
~ Matemdtica Educacional 
Vol. 5, fV'. 2, (351-371). JUNIO 2003. 

Embeddings of Small Graphs on the Torus 

Andrei Gagarin, William Kocay•and Daniel Neils0n 
C0mputer Science Department 

University of Manitoba 
Winnipeg, M"'nitoba, GANADA, R3T 2N2 

bk0cay@cc.umanitoba.ca 

ABSTRACT 
Embeddings of graphs on the torus are studied. All 2~cell embeddings 

of the vertex*transitive graphs on 12 vertices or less are constructed. Their 
automorphism groups and dual maps are also constructed. A table of 
embedd.ings is presented.. 

Toroidal Graphs 

Let G be a 2-connected graph. The vertex and edge sets of G are V(G) and 
E(G), respectively. E(G) is a multiset consisting of unorder.ed pairs {u,v} 1 

where u, v E V(G), and p0ssibly ordered pairs (v, v), as the g'"phs G will 
sometimes have multiple edges and/or loops. We write the pair {u,v} as u.v, 
and the ordered pair ~v1 v) as vv1 which represents a 100¡:> 00 vertex v. If 
u,u E V(G) then u-+ v meaFls that u is adjacent to v (and so arlso v--+ u). 
The reader is referred t0 B0ncly and Murty [2], West [11], c:.ir Gross and Tucker 
l3J for other graph-theeretic terminology. An embedding 0f a graph on a 
surface is representecl c0mbinatorially by a rotation system [3]. This consists 
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of a cyclic ordering of the incident edges, far each vertex v. Let v be a vertex 
of G, inc ident on edges e1, e2, . . . , e1: . We wri te v -4 (e11 e2, ... , e,1:) to indicate 
the cycl ic ordering for v in a rotation system. lf sorne e¡ is a loop vv, then this 
loop must appear twice in the cyclic adjacency list (e1,e2 1 ••• ,ek), because 
walking around t he vertex v along a small circle in t he torus will requ ire that 
a loop vv be crossed twice. Thus, we assume that if e¡ is a loop vv, t here 
is anot her e~ in the list corresponding to the same loop vv. Since every loop 
must appear twice in the rota tion systern, a loop contr ibutes two to the degree 
of a vertex. If e¡ with endpoints u.v is not a loop, t hen it will appear in t he 
cyclic adjacency list of both vert ices u and v. Given e¡ in the list for u, the 
corresponding e; in the list for v is given by t he rotation sytem. Figure 1 
shows an embedding of the complete graph K5 on the torus, together with its 
rotat.ion system. Embeddings on t he torus are also called torus maps. 

___, (13,15,14,12) 
___, (24,21 ,25,23) 
___, (35,32,31 ,34) 
___, (4 1.43,42,45) 
___, (52,54,53,51) 

Figure 1: An embedding of K r, and its rot.at.ion syst.em 

T he torus is represented here by a rectangle surrounded by a larger , shaded 
rectangle. See [6] for more det a ils on this representation of the torus. The o u ter 
shaded rectangle cont~ins copies of the vertices and edges of the embedding, 
thereby allowing us to eas ily visualize t he faces of t he embedding. 

An embedding is called a 2-cell embedding if every face is equivalent to 
a disc (ie, 2-cell). We require that a li embeddings be 2-cell embeddings1 and 
that a li graphs be 2-connected. A 2-cell embedd ing on the torus satisfies 

1.1 Eule r 's formu la : n + f - E= O 

where n is the number of ver tices of G, f is the number of faces in t he embed
ding, and E is t he number of edges. A cycle in t.he torus is said to be essential 
if cutt.ing the torus along that cycle results in a cylinder (not a disk ora torus 
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with a hole). A cycle which is not essent ial is called a fta t cycle (equivalently: 
null-homotopic). We require that ali facial cycles of embeddings contain at 
least 3 edges (ie, no digons or loops as facial cycles). Loops are allowed if 
they embed as essential cycles. M ultiple edges are also allowed, so long as 
any cycle composed of two multiple edges is an essential cycle. This limits t he 
number of loops allowed on a single vertex to 3, and the number of multiple 
edges connecting a pair of vertices to 4. We must allow loops and multiple 
edges, because the duals of the graphs we are interested in often have loops 
or multiple edges. See [6] for more informat ion on loops a nd mult iple edges in 
torus maps. 

1.2 Dual Maps 

Corresponding to every embedding of a graph G on the torus is a dual map, 
which we will denote by Gº, or dual(G) (see West 111)). The vertices of Gº 
are the faces of e. e· is constructed by placing a new vertex in each face of 
G, and joining two new face-vertices by an edge whenever the corresponding 
faces of G sbare a common edge. Dua l maps often have multipe edges or 
loops. Sorne embeddings are self-dual, that is, they are isomorphic to their 
duals. T he embedding of Ks shown in Figure 1 has this property. 

A rotation system is sufficient to determine the faces and the dual map of 
an embedding [3, 6]. Given an edge e¡ = uv appearing in the rotation list for 
u, we can find the face to the right of e¡ by executing the following loop: 

given edge e¡ incident on u 
e:= e¡ 
repeat 

v := other endpoint of e 
e' := edge corresponding to uv in t he rotation list for v 
e := edge previous to e' in the rotation list for v 
U := V 

until e= e¡ 
This loop walks around the boundary of the face determined by e¡ = uv. By 
walking around a\l the faces in the embedding1 we find the dual graph. 

T he recent book [4) by Jackson and Visentin contains a catalogue of small 
grapbs on various surfaces. In this paper we compute ali 2-cell embeddings 
of sorne small graphs on the torus. The results are summarized in a table1 

anda number of diagrams are also provided. In particular, we focus on the 
\·ertex-lransistive graphs up to 12 vertices. (A graph G is vertex-transitive 
if its aulomoprhism group is transitive on V(G)). The tables also give in
formation on the automorphism groups of t he embeddings, the orientability 
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of t he embeddings 1 and on t heir dual maps in the to rus. A number of other 
mjscellaneous graphs are also included. 

In order to calcu late the automorphism group of an embedding a nd to d is
tinguish different isomorphism types1 we have converted each torus map to a 
digraph, and then used the graph isomorphism program of Kocay j5] to calcu
Jate the automorphism group1 and to dist inguish non- isomorphic embeddings. 

2 Media l Digraphs , Automorphism Groups 

Let G be a graph. In general> there are many possible rotation systems for 
G. Each rotation system wi ll correspond to an embedding on sorne surface. 
Given a rotation system t 1 we write Gt to indicate G with the rotation systern 
t. We wi ll refer to et asan embedding of the graph G. Given two rotation 
systems t¡ and t2 , we need to d istinguish whether the embeddings cti and ct1 

are eq uiva lent. To do this we need to consider mappings (}: V(G) --t V(G ). 
Consider first a simple graph G (ie, no loops or multiple edges). lf (} is a 
mapping of V(G) and v E V1 t hen v9 indicates that vertex to which (} maps v. 
If an edge e¡ has endpoints uv, then ef indicates the edge wit h endpoints u9v9. 

Similarly, G9 ind icates the graph with vertex set V(G) and edge set E(G) 9. 

We will know from t he context whether the superscript represents a mapping 
ora rotation system. In case G has multiple edges and/or loops, then G9 will 
a lso have mult iple edges and/or loops. 

D efinition 2.1 Let G and H be graphs on n vertices with rotation systems t 1 

and t 2 , respectively. The embeddings G'1 and H h are said to be isomorphic 
if there exists a bijection O o V(G) __, V( H ) such that for every v E V(G) , 
v --t (e1,e2, .,ek) in Ch if and only ifv8 --t (ef 1 e~ 1 ... ,et) in Jih . 'we 
wri te Gt 1 ~ H h. 

This defines isomorphism of embeddings combinatorially. If the embed
dings G11 a nd ¡¡t1 are isomorphic, then it is clear that the graphs G and H are 
also isomorphic, as the embedding-isomorphism (}is also a graph isomophism. 
However , G may admit many distinct (pa irwise non-isomorphic) embedd ings 
on t he torus. Note a lso t hat isomorphic embeddings are not always isotopic, 
t hat is, toroidal embedd ings ct 1 and G11 may be isomorphic, but t here may 
be no homeomorphism of t he torus that maps G11 to ct1 without cutt ing 
t he to rus. Such graphs Gt 1 and G11 can look very different when drawn on 
t he torus, even t hough they are considered isomorphic. An example is shown 
in Figure 2. The graph here consists of two ven.ices, each wit h a loop, a nd 
joincd by 3 multiple edges. T he embedd ings are combinatorially isomorphic, 

' 



Embeddings of Small Grapbs on the '.lbrus 355 

but non-isotopic. In order to transform one embedding into the other, it is 
necessary to cut the torus along an essential cycle, creating a cyclinder. One 
end oí the cylinder is then given one full twist , and the ends are then glued 
back together to crea.te a torus. This is called a Dehn twist [l ]. 

Figure 2: Two isomorphic, non-isotopic embeddings 

2.1 The Torus as Oriented Surface 

The torus is an oriented surface. We assume t hat an orientation has been 
given to the surface, and that one side is called the outside and the other the 
irm de. When a graph Gt with a toroidal rotation system t is embedded on 
tbe torus, we embed it on the outside. If et is then viewed from the inside, 
the rotation system of G will appear to be reversed. Let t' be the rotation 
syslem obtained by reversing ali cyclic adjacency lists of t. Clearly Gt and 
G" are isomorphic as graphs. However t hey can be either isomorphic or non
isomorphic as embeddings. If at ~ et' we say that et is non-orien table. 
Olherwise Gt is orientable. The emeddings of G on the torus can be divided 
into orientable and non-orientable embeddings. Each orientable embedding 
G1 will be paired with its converse et'. 

2.2 Automorphism Group 

Given a graph G, we denote the automorphism group of G by aut(G). This 
consists of ali permutations O of V(G) such that E (G)' = E(G) . In case G 
has multiple edges and/or loops, multiple edges with the same endpoints1 or 
loops on the same vertex are considered equivalent under this definition, that 
is, we are not permuting the edges within a set of multiple edges or a set of 
loops. 
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Given an embedding Gt anda permutation O E aut(G), we can permute 
t he vertices of G, and hence the cyclically ordered adjacency lists of t , by 0 1 

to obtain nn embedding (Gt)8 . 

D efinition 2.2 Let et be an embedding oj G . The automorphism group oj 
G1 is aut (G1) , consisting o/ ali permutations O E aut(G) such that et= (0 1)8 . 

Note that aut(G') :;; aut(G) . ln genera l, aut(G') yf aut(G). 
In order to d ist inguish the embeddings of G on t he torus, and to compute 

t he automorphism group of an embedding, we const ruct a d igraph M(Gt) to 
represent an embedding et of a graph G with a toroidal rotation system t, 
called the medial digraph. In a digraph, we write u -7 v to indicate that there 
is an edge directed from vertex u to v. We say that edge uv is an out-edge with 
repsect to u , andan in-edge with repsect to v. lf also v ~ u, then we say that 
t he edge uv is a bi-edge. Strictly speaking, there are two oppositely directed 
edges here, (u, v) and (v, u), but it is more convenient to refer to them as a 
single, undirected bi-edge uv. 

D efinit ion 2.3 Let et be an embedding o/ G on the torus. We define M(Gt ), 
the medial digraph oj et. Given the edge multiset E(G), define a multiset 
E'(G) consisting o/ E(G), plus a double (mate) (v,v)' o/ every loop 
(v,v) E E(G). 

l. V(M(G')) consists of V(G) U E'(G). 

2. Let V~ (e1,e2, .. ,ek) in G1. Then in M(G1) there are edges 

a) v ~e¡ and e¡ ~ v, for a li i; (ie, bi-edges ve¡) 

b) e¡ -4 e¡+ 1, for ali i , where k + 1 is replaced by 1; (ie, out-edges) 

e) If e¡ is a loop, with mate ei having the same endpoints1 then e¡ -4 e¡ 
and e~~ e¡ . 

An example of an embedding G and its medial digraph is shown in F igure 3. 
Here G consists of a graph with one vertex and t.wo loops. M ( G) is shown 
drawn on the torus1 but t he definition of M (G1) <loes not define an embedd ing. 

• 
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Figure 3: A graph G with 2 loops, and its medial digraph 

Theorem 2.4 Let ati and Ht2 be 9raphs with toroidal rotation systems ti 
and t2. Then Gt1 ~ Ht2 if and only if M (Gt1 ) and M(Ht2 ) are isomorphic 
as di9raphs. 

Proo/. 1f Gt1 ~ lit2 , witf.l is0morphism 9, it is clear that e extends to 
nn isomorphism of M(G'•) and M(H''). Conversely, assume t hat M(G'•) 
and M(H 12 ) are isom0rJ:>flic as digraphs, with isomorph.ism (:): V(M(Gti )) --> 
V(M(H'')). We show that G'• and H1' are isomorphic as embeddings. Sup
pose ñrst that G has mínimum degree at least three. The vertices of M ( cti) 
nre V(G)UE'(G). lfv E V(G). then ali incident edges in M(G1') ore bi-edges. 
He¡ E E'(G), then in M(Gh L e¡ has at least one incident edge that is nota bi
edge. This distinguishes V(G) and E'(G) in M (G'' ). Let v E V(G) be given. 
lts adjacent vertices in M(Gt1) will be k ~ 3 vert.ices e1,ee•· ,ek E ei(G). 
They must. induce a directecl cycle in M(Gt1 ). An e¡ will be a loop if and only 
if it is adjacent with a hli-edge t0 another ej in t.he same directecl cycle. Thus, 
given u1 we can determine its incident edges in G, including loops. This iclen
ti6es t.he cyc\ic adjacency iist of V in Qti . lt follows that the rotation system 
of Gh can be recoverecl from the d igraph structure of A4(Gti ). Consequently 
G''~ H'2. 

OLherwise suppose that G has one or more vert.ices of degree 2. Not every 
vertex can have degree 2, as a cycle has no 2-cell embedding. Considera vertex 
uofdegree two in M(G'). Then v E V(G). Let v __, (e1, e2) be the cyclic 
adjacency list. of v in Gt. 'Dhen ei and e2 cannot be a loop, since G would then 
be a graph with a connected component consisting of a loop. Therefore v is 
pan of a path of degree-two vertices¡ the endpoints of this path are vertices of 
degree 3 or more. Thus G consist.s of vertices of degree 3 or more, connected 
by palhs consisting of degree-two vertices. Let. u be auy vertex oí degree k ~ 3. 
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ln Af(G'• ), u wi ll be incident on bi-edges onJy, and the vertices adjacent to 
u will induce a directed cycle. We can find these vertices in M(Gt 1 ). T he 
vert ices adjacent to u in M(Gt• ) correspond to edges of G. The remaining 
vertices of A1(Gt 1 ) correspond to the paths of degree-two vertices in G. T he 
rema ining edges of M(Gt 1 ) are a li bi-edges. We can dist inguish t he vertices 
corcesponding to V(G) and E(G) by their degree in M(G" ). As before, it 
follows that the rotation system of Gt 1 can be recovered from the d igraph 
structure of M(Gt 1 ). Consequently Gh ~ H h. 

2.3 A uto1norphism G roup 

A consequence of Theorem 2.4 is that the automorphism group1 aut(M(Gt)), of 
the medial digraph descr ibes the automorphisms of the embedding et on the 
torus. We restrict the act ion of aut(M(G')) to V(G) , and obtain aut(G' ), the 
automorphism group of et, as the resull. 1f G has no mult iple edges or loops1 

then every permutation of V(G) wi ll induce a unique permutation of E(G), 
so that aut(G1) will be a faithful representation of a ut(M(G1) }. 1-Iowever, if 
G has mul t iple edges or loops, iaut (G' )I may be smaller than /aut (M(G' ))/. 

3 P la nar G raphs 

H G is a graph with a p lanar rotation system p , then GP indicates the planar 
embedding of C . We could embed G on the torus by choosing a n a rbitrary 
2-cell (disk) D on the torus, view it as part of a planar surface, and embed 
GP into D. However this would not be a 2-cell embedding of G. One way to 
construct a 2-cell toroida l embedding of G is as fo llows. 

Defini tion 3.1 A theta graph H is a groph consisting o/ 2 vertices of degree 
3, connected by 3 paths. whose intemal vertices ali have degree 2. 

Assume t hat G is 2-connected, and t hat G is not a cycle. Then G must 
contain a theta subgraph H . One way to choose a theta-subgraph wo uld be 
to choose a n edge uv of G and the boundaries of the two faces on ei1.her side 
of u v in t he planar embedding. A theta-subgraph can also be cons tructed 
by a depth-first search, breadth-first search 1 or other methods. Let t he two 
vertices of H of degrec threc be called A and B . Let. the 3 paths connect ing 
A and B be ca lled P1i P2, and P3. The thela subgraph div ides t he plane into 
3 regions. Without toss of genera li ty1 assume lhat P2 is conta ined inside t he 
region bounded by t he cycle formed by P1 U P3 . Refer to f'i gure 4. 
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Figure 4: A planar embedding of a thet.a subgraph 

The cycles P1 U P2 1 P2 U P3 and ?3 U P1 divide the plane i·nto regions. 
The region of the :¡::ilam.e insicle P1 U P2 contains a secfam 0 f G 1 which we 
call /53. Similarly, the reg·i0n insicle P2 U P3 contains Pi, aind the region 
outside P3 U P1 c0nta.iFls P;. The rotation list for A can be described as 
A-4 (P1,/53,P2,1\,Pa ,J5;), where P1 indicates the first vertex of P1 adjacent 
to A; P3 indicates the vertices 0f P3 adjacent to A, etc. Similarly the rotation 
list for B can be clescriobeEl as B ~ (P11 F;, ?31 Pi, P2 , /5J). 

Tbeorem 3.2 Let GP be an embedding of G with a planar rotation system 
p, and a theta subgraph H 1 as described above. We construct a new ro
lation system t far G 1 as follows. The rotation list for A is changed to 
A --t {P2,J53,P1,J51,P3 1 ]52). Ali other vertices have the same rotation list 
a.s be/ore. Then Qt is now a toroidal 2-cell embedding. 

Prooj. Notice that we have altered the rotat ion list for A i·B only two vertices. 
The theta subgraph IJ has a 2-cell embedding on the torus 1 in which t he 3 
paths P1, P2 and P3 cut the t0rus into a single 2-cell. The embedding of H 
can be chosen s0 thait tRe r0tation list of A in H is A -~ (P 1,P3 1 P2), and 
tbe list far Bis B ~ (P11 P3 1 P2). This is illustrated in Figure 5. In G11 , 

the rotation list for B is B ~ (P11 ]52, ?3, 1\, P2 , ]53). We place t he induced 
subgraphs Pi, J52 and J5; in the torus with t he same rotation system as in the 
plane. We need then only confirm that t he connections to the vertices of H 
are in the same cyelic 011El.er in the torus as in the plane. This can be verified 
írom the diag11am. Since H is a 2-cell embedding1 so is G'. 

This theorern p110vides a c0nvenient way to convert a 2-cell embedding ou 
the plane, to a 2-cell eml.:iedding on the torus. It requires cha:nging the arder 
of just. two edges i·n the f0tation list of one vertex. There are many other 
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transformat ions of the planar rotation system p that will a lso give a toro idal 
rotation system. 

Figure 5: Converting a planar map to a toroidal map 

4 Embeddings of Transitive Graphs 

In this section we pr0vide tables of the number of 2-cell embeddings of sorne 
small, 2-connected, vertex-tra:nsitive graphs on the torus, frorn 4 vertices up 
to 12 vertices, as weII as sorne miscellaneous graphs. Tbe trans itive graphs are 
those published by G. Royle [9) &nd B.D. McKay [8). We include drawings of 
sorne of the more interesting emli:leddings. Interesting embeddings will tend to 
be those with more aut0m0rphisms, or those that are se1f-dual, or have other 
specia l properties. The clrawings a re produced by the drawing algo ri thms of 
[6J. The tables indicate whether an ernbedding is orientable or non-orientable 
(eg., ar ., n.o .) , and lists the a:utomorphisrn group arder of its embedd ing (eg. 1 

g ::::: 24), and sorne information abou t the dual. Sorne embeddings are self
dual, that is , an embedding is isomorphic to its dual. This is indicated in the 
tab le (eg. , self(2) means 2 self-dual embeddings). For many of the embeddings, 
the dual ernbedd ing has multiple edges or loops1 or is not trans itive. Jn these 
cases , tbe ent ry in the table will be blank. 

4.1 Notation 

Most of the vertex-trans itive graphs up to 12 vertices can be described by 
a simple notation. ](11 represents the complete graph on n vertices , Km,n a 
complete bipartite graph. C11 is a cycle on n verlices. lf G is a graph, its 
complement is denoted by C. lf n is even, e,; denotes a cycle C,1 in which 
each vertex is a!so joined to its diametrically opposite vertex. Cn(k) indicates 
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a cycle in wbich each vertex i is a.lso joined to the i + k '-h vertex on the cycle 
(therefore e:= Cn(})). Simila.rly, Cu(k1, k2) is a cycle in which ea.ch vertex 
i is a.lso joined to t he i + k~h vertex a.nd i + k~h vertex on the cycle. C11(k+) 
indicates a. cycle where n is even, and only t he even vert ices i a.re joined to 
the i + kth vertex on t he cycle. G X H denotes t he direct product of e and H. 
kG indica.tes k vertex disjoint copies of C. Qk stands for the k-cube. Sorne 
gra.phs can be specified in severa.! ways, for example, Q3 = C4 x K2. T he 
k-prism is t he graph ck X K21 also denoted Prism(k). Given a planar graph 
G, we can form t he truncation of G, denoted trunc( G), by replacing every 
vertex v ha.ving cyclica.lly incident edges (e1 , e2 1 • .,e,t) by a. cycle formed by 
k new vertices e1, e2, . . . , ek. T hat is, we subdivide every edge with two new 
verlices, and crea.te cycles to replace the original vertices of G. 

A double cover of a graph G on n vert ices and ( edges is a graph H with 2n 
verlices and 2< edges, toget her with a two-to-one mapping 9 ' V (H) __, V(G) 
such that t here is an induced mapping 9 ' E(H ) __, E(G) which is also two
to-one. 

An (n, 3)-configuration is a geometric configuration consisting of n points 
a.nd n lines such that every line is incident on 3 points, and every point lies on 
3 lines. T he incidence gra.ph (points versus lines) of an (n , 3)-configuration is a 
3-regular graph on 2n vert ices. Often the duals of toroidal embeddings will be 
incide.nce graphs of (n, 3)-configurations. For example, t he incidence graphs of 
the Fano configuration, the Pappus configuration, and others appear as duals 
oí toroida1 embeddings. T here are unique (n, 3)-configurations when n = 7, 8; 
there are three configurations when n = 9¡ 10 when n = 10; 31 when n = 11; 
and 228 when n = 12. See Sturmfels and White {10) for more informat ion on 
configurations. 

A toroidal embedding G is a triangulation if every face is a triangle. Every 
embedding can be completed to a triangulation by adding diagonals across 
faces. Since every face in a triangulation has degree 3, it satisfies 3/ = 2e. 
Combining this with Euler's formulan + f - ( = O gives 2n = f 1 or 6n = 2( 
for n tria.ngulation. Given an arbitrary triangulat ion, let there be n¡ vcrtices 
of degree i , where i ~ 3. Then summing the vertices and their degrees gives 
the equations 

3n3 + 4n4 + 5ns + . . = 2t: 

Muhiply the first equation by 6 and subtract t he second to obtain 
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Suppose that G is a k-regular toroidal embedding whose dual e· is l
regular. Then kn = 2e and lf = 2E. Combining th.is with Euler 's formula 
n + J - E = O gives 

2 2 
¡: + 1 = l. 

The only integral solutions are k = 3, l = 6; k = 4, l = 4; and k = 6, l = 3. 
The embedd ings of tra nsitive graphs are natUially grouped into these fami
lies. The first and third solutions are just duals of each other , so that there 
a re three main families of transitive embeddings: 3-regu lar (honeycomb pat
lern) , 4-regular (rectangular pattern}, and 6-regular (triangu lar pattern ). The 
6- regular graphs are a lways triangu lations whose duals are the honeycomb 
graphs. T he 4-regu lar graphs are often self-dual. These patterns are evident 
in many of the diagrams. For example, Ks shown in F igure 1 has a self-dual 
rectangular embedding. K 7 (Figure 12) has a triangular embedding whose 
dual is a honeycomb embedd ing of the Heawood graph. 

Tbere are only 5 regular planar grapbs whose planar duals are also regular 
- they are t he platon ic solids. On the torus, there are infinite famil ies of graphs 
with tbese properties. 

4.2 The 4-Ver tex G ra phs 

There is only one transitive graph on 4 vert ices with a 2-cell embedding, 
aamely K4. Its two embeddings are shown in Figure 6. 

K4 # !, g"'J , n.o. K4 #2, g'"'-4, n.o. 

Figure 6: The 2 embeddings of K 4 

4.3 The 5-Vertex Grap hs 

There is only one transitive graph on 5 verLices with a 2-cell embedding, 
namely !<.:,. lts 6 embeddings are show n in Figure 7. 

" 
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am:~ ~- ~," . ;: . 
- --· . "-- ~ . ~ · · 

.'... · .• - - • : ::...o - -r.:: u 

K.5# 1.g-20,n.o.,eelf-dual K5 #2, g=4, n.o. · #3, g='l, n.o. 

~~~ 
K5 #'1, g-1, n.o.. • Ks #5, g=-2, or. - · K5 #6, g=2, or. ' 

Figure 7: The 6 embeddings of K:. 

4.4 The 6-Vertex Graphs 

There are four 2-connected transitive graphs on 6 vertices with 2-cell em
beddings, namely K3,3i the 3-prism1 the Octabedron, and K6· KJ,3 has two 
embeddings, shown in Figure 8. The 3-prism has 6 embeddings1 ali non
orienLable. The octahedron has 17 embeddings, of which 4 are orientable. 
Three oflhem are shown in Figure 10. K6 has 4 embeddings, 2 orientable and 
'2 non-orientable. 

K(3,3) #1, s-18, n.o. K(3,3) #2, g"'2, n.o. 

Figure 8: The 2 embeddings of K 3,3 
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ti 
]-Prism.g-6.n.o. 

Figure 9: One of thc 6 embeddings of the 3-Prism 

mna 
Octail 1,g=l 2,or.,self-dual Octa.#2, g=6, n.o. Octa#3, g=4, n.o. 

F igure 10: Three of tbe 17 embeddings of the Octahcdron 

4.5 The 7-Vertex Graphs 

There are two 2-connected transitive graphs on 7 vertices with 2-cell embed
dings, namely G;, which is the complement of t be 7-cycle, a nd K1. G:; has 46 
embeddings, of which one is shown in Figure 11 . 

Figure 1 1: One of t.he 46 embedd ings of G:; 

K1 ha.s one embedd ing, shown in Figure 12. The dual oí K 1 on the torus is the 
Heawood graph , which is the incidence graph of t he Pano plane, the 7-point 
finit e projective plane. The dual of a 6-regula r graph is always a 3-regular, 
bipa.rt.ite graph . These dua l graphs are oflen incidence graphs of project ive 

' 
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configurations. 

K7, g=42 ar. Heawaod gn:iph, g=42 ar. 

Figure 12: [( 1 and its dual, the Heawoad graph 

4.6 The 8-Vertex Graphs 

There are 8 2-conneeted tra.F1si·tive graphs on 8 vertices with 2-celi! embedJ.ings. 

1'hey are: Ct, QJ 1 K<t,<t, et, Q;, Cs, 2C., , 41<2. Here et stainds far Cs with 
main diagonals1 and QJ struRcls far t-he grapb of tbe cube. The embecldings 
of the cube (Figure 13) ar.e iHteresting, as they show very d ifferenL lo0king 
structures, but are a,Jll the sarme graph. Q3 can also be written C,1 x K2. 

The patterns of em~ecl.dings 0f the cube extend to otber graphs i·n the family 
e, x K,. 

Cube #3, g=8, n.o. Cu be #4, g-=3, n.o. Cube #5, g=2, n.o. 

Figure 13: The five embeddings af the cube 
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4. 7 Tables of Embedd ings 

Ln tbis sect ion we list a table of the numbers of embeddings of the trans it ive 
graphs up to 12 vert ices, and a lso for t he gra phs KJ ,4, KJ ,5, KJ,61 and Q4. 
A grapb is a triangulation if every face is a triangle. Triangulations of the 
lorus satisfy f = 2n. They are indicated in the tab le by the symbol (.6). 
A transitive tria ngulation will a lways be a 6- regular graph , with a 3-regular, 
bipartite dua l. T he tab le li sts the orders of t he automorphism groups oí the 
embeddings, as well as the fu ll automorphism group of the graph in square 
brackets. 

This table of embeddings was found as follows. For each graph (except KJ,r; 
and KJ ,6), a spanning theta-subgraph H was chosen. Any toroidal embedding 
oí G must conta in a toroidal embedding of H . There are t hree ways to embed 
a theta-subgraph on the torus: 2-cell , flat, or cylindrical. There is a unique 
2-ce ll embedding. To describe the non-2-cell embeddings of H , notice that H 
has just th ree cycles. There are t hree embeddings in wh ich ali cycles of H 
are fiat , as one of the three cycles must be the outer face in a fiat embedding. 
A non-2-ce ll embedd ing which is not fiat must contain a n essential cycle. As 
H has three cycles, there are three possible such embeddi ngs, which we term 
cylindrical. 

In order to find ali 2-cell embeddings of G, we choose a spanning theta
subgraph H 1 and take each of its embeddings in turn. We t hen recursively add 
each remaining edge of G to the embedding, until either a 2-ce ll embedding 
is found 1 or unt il it is impossible to add an eclge. For each embedding et 
found , we const ruct its medial digraph iW(G1) , and write these to a file. Por 
a graph on 12 vert ices, there are typically severa! hundred embedd ings found , 
ocassionally severa! thousand, and occasionally less than 10. The file of medial 
digraphs is then input to the graph isomorphism program oí Kocay f5], which 
produces a fi le oí dist inct graphs as output. The corresponding embeddings are 
lhen saved, a nd their converses are computed in order to distinguish orientable 
and non-orientable embeddings. The drawing algorithm oí [6] produces the 
diagrams. 

graph < emb. gro ups dun ls 
K, 6 2 o l24J4 ',3' 
K, 10 6 2 1121lJ20',4',2', I ' scl f( I ) 
K11 9 3 o 2 172Jl8 ', 2' 
3- Prism 9 3 o 3 ll2J6 ' , 22 , 12 

Oc<a=Ce(2) 12 6 17 13 (4 JI 21,61,43,3 1,26, 1 ~ sclf(l) 
K, 15 9 •I j720JG' , 2' , 1' 
K1.• 12 5 3 ll«J·• ' , 3'' 2' 
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graph ' emb. groups duals 
"C; = C,(2) 14 24 22 (14114'.2" , 1• aelf( l ) 
K, (6 ) 21 14 o (5040142' Hcawood 
Ku 15 7 o (72013' 
q, (Cube) 12 4 o (4 124',8',3',2 ' Dbld (K, ) e: 12 (1612', I ' 
K .. 16 ll 152)32'' 16' sclf(2) ?, = Ca(2) 16 32 20 12 ll6Jl61,43, 213' ll ~ sclf( I) 

16 8 4 14814'.2', I' 
l:';=C1(2, 4) 20 12 fl6l2'. 1' 
~=C,(3 ,4 ) 20 12 II28l8'.,12 ,2' 
<i71';(6 ) 24 16 (384Jl6' DblCvr (Q,j 
Ku 18 9 1 14320)18' Palcy(9) 
C1(2) 18 9 (71 ) ll8Jl8'.6 '. 2, 1 sclf( l ) 
C,(3) 18 9 II8Jl8',23, I' sclf( l ) 
Kl X K3 18 9 (72136',18 ',4 ',2', I' K3,6 , sclf( l ) 
31(, (6 ) 9 27 18 fl296)5•1' Pappu8 

c;(6 ) 9 27 18 fl JI 1 (9,3)-config 
Petersen 10 15 1 fl20l3' 
et. 10 15 5 6 (20)10'. 2• ' 11 

e, x K1 10 15 5 5 120)2', 1' 
Cio(2) 10 20 10 (98) 120120', 4, 2, 1 sclf( I) 
Cio(4) 10 20 10 1 120120• sclf( I) 
~ 10 20 10 1 1240140' scl f( I) 
Cio(2) 10 25 15 (20Jl01 

Cio(4) 10 25 15 120110'. 23 

~(6) 10 30 20 1 1201201 ( 10,3)-config 
Cu(2) 11 22 11 (1<17) [22122'. 2, 1 sclf( I) 
Cu(3) 11 22 11 1 ¡22¡22• sclf( I) 
Cu(l) (6 ) 11 33 22 1221221 ( 11 ,3)-config 
Cu(5') 12 18 6 (48Jl2' ,2 ' 
C,x K1 12 18 6 i24Jl21, 42 124 , 12 

e:, 12 18 6 [2416'.2', 1' 
lrunc(K4 ) 12 18 6 124141,3 1,2', 16 

C.,(3+,6) 12 24 12 1 148)241 sclf(I) 
C,,(2) 12 24 12 (244) 124)241,8, 6,•1,2, 1 sclf( I) 
C.,(3) 12 24 12 1 124)241 sclf(I) 
Cu(4) 12 24 12 2 1 1 124)24' , 41 sclf(l) 
Cu(5) 12 24 12 2 2 o 1768)242 sclf(2) 
Cu(5', 6) 12 24 12 10 10 o 14 )6',2', 12 

L(Cube) 12 24 12 14 13 148)8' ,31' 2', 18 Figure 14 
C4 xC] 12 24 12 2 2 148)24' ,2 ' self(I) 
c •• cJ 12 24 12 124)3 ' 
lt'Ol&hed ron 12 30 18 12 1120)3',2', 17 
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graph n < f emb. groups duals 
K 1 x Oct.a 12 30 18 [96j l2 1 

C"(5, 6) 12 30 18 1768)121,61,4 1,24,l 1 

C12(2 , s +) 12 30 18 [12jl2 1 

Cd4,5+) 12 30 18 [12J12 1 

C1'(2,3)( t> ) 12 36 24 [24j24 1 (12,3)-config 
C1'(2, 5) (t>) 12 36 24 [144J72 1 (12,3)-config 
C12(3,4) (A) 12 36 24 [2•1J24 1 (12,3)-config 
C1'(4, 5) (A) 12 36 24 [48J24 1 (12,3)-config 
Q.=c. xc. 16 32 16 [384J64 1 self(l) 

ln tbe above table, there are severa! graphs which require addit ional com
ments. Tbe graph in the duals column narned Dbld(K4 ) is the complete graph 
K4 in which each edge has been doubled . The Heawood graph is the inci
dence graph of the unique (7, 3)-configuration. The incidence graph of the 
(8, 3)-configurat ion is a clouble cover of t he cu be [7]. The Pappus graph is 
t he incidence graph of t he Pappus configurat ion, wbich is one of three (9 1 3)
configurations. Of the remaining two (9, 3)-configurations, one can be embed
ded on t.he torus, and t he other cannot. T he incidence graph of t he Desargues 
configuralion cannot be embedded on the torus. The Paley graph on 9 ver
tices is a self-cornplementary quadratic res idue graph. Paley(9) is isomorphic 
lo KJ x I<3. lt can ailso be described as t he line graph of !<3,3. T he line graph 
of G is denoted by L(G) . The graph called C4 • C3 is similar to C4 x C3. It 
consists of lhree disjoint copies of C4 , such t hat 4 triangles C3 are also created 
by tak ing one corner of each C'41 in groups of three. Severa! of the entries have 
a question rnark (?Landa total nurnber of embeddings (N) in brackets (eg. 
{244) for C12(2)). Far these1 the exact number of embeddings was not found. 
1f the re are x orientable embeddings and y non-orientable, then the relation 
2x +y= N holds. Therefore t he actual number of ernbeddings x +y satisfies 
f'fl S: x+y S: N. 

~ 
Du11I (L(Cub<':)).C"'B.n.o. 

Figure 1'1 : Oual(L(Cube)) 
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Shown above is the dual 0f an embedd_ing of L(Cube). The interesting 
thing about it is the regular cubic tiling of the plane that it crea.tes. 

4.8 Grapbs witbout Embeddings 

A transitive graph ca.u ha.ve degree at most 6 in order to be embeddable on 
the torus. Sorne graphs witb degree at most 6 do not bave embeddings. They 
are listed here. K3,1 a.Ad Kt1,6 are also included. 

graph n f group 
Kt1,s 20 11 2880 
K3,1 10 21 11 30240 
K, x K, 10 20 10 240 
C10f3, 5) = K,,, 10 25 15 28800 
Peter-sen 10 30 20 120 
C10(2,4) 10 30 20 20 
Cu(2,5) 11 33 22 22 
K3 13XK2 12 24 12 144 
C12(2, 6) 12 24 12 24 
C:12(3, 6) 12 30 18 24 
C12(4,6) 12 30 18 24 
K, xK, 12 30 18 144 
c,,p+,5+,6) 12 30 18 48 
L(Cube~+ 12 30 18 48 
Ko xK, 12 30 18 1440 
C12(3, 5~ = Ka,o 12 36 24 1036800 
Oc::ta x K2 12 36 24 96 
Ic0sa.-hed·rc:m 12 36 24 120 
LfCu•be)+ 12 36 24 48 
C12(2,4) 12 36 24 24 
C12(2, 5+, 6) 12 36 24 12 
C12(3+, 4, 6) 12 36 24 768 
C12(4,5+,6) 12 36 24 12 
J(, X K, 12 36 24 1440 

The graph denotecl L(Cube)+ is based on t he line graph of tite cube, L (Q3) , 

by adding severa} edges. L{ Qa) has the property that every vertex has a unique 
opposite vertex a.ti dista.nce three. By adding the edges joining each vertex to 
its diamet.rically 0pp0site vertex, we obtain L(Cubet. 
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4.9 Questions 

1. It appears from the table that the graphs with the greates t number of 
embeddings are of the form Cn(2) . Can this be proved? 

2. How can isomorphic, non-isotopic embeddings be detected algorithmi
cally? 

3. A symmetric toroidal embedding creates a tiling of the plane. For exam
ple, t he rectangular embeddings, honeycomb embeddings , and triangular 
embeddings are ali symmetric t ilings of the plaoe. Oifferent sections of 
these t ilings create d ifferent graphs. K313, the Cube, the Heawood graph , 
the Pappus graph, etc, are a ll sect ions of tbe honeycomb tiling. 1«:11 G;1 

Q4 1 and most of t he self-dual 4-regular graphs are ali sections of the 
rectangular tiling. K7 and ma ny others are sections of the triangular 
til ing. Can these graph families be class ified? 

4. Whitney's theorem ¡12] states that a 3-connected graph has a un ique 
pla nar embedding. What is the corresponding theorem for t he torus? 
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