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Abstract 

This arLiclc is a11 exp1rndcd vcrsion of notes for a series of lccL11rcs givcn nL 
thc Corso estwo Categorfo e To¡10log1a organiscd by thc Gn1ppo Nfi::ionalc 
d1 Topologw del M. U. ll.S. T. in Drcssanonc, 2 . 6 Scptember l 99 1. '!'hose 
notes havc bccn brought up to date by Lhe adclition of ncw rcfercnccs ancl a 
summary of wlmL lrns lmppcu in Lhc area in th \ast len years. 

In 1991 , the ltalian Cruppo Nazionale di Topologia organised a summer course 
on Cat.egory Theory and Topology in t.he delightful setling of t.hc town of Brcs
sanonc. There were severa! series of lecturcs planned and they aske<l me Lo give 
some on abstract homotopy thcory and its intcraction, both with category t hc
ory and wit.h topology. The notes for t.hc course werc t..yped up and were made 
available as preprint.s from both Genova and Bangor. In the ten years s ince tha t 
meeting, 1 have been asked on severa! occasion if there was a. publishccl version 
of the course, or was there a vcrs ion onlinc somewhere. l t. seemcd t.hat ot.hers 
ha.el found the notes to be of some use as a way into the a rea 1 giving, as 1 had 
hoped, sorne int.ution nbout whaL the problems were, whaL t.he potential for new 
applicaLions i end so on. There has becn no published version 1 nor web version 
avai lable until now ancl my stock ofhard copies wes diminishing1 ancl t.he contents 
was noL as up to date as they might be, so . 

When iL was uggcsted that. l wriLe an 1ovcrview' arLicle on my own area of 
rcsearch for ubo, 1 rcaliscd that t.hero was herc a good opport.unity t.o prepare a n 
updated version of t.he notes. It would fulfil t.he requcsL from t.he editor and would 
makc the notes more widcly avni lable, as a similar version could be put 'on-line'. 
fn fact, in ret.yping Lhe notes 1 found Lhat. noL many changes did need making and 
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this article has retained the form of notes for an informal postgraduate course 
(complete with suggestions for exercises etc). The main body of the material has 
been updated only in as much as the references have been changed to account 
for publication of material previously in preprint forrn, but in the last ten years 
several excellent texts and papers on the subject rnatter have been published so 
1 have added another section with a discussion of the view of the various tapies 
today and have given a supplementary bibliography. 

I hope the notes are still found useful. They were aimed at postgraduatc 
students one year into their studies, so are intended to be approachable. 

T.P. Bangor, 2001. 

A ims of t he course. 

• To give the background and sorne historical perspective on Abstract /Jomo
topy Theory. 

• To introduce sorne of the key ideas of abstract homotopy, its different 
'schools 1 and how they interact and to indicate the sources in which thcy 
may be found. 

• To try to help build up categorical and geometrical intuition on the subjcct 
which, by its very abstraction, can seem too unapproachable to be of use. 

• To provide, where possible, a unifying 'overview'1 by concentra.ting on cer
tain 'themes' that illustrate: 

l. what is abstract homotopy theory, 

2. why the problems that form the subject matter of abstract homotopy 
theory can be of interest outside the confines of that theory, 

but they will not attempt to prove deep results nor do more than skate ovcr 
the surface of the subject . 

Prerequis ites 

• A basic knowledge of homotopy theory with sorne intui tion about thc íun
damental group (or fundamental groupoid), polyhedra, etc. A knowledge of 
the highcr homotopy groups would be useful , but is not essential. In the lasL 
scction, sorne oovering spacc thcory is used, but this can be approachccl via 
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sheaf t.heory for t hc reader with a categorical or algebraic geometric back
ground or can be found in books such as Nlassey l73J. A li the material on 
groupoids and much more can be found in Brown IJ3J. 

• A first course in category thcory covering categories1 functors, natural trans
formations, l imits (and colimi ts) and t he idea of adjoim functors. (At the 
Corso esl'i.vo such a conccntrated course was given by R. Betti.) This sub
jcct matter corresponds approximaLely LO the first five chapters of Mac Lane 
!691, but we will noL need the depth given there. 

• Por t.he last scction oí these notes, some ideas about sheaves and toposes 
are assumcd. AL the Corso esl:i·uo, such material was beautifully covered in 
lecture by P. Borceux ond Lhe notes are availa ble (Borceux, /81) . 

1 Introduction to Abstract Homotopy Theory 

To understand t.hc possible aims of abstract. homoLOpy t.hcory1 it wilt help to 
list sorne general 'probtems' 1 sorne of which are of a philosophical or mcLatheorcLic 
naturc, ot.hcrs are vcry pragma.tic and pracLical. 

• Not.ion of deforma.Lion and of homot.opy occur in many parts of mathe
matics. Such ideas are central in Lopological homotopy t heory1 bul what 
is homot.opy t.heory? Whal is 'a homoLOpy t.heory '? As one talks of ho
mology and cohomology thoorics, what explicit. strucLures1 that cxist in the 
Lopological case, are needed for homot.opy t heory? 1 n o t. her words: 'what 
is homot.opy t.hcory't and 'what makes homotopy theory work?1 

In algebraic wpology, one often looks for algebra that. rnodels thc topology. 
l low can one look for algebraic models of homowpy typcs and once one 
has found thcm, can one 'do homotopy theory1 wit.h t hcm? T his leacls to a 
rclated problem: 

• Garly models for algebraic informaLion on homoLOpy Lypes1 such as chain 
complexes, led t.o t he study of cha.in complcxes of modules, etc., which 
reprcsent.ed 1algcbraic homoLopy Lypes'. T hcir st.udy led to the growth of 
homological algcbra. F'inding ncwer, fuller algebraic modcls for homotopy 
typ t.hat t.ake accounl of non-abelian behavior woulcl seem to open the 
door LO a process of a.clapLation which could have implicat.ions in non-abelian 
cohomology1 homoLopical algebra ancl hence, in part.icular1 in algcbraic ge
ometry. This depends on being able Lo 'do' homotopy theory with such 
modcl of algebraic homot.opy types, and noL just. aL a Lri vial leve!. 
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• To manipulate algebra, ene uses categorical tools such as limits and colimiLs. 
WhaL are Lhe good cat.egorical tools for working wi th hornotopy theory? 

• In sorne of Lhe applications of abstract homotopy t heory1 one is studying 
geometric objec.L-S such as spaces; oAe is using a geometric notion of homo
LOpy, buL Lhe lools used 1 and even t he la.nguage used, seems simpler when 

viewed from the a bsLract viewpoint (cf. Edwards and Hastings 1361 far 
sLrong shape Lheory, Porter [7~[ &nd Hernandez-PorLer [46[, [•17J far proper 
homOLopy Lheory using inverse syste1;ns aAd Baues [5/, f6J íor an approach 
to classical homotopy questions wit h rema rkable new resu.lts, using in part 
insight gained by the abstract homotopy cheory he develops. T here is also 
work by Baues with Aya la , Masquei, a.nd Quintero which is in preprint. form 
and uses a direct abst.ract homotopy theory approach to proper homotopy 
Lheory). 

2 First Theme: What is a Homotopy Theory? 

To provide possible answers to this question 1 we star t. by listing sorne exam
ples. Sorne of thcse will be exa mined in more detail lat.er. 

J\ brief lisl mighl include Sp~ces, G rou poids, Simplicia l Sets, Simplicial Ob
j t'CLS in mher categories, Cubica! Sets, Chain Complexes and Small Ca1.egories. 

In more detail: 
Spaces: There is perha ps no real nt-ec! for explanation here, but. there are 

va rious poinLS wonh making t.hat can serve as an introduction Lo sorne of the 
ideas that come lat.er. We consider a 1suitable 1 category, Top, of t.opological 
spaces and continuous maps. Homotopy between maps is de fi ned by maps from 
n cylinder: 

' 11 : fo :::- Ji : X - Y ' can be read as ' fo is homotopic bo /1 by Lhe homotopy 
H1; it interprcLS as ' / 0 1 / 1 : X --1 Y in Top, H : X x 1 --1 Y (where 1 = j01 11) 
l\ncl // IX x {O) = fo, HIX x {l} = Ji. ' 

Prom Lhe notion of homotopy one gets that of ' homotopy equivalence': 
f : X - Y is a homotopy equivalence if there is a g : Y -f X and homoLopies 

11 : g/ ::: l ds , K : /g::: l d1·. We also say X ancl Y have ohe same 'homotopy 
type 1 in lhis case. 

Pollowing the usual convention, we put ¡x, Y/ = Top( X, Y)/~. Thecategory 
Top/ ~ has spaccs as objecLs but Lhese !X1 Y] as sets of morph isms. Homotopy 
Lypes corresponcl lo isomorphism classes in Top/ ~-

Therc are special classes of maps called cofibrations and fibroüon.s. These are 
defi ncd b Lhe homolOpy extension and homotopy l?fting properties, respectivcly. 
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For example if f : X - 1 Y is acofibrat.ion t.hen given any homotopy fl : X xl--+ Z 
and a ny map g Y --> Z such that H IX x (O} = gf, there is a hornobopy 
K Y x I - Z extendi ng H a nd starting wiLh g, i.e. K{! x J) = fl and 
J(IY x {O} == g. This can be writ,ten more simply if we writ.e eo(X) : X--+ X x J 
for the rnap eo{X)(x) = (x, O), Lhen iL reads f is a cofibrat ion if a nd onJy if, given 
g : Y --+ Z so ihat 

X~XXI 

Y----~z 

cornrnutes, therc is a I< : Y x I __, Z such that K (f x /) = H a nd f = 1-leo(X). 
We a lso 51:).y t.hat. f sat.islies Lhe homotopy e.'Vlension property. 

Note thaL fibra tions &re noL a dual not ion in t he naYve senso! 
Our final poinis on Top l'e laLe to poinied spaces and homotopy groups. A 

poinled .iJXlce is a pair (X,x0 )i where xo E X. 'Poimed ma ps1 of pointed spaces 
f (X,xo) __. (Y,yo) scnd .1;0 Lo 110 a nd give a cat.egory Topo. Homotopies 
beLween such 1pointed ' ma.ps are assumecl to be constanl on these base points. 
Writing S" for t.he n-dimensiona.l sphere, n ~ O, specia l at.t.ention is given to the 
sets l(S'', I),(X,xo)I. For n = O, s0 is a two poinL space { - 1, l} ancl we wri te 
rro(X,xo) = !(S°1 l ),(X1 xo)I. l t is t he seL of arcwise connected components of 
X, pointed at Lhe component corresponding t.o xo. This notation 7ro is a lso used 
in t he unpointed case. In general we 1vrite ?r,, (X ,xo) = j(S", 1),(X,xo)I. F'or 
n ~ 1, r.11(X, zo) has a natura.! group s tructure and for n ~ 2, t his structurc 
is abclian. A map f : X --+ Y of spaces is called a weak equivalence if rr0 (f) : 
rro(X) - rr0 (Y) is a bijection ¿-1.nd for a l\ n ~ 1 and ali possible basepoi nts xo E X 1 

7r11{f): 7rn(X) - rr,1(Y) is an isomorphism. Any homoLOpy equivalence is a weak 
equivalence but t.he converse <loes not hold in general. Por ' locally nice' spaces 
such as polyhedra and more generelly for C W-complexes (which a.re built up 
inductively by &Ltaching 'cells 1 to others of lower dimcnsions ), the two concepts 
coi ncide and any weak equivalence between such spaces has a homotopy inverso. 

Groupoids: T hese a re small categories in which a ll morphisms a re invert ible. 
Groups correspond LO the spedaJ case in which there is only o ne object. A special 
clt\SS of cxamples a re the fundamental g roupoids of spaces. 

Lot X be a space a nd let Xo be a subspace of X (often one takes Xo = X 
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or Xo to be a convenient finite set 0f base points). The fundamental groupoid 
il1X X 0 consists of ali homotopy classes of paths a : \O, l \ ---> X where a(O), 
a( l ) E Xo and where if a 1 {3: [O, ll - X are two such pat.hs, they are homOLopic 
as paths if they are hornotoIDiC as maps with domain [O, l j and the homotopy fixe 
the ends 0f the paths, i.e. fJ: a :oe (3 sotisfies f/(O, l) = a(O), fl{l , l) = a{l) 
for all t E ¡o, 1\ so we must have a(O) = (3(0) and et{l) = (j{ l). The proof t hat 
TI1XXo is a groupoid is onl'y slightly d ifferent from the proof that.1r1(X,x0 ) is a 
group. If you have not seen i t befare, try to preve it or worse, look it. up in some 
textbook. 

The groupoid IT1 I {O, 1} consisbs of two objects O a nd 1, t heir identities, and 
two morphisms ¿:O - 1, ¿-l : 1 - O. We will denote t his groupoid by I as well. 
Homotopy of groupoids ca.n be ctlefined by a cylinder G x l or by a 'cocylinder' 
H 1, since, if G and H a.re groupoids, there is a na.t ura! isomorphfam 

Gpd(G x I , H ) 2' Gpd(G, H 1). 

This 'cocylinder' is just the category of fuActors from 1 to H. l t is easily seen Lo 
be a groupoid. (Checking tl'Lis is left to yow!) (Reference for groupoids: 13rown, 
\13\.) 

Note in sorne categories of spaces, there is a cocy!inder X 1 which behaves 
in the same way as a bove, b11.t as it <loes not exist in all the usual categories 
of spaces t hat you might need, we have only handled t he cylinder based theory 
above. 

Simplicial Sets: These form a.n extremely useful category in which to do 
homotopy theory. The basic theory can be found in the firs t half oí the survey 
article by Curtis, [3IJ, whilst Gabriel and Zisman, [39[ look aL t he theory in a 
more categorical way. 

Let [n] = {O < l < < n }, considered1 asan ordered set or as a small 
category. Looked at for small values of n, it is clear why it is considere<.! as a 
categorical simplex. 

Writi ng Cat for the category of sma ll categories and A for the full subcategory 
of C at determincd by the objects, In/ for n 2: O, a simplicial set is a íunctor 
/(: o.uv - Sets and S = S1.mp(Sets ) is j usL the notation for Sets'°"°", Lhe cat.
egory oí contravariant íunctors írom A LO Sets and a!I natural transforma Lions 
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betwcen thcm. A simplicial set /( i oftcn wriuen diagrammatically as 

' • '• 
K1~K1 " "• .. .. 

Thc maps d. /(n - !(,._ ¡ , O $ 1 :5 n, are callcd 1hc fa ce mavs, the maps 
s, : /(,. _. Kn 11 , O $ 1 :5 n ore callccl thc d genemcres. (You should be ~1sking 
yoursclf why 11contrave. riRnt" Rnd why only Lhe:se maps are shown) . The d¡ ancl 
s, sati fy cnain 11simplicial idcntiLics", which can be found in me.ny books {e.g. 
Cabri 1 and Zisman 1391) or, bct tcr still ca.11 be worked out for yourself from the 
dcfinition of di a nd s, {seo below). As a simple example oí a simplicial set, we can 
tako ó. lnJ 8 (-, in/), thc n-simplcx. 1 lcrc ere sorne Olhcr cxamplcs as cxerciscs. 

Exe rcises: 

l. Considcr thc maps 

ó, : In - II - lnl 
CT, :In 1 ll-lnJ 

O :5 i :5 n, 
OS i S n, 

whorc 6, is injcctiv with imagc not containing the lement i., for instance óo : 
[ti - 12], is givcn by óo(O) 1, óo( 1) - 2, so reíerring back to thc 2-simplcx 
diagram above Ó¡ givcs thc face which i opposite i; and where O¡ is surjective 
r pcating r, (e.g. "º: [2[ - [1[, is uo(O) = O, uo(I) = O, and cro(2) = 1). 

Prove thaL Lhese maps for a\\ n ancl i gen rat ali the maps in 8 , i.e. any 
f : !mi - lnJ can be written as a compositc oí crs and ós, ususl ly in many clifrcrcnt 
wny . F'ind som rclationships betwecn pairwise composi tcs such as Ó¡Ó1 sorne 
othcr oompositc of Ó¡..S. Thcn compare your answer wilh any list of Lhe simplicial 
iclcntities (e.g. in 131[), but BEWARE oí the dual identities! 

As any f in .6. can be foctorised in this way, /( E S can be specificd by 
spcciíying the d, - l<(ó1) and "' = l<(u,). 

2. Lct ~" be tho topologlcal n-simplex, represenled by 

n 

((l.o,. .. , t,,) E R0 +1 ¡ ¿: t, = 1). 
' o 

There are maps 6, : ó." - óº t l given by 

ó1(to,. .. , t.,) = (to,. .. , t,_.,o, t, ,. .. , 1 .• ), 
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for O $ i $ n, which insert .ó.'i as the i 11• face of ó,.11+1• Similerly Jet a¡ : ó."--+ 
ó.n- J be t.he map 

U;(t¡¡, ... , l,.) = (lo, ... ,l;-t + l; , ... , l,.). 

Lec X be a space and set Sim.g(X),. = 1'op(tl" , X ). Using che composiLions wich 
Lhe ó, ancl a., prove t.hat. Si.ng(X) is a simplicial set.. l t. is callecl 1.he Bútgular 
comvlex of X. 

The singular complex construct ion gives a funcLOr 

Sing : Top - S. 

T his has e left adjoinL 1 1 : S - Top ca llee! geometric rea./i.sati°'i: 

Top(l/(l,X) "' S(I<, i.ng(X)) 

ancl t he natural map 

ISing(X)I - X 

ls a wcak equivnlence {t.hat. is, it induces isomorphisms for ali ;r0 s) . Check t his 
far yourselvcs. 

l t. is somelimes Lhe case t.haL within a category of spaces, Top1 ene can 
form mappin.g spaces }""x , buL in any case provided t.hat. for each n, l1" is in 
our chose.n category, Top, and for ali X in Top, X x 6" is there as well , 
we can form someching thaL plays Lhe róle of Sing(Y·'·) namely Top(X, Y) , 
where Top(X , Y),. = Top(X x ó", Y). (Checking Lhat this is a simplicia l set 
is ageiñ"'ieít to you.) A similar device works in Lhe caLegory C at, of small ceLe
gories, .Qfil(C , D),. = Cat(C x /ni, D), a nd even inside S iLself (i.e. fül<, l) ,. = 
S(I< x 6 /nj, l )). 

2. L-OL C be a small category a nd put Ner(C ),. = Cat(/nj,C) . C heck that 
N er(C) i a simplicial seL. IL is ca llee! the nerve of C. (The space BC = 
INer(C)I i called Lhe classifying space of e and for special cases of e is orcen 
used in elgcbraic 1<-theory.) 

S impücial Objects in Other Categories. 
lf A is any category, we can form Simp(A ) = A ó."P. These ca1.egories oft.en 

htwe a good notion oí homot.opy. Of particular use a.re: 
(i) Simp( Ab), the category of simplicia l abelian g roups. (This is equivalcnL t.o 
Lhe category of cha in complexos by the Dold-l<an Lheorem (cf. Cunis, j3 1/)). 
{ii) imp(Gps), lhc cat.cgory of simplicio! g rou ps. ('fhis 1models1 a li connect.ed 
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homotopy cyp , by Kan j62I (cf. CurLis, 131})). There are adjoinL runctors 
e: SOl)fltl - · Simp(Gps)I w : Simp(Gps) - Sc:onn1 wi t.ll Lhe LWO natural maps 
CW - Id ancl Id - WC being wea.k equivalences. There are foi rly recenL 
ncw resulLS on simplicial g1:oups by Carrasco [22j that. genera tise Lhe Dold-l<an 
Lheorem t.o Lhe non-abelian case, (cf. Cnrrasco and CegRrra 1231). 
(iii) imp(Gpds): in 198•1, Dwyer and Kan j35I (and also Joyal and T ierney, •nd 
Duskin nncl van Osclol 1 cf. Nnn Tie 174 1 751) noted how t.o genera!ise Lhe (C 1 W) 
acljoint. pa.ir Lo handle ali simplicial sets, not just the connec~cd ones. (Beware 
t.hcre are scvera l imporua.nc print.ing error in their paper 135].) T his Ctl.tcgory 
'modcls' ali homotopy types using a mix oí algebra and combinaUoria! strucLurc. 

Kan complexes and Kan flbrat ions. 

W ithin Lhc caLegory oí simplicial set.s, there is an imporLnnL subcaoegory 
eleLermined by t.hosc 0bjects LhaL snLisíy Lhe Kan condiLion, LhaL is Lhe /(a.n 

complexes. 

As beíore wo seL L'>lnl = 1'.(- , lnll E S , thcn for each i., 0 ~ i. ~ n, we 
cnn íorm a ubsimplidal se~ , Ai[nl oí ó.jnJ by cliscarding Lhe bop dimensional n· 
simplcx {givcn by Lhe idonLi oy map º'' lnJ) and ilS ¡i.h face. We musL also cliscarcl 
ali Lhe degeneracies oí Lhe simplices. T his informal deflnlLion does 1101. give a 
' pict.u re' of wheL we ha.ve, so we wil\ list. t.he various cases íor n :;:;; 2. 

/' 
0 ...................... i 

.·' 

Any map p : E - /3 is a f(aii fibratiori ií given any n, i as above ancl any (n, i)
horn in E, i.e. nny map /1 : 1\ 1!nJ - 6, ancl n·simplex, / o : ó.fnJ -t B, such 
Lhnt 
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/\¡(11 ) -1.i.._g 

ti[ n] ---¡;-- N 

commutes1 t.hen there is an f : ó.[n] --+ E such Lhat. pf = fo and f :i.nc = !11 i.e. 
f lifts fo and ext nd ¡,. 

A simplicial set, /( , is a Kan compiex if the unique map f( - ó.IOJ is a I<an 
ñbrat.ion. Thi is equivalent. t.o sa:y ing t.hat. every horn in /( has a ñller1 i.e. any 
/ 1 : N!nJ - Y extends t.o a.n f : ó.lnl --+ Y . This condit.ion looks to be purely 
of a geometric naiure but. in íact. has a strong algebraic ftavour; for inst.ance if 
/ 1 : A 1121 - Y i a horn, it. consist.s of a diagra.m 

of 1composable1 arrow in /(. If f is n fit ler1 it looks like 

and onc can th ink of lhe t.hird face e as a composi t.e of a and b. This 'composi t.e1 

e is not usually uniquely deñned by a and b, but. is 'up to homotopy'. lf we wr i te 
e = abas a shorthand t.hen if g1 : Aº[2j--+ /(is a horn, we thjnk of g¡ as being 

y 
e----~ 

ancl to ñnd a filler is to ñnd a diagram 

and thu to 1solve' th cquation dx = e for x in terms of d ande. This 'algebraic ' 
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aspee\ oí l<an compl xes is vory important for undcrsurnding reccnt. d vclopmems 
in t.hc arca (cf. Ashlcy [41, íor instancc, or Lhe v.'Ork of arrn co ment.ioncd 
orlicr.) 

Exnmples and Exerc ises. 
1) rng(.\ ) and Top (.\, Y) are olway 1 an complexos. Why? 
'2) 1er( ) is Kaílifand 011 \y if ' is a groupotd Pro, it.. 
3) A impli ial s t I< is weakly Ka11 if íor any n and O< k < n 1 ~lny (11. 1 k)-horn 

in K has a filler. 1 rovc t.haL for any C nny small catcgory, Ner(C ) is wcA kly 
l<an. 

Back t o ' W lrnt is homotopy ?' 
In cach of thcsc !:IC'tti ngs, and in many more, onc has a notion of equi vt\lence 

(wt•ak N¡uivalcncc or ho1no1.0py cquivalcncc dcJ>('nding on thc conLcxt.). Supposc 
¡.,a catt'gory with H collccLion, L, oí maps callOO u_>ea).· equiualenccs (no prop

crtic~ are thoughL of a_~ boing t\L1t1chC'd to thc namt'. for thc morncnt., i t is j u ·t a 
namc). \Ve can íorm a ncw cnwgory J/o(C) (1:" 1) by ' forrna lly inv0rti11g1 Lhe 
morphisms in ~. \V(' do this by tnking for cath / E ~. <>ay f E C(X 1 Y), ~1 ncw 
¡;ymbol ¡ - 1 and wc add it in t.0 cp ·, X). \\'e thcn form com posit.c words in t.he 
old arrow_ togNhcr wi t.h ~ill these ncw 'inv rses' and if wc ver scc a pair, f ¡ - 1 

or ¡ - • / , \\'C cancel it out. (Scc Gabriel ancl Zisman, J39J for a propcr dcscription 
f this proccss). The rcsul t ing cotcgory com wilh a functor ¡ : C - 1 // o( C ) 

with the nice univ('rS~)I propcr ty Lhat if o : - O i any functor such t lmL for 
oll / E ~ , a(f) is an isomorph ism in O, then o íactors uniquely t hrough ¡, i .c. 
thcrc is a unique a: ll o(C ) -t O uch that 

C ----"ª~~-¡;¡- D 

Ho(C) 

ommutes. This cal gory wi ll b sllc<I the homotoplJ cot.ego ry of C (ond usm11ly 
w will miss out mcntion of E). 

We will nccd t his const.ruclion often latcr. \\'e nol Lhat using i t one can 
provc. for instancc, llrnL //o(Top) °' // o( impGpds) for a suitab lo doHni Lion of 
wcak equh1'1encc in S im pGpds (cf. Dwycr &nd l<an (3.;i). 

Common struct ur e in Lhe exnmpl s? 
There 8J'C> various intero ting stru turc and therein Hes Lhc problcm in cle

cicling xactly whM is an 'nbstra L homotopy thoory'. \Ve note var ious atLompts 
to e:ncodc at lcast pnrt of t htn stru t.urc. 
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a) Quillen : 182, 83, 84J 
This is one of the most widespread of the structures by which I mean t.hat 

it is eleganL and quite powerfu !, so has often been considered as t he basic ab
sLract. homotopy Lheory to use. lt considers a category C with infini te limits and 
colimits and three classes of morphisms called weak e.quivalences, fibrations and 
cojibralions, whose behaviour, and in part icWar whose inLeraction, is governed by 
va.rious axloms. (\Ve do not. give them here as they can be found in many sources 
in t he list of references.) The origins of the work may be found in deformation 
t heory and the need for a cohomology of commutative algebras (cf. Quillen, 1841). 
Once developed1 Quil.len used it highly successfu1ly in j83J Lo produce new results 
on rat.ional homolopy theory. 

One may crilicise iL from various viewpoints. For instance, the weak equiv
alences1 etc. are given right from the start a nd no guidance is given how these 
classes mighL arise. Thus weak equi valence are often given by 'externa11 infor· 
mation (e.g. f : K --f l in S is a weak equi valence if lff is a weak equivalence 
in Top). This does not. help one when interpreting the notions geometrically. 
Llnked Lo t.hjs is the fact t.haL severa! important ideas such as th8t of funda men· 
tal groupoid, hommopy limiLs a.nd even homotopy equivalcnce are 'out of place' 
in Lhe theory. lf one wa niS t he homotopy Lheory primarily to study sorne notion 
of homotopy, Quillen 's theory is not desig ned with your application in mind. lt 
can do a loL, buL iL is not the universal solut ion. (Of course I do not claim Lo 
know if a universal soluLion exists1 [et alone what iL is!) 

b} Kan: j6I J. 
Kamps: numerous a rllicles from 1968 onwards, see /50, 51 , 52, 53, 5-1, 55, 56, 

57, 58, 59/ and, of cour.;e J60J. 
Here Lhe 1primitive1 idea is that of abstracting the structure of the functor 1X 

goes io X x ¡01 lj' used as the basis for topological homotopy t heory. Dually one 
can use ' X goes Lo X 1' when that ex.ists. 

LeL C be a category. A cylinder functor on C is a functor 1 : C - C together 
wiLh natural transformations eo,e¡ : Id.e - J and p: 1 _, l<ic with peo = pe.1 = 
I d. T his defines a notion of homotopy in an obvious way, and hence a relation 
on Lhe sets C(X, Y). etc. T ltis relaLion need nQ1 be en equi valence relation, but 
one ca11 SLill form Cp:- 1) for E the cla.ss of homotopy equivalences. 

To control extra slructure, form Q(X, Y)n = C( /" X , Y). These sets logether 
with the maps Q(X, Y)n - Q(X, Y) 0 +1 induced by the e;(X), for i. = O, 1 and 
Q(X, Y)n - Q(X, Y)n-1 induced by p(X), give Q(X, Y) thestructureof a cubica! 
sel. CubicaJ sets are somewhat simila r in defio.ition t.o simplicial sets, but one 
replaces s implices, jnJ, by cubes {O < 1)", to get the basic category. One can 
define (n , i).l)Qxes and J(an conditions somewhat. as before and the existence of 
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fi llcrs for ccrleln boxcs givcs prop r ti of homOlopy relations. Por insl8 ncc, if 
nny box or lhc fonn 

fills to gh' en clrrncnL in Q(X, } ~h thrn Lhc homo1opy rc lst.ion en C( .\"1 Y) is 
symmrtric. \Ve skct.ch a proof. 

Supi)O'lC f,g X Y, 11 f ::,, g, thon 11 I X - Y and saLis fi s 
f /leo(.\'), g ll c1(X ). l'orm tho box :el 

f g 
H 

A-; Wt' are supposing t.his lrns n filler, thCíC' is i;omc> /\ E Q(.\", Y)2 wit.h form 

:o: 
H 

llrstricting to thc le t. fRcr (v ln nn 1 induct'd ÍaC'!' map) givcs 

ll' ; g~¡. 

Exc>rci : \Vhat. fi l! rs1 i í nny, ar<' nC<"dC'd to Pl'11\ =:- (i) rc íl x ivc, (ii ) Lrn nsi
tivc·! 

H you look back ot. Kon1s pa.pN or th J>RJ><'"' of Kam ps1 you wi ll S<.'C t.ha.L 
t hcy refor 10 fillcrs A.S s lu tions to thr 'rquation"I '. "'hich src t.hc 1boxcs 1• This 
idee ,.., \\.·ry USC'ful as was mrntioncd brfore. l\amps and mysclf jGO] includc a 
d i u,.,¡on of how various fi llcrs tcgcther with prc:-.er"V8tion of pushouls and t he 
inítial ob t ~ive lasscs of homotopy t"quivalcnc and coli bra t.ion t.hot se ti sfy 
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a weakened form of Quillen 1s axjoms thaL a re duelo IC Brown !I2j. Ba ues has a 
simila r result. 

e) Baues 151 
13aues uses inLeracLing sLructures 1 one of Quillen Lype (or raLher of I<. Brown's 

version of half of Quillen1s Lheory) and Lhe ot.her of cy li nder íuncLOr Lype. The 
two st.ruct.ures are called cofibratfon ca·tegories a nd f~cat.egor i es. 

Cofl brat ioo category: (C1 cofi w.e.) 
i. e. a category C wit.h t.wo ola.sses of morphisms, cof of cofibmtions and w.e. 

of weak equiualences. These are Uo sai~i s fy: 

C 1) lsomorphi ms are boLh cofi brait ions and weak eq ui valences. l f 

Al.n ..!,c 

are composable rnorphisms in C, then if two of / , g gf are in w.e., so is t.he t.hird ; 
if / , g Eco/ Lhen gf E cof. 

C2) PushouL axiom 
Given B - A in cof and an.v f : B -+ Y, t.he pushout. .¡- ¡, 

A -(- AU0 Y 

exists and ·1 is in co/ ; ií f is a w.e., so is f¡ ií i is also a w.e., so is l.. 
CJ) PacLOrisaLion axiom 

Given B.!.... Y Lhere is a íactorisa.C ion 

B~~y 
A 

wi t.h i E oo/ , g E w.e. 
0 1) Axiom on fibranL models 

'sing Lhe Lcrminology: "! is a trivial coji.brati.on" Lo mean " / Eco/ n w.e.", 
and "/?..':{ is fibrouf' to mean "Given a.ny tr ivial cofibraL ion i : RX ..=. Q, Lhere is 
u rcLrncLion r: Q - RX, ri = ldnx", thc ax iom sLaLes: 

Ci \;cn ).,.' E C , lhere is Lriv ia! cofibra tion .>.: - RX wiLh RX fibre nL. 
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/ -ca tegory (C , cof, I , 0). 
llore e is 8 cat.egory, 1cor is 8 class o ( 1cofibrations', 0 is t.he initial ob.ili)CL of 

C and I i a cylindcr ÍllnCLOr. 

These ar re<¡uircd LO SAtisfy: 
1 1) I is a cylincler functor ; 
1 2) P ushout axiom (a lmost as in t.he first part oí C2 ebove1 but f is also to 

pr crv(' pu houts1 and /0 0; 
1 3) Cofibration nxiom: 
l so e cof ; 0 - X is a. lwa.ys in cof ¡ a omposilion of cofibraLions is a cot; bra

t ion ancl ali morphisrns in cof snt.isfy thc homotopy ext.ension property (cf. thc 
dis ussion of cofibrotion in Top earli r in these notes.) 

1 il) Relativ ylindor axlom. 

l f i: 8 - A i a cofibrai,ion and one forms the pu hout 

aua ---- "u" 

rv ml • r 1(/JJ l 
IJ x l --- AU11 (8 xl)U8A 

t hcn thc natural map 

A U 11 (8 x /) Uo A - ,\X I 

is a cofibration, 
1 S) The inum:hnnge axlom. 

For all objccts X , tihere is a map 

T : 12x - 12x 

lntcrchanging the LWO copies of / , i.e. 

Te,(1 X ) 1 e1(X ) 7'( /e,(X )) = e, (IX) 

for 1 O, l. (íhis correspo nds to excha nging the firsL a nd second /-coorclina tes 
of X x I 1, that is, 

(x, s, t) - (x, L, s). 

These exioms ere gcMrnlly inLuiLivc and ere casy LO use. (The relative cylin
dcr axiom is lhc only ano Lhat rnny rcquirc thoughL ií you are írom an algebraic 
or ca1egorical rathor ths n a Lopological background.) 
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Theorem 1 (e[ Baues /S/) 
1/ (C 1 co/1 1, 0) is an, 1-category and we let w.e. be the class of homotopy equiv
alences wilh repe.ct to 1, titen (C, cof, w.e.) is a cofibrotion category. 

Ba.ues develops a Jarge segment oí homotopy theory in this setting and gives 
a la rge number of examples. He Lhen goes on to get deep new results on 11he 
homotopy theory of spaces via this a bstract homotopy a pproach. (See s iso Baues, 
161). 

3 Second Theme: Algebraic Models for Homotopy Types 

Algebraic Homotopy 

The uhimate aim of algebraic homoLOpy is LO construct a 
purely algebraic theory, which is equivalent l.O homotopy 
Lheory in r..he same sorL of way t lrnt 'analytic' is equivalent 
to ' pure1 projective geometry. 

J.11.C.WhiLehead, l9lj, (quoLed in Ba ues, [5/) 

J\ stat -ment of the aims of 1a!gebraic homotopy' might thus include t.he fol
lowing homotopy classi ficaLion problem (from Lhe same source, J.H.C. Whitehead, 
191 [): 

la ify Lhe homoto¡Dy Lypes oí poly hedra, X , Y , ... , by 
algebraic data. 
Compute i he seL of homotopy classes of maps, ¡x , YL in 
term of t.heclassifying data forX, Y. 

These aims1 wi t.h the possible enlargement oí t he class o f object;S oí study to 
include many oLher Lypes of spmces, are still va.lid . One may summarise Lhem 
by saying lhaL one searches for a Aice ualgebraic" category A t.ogethcr with a 
funclOr or functors 

F: Spaces - A 

and an algebraically defined notion of homotopy in A uch thaL 
a) ií X :>: Y in Spaces, Lhen F(X) "" F(Y) in A; 
b) ií f "" gin Spaces, ihen F(!) "" F(g) in A, 
and F induces an equivalence oí homotopy ca tegories 

Ho(Spaces) "" Ho(A). 

11 lcrc Spaces is a category, perhaps of Lopological spaces uch as poly hedra 
or C W-complexcs, but iL may be larger Lhen Lhis and may cont.a.in Lhc sorL of 
'gcncraliscd space' used in other contexLS such as algebraic geomeLry.J 
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Ideal Sce n arios 
i) lf wc know how X is consLrucLed from simplcr object.s (e.g. from 1cells1 or 

' implices1) and if we know F on Lhese imple objecLs, t.hen we c1:u1 1calcu late' 
F'(X ) compleLely1 (e.g. not. jusL up LO cxten ion of groups or iLs analogue in A ). 
Por thi Lo be t.hc case, we would neecl a rcsuh of 1he form of Lho uan lfompen 
'f'htarem: 

Hccall (cf. 13rown, [13[ or Masscy, [73[), the ' 1111 J< ampen Lheorom says LhaL 
if X = A u 13, A, 13 aro opon, t.hon 

n 1 (AnB) -----+- n 1 (Al 

! 
n ,(B>---n ,rXJ 

is n pushout of group (or groupoids). 

( For thc group vorsion, one 1,eeds A n 8 arc"'1lsc co1rnec1ied¡ for t.he groupoicl 
venio1l A n JJ is a union oí nrcwisc connected component.s ~rnd one bases t.hc 
groupoids on at. least. one polnt in ach omponcml, cf. Brown, 113)). IL is wor t.h 
noling thot. t.ho usual proofs oí t.hc van l<ampen Lheorem use idot1s of 'subdivision' 
and 'filling 1 imilur to those we hove looked at earlier. (1 t. is a usoful exercisc to 
examine th proofs írom Lhis viewpoim. Th re ore oihor prnofs using gluing oí 
CO\"ering spaccs t.ha t do noL use u.he ideas x:plicitly · ·ñnd t he connection!) 

ii) h i to be hoped thot Lho 'olg brn1 in A rcfieclS 1.he 'geomet.ry1 in thc spoccs. 
T hi i e\lidcnL in Lhe fundamont.al groupoid whcrc t.he algabraic composition is 
dcfincd vía a geomcLric consLruct.ion. 

lii) 1dcally t.he det.ailecl 'homoLopy st rucLurc1 oí 'Tup, Poly , or your favouri t.c 
cmcgory of 'spaces' wil l be roflect.ed in A , ... , but what cloes 'cletailed homot.opy 
trucLure' mean? We Htie bnck wit.h a vcrsion of our original quest ion, now perhaps 

with ñchc.r int.uit.ion o f ways of opproaching iL 

Thesc 1idea l sconarios 1 nre, a t. prcscnt., unrca.li Lic. T her oro howover vurious 
ideas that. may reduce the problem LO more managea.ble proportions. 

\\' oould: 
a) restricL thc paces boing considcred using goometric properties, e.g. having 
dimci ion $ n (cf. WhiLohead, [90[ or more n:ccntly Baues [5[ a nd [6[) ; or 
b) find • mod 1 which models fully only ccrtain homoLopy Lypes (typically Lhose 
hM1ing sorne conclitlon such l\S ·rr,(X) = O H i > n); or 
e) find a model t.hot clossifie 1!.ll spa and maps, but up Lo a wenker relation 
•han homotopy, (e.g. up to n -oquivalencc, cf. 1 hitchead [ 9[ , but beware ihe 
dcfinit.ion oí rt-equiva lence will be slight.ly differenl in more recent work). 
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Thc specific examples of these strat.egies are, of course, noL Lhe only ones 
possible, bul Lhey have the meriL of bei ng linked in t.he idea of n-type (Pox, 
[37[, Whitehcad, f 9f , Loday, [67[, eLc.) T he idea is that n-equivalence measures 
information detecwble with maps com ing from polyhedra of dimension ::::; n, so 
t.hc 7T¡(X) íor i > n do not. have as much significance for t.lüs notion of equiva.
lcnce. Each n-equjVBlence class of spaces (== n-t.ype) has a represent.at.ive X wi Lh 
?r,(X) = O for i > n. so here Lhe t.h ree ideas a re st.rongly li n.ked. 

Examples: 
{Por s implicity, assume t.hat X is a connected C\.\Lcorn plex or polyhedron.) 
n 1 : lhc íunclamema l group 71"¡ (X) or grnupoid íl 1 (X) , complet.ely models 

t.hc 1-Lype of X, classifies maps from !-dimensional complexes int.o X and also 
classifies covering paces of X 

Before we go to highcr va! ues oí n, we need sorne more notaLion and Lermi
nology. 

We wriLC x n íor Lhe union of the i-cells for ·i $ n . ' Recal.I' Lhat if (X, A) 
is a pair of spaces, wi th A e X, xo E A , t hen rr,,(X 1 A, xo) is the n 111 relaL ive 
homotopy group of (X , A). lt consisns of homotopy classes of maps from an n
cube 1n inLo X tha t map a ll buL one face of /" t.o xo and the remain ing face 
in Lo A. T he det.ailed descrip t ion will not be needed here, but ca n be found in 
rnost. books on homot.opy theory. Res trict.ing t.-he maps to Lhe last face gives a 
homomorphism 

{}: ""(X,A,xo) ~ ""_ ,(A,xo). 

We can now handle t he casen = 2: 

MacLane and \Vhi tehead [70) showed t.hat. the a lgebraic structure of 

moclels the 2-type of X (Their 3-type is our 2-type - t he terminology has clrnngcd 
in t.he yca rs since t.heir work was published.) 

The structure referred to is Lhat of a crossed module (see below). We noLC 
Lhat 
(i) l<er {} 9< r.2(X); 
( ii ) l rn {} <J •1(X 1) 
and 
(iii) Coker {} "' r.1(X), 
so the usual in\lariant.s r. 1 and 7T2 can be found from this data. 

Crossed Modules 
A eros.sed module1 (C,C 1 0) 1 consists of groups C, G, an action oí Con C 

(wri tLCll (g,c) - Ye) 8!ld 8 homomorphism 0 : C - G Such lhat. 
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O(•c) g.Oc.9- 1 

o.¿ = c.d.c- 1 

for all g E G, e E C; 
for nll c,d E C. 

Morphisms are pairs of map preserving trutlUre. T'hese give o cacegory, 
CMod, oí rossed modules. 

Examples and Exercises. 
l. líG is o group 1 and N <l C wiLh i : t - G lhe in lusion, tihen (N1 G 1i) is 

a e~ modulo, whoro G octs by conjug&lion, 'n gng- 1 E N. 
Exercise: lf (C,C 1 0) is a crossccl module, pro\ 1ha• /m O <l C. 

2. Ií M is a lefL C-moclulo (so /vi is 80 abelian group wit.h an acLion of e 011 
it ), lct 0: M - C be tho morphism with , for all m E M , O(nt) = l.c , Lhc id ent.iLy 
oí C. 1hon (M, C, O) is t1 crosse<I rnodu lc. 
Gxer ise : lf (C,C 1 0) is a crossecl module, pro\ thet J(er· O is u G-modu lc on 
whicb J m O octs Lri via lly. 

J. L t C be ony group. T'horc is o natural homomorphism 

a : G - Aut(C) , 

whcrc .4ul(G) i tho OuL01norphism group or c. The homomorphisrn o is g ivon 
by : if ge G, o-(g) is bho inner aULomorph ism ghim by conjuga.t.io11 by g 1 i.e. 

CY(g)(x) gxg- 1 for x E C. 

8xercise: Prove Lhat (G, A'UL(G), a) is a rosscd module. 

Oigression on Interna ! Categories . 
f..el be 8 caLegory wi Lh finit.e limi ts. J\n internal category in C is O cliagrarn 

whcre 

' c ,==::: co~C, 
' 

1source of • 1 

'Larg L of - ' 

'ide ntity on - 1 

nnd $1 lt l dc0 , Loget her wi t h a composilion map (in C) 

whosc domaJn is g ivcn by t hc pullbnck 
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C1.X1 c.-c. 

i ¡ 
c,-c., 

ulisíying thc m1ual associa.t.ivi ty a.ne! idcntity rules. \ V say C 1 i Lhc obj L oí 

nrrows and Ca thc obj<'CL oí objccts, thcn 1 11 x, C1 is the objcct oí compo ablc 
pairs or 8ír()\I. 

i Thinks : (b, a) E C1 , X ¡ C 1 if ond only if la sb, i.c. 

( s(a) ...."..., l(a) b ) s(a) ~ t(b) 
s(b)- r(b) 

In general , objcct.s oí C may nm havc clcmcnts - in thc case wc nccd 1.his 
howcvcr, thcy do as we n cd e Grps, Lhc cmcgory oí groups.¡ 

\Ve write at(C) íor t.hc ca tcgory of intcrnal catcgorics in C . 

Proposition 1 (cí. Brown-Spcncer 12 1 J and scc rcmarks in that papcr.) 
'/11e categones CMod ond Cat(Grps) are equrualent. 
kctch Proof. 

Wit.h the samc notation as bofore, set A - Ker s and let O: A - Co be giv n 
by O(a) t(a). i.c. O i the restriction of t Lo A. The action i 

9a = i.(g)ai(g)- 1• 

Th v rification oí CM 1 and CM2 is lcft to you. 
Now upposc (A ,G, O) is a crosscd module. Take o C, C1 A ~ G, thc 

scmidircct product of A and C. ILook this up in a good Croup Thoory book for 
íull r cletails1 buL hcre you will nccd LO know thc mul tiplication in Lhis group: 

(a, g).(a',g') (a.9a',gg').I 

Now clefin s(a,g) g, f (a,g) - O(a)g, i(g) (1;1,g) and theoomposition by Lhc 
com¡>osilc oí 

g '::$ O(a)g (o',~)q) O(a'a)g 

is to be (a'a, g) : g - O(a'a)g. Again the job of chccking thal •, t ond 1 and thc 
cornposilion are all group homomorphisms and thsl th Y maJce up an inlC'rnel 
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cntegory i1l G rps is lefL t.o you. ( I n facL it i an inl rnel groupoid in Grps -
prove il). 

Wc saw lhnL íl2(X,A) - • rl 1(A) is a crossed module and o Lhere will ben 
Cat(Group) as well . IL is foi rly easy to ee how to generalise Lhese ideas from 
group LO groupoids, so we geL o cross d module oí groupoids corresponds Lo a 
spcdal t.ype of double groupoids, Lhat. is a 1groupoid whh t.wo inclepenclanL com
positions'. This can be int.orprot.ed ns homotopy classes of rna.ps of squarcs. VVe 
t.hus hav t.hot. : 1-typcs correspond Lo groupoid ; 2-t,y pcs corrcsponcl Lo dou
blc groupoids (but. wi Lh a bi t. more ext.ro structure in fact,). Por more dctails see 
l3rown- lliggins 1 p 5J, which describes a van 1\ampen theorem íor crossecl rnouldes. 

To lry w opprooch ou1· 1idcol scenario', our crossed modules shoulcl carry an 
nbstrnct homot.epy Llíeory t.hot at. lcast partially reflects that oí spoces. In facL Lo 
gol a richer st.ruct.uro t.IHH1 we hove here, it i bes1 to go to 'crossecl complexe '. 
1'h \\ re int.roduced by Whi t.ehead in 1 9j, where they a.re ct1llecl 'homoLopy 
sy lcms1• ApproximaLcly Lhey are ob1.ained by anaching too a crossecl module 

IJ:C-·C 

n choin complex of modules (ovar a groupoid) 

... ~ C,. !1. Cri-1 ··· !!. C3 

Lo gel a 1chain complox' 

(so 88 = O) o í groupoids (buL C and C may be non-abelian). WriLing CRS íor 
thc category of crossecl complcxes, we gel a fu.nctor 

IJ : CW - R 

n (X)1 11 1x 1xº = x0 

th homolopy or /1J1ui.ameutt1J croS!led cornplex. func1or (cf. fer insLunce Brown 
ond !ligios, 1191) . 

.\'01.e the íollowlng: 
o) 11 '8li fics • vun l(a1np n Lhcorom (Brown-Higgins, 1151) and CRS support , 
I• Qullkm model ettbegory s~rucLuro (Brown and Golasinski , fl~f). 
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b) C R is equi\'8.lent to severa[ a lgebrnic-geometric cat.egories, e.g. w - gpds, 
- gpds, ( \\•hich are cubico ! se t.s wiLh ext.ra olgebraic sLructure), simplicial T

cornplexes (which are K an complexes whose ñllcrs are nicely beha\fed, (cf. A hley 
/ 111)) end t.heir cubica! anal agues. Thesc T-complexes remind one oí Lhe st. ruc
Lurcs Lhat 1 amps imposes in his abstract homotopy t.heory Lo get. nice homotopy 
propert.i , but the st.ruct.ure used here is li Lerslly 1 infinitely richer '. 
e) CRS has a tensor prod ucL and a.n in term\I hom- t ructure 

CRS(X ® Y, Z) ~ CRS(X,~(Y, Z)) 

(cí. Brown-Higgins , jl7J). 
d) rrx gives complete infonnation on Lhe 2-Lype of X and on t.he chain com
plex of modules over fl 1 (X) given by Lhe chHins on the universal cover of X, (cf. 
Brown- Higgins, ji J). 
e) There is a simply defi ned funcLor írom sirnplicia l groups (or simplical groupoids) 
Lo crossed complcxes which gives an a!gebraic version of íl , (cf. Ca rrasco and 
Cegarra!2JI ancl Carrasco, [221). 

Crossecl complexes Lhus mode! more in fo rmation than chain complexas tllld 
ha ve t.he acldilional nice feaLure LhaL Lhey can easily be adapted LO other algebraic 
seLtings (e.g. crossed complexes of commutaLive algebras were used by Lich t.en 
baum and Schlessinger, /65/, in work on Lhe cotangent complex construction) . 
They may Lhus be useful in non-abelian homologica l algebra ancl 'homoLopica l 
algebra'. 

Other extensions of crossed modules have also been used. 

The categori es CMod and Cat(Grps) have fini te limi ts so we can form 

Cat2 (Grps) = Cat(Cat(Grps)) 

and so on to get Cat"(Grps) (Loday, [671) 
These rnodel ali (n+ 1)-types extending the Mac Lane - Whitehead result and 

Lhey saLisfy a form of van I<ampen theorem, (Brown-Loday, (201). CaL 2-groups 
correspond to crossed squares: 

X Í ~ ~ w; th µÁ=vX 

N ---.- P 

in which ,.\ , ,.\1
1 µ 1 v 1 and ti,.\ are crossecl modules and there i an ' lt-map', h : 

M x N - L that behaves Jike a commuLa.Lor. An almosL t.ypical exarnplc Is wh n 
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JJ nnd vare inclusions of normal subgroups and l M n N wiLh >., >.', inclusions 

'" "' h(m, n) - lm,nl E /, . 
A uscful obscrvnt.ion is LhaL if C is a si rnplicial group a nd M <l G tllen 

iro(M) - •o(G) 

Is n eros.sed module (Lry Lo prove Lhis yourself. it' easy!) and up 1.0 lsomorphism 
ali crossccl modules o riso in Lhis 1voy (cí. Lodoy, (67J or PorLer, 18 11) . Now ií 
N <J C as well , form 1.h squnr 

1t 0(M n N) 

J 

This is o ero c<l quu1·c and up Lo isomorphbm ali crossed squo ros tirisc in 
Lhi>t way • ancl so on. 

h "'®ms likely t.ht1.t. t.o got. a nice homotopy thoory of crossed sq uMes e ne 
would necd to add n cht\in complcx n a 'tail' in somC' way. Curront re~ca rch is 
im'CSligating 1lt.egorical nnd homot.opical propenie:t of such ol>ject.s. 

4 Th.i.rd Theme: Categorical Structures of Homotopy 
Theory 

(\Ve u Ho (Top) os fln example; Lh so rne sort oí Lhings happen in 01.her homo
topy tol·ogOri . ) 

a) llomo1.011y cat,egof'ies ha·11e f ew li,,11ts and cobmU,s in _genernL 

(Tu prove t.h is req uires more alg braic topol<>g)' tha n 1 am assuming end in 
íncl pccific proofs of 1.his nre qui te íew in the lile.ra1urc. Heller (['15], p.32.) givcs 
thc cxample 

"'·OOre 1h degroc oí f ls 2. This diogrnm cnnnot h1we e pusho uL in Ho(Top) fa r 
~r P •'8..<; a pushout. t.h n t. hc cohomology of P with coeffici ent.s Z ancl Z/2 wou Id 
1o1íoh111e lht' Univ rsa l Co ffi i rn Thoorcm.) 
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What i much easi r Lo prove is: 
b) Pullbacks (011d pushou,ls) i.11 Top arn not ¡>reserved 011 ¡>ossoge to Ho(Top) 
e.g. uppose X i a pace and A >:; X wi th; : A - X the inclu ion. Let { •) 

b a one point pace, x E X\ A, a E A, a.nd a: x :::- 0 1 e path. 

{•¡--A 0 - - A 

l !; ond l !• 
X 1•1 - .-x 

ore bmh pulback in Top1 where we hove usccl a nncl x also to denote t.hc function 
picking out those el m nts, ond htwing domnin { • }. These Lwo funct.ions ar 
homotopic, in íact the pa t.h a lli a homot.opy between t.hem 1 so t.b t.wo diagrams 

A 

and 

X (•} X 

consiclcrcd a.s diagram in Ho(Top) aro isomorphic diagram . hence their pull
bnck (in Ho(Top)) ií thcy xist., ore isomorphic. Clcarly such a pullback cannot. 
b bomorphic (i.e. homotopy cq uivolent) bOLh LO a onc-point set and t.he mpt.y 
s t., incc thcrc are no nrnps wiLh t.he empLy set. as codomain except. t.he uniquc 
id mity function having t.hc ernpLy seL as boLh domnin and codornain. 

e) Ba u: con troctrons go wrong in homolopy calegor1es 
.g. uppose C i a group ancl X is a lefL G-specc (i. c. X has an set.ion 

Gxx~x 

wriLLcn 

(.g,x) - · •x 

which i continuous • we will giva C Lhe discreLe LOpology). This can also be 
thought oí ~ a runct.or 

X: G - • Top . 

(Excr cise: hcck thaL by considering o group os a groupoid and hencc as a 
cal or)\ n G- pace 1.s a funct.or as SLt\Lcd). 

l f \\ rcplncc X by a homotopy qui vn lcnt. )", i.e. an isomorphic objcct. in 
Ho(Top). wc aumot clai m t. h ~1 1, Y will b a G-spacc (scc latcr as wcll) so t.h 
11otion oí G-"pacc is nol homOLopy invtirianL. 

ome rmplc en"rr•.s s on limits cmd columt,s - ~ r l&ltr uc;e. 
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L<lt X : G - e ts be• G-sot (or more gcncrally a G-space). 
1) T h oolimit oí X saLisfi : 

e t s(GolimX,Y) "'G - t (X, k(l' )) 

wh re, if Y i o L, k(V) is }"' wiLh Lrivial C-e.clion. 
f ro' 'C Lhat ol m1 X is is morphic Lo X /C, the ~1 of C-orbits of X (i. c. Lhc 

SCl OÍ equival ·llCC clas CS ÍOI' Lh r lation X..,. 9z). 

2) Th limlt oí .'í siuisfics 

G - e t s(k(l'). X ) :: ts( l ', /,rm X) . 

lly t&king }" LO be a singlcton s L1 { +- }i or othcrwbe, pro,·c thflt U .m}[ is ¡.'1'~,;oX, 

thc fixcd point SCl oí X : 

l'io:c X ¡,.E .\ : T •x íor all g E G). 

Thc corrt"'!poncling C'onstrurlions for G'· pace-. oí cour.<', work in t. hc srnnc wny. 
~lany problcms in nlgcbruic topology are linkcd lo thc pr blom of CHk: 11lnt.ing 

thc ÍR\'8rianb of 1lw ho1notopy typc of X/G or FtxcX givcn similar i11fo rrnnLion 
on .\" An imp rLant vnriat.ion on Lhis is to considcr homoLopic group HCt.ions nncl 
LO find i 1wariam of X/ , or Vi xc;.\" which ore invariants for ~\ll rclu.tcd ~1ctions. 

Ex rcise: Find an oxu mpl of n -spacc X such thaL w!Lhin Ho(Top) 1 t hc 
llmil and colimit oí "(X : C - Ho(Top) do no< xi t. ( flccu ll : 'Y : Top -
1-lo (Top} is thc nat.u ra l quot.iom fun lor1 carlícr) . 

Thc Mxl subjccL wo necd Lo look aL in thi section a lso noeds a bit moro 
cntcgory thcory1 na moly, th t.hcory of 1 an CX't n.sions. fl lisLO ricol t ho ught: D. 
M. Kan whilst working in a l st.ract homotopy thcory med n grcaL ontrlbu tion 
to 'pure• catcgory Lhc ry. lle wns onc of th fir.n to idcnt.i fy the fund nm nt.a l 
propcn1 of adjoint func t.o rs ancl s iso looked et thc cxtcnsion probl m that. is 
now centraJ lO 11 an cxtonsi 11s1, (d. M&c IAnc (69)).1 

Probl 1n: 
,¡\ n 

A 
K B, 

Fi 
e 

find thc>' t' ¡.' : B - · · complcting th diagam. i.e. to 'cxL nd' F along /(. 
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In genarn l an exact e:xtension, i.e. PI< = F1 is not possible and 1 best. 1 is 
in t.erpreted 1 as with edjoi nt.s1 etc., as a universal propert.y. 

Two solu t ions: 
(i} 

lla nKF, lhe riglu. l<an ext.ens ion or F' along I< , (when it. e.xi L) comes wi t.h 
on isomorphi m 

Nat,(SK, l") g; Nal(S , RanKF) 

ru)t..ural in : B - C . !Thinks: it. is a 1·ighl Knn cxt.ension becau e it. occurs in 
t.h righthand part of t.he N a.t( 1 ) expressionj. 

In particular, th re is a no.t.u rtl ! t.rn nsformalion (Hanh'F)K - F t.hat. corre
sponds to the idcntity 0 11 l?am.l(F' . 

(ii) Thc lefl l(an xt.ension1 lanl(P, comes wit.h a naLUral isomorphism 

IT hink : Yes, e left. f(on extension is in t.he left. hand position o f t.he Notj . 
Note: ií A , 8 are small, t.hen C A nncl C 8 

1 t.hat. is the funct.or cat.egories, 
exist and K : A - B induces a functor 

by composltion " rit.h /(. lf ri ghL and left K ai1 ext.cnsions alon.g K exi L for all F 
in CA , thi is l he same as saying LhaL c K has righL and lch. adjoinl.S. 

Exercise: 
upposc G, 11 are grou ps (considere<! t\S caLegories) , K : G - H a funcLOr, 

(1. . a group homomorphism), X G - Set s, n C-set. \ Vhat. a.re RanKX 
oncl lonK.Y? (Thcsc correspond to quit.e well known consiructions in group 
r prcscntaLion theor_y.) l t. may help Lo not.ice t.hat when JI = { J }, the trivial 
group, ihe5e are l.Am X a nc.I Col1.mX. T he way LO try to calculatc R.anK .':\' and 
l~an¡,;X i lO imil&l.c t.he argumenLs usecl wiLh Um .... ').- and ColimX earlier . 

/Jad: 14 homoWpy tJ1.eory: H o m otopy Limits and Colimit.s. 
( llou;ficld-l(an (l IJ, lllusic, 1481, 13oordmun-VogL, 17'. Vogt ( J, Edwords ond 
lho. tings J36J, Bourn-Corclier, !JO!, etc). 
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Ideo: 
J...im ; J - is rigJn UdjOiilL LO k: C - CJ 1 thC 'COl'l:SIMI diegram1 funcLOI'. 

l f ' has a homowpy sLruOLl1rc (c.g. nolion of "u..k equivalence) so LhaL 
Mo( ') can be formcd 1 Lh n k induces 

Ho(k): Ho(C) - · Ho( 1 ) 

for o suilablc noLion of wcak cqulvalcncc in •J. !In facl onc us t,he leve! weak 
oquívnlcnces i11 J) which nrc Lhosc 

/ :X - · Y x ,1·e c 1 

for wl>lch each JU) : X(j) ~ \'(j) is n wcnk equi"alcnccl. In many cases Ifo(k) 
has u. right adjoint1 llol:i.111 

Ho(CJ)(~(X) , \') - Ho( )( .\. //olrrnY). 

Problem: uncl rsHrnd Lh consl ru lion of //ol1m ) ' in ufll ·icnL gcnorrdity. 

Qf COUF'W, 8S WC' Cl\ ll ln LO l'pl'OL homot.opy SlnlCturc in SCV't'f81 Wf\yS, SO WO can 
lntorprot ll olm~. w. slrnll look ot Ho(T o p) and homa1opy fib res as wo hnvc 
nlrC'ndy tookod at. 'fibres'. 

Exarnple: 

l f / : X - Y is o fibrn t.ion ond y· is nrcwisc conncc:u.~I , t.hen Lho fib re /i'( f) 
Is d tcrmincd up Lo homotopy 

F<JJ, --+-x 

¡ ¡ 
i • i-Y 

' 
lf /<' ¡,•KM n fibration, thon wc can mnkc it into onc using fac t.orisot. ion (comporc 
HttUC!i' t\ xiom C3 and duollsc) nnd thcn tnke fibres., or .. . wc con do iL di recLly 
oncl gen o homoWpy fibre using a homolopy f1Ullback. 

J.oi 1-1.(/), {(,1, :i:)I,\ I - l' , ,\(O) y, ,\(J ) / (x)], Lhen we have a 
dio~rnm 
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p{/,r) =X 

which i nol commutet.ivc, but. Lhere is fl homotopy JI : Pi.(/),, - Y 1 given by 
11(..\,x} ..\, bctwcen the t.wo composites of Lhe icles1 /1 : y:::: pf. Not thnt. 
if wc chang y aJong a pat.h (i.e. change the mop y wi thin il homotopy cla.ss, 
Lhcn <h homoiopy lypc of l~, (J)u docs noL chango. Thus F•(f), is more robusL 
t.hnn thc fibrc itsclf. We t.ond t.hernfore to omit thc y from the notat.ion whorc 
possiblc. 

For a more concrete example, Lake f : A -- X to be the inclu ion, t.hcn 

71"2(X, A) <>< 71"1(Fi,(f)) 

os can 08.!ily be chcckcd directly. [ll int: pick ao E A as ba..<cpoint so !·/,(!)is 
{(..\,a)I..\: / - l ',.\(O) ao,..\( 1) f(a)) . IJasc F,,(f) nl lhc constanL pnLh ª' 
ao , i.c. (..\,ao) with ..\(t ) ao for ali t E /, Now describe a loop in /~, (!) at Lhis 
bus poinq. 

Exe.rcise: ( lleturni ng to a geners l f : X - Y .) 
uppose wc U)1 to fill in t.he comer wit.h another square plu homot.opy 

A -X 

i Kp r 
{• J---Y-- y 

/( : A 1 - Y or, ií you prefer, J(: A - Y 1. 

l thcrt" sorne universal proport.y far t.he original square lhet. leads, soy, LO a 
mnp ;1 - F,.(J), loge1her with facLorisations or Lhe homolopy K vis Lhe IHlLural 
homotopy I f? c.g. sorneLh i ng 1 ¡ ke 

\··¡~~¡. 
1·1-- y 
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This !Wgg LS Lhttt. homot.opy llmits should 1 tore' more homot.opy iníonnut.ion 
i..hun ordinary limlt allow - bu1. in H o (C}, thi iníonnation has been clesLroyecl. 
1 1his hmhc_r sugg lS t.h6L hoinot. py limil corrcspond t.O St.rucLUro in C rat.her 
1.ihan in H o (C } o.s such1 and i..his would m to be lhe case. ( omo Aut.hors use 
llolim for thc fun LOr Al. t he homot.opy Cl\l gory le\1?) and hal.im for 6 íunct.Ol'ial 
constructíon in Lhtn gi\ICS r presomative object íor llolim.) 

f\ 11 th ideas nn bo duntisecl to gi homoto~· colimits 

Ho( '1)(X, k(Y)) ~ Ho(C)(//ocolrmX , V) 

nn 1 more gcncrolly honiot.opy l<an oxt. nsion : 

if A B are sinall, k A -· B lnduc lfo( •¡ : Ho(C9) - H o(CA), 
hon1otopy 1 an cxtcnsíons t~r left. and right adjoint:t. to this íuncbor , i f 1.hey exist.. 

C rothcndieck l4•1j st.o rt.ud u discussion of the exi tence or hoinot.opy lütn ex
tonsion~ a_, 'intognHors1 in clorlvcd at gory thcory (d. Vcrdlor1 1871. Deligne, 
[:tl j, lllu,.ie, H J; thc thoory of dcl'ivcd cntcgoriC"' i' a rich ho1nol1opy stn1cL11rc on 
c:mcgorics oí chaiil complcxc~ in Vl\rious scuings oí, for in l8nc , olgebn1ic goomc
try). 1 lis idC'a rcls1 LO his 'Pm·s1Lit o/ stacJ.:s'. tac>< .. (cí. Giro 11cl !1101 or Delignc 
~ Mumford 13.l l) nrc 'Rbrocl oiLogorics' oí n ccnain 1ypc, but GroLhtincl icck t hirtks 
of thcm as a varying fonii ly or modo.Is of hom0topy typcs rnuch us ti shcní can 
b Lhought of as a vnrying fo rnily or LS; th gluing of scct.ions is ulso slighLly 

cl\ffo~nl. To hsndl t ho homot.opy Lheory of t.acks casily, he Meds Lo be nbl' t.o 
form cxlcnsions along map!.i bot.wecn thc ~bases' (i.c. \\tbatcver objecL~ ora playing 
Lhc role or pace, or i ta, in Lho t.heory of sl8Ck ). llis ma.nuscri pL ¡1M/ conLains 
t'l.n normous omounL or obsLrnct. homotopy theory. 

A•though th 1not.iva1.tion wns di~· rcnL1 Lhe use of homotopy l(an xt.ensions 
wns alsoconsid red ont.ia.1 by Anclorson fll and, taking bis ldeas ru rLhor 1 l lellor, 
1115! has plnced t.hom nt. l1ho ceni..rc of his ideas on &bslr'6Ct homo~opy t.heory. He 
descri bes a homotopy t.heory as b ing th functorial assignm nt Lo ea.ch small 
cnLogory, J of • cat. g ry T(J ) (Lhought or, for us here, as Ho(C-1), and adjoinLS, 
bot.h right a.nd left, to Lha induccd fun tors 

!fo( >"¡ : H o( ' ') - Mo(c') 

Ir /•' : J - J '. with thcsc clRLn snli fying ccrtain axioms. The standard cxomple 
Is llo( J ) DJtd ht" hows t htH it. octs on orbítrnry homotopy t.hcories in a natural 
trnCI ~1 ...,.rul w1ty. This t.hoory is quite hnrd goi11g, bul il looks !:lS ir it is very rich, 
ond n lot oí furthl'r rcscnrch nccds to be done in it to exploit it.s poLent.ial for i..ha 
oppll nhon ..... tlun ll~llc-r j usL Lou h · on. 
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5 Fourth Theme: Enriched Categories and H omotopy 
T heory 

Wc saw how lhe l<an-J<amps approach t.o homotopy theory in a ategory 
loods LO a cubica\ sel Q(X, Y) with Q(X, Y)o being the ordinary hom- L, in 
other word il enricl t.h 1hom 1 wi t.h more struc LUre. The t.heory oí enri hed 
cntcgori can be approached for the algebraic lOpologisL via th implicia.lly 
onriched cal gori used in Quillen 1821 or for Lhe categori t vis t.he book by 
l<olly l&lj. \·Ve '""1ill not go inLo t.he Lheory in cletni11 but will give some examples: 

- For cach X , Y In Top 1 we can forma simplicial set. Top{X 1 ) ' ) with 

Top(X, Y),, - Top(X x " , Y) . 

This bcha as i í il were <ing( Y x) even if yx does not always xi l wit.hin t h 
cntegory of paces being con idered . 

- for eoch X , Y E S , we goL S.(X, Y) with 

(X, Y),, = S(X x ó [nj, Y) . 

lí Y is t<an, then so is (X1 Y} 1 110 mauer what X is. 

- Por cach X . )' E Cat 1 Lhe caLegory of s mall cnt.egorics, Lh n we imilarly 
gol at(X, Y ), 

Qfil(X, Y),, = Cat(X x lnJ. Y). 

Thcse are all examples of S-enriched categories {or S-categories for short}i 
i.o. Calcgorles e, where C(X, Y) = .Q(X , Y)o íor sorne simplicial sel (X, Y) , 
whorc thc oomposit.ion map in C excends to one bet.ween these .Q{ ·, Y}s 

i.e . .Q(X, Y) x .Q(Y, Z ) - · .Q(X, Z) 

satisíyin,g associali\lit,y and ident.íty rules in t.he obvious way. imilarly, th ro is a 
notion of íunctor F : A -+ B between general S-categories¡ this conslsts oí &n 

igr\ment, F on objeclS 0ncl for pairs A01 A 1 of objecLS in A , a implicial map 

.;u.ui fying axiom xprosslng compaLibility wi t.h composit.ion ond id ntiti s. (f.br 
íull d Lail, sce 1 ol\y l&ll), 

lí is an -c:alcgory, wc con form a cnt.cgory "oC with thc .sam objecLs and 
hll\1ing 

(noC)(X, Y) - r.0( (X, Y)) . 
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For irl!l:l&n , if W , Lhon troC W Ho( \ V), 1 h~ homo1.opy cu1.eg:ory oí 
'W-oomp1ox . imilarly wc could obLain a groupoid cnriched cotegory using 

Lh íundamcn1al groupoicl (cf. 'ubriel ond Zi man. 139)). 
ne ClUl ;do1 so.ne 1 monu1ry homOlopy lheory in eny S-caLegory, e, by 

~t1ying thaL 1wo ma.ps / 01 /1 : )( - · Y in are homotopic if 1.here is an H E 
(X , Y)1 wlth do ll ¡, , di ll fo . 

•rhls thcory will 1101. be vory rich unl at lcast som low dimensional l<un 
condilions are SDLisRccl. Tho S-coL gory, • is callcd local/y /(011 if ench '(X, Y) 
Is n f(an compl x, loca/111 waokly /(011 if ... , cte. 

'n•o thoory is 'georncLri ·i1 lly' nicor LO work wi1h ií is ter1sornd or cotensoretJ: 

lf for ull ,,. e ' X , y l E ' , Lhorc is an objecl K@X i1~ e such thaL 

(1<0 X, Y)"" (!<. (X. l ")) 

nnturally in /\' , X oncl Y 1 t.hon C is snid LO be ICU$0rec/ over 5. 
Duruly, if"' rcquiro obj CLS C(K, Y ) such the1 

'(X, C(f<, Y))~ (!<. (X , l ' )) 

Lhcn " say is cot.e11..1J01Yul ovcr S. 

Proposition 2 (cf . /((l.m¡¡.i ruul Po,.ter, (60/) 
1/ 14 o locolly !«in S -c(ile.90,.y tensorcd Ol't?l" 1he11 tNdn.<J I X 6.jl Je>X , we 
get a good cJ¡lmder fmwtor such Uaat f or the co/ibro11oniS rnlalive l o I cmd weak 
rqu·ri.;al~nct:.8 U1k u. f.o be homotopy quiualencu, th~ CJJtegory C lw.s n. cofibmtiou 

ralf.90'11 Ntruct.ure. 
Thcrc are vari&nLs OÍ this1 duc LO l(omps alonc, wherc C is boLh tensorcd 

l\nd cotcnsorcd ovor S und Lhc concha ion is thot has & Qulllo11 rnodcl ca.tegory 
st ruc1ure~ Thc xn1n1 los of lo ·a.lly l<nn -calcgorics in lucl Top, Knn1 Grpd 
t\nd RS, but not et or S itsolf. 

6 Fi~h Tbem : Homotopy Cob r n e 

( Wc \\'ill of1cn ~ h.c. AS trn nbbr vinLion íor ··homo1.opy coheront".) 
\\ h&\ alr<u:lcly R n .s ral problcm in "'hich homotopy cohcrenco plays n 

porl ( f'.g. dutnging o G'# poc(' X by n hornotopy cquh'Rlence, or doscribing t.hc 
unh 1 propcrly oí o homotopy pullbllck). \\fluu is homoLopy cohcre1lcc'! 
Exnmpl of h .. diogrums in u cnLegory with cylinder. 

1) A di"!lrtun inckxcci by 1hr •moll cot ory, (21. 
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X(1) 

X(OI ) / 

/ XW12) 

X112) 

X(O) --x-10-21--+- X(2) 

ls h.c. if Lhcre is pccificd a homotopy 

X(O l2): I X(O) - X(2), 

X(012): X(02) "' X(12)X(OI). 

2) l'or a diagram indcxed by [:.\[: Dn1w • J-simplex, merking thc \'Crtic X (O), 
... , X(J). thc edge> X (1j), oLc., Lhe faces X(ijk), cte. Thc homoiopies X(ijk) 
fit. togcthcr to makc 1he sides of e square 

X(13JX<01) X0:!3)X(OJ) X(23)X{l2)X(01) 

XtOIJJ 1 1 X(2J} XfOl!J 

X103) -------Xl23) X(02) 
X(DZJ) 

trnd thc diegram i mad h.c. by specifying a sccond 1 vel homolopy 

X(O l23): / 2 X(O) - X (J) 

Hlling this squarc. 

Thcsc can be cominued for lnrger In!. a11d Lhc resuh.s glucd tog Lh r LO nmkc 
lnrgcr h.c. diagram . Of coursc1 Lhis is noL how iL is done, but it provid som 
undcrslanding oí Lhc basic idee. T'he bosic Lhcory wns de\'·elopcd by Vogt, 1 1 
íollowing mc1hods introdu ccl wiLh 13onrdman, [7J (sce also thc references In thot. 
sourcc lor other carlicr pupcrs on Lhc arca). Cordicr [251 providcs a simple -
ntcgory thcory way of working wiLh h. c. cliagrnms ond hem:c relea.sed Lh 

'nrscnal' of c:alcgorl<:aJ tools for working wiLh h. . diagram (cf. Bourn- 'ordicr 
i IOj and Cordicr j26) lor R n h. c. descri pLion of homowpy limib oí h. . diagrarns 
using -aucgorical langu&g , a s in gencrulising earller work of Vogt) . 

Results 
(i) lf X : A - Top is a co1nrnuLaLive diogram and we rcpleoo som of Lho 

X(a) by homotopy cquivnlem l'(a) wi<h spccificd homotopy cquivnlenc dal8: 

/(a): X (a) - · Y(a) , g(a): Y(a) - .\"(a) 

// (a): g(a )/ (o.) ::. f il , /\(a): / (a)g(a)::. Id, 
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t.hon " can combine t.h dut.a inLo t.h 01\Struelion oí a h. c. diagram Y based 
on thc obj LS Y(a) ond homotopy ohorent mapo 

J : X - · Y, g : Y - .\, etc., 

mnking X and Y homot.opy oquívnlcnt as h.c. diagrams. 
Ex rc;se: ln"csUgM thls in simple cases, e.g. whcn A PI or 121. 
(Thi~ appliocl lO C-spoco X shows thaL ií we replace X by a homot.opy equiv

ol nt Y, th n )' is a h. c. v rsion oí a C-spare, i.e. a h. c. diogrom oí t.ype 
C ). 

(Ji) ogt l J i í A Is• smnll ot gory, thero ¡,a ca1cgory Coh (A, To¡>) oí h.c. 
clhlgrn.ms nnd homotopy clnss or h. . maps bclween thcm. Morcov r Lh ro i 
nn rquh'81cn e of w 1 gorles 

oh(A, Top).=. Ho(Top" ) 

(This 'oxphüns' In pt,rt. why homotopy limils can b<> inl rprct.ed in Lorms of h. c. 
con. , el Bourn- ordior, 1101 ond llousfi ld-1 en (1 11 

(ili) rd;er (1080) 1251. 
Ci""" A ," smoll cntogory, thon th re is an -aucgory (A ) (wlth ?roS(A)"' 

A ) such lhtu a h. . cliHgrom oí t.ypc A in Top i giV"en prcclscly by nn S-funcLor 

F : (A)- Top 

'This sugg ts th cxt.enslon of h. c. diagrams to or.hcr conLext.s such as a general 
locnlly Kan -category, B: 

(h•) Cordie r- Portc r , 1271 
Vogt'. thoorcm genornliscs ton locally 1 an, 8 , repla ing Top. 

(••) Cord ic r- Porte r , [281 
11 8 ¡, locally l<an, f : ,.. - e nn h. c. mnp bclwecn h. c. dingroms oí typ 

A In B and //(o): g(n) ::. /(o) , lhon lhcre Is a h. c. mnp g: F - G constructcd 
írom / and /1 ho"lng 9(11) ot indcx a. 

~lore ttC"Cntly, rcsult$ scom t.o 00 rt"" nling a rich 1hoory o f SMcatogorics, S
fonclOf'"\and ooh('rc11a. m11pfi bol,,'CC1\ th('m, thet runs. parallcl LO orcli1u\ry cn~ogory 
lh('Of}· Tht·I"(' '«'nl to be cohcr(lnt wrsion!'! oí rep~mability t.hcoroins, ~\Cljoint
n('~:o., mon.ach rte. EvicloncC' for the'"'>C In "l(>C'Cial cru -- has bccn found meny Limes 
bt'ron- and hR...., prov('d rrnc:lnl in thc drvclopmt'nl of algcbra.ic topology. WhnL is 
ºº"' aPJK'flrln.R would scorn Lo bt.' u much moro global vicw providing l\ 101, more 
11\1\('hm<''f'\' and 811 undN\ying thcon• fer handling c..xamplcs. 
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7 i;cth Th m e: A wide r perspe t ive and som u r -

pri ·ing links. 

Why bother deveJoping such Lhoories? Do Lhey interact well with oth r parts 
oí ~19lhcmatics or ere t.hcy, as somo people would ·uggest, th cquival llL oí 
1 ontemplating onc-' neve!', mcrcly int.rospccth'C ~lathcmatics. Such qucslions 
are ui.cful, C\ n when difficult. LO i\n wcr. lntcractions " 'ith cliffer nt. 1>arts of 
maths scem to be a sign of hCHlt.h1 ull,liough a.bscnce of such intcractions oft 11 only 
mcans a Jack of 'ripcn s', of 1rnuLurity' in sorne scnse, of the ubject. Following 
ideas of ;roth ndieck end ot.hcrs1 1 will Ht.Lompt to show reasons for opt.imisrn in 
Lh futuro of abstract homoi.opy t hoory. 

l. Grothendieck( A 1, ['12[): The íundamental g roup of a topo ·. 
Lct E be a Grothcnclicck Lapos (Lhink oí E as thc category, Sh(X ), í et 

valuccl shca\ on a space X) . Wit.hin IE, wc can pick out a subcatcgory, C, oí 
locally finit • locally const.ant object.s in IE. ( l í X i a pace wit.h IE Sh(X) , 
C Corrcsponds lO those ShCIWCS whose 'es¡Jace éta/.é' (cf. Borceux 1 J) is A finilC' 
covcring pace oí X ). Picking a base point in )t gcnerali to picking a 1fibrc 
íunctor' F : C - Set sn11 , a íunct.or salisíying variou condition& implying lhut 
iL i ' pro-representable' . (Ir xo E X is a ba.s point {x0} - X indu es o 'fibrc 
íunctor' h (.\") - h{xo ) "' Set s , by pullback). 

lí Pis ·pro-representable' by P, Lhen 111(1E, F) is dcfinecl LO be Aut(P). whi h 
i a profinite group. (Ustrnlly 1 witl simply writ.c rr1(JE) , íor Lhis). roth ndicck 
preves Lhcre i an equivalence oí ca~egories C ~ il'1 (IE) - etSfln, the category oí 
finitc ;r 1(E)·sets. Ir X is a locally nicoly behaved space such as a W --complcx and 
!E = h{X), t.hen 'ii¡(E) is t.he profiniLe complot.ion or ii¡(X ). Tilis proffoit.c COITI· 

pleLion occurs only because GroLhendieck considers locally finite objcclS. \ ith· 
out. this rcst.riction, a coveri ng spnce Y or X would correspond to a if1 (X)·SCL, Y' , 
but ií Y i 8 fini te CO\lering oí X then the homomorphism from ;r1(X ) LO Lh finiLC' 
group oí tren íormaLions oí Y íactors through t.he profinite compl tion oí ;rl (X). 
This is definecl by : ií G is a gro up, G = lim(G/ /1 : /·/ <1G, 11 of finite lndcx) is 
its profinite completion. T his idea of using covering spaces or their a.na.loguc in 
iE rai severa! important poinLs: 

a) th e are homotopy t heoretic results, but no psLhS ore used. Th argumrnt 
involving sheaf Lhoory, t he thcory OÍ (pro)rcpresentable ÍUnclOrS, l ., is of 8 

purel.v cal gorical na tu re. This mea ns it is applicablc lo. paces where l h u. 
of paths1 and other homotopies is impossiblc becausc oí bad (or unknown) local 
propcrties. Such paces ha ve beon studiecl wi t hin .. hapc T hcory 1U1d ~ trong Shtif)(' 
Thoory, although not by using GrnLhendieck's íunclamcntal group, nor uslng "fh<•rif 
Lhcory. (See 2 below r~r more on this connccLion and such ~~ ft.<l Ll"lirn nnd 
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Mard'"'lé 1661, Edwards ancl l lustings, IJGI, ordicr 8lld 1 oner, 1291, Msrclosi~ 
hnd Scga1 l71J for mol't' iníormution 011 hapc and 1rong hapo). 

b) A' no patlU< ar uscd, th mcthods can also be> Rpplicd to 'non- pt1 es', 
o.g. local«s (cí. IJorc ux 1 1) ancl possibly to thcir non-rommutativo analoguc , 
c¡unntal . For in uu1 e, clossi al\y onc could coru ider a field k nnd nn nlgcbreic 
cloouro ¡.; of k a11d 1h 11 choosc C to b a catcgory of étal alg bras over k , in 
<uch a ~"l' t hRI w1(E) "'Cll/(l{/ k ), thc Galois groupoC l.·. A b autiful t rcatn1cnt 
or thb can b round In Douody nncl Douady, 1J.t,. and 1h link with locales 
(wh\ch i~ \'t'ry ~nrong) Is cxplorcd il1 Joya! and 1icmc~11 l·19J. l t., in foct.1 lcuds 
to a el ificution thcorcm for ' roth ndirck to~. l·Tom t.his vicwpoint.1 low 
tllmcn~ionnJ homotopy 1 he ry is scon a:; bclng parl oí Galois t hcory, or uice ·uersa. 

e) Thi~ und rllnc.:-. t.hc fo ·t. t.hllL 71'¡ (X ) cJ~ .. ifies co' ring spoc but. for 
i > l . ,(X ) docs not scom to clossííy onything other lhan maps from . ·i in Lo X! 

'Jñ1.-' i. nbtstrnct h mot,opy Lh ry par exttlltntt. bul where Are t.hc links wi t.h 
rnrli~r work'' 

rlin- lozu r (19(i5-Gti) , 1:11. 
Tltt.>ir aim Wbl:' Lo 1st.1.1dy t.hc annlogu oí homotopy invarlant.s which Ctlll be 

nl>tbíncd from algebrulc vt1 rlot.ics by using thc étale topology of rot.hondicck, 
t.hu thcir c;tarting polnL wos tl nicc Crothcndieck lo~ (na111cly sh uves fo1· thc 
ótolc Crothrndictk t.opology on n nicc schcme). 

fThi1lb: do 1 nccd t.o know u IOl aboul sch mes, vsriot.ies and Lh ótHlo 
tOPo'°S)' 10 undcrsurnd Lh ir work'/ No, e rtain or thcir const.ructior1 do nced 
nn nt.gcbraic gcomct.ric or caLegorlcal vi wpoint to be int.erpr t.ecl easily, but. Lhc 
general pK:lUrc con b obtnln el wit.hom thaL. pccific rcsulLs, oí coursc1 do 
rClíor 10 algebrAic geom t.ric prop rLi 1 but the ncc oí t.hcso can b exLrocted 
withou1 d tailcd knowl lgol. 

Oigression on 'ech mothods 
'h: a (c:ompnct.) spnc X nnd a Hnit open CO\ r, o , of X , wc can form n 

slmplM:iaJ t C(X, 0) 1 whos n-simpliccs are (n + 1)- 1rings of opon sot.s from o, 
l.r (Uo. .Un), cach U, E o, ati íying nu, -F . 

lf d ¡ ... Mother cov r su h thnt íor ach \1 E d, Lhere is a U E O' wit.h \/S U, 
Lhl\n lhc " iRnmcnt V U in Lhi en.se defines a rnap 

C(.\, o) C( X .LI) 

rlt1prndt"o1 On lht' holee OÍ U ÍOr C'OCh \/ , bul in<it'~nd rtl 'up lO ho1not.opy '. J\p
ply1n:.t ont·· .. (11,uuritC' homotopy íun tor f'. - A. toeaC'h C(X , ) a.ncl t.o t.h e 
homc:M~· el.a!. OÍ lnclucrd tronsition mnps, )'icfd., an ÍIWCrsc syst.cm OÍ objccts 
ín , wr.·h..1t ~ Cbllt'd, In J\ rtin- ;\.I R~ur. l3J, 8 pro·ObJCCl in A . jThinks: Profinitc 
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groups occurred in Crothendieck's work? Is there a connoe:Lion?I Cech in lh 
1930s, opplicd bomolog_\1 a nd cohomology In l his situetion t.0 extend simplicially
bascd homology to a much wld r class of spnces. Lefshel~, without. Lhe langunge oí 
cot.egory theory, studied, again in t he l 930s1 the formal propeni oí inverse ys
Lom oí Polyh<!dra and maps between t hem and hi studeot hristio 12'1] looked 
Ul t he homotopy groups in thls setting. Borsuk 191 de1"'1oped hapo Theory, 
which olthough ini1ially r.v goomeLric ín ílavour turned out. also LO be describcd 
In Lorms or hri 1ie1s tht'Ory of Lhe 11Cech oxtensions" of hornotopy theory, (soo 
Con:licr nnd Portar, 1291 íor s cotegorlcal approach to hapc Theory). 

Tho use. of modí6ed Óoch m Lhods in algebraic geomctry was well csLBblishcd 
whcn Crothcndieck and his cotta.boro.tors in Paris st.aned adaptlng it LO work 
1vlth • Grothendlecl< topology. Verdior In SGM 121 introduced hyp rcoverings 
ancl wc rcturn 'º Artin and Mazur to find Lheir use in homolopy theory. {Tho 
work of Lubkin1 ( I~ hould a\so be menLioned here as iL cont.ains much t.hot. is 
po.raJI l to the devclopment. by Verdier , ArLln ancl Mazur and is sometimes mu h 
cosior LO dccipher ror the non~specia list algebraic geomet. r). 

Glven 1hat a Grothendleck Lopology is essentlally about abstracting a noLion 
of 'col'uring' (cf. Borceux, 1 1), it Is not surprising thaL modified Gech m thods 
can b applied. J\ rtin and Mazur [3] used Verdier's idea of a hypercovering LO g t 1 

íor ach Grothendieck topos, IE, • pro-object in Ho(S) (i.e. an in1 rse syst m oí 
slmpllcial SCLS), wnich they call Lhe á tale homoLopy Lype oí Lhe wpos IE (whlch 
íor Lh m i ' hcaves for the é tole Lopology on • variety'). Applying homotopy 
group íunctors gives pro-groups ir;{E) such t hat " ' (E) is essentia.Uy the sorne ns 
Gro1hendíeck' .-1{E). {Here you need Lo know Lhat the category oí proflniUl 
groups, i.e. inverse. Umit..s of fini ta groups each wiLh the dJscrete topology, Is 
equivalent 10 the category oí pro-objects in Lhe category oí finite groups. The 
proor is not d ifficult and should be clear if you first check up on lhe definit.ion of 
profin.it groups. \ AR 11NG: lf you remove ~finii.e' the resuJt does not hold1 /)lit 

you can reccwer it in pan by working with 11pro-discretc localic groups" inst.ead of 
lOPologicaJ groups, i.e. cake limits oí fini to groups wí t hin the category oí ' locallc' 
n.u.h r t.han ' topolog.ical' groups1 remembering LhaL 1locaJes1 are aJ.mosL 'spuces 
without point 'i again scc Borceux1 181). 

Grod1c.ndicci< ' nioe 1TJ has Lhus an inLerpret.a.Lion as a limiL of B Cech Lypc, 
or s.hape theoreliCi y t.em of 11"15 of 1hypercoverings'. an s.hepe Lheory (or il.S 
more: powurfully lructured 'sLrong' or 'coherent' vcrsion, cr. Lisica and Msrd 1~, 

1661, or the book 1721, ll:dwnrds ond Hastings, 1361, Poner 176, 1J be useful íor 
SLudyin¡ ét.al homolOpy Lypc? Not. wit.houL xLra work, sincc thc Artín·.Mn.zu.r· 

rdicr approach leads one LO look at invcrse syst.ems in pro/lo( ), l. . in\.'Cl"SC 
system.s (diegm.m ) in a homoLopy cstegory not. 8 homotopy cat.cgory of lnvcmc 
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-.y~l('f1 in trong . hop Th ry (in th(' me rdettn as abo' and for 
t'<lmp11r" n Pon r, j80J). Attcmpls lO ' rlgidif¡- ' 1he hi·P<'rco ring appr ru:h, o 
11.< 10 1 in10 llopro( ) havc bron mad ( .g. b• l.ub in, 1 J) or using s\1npli il\I 
.,.h mi" in ~rit'<llandcr, IJSJ) but nonc h8' )N com 10 lii¡ht thot an be soid to 
ll<' th• dcfinili•\' rn thod. 

0 1lf'of 1ht' dllficulllN wilh Litis hypcr'COvt'ring approorh i~ lhat 'hypcrcovcring' 
i~ o difficuh cunc.."C'pt rrnd to thr 1non-rxpcrt.' m 1t0n-&l'Om('t.ri tHlcl locking in 
lnwiuon 11mnkíully íor us, th"''"' l'i on ultt'rmuin· ppn>«C'h pul forworcl by l<cn 
Hrown 12i (Think~: l 'vf' nlrt•Hdy n that P6J'K'r ttforr«t to co.rli I' in thcs 
nou .... , I"'' ·n' t I'!) 

1\ 1hr Groth ndlcck to¡loo E 'prctcncb to be' 100 '""<'!!º'Y oí .í' 18, but with 
n "4t~ IQft1t, " C'an 'do' siinpridnl --<'l th n in._ 1mp(IE) as long as wc takc 
t'"rt' of 11 llf'RUIOl"lll '> W(' UM'. To~ o bit or thi ... in action wc Hll note tlu.1t th 
ob;rct O in 51mp(E) will be Lh<' l'Oll'>tant .. impltciul ,b(>af with VBluc Lh o rdilwry 
!Ol1 ""oon .. l.Hnt'' hrrr tnking on two mrnnin~ ... at th<' '8mr tim<', (o) const.nnt shcnr, 
l.t• llOl \1tryinR, 'O\ r .\' if IE ¡., lhougtu or ª"' Sh( Y ). sud (b) ,. nstnnL simpliciHI 
ob;t~·t, 1 t• 1M:h ¡,·" Is t 11<1 :mmr und &11 focr ttnd dt·,.,,<·1M.•mcy inops ere ldontiLics. 
'l'hl~ .. O) anu.·rprt'trd O'i nn tHlr spn<"<' is thr idrntil~ map \' ){os t\ sptl('e ovN 
\' Oí COUN" not all ~irn pl\clnt objocts Hl't' con~lBnl and '-O Simp(IE) con storr R 

lot of iníonn11tion nbouL t he• spa ·c (or .. itr) X OnC' C'1U1 look at thc homoLopy 
'ltrurluf't' ol Srmv(E). 1 <'11 Hrown IJ 'lJ shov.00 h hhd a fibrat.ion nucgory struc· 
turt• (ir morr or lcss dunl Lo thc nxiorns that Bau gi\ (SCC' abov ) And giving 
holí OÍ QuitJcn'. St ruCtul'f') nnd IÍ wt' Jook Bl ti fibra.ni ObjCCtS /\ in which thc 
nnturaJ mAp 

p : K -(OJ 

I~ l~ v. k uh1ll<"'nC' 1 wc find lhAL Lhl'M' /\ IU"t' xactl) th<- hypcrc vrrings. G lobal 
'lt ·tion: ol pg1' a shnpUcinl set, l'(J{) and \'Brying K amon~st Lh<' hypcrcov rings 
gi•" PfO- 1mpli lal 1 (still In pro /l o( ) not in f/opro(, ) unfortunotcly) which 
drtl'tmUt1: lhl' Artin-Mnzur pro-hornotopy typc oí E 

Th. rn l lhf.' link b LWt'(ln "hnpc throrctic mcthod. and dcri el c&L gory 
tht'or) "'°""' uplic1t. I n tht1 fir~L. thf' ''>P"t'c' ¡ .. l"C"Oh·('() using 'r.ovcrings' nnd 
th•~ - 1 al th rNlt• .. «•tt ing. lf.'od to .. 1mpbci obJC'<"lS In 5'h(X) Llu\L nr 
~\.lkl~ • ¡ .1\ ·nt to IOJ; In lht~ '>('('Ond. to t"\1'luat<· tht" dC'rivNI fun Lor of somo 
functor f .. A , ~ny. 011 nn ob;« l C. orw Lab. ... thc- 'n\l'r1tgr ' of thc vRlucs of 
f on ob • t .. •uJtly N:¡ulvult'nl to(;, i.('. 01w " °'k w1th 1hc functor 

!·' \ (C) A 
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(whorc \ (C) has objec:l • O' : e - C' , o !\ wcak equivalen • and m•p ' th 
commullng 'Lriangr...', and 1,his has!\ 'domuin' functor 6 : W (C) - C, 6(0) 

1 und F' b th compositi Fó). Thls is in many cases a pro-objcct in A -
unfonuno.tcly tanda.ni derived funcLor Lheory imerprets 'commuting triangl ' 
In too woo.k a scnse and t.hus corresponcls to shnpe rather than strong shapc 
1.hcory - onc thus., in somc nse, arrives in pro//o(A) insi.ead of in J/o(proA ) , 
(cf. 1321). 

Grot.h ndi c.k (1 tt.e r to L. Breen , f~1 3j mid 1970s¡ Purs uing t.o ks 
l4'1j, 600 p&gc monuscript.) 

1\ lrcndy within hi. non-eb liun coho111ology1 Ciraud had introduccd stocks. 
T hcsc are fibrcd ca1egorie wit.h a spccial shcaf-llkc propeny. A fibrcd cot gory 
1 n fun tor f : iE - B wit.h lift.ing prop rt.ies that ore rath r lik thoso of o 
l<t1.n Rbrntion in low dimen ions. As tui cxample, ICL F': B - nt b e funct r , 
t..hcn Groth ndicck had introduced a somlclir t product construction, as he.d 
Ehrcsmnnn (íor "'1hich his collecLcd works). 

Bx r ci 
'ivcn F : B - at , íorm up tl cuLogory F>J B, LhnL hos a íunctor PF : F>;B -· 

8 with p'f-1 F(B), and 1..horc is An incluc<.'<I map so lhat lf fJ; 8 - 1 1 in B. 
Lhrr is o functor p¡:.1(11): p¡:. ' (13) - ¡¡¡:.1(/J') corr ponding 10 F (ll). l nv.,,;1iga1 
lhis structure more íully. 

Thomason I ), trying to look for Lhc struct.urc oí homotopy limiLS ond 
t.-ollrnits in at for pot mini applica.Lions in nlgcbrnic l<-thcory, provee! Lhsl 
lux:olim( F) - F :i.: B, for s suitable and nalural homOLopy Lructure on Cot. 

\Ve will llOl n«'<l to know 1..he cleLail d dofiniLion oro. Stock in Cir1wd's nsc, 
but will Lhink OÍ itas 8 V9.rylng fnrntly OÍ homot.opy typcs with 8 gluing rule LhBL 
Is o homotopy cohcrcm \'Crsion oí thc gluing rule far local tion in o sheaf. 

Lude-, occur quite naturally in various situations, (cf. D lígne snd Murnford, 
1:131). 

roth ndilXk'-; su¡g 1ion in hls leLLer Lo Orcen wos thoL there was e hlgh r 
order CO\"Crin¡ pece conccpL ond o corrcsponding Celols Lhoory. C.o\i ring spu 
:orn:sJ>Ond 10 locally oonstant shcovcs ond Lh fibres of o cO\.'l?ring P" pro) • 
tion nre t<, thc-rclore rcprcsonU ng º0-Lypcs'' in thc homotopy ~nsc. /l. tock oí 
grouJ)Okh ( In Dcllgnc and M umford, 1331) is a ''" rying family of l ·ll'P , ><> 
wr could con"Klt'f a uil.abl notion oí 11locully ronsLnnt'" stack of groupoid1 lL1 
rorrt"pondiniz 10" ht ord r gen rnlisttLion oí n covrring pace. 0\-cring 'tpa 
""' dn: •ifitd by C·'<'I', whcr C 1T o (X), or more g n rally 1(E) ora grouJ>Old 
\t'r.ion of 11. LoceJly con!1lllnL su1cks oí groupoids are, pcrha~. tls.. .. !1iROO by 
G·p;roupol<I ... Wht-ft' e'" .. . whu1.:! AL Lhis stagc ín .rolh ndft'rrc:k's thoughl x-
prr1mC'1H . •t- c:an · " nood íor u conccpl. 
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\V 'l\W l hOt ff C Wl.\S l\ group, 

G' -· Aut(G') 

wn,o¡ a tm.-.cd module. lf w form up lh corresponding ca11-group1 C >J AuL(G} 
1~11d t:nll il ut(C), thl'n wc huvc thl' fX*,~ibility that a CBL1-group could ocL 
on (; ,.¡n H nutp A 11 l( (.') of cnl 1 -grou~. Thb KIM Ji, h wcvor dcponding 
too much on n nuh r ~pN'iul ·onsruction. but dat "UU~L thot t.iu Lomorphism 
objrc1~ oí n-tyJX..., rnlght br (11. 1 1 }-typc-. R -.on of high r orclcr syrnmctry 
~mupotd ton!-itn1C'tion. 

Ex rciscs 
1) 1.t·t C lX' 11 groupold. Forrn thC' functor ca1~º'1' Ge nncl selcct thos 

funrtof' thnt nre nu1ornorphls111s of ' . L<'l u t( ) tx~ 1hc con csponcling ful ! 
""ub<'nt~or) "how 1 hut A ul( ) ¡., n cat 1-group ,,;,h group SLrucLUrc ro111ing 
from compo:oottion oí fmw1ors. l)(";cribc in el tuil thC' C'OfT("spond ing crosscd inocl
ult· or groupoid .. 

2) pi i11fü•' th<' 11 bov(' construction to th<' ca-.· whl·rt" hn.'I only one objccL, 
í.t1. ¡ .. Ji group .• ren thi:-1 sornowhrr<' bcforc·~ 

J) C:t•nf'rali!'><.' th<' c·onstru<:Lion oí 1) in th.,, íollO"o·inst wny. 1.ot. Equiv (G) b<' 
tht• lull -oubcnt<'gory of eº dotormlnccl by th<' ..... u cqui\'ttlr11cm1 of G I i. . Lhosc 
J e ~ thtll nn.• (•(pilvnlcnccs of CUt<'gori~ Find an ad('(:pJHLC d cripLion o f 

t ll(' truclufl' thut Ec1uiv( ' ) luis· iL ls n ti' group ~ u<:h, sincc such on f nccd 
nol h.11\1 M in,·C'N'. Comparo t.hC' rrsulling 'thing' wilh Aut.(G) . 

fh• Klt'1t, thrn, thut pMlu1.ps 11 ally constan( suu:ks f groupoids mighL 
bt' t'qUi\nl(nl in i,omr woy Lo Lht\l of C-groupoid ... íor m cross 1 module or 
Cl\t 1-_group, G docs llOL SCCHn S si l\y l,lS ali that. \\° havc prOvC<I not.hing, buL 
thti f\:l\¡1q;í !oi~<'!iL whnL nppr0t1ch might work llefOrt', howcv r , wc can do 
t lu\t \1'1JOU .. problrms hove to be rC"iolvcd. for instancc do wo rco1\y know wlrnt. 
1locnU.) con. .. uuu' is 10 111('t\n . 1 onstont' inight be imaglnecl 110 rnCt\n ach 'sLalk1 

lsornorpluc to ell lh<' ot.il{lr , bul 'slnlk!;' are d fincd ony up t cqulvolcncc so 
pt~rhn t--quhitl nt' 10 t.h oihcrs mighL be mort' rt?8."'0f'H,blc. Anoth r problom is 
Lhot .., do not know t.h IO\IOI oí 'equivalen ' to l'Xpoct bctwc n locally consL&nt. 
!'ftOCk or 1troupoids uncl G-groupoicls. On pt'Cl an cquivalo11ce or homoLopy 
t'Mf'1CO™ • but whnt. Is LhuL L mcnn ror th l~"'O '!oitue.t ion ar1cl i iL t\ll Lhat. 
t'M\ bt· M:il :-00. 

Th wnd .. id rut.ions l\r in trny C.tbC only n c;impll? e.as of Lhc general enes. 

e-: roahrnd ·,,. problrm wu.11 to pro' n gen rnl ,-c.,....ton or t his. tacks oro LhoughL 
o! n.. .. \M'\&n~ lamill of h mol opy typcs. n rt· t&d: "'ill be a varying fnmily of 
fi•t) ('° lhr 11il)o,.t(' dl . usslon wns about l-SU\C.k"'). whilst. if e is a model for 

hopes to find on outomorphi m (n ~ l)-1yp so that (n ¡ ¡ )-typc 
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can act on an N-type G via a homomorphism to its autornorphism (n + 1)-type. 
Hopefully you have guess Grothendieck1s idea by now. The generalisation of 
Galois theory to higher order should be: 

Locally Constant n-stacks on !E - C(!E)-(n-types) 
where G(IE) is an (n + 1)-type. We can list sorne of the problems and possible 
methods of attack. We have already seen sorne ideas: 

0-types 
Sets 

1-types 2-types 
Groupoids Cat -groupoids 

= crossed modules 
= special double 

groupoids 

n-types 
Catn- -groupoids 
crossed (n - 1)-cubes 
= special n-fold 

groupoids 

but Grothendieck, although himself in favour of an n-fold groupoid model warns 
that there may be as many choices of model as therc are mathematicians working 
with t.hem and his n-fold groupoid is not constructed as Loday's cat(n - 1)-groups 
a re, so even if the idea is t he same1 the model may be somewhat different. 
Grothendieck is thus suggesting an 'equivalence' between stacks of (n - 1 )-fokl 
groupoids and C(IE)-( n-1 )-fold groupoid, where he hopes C(IE) can be constructed 
fa irly directly from IE, will be a 'homotopy invariant' etc. and will be an n-fold 
groupoid. 

Assuming that we picked models for n-types, what is to be an n -stack. Tha.t 
they exist is not in doubt . A stack, as was said earlier, is a special type of 
fibred category1 small categories model ali homotopy types (Thomason [861), but 
in a somewhat non-geometric way, so we could possibly look for categories that 
correspond to n-types1 but thcn where do n-fold groupoids with quite a bit of 
mixcd algebraic and geomctric structure in them, fit in? If we keep categories as 
our models, we need to describe n-types in those terms, if we abandon categories 
for n-fold groupoids, we do not know any longer what is a stack! 

We sti ll have the problems that we noted earlier with 1-stacks: what does 
' locally constant' mean? and what <loes 'equivalence' mean? We must also point 
out that the automorphism object of an n-fold groupoid has yet to be shown to 
be a (n + 1)-fold groupoid, although intuitively it seems 'obvious' ! 

There is sorne evidence for Grothendieck's idea since i f X is nice, i.e. a CW
complex, the étale hornotopy type of JE = Sh(X) is given by the homotopy type of 
X , so the crossed module of the Mac Lane-Whi tehead theorem yields a possible 
2-fold groupoid associatcd to IE in a natural way: 

CT2(X,X1) ~ íl1(X1), 

but this is dependent on the choice of 1-skeleton, X 1, so is only really dctermincd 
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1up to equivalence' . 
There is a lovely elegant proof of the classical ar groupoid van l<ampen theo

rem which uses covering spaces. Brown a nd Loday [20] have proved a generalised 
van Kampen theorem for cat'1-groups. This may also be seen as evidence for sorne 
sort of Galois t.heory invo\ving a 'fundamental' n-fold groupoid of a space an<l 
in t hat. way giving a geometric interpretation of the Brown-Loday van Kampen 
t.heorem. 

Grothendieck also, in [41], looked at. cofibred addit.ive categories ancl his re
sult.s again suggest. that t.here is, here again1 the same son of phenomenon occur
ring. The pay-off of a proof of a higher arder Galois t.heorem would be consid
erable. T he t.echnical tools needed for producing such a proof may exist already, 
but t hey need adapt ing. 

8 Conclusion (to the Bressanone notes) 

1 have tried to give you a taste of abstract homotopy theory1 of sorne of its 
different facets and to show how a categorical viewpoint is essential for prnducing 
a 'coherent' view of hornotopy tht,'Ol'y. Abstract hornotopy theory can prnduce 
new results of a calculatory nature in the hands of someone like Baues, [5j, but 
is also very important in providing general categorical machinery for handling 
homotopy types. (I have not tried to be exhaustive in my coverage of t he area). 
1 have ended wi th an attempt to explain the core of Grothendieck's programrne 
'Pursuing Stacks1• Those notes mention quite a lot of abstract homotopy theory1 

of a very elegant type, but their motivat ion is best found in Grothendieck's higher 
order Galois t heory, an idea that, if it could be pushed through, would have 
an enormous potential for applications in algebraic geometry1 algebraic number 
theory, etc., as well as in more topological areas. To complete Grothendieck's 
programme, many of the ideas mentioned in these notes will be needed . The 
questions that that programme raise still need more formulation before it can be 
even classed as a conjecture, but it is a usefu1 focus for developing further t his 
area of abstract homotopy theory. 

9 Conclusion : Ten years on. 

Since t he notes were fi rst written, there has been considerable activity in the 
a rea of abstract homotopy theory and related a reas of homotopical algebra. 1 
cannot hope to do justice to ali of it so will attempt merely to indicate sorne new 
sources, texts and results closely related to the t hemes of t he various sections. 
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The material on homotopy theories1 both generically and for specific exam
ples has been significant ly increased with, in particular, the book by Goerss and 
Ja rdine, [G&JJ, on simplicia l homotopy theory, and Mark Hovey's [MH[ on Model 
Categories. Atan int roductory leve!, there is a lso my own text with Kamps, [60j, 
already cited , which was sti ll in preparation when the original lectures were given. 
Other material can be found in James' Handbook, /IMJ /, especially the art icle 
by Dwyer and Spalinski , [D&SJ, a nd my own one on proper homotopy t heory. 

For work on algebra ic models for homotopy types, the l-la ndbook a rt icle by 
Baues, jHJ BI surnmarises a lot and is reasonably accessible with t he background 
assumed here. Work extending t hat rnentioned in t he notes includes the begin
nings of a clear theory relating the different models for 3-types. This extends early 
but unpublished work by Joya! and T ierney that d iscussed '!ax 3-groupoids' as 
such a model. (A 2-groupoid is equivalem to a cat 1-groupoid or a crossed mod
ule; a !ax 3-groupoid similarly is rela ted to the quadratic modules ment ioned by 
Ba ues in [HJB[). 

My own work with Mutlu, [M&Pl, M&P2, M&P3, M&P4/, has continued the 
ana lysis initiated by Carrasco, [22[ a nd Cegarra, [23j, and has tried to study the 
way in which the categorical/ a lgebraic structures inherent in the models of the 
di fferent n-types, is already visible in the simplicial groupoid model. 

The 2-groupoid/crossed module rnodels ment ioned in the notes are derived 
from fil tered spaces, e .g. from the skeletal filtration of a CW-complex. The 
problem of finding 'absolute' models, independent of any addit ional structure 
and extending the construction of the fundamental groupoid , seerned to be a 
ha rd one. An elegant construction has now been given by Hardie, I<arnps and 
I<ieboom, [Hl<&K], and again the techniques should be reasonably accessible 
with the background assumed here. 

Good source material on derived category theory and triangulated categories 
is now available. These a reas are t reated in Mark Hovey's book, but also in the 
book by Neeman, [AM]. T his latter handles in detail. the question of Brown rep
resentability, that is, approximately, representabiUty of functors 'up to hornotopy' 
in those settings. 

When the original notes were being written, 1 was working with Cordier on an 
at tempt to produce homotopy coherent analogues of much of elementary category 
theory, with a view to applying it to aspects of the Pursui t of Stacks. The amount 
of enriched category theory needed to read !C&P] is slight ly more than has been 
assumed here but that paper does t ry to bridge the gap between the abstract 
categorical machinery and the interpretation in terms of homotopy coherence. 
The 'Pursuü ' continues (see also la ter)! 

The work of Grothendieck and its relationship wi th classica l Galois theory etc. 
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is now treated in detail in a beautifully accessible text by Borceux and J anelidze, 
[B&J]. Sorne insight on the homotopy coherence of the nerve construction and 
the rigidification of hypercoverings has been given in a recent thesis (M. Alinor, 
University of Wales, Bangor, 2000) 1 but this is not yet available in preprint form. 

Gradually Grothendieck's 'Pursuit' has attracted more and more interest. 
Results on algebraic stacks are now much more readily available, [G&M-B], 
whilst simplicial versions of sorne of Grothendieck's ideas have been developed 
by Simpson, [CS[, Toen, [BT[ and others. (Check the math preprint archive at : 
http://arXiv.org/ and then look on the nearest mirror site to you to find these 
and many related papers). 

'Globula r' models for n-types were suggested by Grothendieck in [44[. Glob
ula r descriptions of (st rict) n-categories and groupoids have been know for sorne 
t ime, but it has become clear that they do not model ali homotopy types. For ex
ample, 3-groupoids do not model all 3-types1 merely those with vanishing White
head product. On the other hand ' \ax 3-groupoids' also called 'Gray-groupoids1 

do, as was mentioned earlier. Lax versions of oo-catcgories were sought for avidly 
and now severa! different successful approaches have emerged. Papers by Batanin, 
[MB[, Baez and Dolan, [B&D[, and Tamsamani, [ZT[ are amongst the earlieSL, 
whilst Mermida, Makkai and Power, [MM&PJ, and Leinster, [TLJ have looked 
at comparisons between these models. (Again look up these authors on the 
Archive, and on their homepages, to see the current state of play on this). lt 
is of note that the motivation for these papers is often very different . Sorne of 
the authors are motivated by considerations ment ioned earlier in this article, but 
Baez and his co-workers a re coming a t the problem from the direction of, and 
with insights from, mathematical physics. Others approach it with applications 
in Logic and Computer Science in mind. [The Newsletter maintained by John 
Baez (http) / math.ucr.edu/ home/baez/TWF.html) is an excellent place to gain 
information on what is happening in the a rea). 

As you can see, the area has exploded. {! have not done justice to much of the 
work that has been done, even in the limited area on which 1 have concentrated). 
There remains however, a lot to be done. The abstrac1, homotopy theory of weak 
oo-categories is little understood as yet. The eviclence for Grothendieck's idea 
gets stronger and stronger> but explicit (and understandable) di rect constructions 
of say1 'universal 2-stacks' or similar objects still seem sorne way off. 

As 1 said in the introduction, l hope the notes and these brief additional com· 
mems will be useful and will persuade more resea rchcrs that abstract homotopy 
and its many facets, has something to offer them. 

T.P. , Bangor, 26 July 2001. 
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