey the ant.i-commutation relations (i.e., xy+yx = · · · ). 
The uperalgcbra is a natural algebraic structure including both commutation and 
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anti-commutation relations in terms of Z2 structure, where Z2 = Z/2Z = {O, I} 
is the additive group such that 

o+ o = o, o+ I = I, I + I = o. 
A Z2-graded vector space is a vector space V equipped with a (given) direct 
sum decomposition V = V5 $ V¡, where Vo (resp. V¡) is called the "even" (resp. 
uodd") part oí V. When V = Vo $ V¡ is a ~-graded vector space, an element 
V E V is called "homogeneous" if V belongs to Vo or V¡. rr V E V; (j = o or I) , 
the number lvl := j E (O, l} is called the "parity" oí v. 

A Lie superalgebra is a Z2-graded vector space g = g5 Et! 91 with a bilinear 
map 

[ , [ g x g 3 (X, Y ) ~ JX , YJ E g, 

called a '1Lie superbrackct'', satisfying the condit ions 

(i) (grade preserving) Jg;, 9•1 C B;+k> 

(ii) (super-skew-symmetry) JY, XI -(- 1 )1-'ll>'l¡x, YI, 

(iii) (super-J acobi identity) ¡x , JY, ZI/ - (- 1 )1-'ll>'IJY, ¡x , Zll = ¡¡x, YI, ZI 

for ali homogeneous elements X, Y, Z E g. 
A linear subspace p of g is called a Z2-graded subspace if the direct sum 

decomposit ion p = (p n g5) (!) (p n Bi ) holds. A Z2-graded linear subspace p oí g 
is called a Lie sub-superalgebra if the condition 

x, Y E p => ¡x, YI E P 

is satisfied, then p itself is a Lie superalgebra. Moreover if p satisfies a stronger 
candil.ion 

X E p, Y E g => JX , Y / E p, 

p is called an uideal" of g. Notice that {O} and g itself are clearly ideals of g, called 
t he "trivial ideals". A finite-dimensional Lie superalgebra g is called "simple" if 
it does not have ideals other than trivial ones. 

Each element X in a Lie superalgebra g defines a linear operator adX on g 
by 

adX(Y) := ¡x , YI for ali Y E g, 

callcd the "adjoint action" of X on g. 
A Lie superalgebra gis called "abelian" or "super-commutative" in particular 

wlieu [X , Y j = O holds for al! elements X , Y E g. Other Lypical and important 
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examples of Lie superalgebras are provided by the space of linear t ransformations 
End(V) where V = V0Ell V¡ is a Z2-graded vector space. T he space End(V) carries 
a natural Z2-gradation 

End(V) = (End(V))0 Ell (End(\/))¡ 

defi ned by 

(End(V)); := {! E End(V) ; f(V•) C \l;+k for ali k E Z2}, 

and is a Lie superalgebra with the Lie superbracket defined by 

[/ , g[ := f o g - (-1)1/llglg o f 

for all homogeneous elements / 1 9 E End(V)1 where f o gis the usual notation 
of thc composition of maps. Notice that go is a Lie a lgebra) and that [/ 1 g] = 
f o g r go f if both f ancl g are odd elements. 1 n the case when dim( Vo) = : m and 
dim(Vi) : n are fin ite1 this Lie superalgebra is denoted by g((mln). Choosing a 
basis of Vo and V¡ , elements f in gl(mln) a re expressed by matrices 

(__;UQ_) }m 
! = ero )n -m n 

In this matrix expression, even part and odd part are given by 

gl(m[n)0 = { ( ~ 1 ~ ) } and gl(mlnh = { ( g 1 ~ ) } , 

ancl e.he Lie superbracket of gl(mln) is written as follows: 

[(-Wo-). (4*'-)J 
( AA' - A'A + BC' + B'C AB' - A'B +BD' - B'D ) 

CA' -C'A + DC' - D'C DD' - D'D +CB' + C'B . 

\Ve notice that , in this matrix expression (1) of f 1 the complex number 

str(f) := supertrace(f) := Lrace(A} - trace(D) 

is well-defi ned independent of a choice of a basis of Vo and Vt 1 and that 

supert race([f, gl) = O for ali f , g E End(V), 

(1) 
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and so 
sl(mln) ;; {/ E gl(mln) ; supert race(f) ; O } 

is a Lie sub-superalgebra. l t is easy to see that., if m f:. n, s[(mjn) does not 
have non-trivial ideals and so is a simple Lie superalgebra. Jn the case m = n, 
sl(mjm) contains the identity matrix hm which spans a one-dimensional ideal, 
and the quotient Lie superalgebra .s[(mjm)/Chm is simple. The Lie superalgebra 
s l(mln) (sl(mlm)/<CI2m when m ; n) is called the simple Lie superalgebra of type 
A(m-1 ,n-l). 

The classification of a li finite-dimensional simple Lie superalgebras was given 
by Kac [4]. It is never so easy as in the case of Lie a lgebras. Assuming the 
exisLence of a Cartan subalgebra and a non-degenerate super-invariant super-
symmmetric even bilinear form ( J ), 

A(m,n), osp(MIN), D(2, !;a) (a el O, -1), F(4), C(3) 

is the complete list. of finite-dimensional Lie supera!gebras with g1 i- {O} satisfy
ing these two conditions (see [4]) 1 called of Cartan type. Among the above list, 
A(m , n) and osp(Atf/N ) are ca!led of classical type, since Lhey can be expresse<l 
in tcrms of matrix forms as fo!lows : 
osp(2m + Jl2n) ;; 

1 ( ' 
B u X ¡ 

~ J 
}m 

e - 'A V y¡ y, )m (i) ; "••m•m~'"' ) - 'v -'u Z ¡ z, )1 (ii) D is an n x n matrix 

~¡ 
x2 z2 D E )n (ii i) 8 1 C are skew-symmetric ' 

- 'x, _ tz, F -'D )n (iv) E1 F a re symmetric - - --m 1 n n 

osp(2ml2n) := 

/(j, 
B X¡ 

X2 ) )m - 'A y¡ Y2 ) m (i) H '" m • m m"O. ) 
X2 D E )n (ii) D is an n x n matrix 

- 1xi F - 10 )n (i ii) B, C a re skew-symmetric . - -- (iv) E 1 F are symmetric 
m n n 

Let. g be a ñnitc-dimensional simple Lie superalgcbra írom thc above lisL. A 
maximal abel ian subalgebra ~ of oo is called a Cartan subalgebra of g if ad /-/ is 
a diagonalizable linear transformation of g for ali /1 E ~ · Noticc that a Cartan 
subalgcbra is not unique, but there is usua lly a "suitable" or "standard" choice 
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or a Cartan subalgebra. Por A(m, n) or osp(M IN ), the subalgebra ~ consisting 
of ali diagonal matrices is a Cartan subalgebra . 

Let ~be a Cartan subalgebra. Then, since ali adH (H E ~) are diagonalizable 
and mutua lly commutative, one can decompose g as the direct sum of simulta
noous eigenspaces of adfl ( H E ~). Each simultaneous eigenspace is given, by its 
definition1 in the following form 

g0 := {X E g ; ad ll{X) = o(H )X for ali // E I¡) 
= {X E g ; /H, XI = o( N)X for a li ¡:¡ E I¡}, 

where a E IJ° is a linear function on ~· A non-zero linear function et E f)" is called 
a "root" or more preciscly a uroot of g wi th respect to t hc Cartan subalgcbra 
~1' if 00 f: {O}, and then g0 is called the uroot space" of et. A root et is called 
ºcven" (resp. "odcl1') if its root space g0 is contained in even (resp. odd) pa rt of 
01 namely Oa e g0 (resp. g0 C g1). Lct ó denote t.he set of ali roots of g wit.h 
respcct to ~. and .Ó.cvcn (resp. Ó odd ) be its subset consisting of ali cvcn (resp. 
odd) roots. Then g decomposes into thc direct sum of t.hc Cartan subalgebra and 
its root spaces 

ae<> 

Notice t.hat, for o , {3 E 6. such tha t o + {3 E ó, a f- {3 is an even root if bot.h a 
and {3 a re cven or both are odd 1 and is an odd root if one among a and {3 is even 
and the other is odd . 

Let us look at an example where g = sl(m!n) and ~ is its Cartan subalgebra 
consisting of all diagonal matrices. In this case, we define a linear form a (l ,j) E ~· 
(I Si, j S m + n)by 

(

X ¡ 

for a li fl = ) 

m + n 

= L x;B;,; 
Xm+n i= I 

Then 
!J. ~ { o<'.i) ; 1 S i, j S m + n and i ¡l j) 

is the set of ali roots, and 
Oo<•.i) = C . E,,i 

is the root space of a(1J) because 

m +n 

Jll, B;.;J = L x.[Bk,k. B;,;J 
k = I 

(x, - x;)B;,; . 

E 1¡. 
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PuLting 

and 

one sees that 6.- = -.1.+ and thc set 6. is decomposed into the d isjoint union 
6. = /j. +u 6.-. This decomposition has the property 

which means 

is a Lie sub-superalgebra of g. In our case of .sl(m/n), n+ is t he sub-supera lgebra 
consisLing of ali upper t riangular matr ices. 

In general case, onc can decompose 6. as thc disjoint union of .ó,± satisfying 
the abovc conditions. A rnot o- is called a "positivc root" (resp. "negative root") 
if il belongs to 6,+ (resp. 6.-) . A positive root a is called "simple" i f it <loes 
not decompose into thc sum of two posiLivc roots1 namely there exist no posi t ive 
roots /3 and f satisfy ing o = fJ +f. Then a positive root is writtcn as a l inear 
combination of simple roots with coefficients in Z>o· l t is known that the number 
of simple roots is equal to climlJ, callcd the urank"-of g, ancl the set of simple roots 
is usually denoted by n = { a 1, • • • , a:e} where e = dim~ . In the case .sl(mjn), 
a;:= o(i,i+l) ('i. = 11 • • • 1 m -1- n - 1) a re simple roots and a l! posit ive roots o(iJ) 

(i < j) are written as a(i,j) = L:{: ! O'k· 

Let g be a fi nite-dimensional simple Lie superalgebra of Cartan type. Then, 
by its assumption, there exists a non-clegenerate bilinear form ( J ) on g satisfying 
Lhe followi ng conditions: 

(i) (super-invariance) 

( ii) (super-symmeLry) 

(ii i) (even) 

(/X, Y//Z) = (XI/Y, ZI), 

(Y/X) = (-1)1-'°lll'l(X/Y), 

(Go/g¡) = {O), 

which is uniquely determined up to scalar multiples since g is simple. otice 
Lhat, for s l(m/n) and osp(M/N), one can Lake (X/Y) = supertrace(XY). 

Given such inner product ( 1 ) on g, we consider t he Lie superalgebra 

g = (g 0C[t,C 11) $1CK $1Cd (2) 

with the Z:?-gradation 

(g), = o, 0 1C/t,c ' / 
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and with the Lie s•~eri>raoket [ , J defined by 

[X ®tm , Y®t"1 
[d, X ®tmJ 
[K, íiJ 

[X, YJ @tm+n + m(X[Y)óm+n,O · K , 
.- mX ®tm, 
,- {©} (i.e., CK is the ceBter of íiJ 

(or all X, Y E g aind m 1 n E Z, wlilere C[i, t-1¡ denotes t he r i»g of ¡DolyBomia.:ls in t 
and t- 1, namely the riRg 0f a li Laiurent polynomials in t. Tlüs infün.ibe-di1mensional 
ú ie superalgebra g is usl!lally called the "affinization1' of g or the "a;ffine Lie 
superalgebra" ©ver g. 'Fhen tf.te fifol.ibe-d•imensional Lie superalgeiDra g is called the 
"underlyingº fini te-<1l irneBsi0nal Lie superalgebra of g &n<il is naturnl~y identified 
with t be sui>-super,,Jgei>ra g ® t 0 of íi by the map g 3 X ~X® t0 E g ® t0 . 

T he root stl'l!lcture of a1~ a·fifü•FJ.e Lie superalgebra gis easily seen 6rom the root 

space decomposi bion g = Í) EB tBae.t.. g0 o f g. From t his deco1jfl¡¡>osHion a nd the 
defi nition (2) of Q, tífoe a:fifü.FJ.e Lie Sl!l¡Deralget>ra g decomp0ses as foll0ws : 

g = ( ~ @t0) EB CJ( EBCd EB ( E9 ~ ® tm ) EB ( L L 9n ® t"). 
e:¡lmeZ ae.6. nEZ 

'Dhen one can see easily t ln.a•tJ 

is a Cartan sul:ialgeh>ra an€l [J ® tm a nd g0 ® C1 are root spaces. To see i.t 1 one 
needs only to com¡:>l!ltJe the f0!1l0wing brackets for a E ó., X ~ Qa, H 1 H' E ~ and 
n,mEZ: 

and 

[H@t',X @t"I = [H,XJ@t" = a(H)·X®t", 
[d,X ®t"J = n·X ®t", 
[K, X®t"I = ©, 

[H @tº , H'@ tm¡ = [H,H'J ® tm = @, 

[d, ff'®tmJ = m · H'®tm, 
liJ<, H' ® t'"I = o. 

(3) 

(4) 

These formulas (3) &H<ll (4} iimply that g0 0 t 11 and [J ® tm 8Jre simu!tanjous 
eigenspaces of ali aclh (h E Qªff) ano so they are root spaces. 

ldentifying ~ 0 t0 witl~ Q1 0ne can write ~aff as 
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Then 1) is a linear subspace of i)ªD , and a linear form Q E lf extends uniquely to 
a linear formo E (l¡"D)' by letting a(!<) = a(d) := O. Introduce a linear form 
ó E ( ~ "D) • defined by 

ó(d) := 1, ó(T<) := o and ó(H ) := O ('IH E ~). 

Using this linear formó, (3) and (4) a re written as follows for ali h E ~·D : 

[h, X 0 t"[ = (nó + a)(h) ·X 0 t", 
[h, H' @t'"/ = mó(h)· H' ® t"', 

which shows that the set of ali roots of g is 

ó."D = {nó +a, mó ; aEó., n EZ, m EZ\ {O}} 

(5) 

and that mult(mó) = dim~ (O f- m E Z) since the root space of mó is~ 0 t"'. 
Whcn viewed from an affine Lie superalgebra 01 a Cartan subalgebra 1) of the 
underlying finite-dimensional Lie superalgebra g is somctimes called the ufinite 

Carrnn subalgebra" or the "finite part" of l)ªD. 
lt is usual to choose thc positive root system of Q as follows : 

so Lhat the sum oí positive root spaces of g is equal to 

A non-degenerate super-invariant supersymmetric bilinear form ( 1 ) on g 
cxtends naturally to the onc on the affine Lie superalgebra Q requiring that g 0 
C/t,t- 1/ isorthogonal to I< and d, and 

(X 0 tm¡ y 0 l") := (XjY)óm+,.,o , (J<jd) := 1, (l<jl<) = (djd) := O. 

This inner product is nonwdegenerate on t,ªff 1 and so induces a linear isomorphism 

( ~ "U)' 3 ,\ ~ h; E ~·D 

by ,\(/i) = (h; jh) for ali h E ~·D. Then the dual space ( ~ "D) • carries a non-
clcgcncratc inner product ( 1 ) define<I by 

(,\j¡i) := ,\(h,,) = (h;jh,,) for ali ,\ , ¡•E(~"º)'. 
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We remark here Lha L, under this isomo rphism IJªº ~ ( IJªD)• , Lhe primitive imag
inanJ root 6 is identified with the canonical central element r<, so in particular 

(óló) =o and (óla) = O for ali o E I'., (6) 

since Lhe elemenL corresponding to a: E ó. belongs to Lhe fin itc Cartan subalgebra 
o . o) v20 

~ O< ~ 0 1 . When o 1s a root such that lol· := (ola ~ O, t hc clement o := la l2 

is called Lhe ncoroot,'' corresponding to a:. 
lt is known t hat, given a posit ive root system jj.+ of 91 thcl'C cxists a uniq ue 

elemcnt p E ( IJªD)•, callcd thc 'iWeyl vector" of ij, saLisfying thc conditions 

(i) (plo) = (ola) for ali simple roots o of L'. ', 
2 

(ii) (pló)(.\I¡<) = L (ol.\)(olµ) - L (ol.\)(011<) for ali ,\, /t E I¡" , 

(iii) p(d) = o. 
Remark l. In the case when o is an affine Lie algebra oran affine Die supeml
gebra, it i.s usu.o.l to denote 'ils underlying fi11ite-dime1Mional al,qebra by g and also 
to denote all objects ofg by pulting "bar" on the top. Namely, i.n litis notali.0111 

tlie Garlan subalgebra of O is denoled by ~ and the set of roots is denoled by K 
ar1d so on, while the objects of an affine L,i.e superalgebm o are denoted by usual 
notatron without extra accessories. 

In tJie sequel of this paper, we shall make use of this nolati.on. So1 when o is 
an affine Lie superalgebra1 we denote its Garlan su.balgebra by IJ in place of ~aU 
and the set of all roots of B by L'. ; namely ~ = i) E!) C K E!) Cd and 

il = {nó -1- 0,mó; "EX, nEZ, m EZ \{O)). 

In particula r when o has no odd part nemely o1 = {O}, thcn o is a usual Lic 
algebra, and it.s a ffi nization is t he usual affine Lie a lgebra. The firs t remarkable 
resull of t.he representation t heory of affine Lie a lgebras was t he denominator 
identit.y: TI ( 1 _ e-º)mult(o) = L €(w)ewp-p1 (7) 

oEA+ wEIV 

which was discovcred by Macdonald [91 by t.he analysis on t he structure of Lhe 
affine roOL systems, a nd is called Macdonald idcntity or Weyl-I<ac denominator 
iclentity. In this fo rmula (7), jj.+ is Lhe set of ali posiLive roots of the affine 
Lie algcbra 01 a nd mult(u) is Lhe dimension of the root space g01 and W is Lhe 



176 Minoru Wakimoto 

Weyl group of 9, and e(w) is the signa.ture of w E W. Por detail explanation on 
these terminologies and proof ancl relatecl materials, refer to books [5] and [11]. 
The sirnplest example of Macdonal<!Ps identi t ity, for ;¡(2, C), is the Jacobi triple 
prnduct identity (see [5[ and [11 [): 

n= I nEZ 

This formula (8) produces a lot of identities related to the Euler's fu11ct ion 

<p(q) := rr (! - q") 
n = l 

by !e tting ·u = ±qª and v = ±<l, ca llee! the uspecialization" of variables, where 
a and b are sorne sui Lable rational numbers. For example, one easily sees the 
fotlowing : 

·u = q2 , v = q => <p(q) = I:( - l)"q * (9) 
nEZ 

u = q. v = q => <p(q)' = I:( - J)"q"' 
<p(IJ') nE Z 

(JO) 

<p(q')' 1 ~ 
00 

~ U = -q, V = - 1 => <p(q)' = 2 I:q = .Lq (11) 
nEZ n= O 

The formula (10) shows that ~ is the generating func t ion of s<I)uares. Mak
ing the k-products of (10), one l;ias 

( <p(q)' )k 
<p(q') 

( I: (-J)"'q"l) ... ( I: (-l)"'q"l) 
n1EZ n1i:EZ ¿ (-l)ni+···nkqn?-1·· .. ·rnl 

n1 ,·"nkEZ 

f ( L (-l)m )qm 
m = O nio"nkEZ 

00 

L (-l¡mOk(m)q"', 
m = O ... 

n~ + ·+nl =m 

whcrc 

o.(m) Wn1,···,n•)E'J1!; ni+ ·· · + ni = m) 
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is Lhe number of represent.ations o f m as a sum of k squares of integers taking 
inl o account. Lhe order of summands. Por exa.mple D2(m) 's, for small m, look as 
follows: 

02(0) = Ü{(O, O)) = 1, 
0,(2) = Ü{(± l, ± 1)) = 4, 

02(1) = i{(0,±1),(±1,0)) = 'l, 
02(3) = o, 

T he numbers (n 2 t- n)/2, where n = O, t , 2, · , are called (1t.riangular numbers" 
bccause t hcy appcar as t.hc number of nod in the following sequence : 

o. o 
00' 

o 
00 
000 

o 
00 
000 
0000 

ffi:l' T hen t.hc formula ( 11 ) mea.ns that ~ is the generating function of t r iangular 
numbers, so one has 

'.el!!_ - L L'»( m )q"', ( 2)2 ) k 00 

cp(r¡) m~o 

whcre 

D, ) { ) ( )k. (i) n 1, · • , nk are triangular numbcrs } . 
,(m :- i (n1, . .,n, E Z20 ' (ii) n1 + ... t nk = m 

The denominator identity for affinc Lie superalgebras is much more con1pJi. 
cat.ed than in t.he case of usual affine L ie algebras and is wri t tcn in t hc following 
form 

(12) 

where {.81, · · · 1 ,6d is a maximal set of simple odd roots satisfy ing (,6¡1,6;) = O 
for ali i,j 1, · · , k (see [7J a nd [ J for complete explanation and de tails). This 
formula {12) holds cxcept fo r A(n,n), 0.-p(N + 2JN) a nd 0(2, l ;a) where (p[ó) 
happens t.o be O. Usually we cal\ t.he left side of ( 12) the 11denominator" 1 and 
denote it by R. 

To explain t.he Weyl group 1'V1 we introduce thc following linear t ransforma
Lion r. and to of ~· dcfi ned for o,{J E ~· such that (o[o) i O: 

( ') , 2(,\[o) 
r0 A A - (o[o) o , (13) 

to(,\) ,\ 1 (,\[o)fJ - { (fJ~l (,\Jo)+ (,\JfJ) } o, (l 'l ) 
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fo r atl >. E ~ · . I t is easy to see t hat these t ransformations satisfy 

and (15) 

ancl preserve the in_ner product , namely 

a nd 

for a li A, µ E ~ · . Not ice that r 0 is the reftection wit h respect to t hc hyperplane 
{ H ; a( H ) = O}, and so in pa rt icula r r0 (a) = -a and (r0 )2 is the identity 
Lransformation. 

The Weyl group IV is a subgroup of GL( ~' ) generatecl by ·r0 's and t¡/s wi th 
ali positive even roots a and all positi ve even coroots f3 of g of posit ive (resp. 
negat ive) squarc length if (pió) > O (resp. (pió) < O). T he signat ure funct ion < 
is thc g roup homomorphism W --t {± 1} defined by e- (r0 ) := - 1 and e:(lo) := J. 
:--.iot ice t hat the primit ivc imaginary root ó is fixed by aU elemems in the Wcyl 
g roup since (ólo) = O for a li roots a. 

\Ve now compute explicitly th is for mula ( 12) in the case ; 1(2jl). Por this sake1 

we reca ll the root sys tern of ¡j = s1(2l l ) : 

K+ = {a(l .2>, a<1.a>, a'2.3l) = {a,, º" ª' + 02 ) 

whcrc a 1 := aP.2> is an cvcn simple 1·00L ancl 02 := 0«2•3) is an odd simple 
root. The elements /-J¡ (i = 1, 2) correspond ing to t hese simple roots in t he fini te 
Canan subalgebra 

~ = { (4 ) ; a+b-c=O} 
are given by 

since Lhese elements sat isíy 

st r(// 1 // ) 
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and 

str( H2H) = str((+,) (4 )) = str(4 ) 

= b -c = a2( H) 

for ali H = ( 4 ) E G- Thcn the inner producLS of simple roots are given 

as rollows : 

str(f/1//1 ) = str( (4) (4 )) 
str(4 ) 2, 

str(//1//2) = sir ( ( 4 ) ( +.)) 
str ( 4 ) = - 1, 

str(/J,/J, ) = str ( ( +.) ( +.)) 
str(+,) = O. 

(adai) (a2la2) . 
Then one has (plai) = - 2- = 1 and (plo2) = - 2- = O, and (pió) 1s 
computcd from thc concli t ion (ii) of the definition or p, in particular by letting 
..\ Jl 01, as follows: 

(pió) · lod2 = (oda1)2 - {(<»la1)2 J· (a1 + 02101)2) = 4 - {( - 1)2 + 12} = 2, 

and so onc obtains (pió) = 1 since lail 2 = 2. 
ince o 1 is the uniquc positive even root with positivc square lcngth and 

201 ~ 
ar (ado1) 0- 1, Lhe Weyl group "'' OÍ!il (21!) is generated by To¡ and lo¡ ancl 
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so 
W = {ln0 1 , 'ln0 1T01 ; nE Z}. 

T he denominator identity for ;[(211) is 

ePR = "°' t:(w )w (-e-P - ) , 
L.,¡ 1 + e - c1:2 

iuE W 

(16) 

where 

00 (1 - c"'J' (l - e - <n-1)ó- a, )(1 - _-nó+a,) 

R = l1 ( l + e- (n- l)ó-a2 )(l+e-nó+o2)(1 + e- (n- i}.5- et1-a2 )( l +e- nó+o1-H::t:l) · 

We now calculate t he right side of (16). Since 

2(pl<>1) 
Ta ,(P) = p - (<>iJ<>1)"' = p - C> ¡ 

one has 

where t.he action lnai is given as follows: 

lna ,(P) = p + (pló)net1 - {n2(pló) + (plnet1))ó = p + net¡ - (n2+ n)ó , 
l.n0 , (et¡) = <>1 + (et¡Jó)net¡ - {n 2(a ¡Jó) + (<> ilnet¡)}ó = <:>¡ - 2nó, 
l na , (et2) = et2 + (<>2ló)net1 - {n2(et2ló) + (et2lnet1}}ó = et2 + nó. 

Then, by putt.ing q := e- 6 and x := e- 0 1 and y := e-0 2 for s implicity1 ( 17) is 
calculat.ed as follows: 

right side o[ ( 16) 

so ( 16) becomes as follows: 

R = ~ x - n(jn(n-t- 1) - ~ x n + lr¡n(n+ I) 

L. 1 + 11</" L. 1 + x yq" · 
nEZ nEZ 

(18) 



A tapie rclated to infinite--dimensional Lie superalgebras 18 1 

To expond the righL side into the Taylor series in the domain lvl. lxyl, lql < 1, 
wc note the following: 

00 

L(- l)"'v"'q"'" if n ~ 01 

m= O 

1 1 yq" 

1 00 

yq"(I +y- lq-•) = y- lq-n L (- l)"'(y- lq- ")"' 
m = O 

= - L(- 1J"'v"'q"'" if n < O. 
m < O 

(19) 

Using this1 the equaliLy ( 18) is rewritten as follows: 

R = { L - L }( - l )"'x-•qn(n+I). y"'q""' 
m,n> O m,11< 0 -{ I: -L } (- l )"'x"Hqn(n+ l) . (xy)"' q""' 

m,11> 0 m,11 < 0 

{ L -- L } (-l)"'x-"y"'q"(mt·ntl) 
m,11~0 m,n< O 

-{ L - L }(- l)"'xm+n+ly"'q"(m+.,·H) (20) 
m,n~O m,n < O 

Wc now rewrite the second tcrm in the right side of the above by putting m1 := 
-(m --t 1) and n' := - (n + 1). Then1 since m ,n ~ O <==> m1,n1 < O ancl 
m,n < O<==::::> m' 1n1 ~ 01 t.hc sccond t.erm in (20) is rewrittcn as follows: 

{ L _ L }(- l)'"xm+nt l ymqn(mtn+ I) 
m,n~O 111 ,11 < 0 

{ L _ L } ( - l )"''+ lx- m'-n'- ly- m'- lq(" '+l)(m'+n'+ll, 

m',n' <O m',111 ~0 

and so (20) becomes as follows: 

R { L - L } (- l )"'(x- ly-lq)"y"''"q"(m+n) 
m,n~O m,n< O 

- { L _ L } (- l)""(x- ly- lq)"'""'+Iy'"q"'(m'·l .,'11). (2I) 
ru',11'~() 111',"' < 0 
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We put j := n and k := m + n in the first term, and j := m' +n' + 1 a nd k := n' 
in the second term. Then one has 

and 

m ,n 2'. O <==> k 2'. j 2'. O } 
m ,n < O {:::::::=:> k < j <O 

m/,n' ;::: o {:::::=> 

m', n' < O {:=} 

j>k2'.0 } 
j 5, k <o 

in t he first term 

in t he second term, 

and so (21) is rewritten as 

R = { L - L } r-1JH•rx-'v- ' q)iy•qi•. 
j,k?:O 7,k<O ' 

We now put. u:= (xy)- 1q and v := y. Then, since x = (uv) - 1q and y = v , 
t hc denominaLOr R. is wriLten in terms of u, v and q as follows: 

Thus we obtain the formula 

00 (l - q")2(1 - uvq"- 1)(1 -u- 1v - 1q") rr ( 1 -t-uq"- 1)(1 + u 1q")( I -t- vq"- 1)(1 + v- 1q") 

'(¿ - L: )r-1J'"+"u'Vq'"". (22) 
m,n;::O m,n<O 

Lct ting u - - u and v - -v, one can write t his formula also in the following 
form 

rroo (l - q")2(1 - uvq"- 1)(1 - u- 1v - 1q") - (" ")u"'v"<"'" 
(l - uq"- 1)(1 - u- 1q")( l - vq"- ' )(1- v- 1q") - L - L 1 

n= 1 m,n> O m ,n<O 

Formulas (22) and (23) are called the ;!(211 )-identity. 
- (23) 

Prom this formu la (23) one can deduce a formula for D2(m) and 0.1(m). To 
scc it, we start. with rewriting t he lcft side and t he first term in the right sic/e of 
(23) as follows: 

. 1 -uv 00 (l-q11 )2(1 - uvq11){ J - u - 1v - 1 q11 ) 

lefL s1dc of (23) = (I _ u)( I _ v) rr ( l - 1'<¡" )( 1- 1'- 'q" )( l -vq")( 1-v- 'q" ) > 

11- I 
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L "',,.v"q'"lfl 
m,11~0 

1 r L um 1 L v" + L u"'v"q"'" 
m~ I 11~ 1 m,11~ 1 

l + 1 ~U + 1 ~V + L umv 11qm11 
m,n~ l 

l - uv + L timv"q'"m. 
( 1 -u)( l -v) m,n~l 

'Thcn thc formula (23) is rewrittcn as follows: 

00 ( 1 - q" )2( l - uvq")( I - u- 1v- 1q" ) .Q (1 - uq" )( l -u-lq")(l -vq")( l -v- lq" ) 

1 r '""' (1-u)(l- v)(umvn __ l_)I/"'". (2<1) 
L- 1 -uv umvn 
m,11~ \ 

In particular lct.ting v u, onc obtains t.he following: 

l1 ( l - q")2(1 - u21¡'')( l - u - 2q") _ 1 r L ~ . u2("' 1 n) - 1 · q'"". (25) 
n 1 ( l - 1U¡º)2( J -·n- 1qn)2 - m,r1~ l 1 -i U ~ 

Lemma l. 

1) (L.::q"' )' H L (-l)"q'(2k+I), 
nEZ j~ l 

k~O 

2) (L.::1¡"' )' = 1+8 L (-l)(m-l)(n-l)mq"'". 
11EZ m,n~ I 

Proof. To prove 1), we leL u = i in (25). Then 

lefL sido or (25) = 

and 

right sidc or (25) 

00 ( 1 - q")2( 1 1 q")2 

11 ( 1 + 11'")' 
"1 

( 
00 (1 - q'">2 )' 
11 1 - 11'" 
n c:= I 

( 
00 1 - q"' ) ' 

= 111 + q"' 

(<p(il~)l 2 

<p(r¡') 

1 f-i '""' (- l)m+n - 1 "'" 
I + t=i L- ¡m-t •1 q 

m,n~ I 
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l .._ i ~ - 2 mn ¿ ·m·:n-l· lqmn. ¿_, im-t-nq = 1-4 1. 
m,n2:1 m,n2: 1 

:1.t. m = even 
m+n= odd n= odd 

Putting m = 2j and n = 2k ....._ 1, this is rewritten as 

4 """' l . q2;(2k- I) -- l - 4 """'(- l )j·ckq2j(2k-I). = l - L., i2(i+ k) L.., 
j,k';?.1 j,k2:l 

So, putting q2 = x, one has 

namely 

( L (-l)"x"')' = 1 -4 L (-J);+•x; (2k-1) 
nEZ j,k?. l 

1 + 4¿(- 1)i+kx1<2k+1>_ 

j2: 1 
k2:0 

Now letti ng x = - q proves the formu la in l). 
To show 2), we !et u----... - 1 ir;i (25). Then the left side becomes 

00 (1 ")' 
left side of (25) = f1 ~ 

n= l (l + q") 
( 

00 (1 - q")')' = (<p(q)') ' 
I1 l - q'" <p(q') 
n,,,. J 

'U2(m+ n) -] 
and theright side iscalculated 1 using u~~ 1 ~ = - 2(m + n), as follows: 

right si de of (25) 
m,n?. I 

l+BL: (- 1¡m+n+lmqm" . 
m ,n ?. I 

Then (25) gives 

(L:(-i)"r¡"')' 1 + 8 L (- i )'"+n+ Imqm" 
n EZ m ,n 2;1 

\ow rcplacing q by - q proves 2). O 
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T he fer.mula J) 0f trhis lemma 1 h>y putting 2k+ 1 = d, gives t.he famous for mula 
of Jncobi 131: 

D2(n) •I ¿ (-1)"'"1 
dEPl.,dd 

din 

As t.o Lhe right side of 2), we notice t he followi ng : 

Lemma 2. Let N be a pos?'.'ti·ve integer. Then 

L ( - l/"'- l)(n- l)m 

(m ,n)EPlxr+l 
.i.L, mn= N 

(26) 

¿ d. (27) 
dEN 

s.t .. '1fdlN 

Proof. To prove th is lemma, we look a t the left s ide of (27). Writing N as 
N = 2k M where M is ar.1 ocld integer1 ali of t he divisors of N are 

Wa; D:Sr:S k , ami alM). 

Let (m1 n ) be a pai•r of p0si1~ ive inbegers satisfying 111.n = N. 1'he1o1 one can rewrite 
m and n as follows: 

m = 2,.a ancl n = 2"'b, where r + s = k and ab ::::: M . 

So the left side of (27) car.i be rewrit ten as follows: 

left sideof(27) = L I: (-l)(r a- l )('""- 1>.2•·a . (28) 
0$r,.'f$k (l,blM 

,¡.t. :s.t. 
r ·l-.'f= k ab= M 

l lcre we noliice bhab 

e )( b l { l ·_1f r = O or s = O (1_:.e., r = 0 or r = k), 
( - l ) ' "• - I ,. - I = - 1 1f r , s2'. l (1 .. e., D< r < k) , (29) 

since both a and b in (28) a re odd. 
In t he case when k ::::: © or 1, 0ne sees, by (29) , t.ha t ( - l ) (ra- I )(2•&- l ) ::::: ¡ 

and so the right sicle of (28) is equal to 

{
¿ª 

L L 2'a = alM 

0$ r $ ka!M L a+ L 2a 
(1I M a lM 

if k = O (i.e. , N = M : ocld) 

if k = l (i.e. , N = 2M) =L:d, 
álN 
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hence (27) holds. So we have only to consider the case when k ~ 2. In thls case, 
the right side of (28) is t he sum of the following three components: 

right side of (28) = (term r = O) + (terms for O< r < k) + (term r = k). 

T hen, using (29), this becomes as follows: 

k- 1 

right side of (28) .La- .L.Lra+ ¿2•a 
a/M r = I alM alM 

La - (2• - 2) La+ L 2• a .La+ ¿ 2a, 
<llM a /M alM a/M a lM 

which is equal to L d because the set {a, 2a ; alM} is just the set of 
4fdlN 

divisors d of N satisfying 4 f d. Thus t he lemma is proved. O 

[3[ : 
From Lemma l .2) ancl Lemma 2, we arrive at the beautiful formula of Jacobi 

O, (N) =8 L d 
4fdlN 

i f N is a positive integer. (30) 

Turning back to the .5!(211)-identity (23), we !et u = {q~ a nd v = r¡q! in (23). 
Then we have 

= (1 - q")'(J _ ~7/q")( l _ (-111-lqn-1) 11 (1 -(q"-l)(J -(- l q"-~)(l - 77q"-l)(J-77- lqn-l) 

( L _ L )(m1/nQmn+"'f" 
m,n>O m,n<O 

q-t ( :L - :L )(m11"qrm+l>rn+l>. (31) 
m,n;::o m,n< O 

We rewrite the second term of the righL side in theabove by putting m = -(m'+ l ) 
and n = - (n' + l). Then, since 

¿ ~m17nq(m+1)(n -d) = ¿ ~-m1-1 17-n'-l q(m'+ ~)(n'+~) 1 
m,n<O m ' ,n' 2'.0 

thc above formula (31) is rewritten as follows: 

= (1 - q"J2(t-(w")(1-(-111- 1q"-1) I1 (1 - ( r¡" - J)(J -(-lq" - ol)( l - 17qn- J)( 1 - 17-lqn--l) 
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Dividing both sides by 1 - {- 117- 1, this formula is written as follows : 

LetLing ~ = ~ = l in (32) ami then replacing q by q', one has 

rr J _ q n ~ (2m+ l)(2n+l)- I 
( 

00 2 ) ' 
1 - q2n- I = L., (2m+ l)q ' . 

n = l m,n;::o 

And also letLing ~ = l ancl ·~ = - 1 in (32) gives 

00 (1 '")' rr -q _ ~ n (2m+ IH2t1+ 0 - l 

(1 _ 2n- 1)2 - L., (-l) q ' ' 
n := l q m,n!:'.:0 

l'rom these formulas (33) and (34), one obtains 

ó,(N) = L k 
kEN 

ki(2N+ I) 

and 62(N) = L (-1)~ . 
kEN 

kl(4N·H) 

(33) 

for NE Z>o· lt will be interesting to compare these formulas with (26) and (30). 
We no~v look at one more example oSp{312). In t.his case1 the data which we 

need to compute the denominator identi t.y are as follows : 

(i) 1 ) { 
K;dd {0:1, 0:1 + 0:2, 0 1+ 2a2}, 

rootsystem of osp(3 2: x~;.n = ¡,,,, 2(<>1 +<»)}. 

(ii) positive root system of o5"p(3[2) : 

{né, né-a, (n-l)é +a; aEX',n;:: 1). 
(iii) multiplicit.y of roots : 

mult(mé) = 2, mult(né +a) = 1 for ali a E ó and m,n. 

(iv) inner product in G': ((<>il <> i ) (<>1l<>2)) _ (O -~) 
(<>2l<>i) (<>2l<>2) - -~ ~ . 
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(v) Weyl vector p' (pla1) = O, (Pl<>2) = ~ and (pió) = -1 · 
(v i) Weyl group: W = {t2n(oi +0:2), l2n(ai +a2)T2(0:1+a2) ; n E Z} · 

These data are obtained from easy calculat ion as shown below. Prom the matrix 
expression 

osp(312) 
X1 X2 ) ) :1 Y2 
... ¡ z2 , 

d e 
f -d 

one sees t hat. osp(312) is a 12-dimens iona l Lie superalgebra with a basis E1,1 -E2,2 

and E.1,•1 - Es,s and the fo!Jowing elemenLs : 

E1, '1 - Es,2, E2,4 - Es,1, E3,4 - Bs,J, E1 ,3 - E 3,2 , E2,3 - EJ,1, 
E1,s - E.1,2, E2,s - E4,1, EJ,s - E4,J , E.1,s, Es,4· 

(35) 

Let. 

'= {d iagonal matrices} = <C · (E1,1 - E,,,) E!> <C · (E4,4 - Es,s) 

be t.he Cartan suba lgebra. Then the Lle superbrackets oí e!ements in fJ wi th each 
element in the a bove basis are gi ven as follows : 

la(E1,1 - E,,,) + d(E4 ,4 - Es,s), E1,4 - Es.21 
la(E1 ,1 - E,,,) + d(E<,4 - Es,s), E2,< - Es,tl 
la(E1,1 - E,,,)+ d(E4,4 - Es,s), E3,< - Es,31 
fa(E1 ,1 - E,,,)+ d(E4,4 - Es,;), E1,s - E4,2[ 
!a(E1,1 - E,,,) + d(E4,< - Es,s), E2,s - E4,t! 
la(E1,1 - E2,2) + d(E4,4 - Es,s), E3,s - E4,3I 
!a(E1 ,1 - E2,2) -1- d(E4,4 - Es,s), E 1,3 - E3.2I 
!a(E1 ,1 - l'h,2) + d(E4,< - Es,s), t:,,, - E3, t! 
!a(E1,1 - E,,,)+ d(E4,4 - Es,s), E, .sl 
!a(E1,1 - E,,2) + d(E4,< - Es,5), Es,4! 

(a - d)(E1,4 - Es,2) , 
(-a- d)(E,,, - Eo,1), 
-d(E3,< - Es,3), 
(a+ d) (E1,s - E4,2), 
(-a+d)(E,,, - E,,1), 
d(E3,s - E4,3), 
a(E1,3 - E3,,), 
-a(E,,3 - E3, 1 ), 
2d- E4,s , 
-2d · Es,4. 

This table shows that the elements in (35) are eigenvectors of adG, namelY they 
are root vect.o rs, a nd t.h at. t he set of ali roots is K = K+ u(-~), where 

~+ = {01, 02, 01 + 02, 01 +202, 2(01 + 02)} 

nnd a 1 and 02 are linear forms on 6 defi ned by 

a 1(a(E1,1 - E,,,) + d(E4.4 - Es,s)) d-a , 
02(a(E1,1 - E,,, ) -1- d(E,,4 - Es,s)) '= a. (36) 
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Notice that a1 is an odd simple root and a2 is an even simple root, and that the 
corresponding elements Ha.; in 5 are given as follows : 

(37) 
since 

and 

str(H0 ,H) 

hold for ali elements fl = a(E1,1 - E,,2) + d(E,,. - Es,s) E fj. T hen the inner 
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products of simple roots are computed 1 using (36) and (37) 1 as follows: 

(oiloi) 01(Ho,) (-D- (-D = o, 

(oilo2) O¡(H0 ,) O -~ 1 
2 -2· 

(02102) 02(Ho,) 2 
Then, by a similar calculation as in ; [(211) using the condition (ii) of the definition 
of p, one has (pió) = -~ < O. So, in this case, positive even roots of negative 
squa re Jength take a role in the Weyl group W. Since positive even roots are 
"' and 2(u1 + 02) and their square lengths are ln212 = ~ ancl l2(u1 + 02)12 = 
4(0:1 + 02/0:1 + a2) = -2, one sees that 2(a1 + a2) is the on!y positive even root 
with negative square length and the corresponding coroot is 

, ))V 2 · 2(0¡ + 02) = 4(U¡ + 02) = _2(0¡ + U2). 
' 2'º1 + º2 = 12(01 + 02)12 -2 

Ali of the above data are thus obtained. 
In this case, the denominator identity is 

ePR = "\"" e(w)w (- -•P- ) 
~ 1 +e- 01 

w EW 

(38) 

since (ploi) = O (cf. /71) . Then, using these data, one can easily compute both 
side of {38) to obtain the following : 

noo (l -q")'( l -vq"- 1)(1 - v- 1q")( l - (uv)2q"-1)(1 - (uv)-2q") 

n~ I ( l + uq"- 1)( l +u- 1q")( l -t-uvqn- I )(J -f- (uv)- 1q" )( l +uv2qn-1 )(1 -t-u-1v-2q" ) 

{ L L } (-1)'9'"-'u""'f=-'vmq"f', (39) 
m,n2:0 m,n< O 

s.t. s.l. 
m ::::n + I mod2 m ::::n+ l mod2 

where u:= e-01 , v := e- 02 and q := e-ó_ We rewrite the right side of (39) as 
follows. First decompose the first term in the right side into the sum of three 
components : 

Then we have 

m,n;?:O 
m + n""odd 

= ¿ + ¿ + 
m = O n = O 

nENodd mENodd 

L (-1)'9'"-'u""r'v"'qT 
m,n!:::O 

m+n.,,,odd 

¿ 
m,n >O 

m+n= odd 
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l ~u - l +vuv2 + L (-l)~u~vmqT 
m,n>O 

m+n= odd 

(! -v)(l -uv) + "°' (- l)'9""u~vmq"f, 
(1 + u)(l + uv2) L., 

m,n>O 
m+ n= odd 

and so the righL side of (39) becomes as follows : 

By (40), Lhe osp(312)-identi ty (39) is rewritLen as follows : 

00 (! - qn)'( J - vq")(I -v- 1qn)(l - (uv)2qn)(l - (uv)- 2q") 
TI (! +uqn)( I + u - lqn)( 1+ uvq")(1 + (uv)- lqn)( 1 + uv2qn)( l + u - 1v-2qn) 
n= I 

= 1 + L (-l)'9"'1 · (l +u)~l ;+~v2)(vn -vm)(1 - (uv)"'+n) ·qT. (4!) 
mEN,, ,,, u""'f±lv m+n(J - v)( I - uv) 
n ENodd 

ow letting 1t1 v - 1 in (41) , we obtain Jacobi's formula [3] : 

which gives 

Ds(N) 4 L (- I )~(n2 -m2) 
m EN,.,,.,,, 
nENodd 
mn=2N 

for NEN. 
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l:Urthermore putt ing u = -xq~ and v = y in (39)1 we get 

00 (! - q")'(I - yq•- 1 )(! - y- 1q")(I - (xy)'q• - 1)(1 - (xy)-2q") n (! - xq"-~)(I - x-lq•-l)(! - xyq•-l)( I - (xy)-lq•-l) 
00 l 

X D (1- xy2qn-~)(l - x-ly-2qn-4) 

{ L L } (-l)m+ lx~ym+2q'"'"+::'+•- •. (42) 

m ,n > O m,n<O 
m =:n + l - mod2 m=:n+l mod2 

Puuing m = - m1 - 1 and n = - n' - 1, the second term in this right side is 
written as 

L (-l)'n+1 x~ym+2q2"'n+~+n- 1 

m,n <O 
m:=n + I mod 2 L (-l)m' X - m'-;n'+l Y-m'+ lq 2m1n1 +~n1+.,' - I • 

m',n'2::0 
m';::n'+l moc.12 

So the right side of (42) is rewritLen as follows : 

r ight side of ( 42) 

L (- l )m+l (x~ym+2 + m +• ]• )q'""'' ';+•-• 
m,n;:::o x-,-ym-1 

m=n+I mod 2 

" ( ¡m-!-1 xm+n+l y2m+l + 1 2 .... ,+ ... +n- 1 

~ -1 x~ym- 1 . q 4 • (43) 
m ,n ,?0 

m:::=n+l mod 2 

We continue calculation dividing the sum in this right side into two parts wherc 
(m, n) -· (cvcn,odd) and (m,n) = (odd ,cvcn). T hen 

right side of (43) = -
m = cvcn2::0 
n = odd>O 

+ ¿ 
m = odd>O 
n = cvcn 2::0 

xm+n+ly2m+ I -j-- 1 2mn+m±n- 1 

x~ym-1 ·q 4 

Exchanging m +-+nin t his second term, the right side of (43) is written as follows: 

right side of (43) = - L 
m=evcn~O 
n = odd> O 

xm+n+ ly2m+ I + ¡ . q :imn+:•+n- i 

X m+;•- 1 y m - 1 
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+ 
m = even>O 
n= odd>-0 

xm+n+Iy2n+ I + 1 . '.lmn±•~•+n- l 

x~yn-1 q 

(y" -y"')((xy¡m+n+l - 1) lm .. + m + n - > 

. q ' 
m = evcn>O 
n = odd:>"O 
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(44) 

Now puttingm = 2s and n = 2r + 1 in (44) , formulas (42) and ('13) ancl (44) give 
the following : 

Dividing both sides of (45) by (1 -y)(l - (xy)2) and letting x,y ~ 1 and then 
replacing q by (¡2, we obtain 

( <p(q')')' 
<p(q) 

which gives 
1 

6 6(n) = ¡¡ 

¿ (r + s + 1)(2r - 2s + l)qM•·+3H~~+ i!-:l 
r,~2'.0 

~ . ¿ (j' -k')q~. 
J,kENodd 
j:J mod<1 
k:I mod4 

.L (f-k'l 
j ,kENodd 

j : J mod<1 
k: I mod<1 
jk= 4n+ 3 

for n E Z2'.0· 

In t.his not.e we have shown sorne calculations on the denominator identity 
of the simplest affine superalgebras $1(211) and osp(312). Similar analysis using 
other affinc superalgebras gives more formulas on Ok(n) an<l 6k(n) (cf. 171), and 
functions appearing in this context related to affine Lie superalgebras have deep 
OOll(lections with modular functions (cf. 1121). 

~n concluding this brief note, we explain the relation of t hese <lenominator 
identities with the Ramanujan 1s mock theta functions. First look at the for-
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mula (17.6) in p.34 of [l] which is equiva lent LO t.he Ramanujan's famous 1'1/J 1-

summation formula (17.1) in p.32 of [l]. Tltis formu la reads as follows: 

(46) 

since the q-binomia l symbol in ( 17.6) is 

¡n-1 rr (1 - al) 
(a). := (a; q). := k =O 1 

rr l-aqk 
n:5k<0 

if n 2'. O, 

if n < O. 

In this fo rmula, the expansion is taken in the doma in 1 ~ / < lzl < l and lql < 
lal < t. Letting a = v, b = vq and ;; = u, thc proclucts in the second and third 
summands in the right side of (46) become as follows : 

So the formula (46) gives 

n J -vqk-1 1-v rr 1-vqk = l-vqn' 
k= l 

n l - vq-k+J l - v rr 1 - vq-k 1 - vq-n 
k == l 

00 (! - uvq"- 1)( 1 - u - 1v- 1q")(l - q")2 1 - V n rr (1 - uq" 1)(1 - u 1q")(1 -vq")(l - v- 1q") = L 1 -vq" u ' 
n = I nEZ 

namely 

rroo ( 1 - q") 2(1 - uvq•- 1)(1 - u- 1v- 1q") .¡- u" ('I?) 
(1 -uq• 1)(1 - u- 1q")(I -vq" 1)(1 -v 1q•) = L.. 1 - vq• · 

= l -

Expanding this right side by using (19) just gives the formula (23). 
Now looking at the Hickerson 's paper [2] on mock theta ident it ies, one sees 

tloat thc formula ( 1.29) in Theorem 1.5 of /2/ is just the ;¡(2/ 1 )- ident ity (23) a nd 
also, via an easy calculat.ion, that both formul as ( 1.30) and ( 1.32) in p.6116 - 6'17 
of [21, whid1 are a lso de<luced from t.he 1'1,111-s ummat ion formula , a re eq uiva lent Lo 
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each othcr and exactly the same with the denorninator identity (39) of o5p(312). 
Thus the denominator identitics for the simplest affine Lie superalgebras ;¡(211) 
and o5p(Jl2) are Ramanujan's mock theta functions. In this sense, denomina
tor identi t ies of affine Lie superalgebras provide a general class of mock theta 
functions. 

The dcnominator iclentity is the special case of t.he character formula , namely 
is the character formula far the tri:vial reprcscntation and 1 in this note, wc ex
plained one of its re!ated topics. The representation theory of Lie superalgebras 
has quite clifferent aspects frnm that of Lie algebras1 ancl includes a lot of problems 
to be investigated. 
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