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ABSTRACT 
By means oí simple iden~it.ic1:1 among rat.ional functions of a particular 

type, wc a.re able to produce identit.ies among Bernoulli numbers and from 
thcm oongrucnces of the form 

when lhe odd prime p has the property t.hat p - 1 is not a divisor of the 
posili,·e even intcger m. Wit!h such relat.ions , wc are able t.o produce new 
idenlilies among Bernoulli numbers as wel\ as reproving congruences of 
Kummer t.ypc such us 

~(')(- 1)'_,B,,,+•' : O (mod(p" ,pm- 1 )) 
L / m+wl 
1~• 

when w is a mult.iple of (p - l )pc- 1 , e?: t . 
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1 Zeta-functions associated with rational functions 

In thjs sect ion we outline the general theory to produce Bernoulli identities 
througb zeta functions associated with rational functions initiated by the first 
author [l ]. Let m 11 m 2 , • . • 1 mr be positive integers and P{T) a polynomial 
fun ction in T. Consider the rational function 

Far ITI < 1, F(T) has a power series expansion 

F(T) = L a(k)T• 
k =O 

The zeta function Zp(s) associated with F(T} is defined as 

00 

ZF(s) = L a(k)k - ' , Re s > r . 

k= I 

This zeta function is rela ted to F(T) via a Mell in t ransform 

íor Res > r 1 where r(3) is the gamma function defined by 

F'or Re !I > r, Zp~s) is a n analyt ic fu nction oí s. Il has an analytic 
contínuation to the whole complex pla ne and its special value al the negativc 
integer .!= - m.(m = 1,2,3, ... ) is given by 

Zp(- m) = {- l)"'m! 
x fthc coeílicicnt of t"' in t.hc asy mptotic expansion at t = O of F (e - ' )j. 

For cxample 1 ifwc consider F(T):::: ~1 then ihe zeta funct ion associa led 
\\·ith F(T) is Lhe well-known Ric mann zeta fun ction 

((•) = ¿n-•, Re• > 1 
n = I 
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nnd 

((-m) = (-i;::~+', 
whore Brn(m = O, l, 21 •• ) are the Bernoulli numbers defined by 

On lhe other hand, if we consider the rational function 

Tº 
F'(T) = 1 - T" a > O, 

~he zeta fuuction associated with F(T) is 

2:)a+kn)- ', 
11= 0 

which is the product of k-~ and the well-known Hurwilz zeta function 

00 

((•;ó) = L(n+W'. Res> 1, 
n= O 

with 6 = j. 
Tbe value of t he Hurwitz zeta function aL Lhe negaLive inLeger -m is given 

by 
( (- m·ó) = _ Bm+1(6) 

' m+l ' 

where Bm(x){m = 1, 21 31 ••• ) ar.e t he Bernoulli polynomials defined by 

or equi\18.lent.ly 

m ( ) B,..(x) = L '~ B,,,_,x1, 

J = O 

~ - "' B,,.(x)L"' 11 2-et - l - L.._,¡ m! i t< ... 
111= 0 

(1.1) 

When we ha,,e more than one wny to evalunte Zp(s) at negative integers 
in te.rms of Bernoulli numbers or Bernoulli polynomials, t his 0ften leads to 
idenlilies among Bern0ulli numbers a ud Bernoulli polynomials. Proposition 1 
inustratcs this approach. 
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Proposition 1.1 Let p be a prime num~ and m a poaitive even integer. 
Then for any non-negative integer N, one has 

Proof. Consider the rationa.1 function 

F(T) = _ I_ - _I_ = T + ... +T"- 1 
1-T 1- TP 1 - TP 

The zeta function ass0cia.te<Ei wi th F(T) is 

Zp(s) = L n -• - L(np)-• = (1 - p-')( (s) 
n =l n =l 

fo r Re _, > l. On t he other hand 1 we a.Isa ha.ve 

F(T) 
_ (T+ ... +TP- 1)(1 +TP+T2P+ .. + TJ'{PN - 1)) 
- 1- TPN +i 

-~ L Ti. 
1<J <pN + 1 

- (j,p) • l 

Note t hat far each positive integer j, the zeta function associated with the 
rational function 

1 - TP N+ i 

is p-(N+t)•((s , ph:r ). Consequently we ha.ve fo r Re s> 11 

(1 - p- ')((s) = p - (N + I )• L ((s, PL1 ). 

1s 1<r"'+ 1 
(J.p) • I 

ln the abo\fe identity, the zeta functions on bot.h sides have a na ly Lic con
tinuations. Seu.i ng s = l - m in this continuat ions v.re obtain t he assertion oí 
Proposition l. • 

In arder LO obta in a congruence fa r ~ modulo a power oí p, we need the 
followin.g clnss ical t heorem concern ing Lhe denominators of Bernoulli num bers. 
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von Sl a udt-Claussen Theorem [2]. Let p be o pnme n.umber and m a 
poaihve euen integer. Then the following assertion3 hold. 

l. 1/ p- l '-' not. a divisor o/ m, then 8 111 is p-integrol, 1.e. p is nota divisor 
o/ the denominat.or o/ 8 111 • 

2. 1/ p - l u a dúlisor o/ m, then pBm is p-integrol and 

pB,,. ;; - 1 (mod p). 

Propos it.ion 1.2 let p be an odd prime and m o pos1tive even integer suclt 
that p - l 1& not n divisor o/ m . Then f ar any non-nqatwe integer N, 

P roof. By P roposition 1 and (1.1 ), we ha.ve 

whc.re 

(m - 1) ... (m - 1+ 1) 8 (l - l )(N- 1¡ "' 
I! IP L 

t :!!'.1< ....... +1 
(J,,.)•I 

For sufficiently lnrge {1 we have C1(m) = O {mod pN+1). We now est ima.te 
how large I should be. Note that the exponent of p in I! is no greater than 

[~] + [~ l + ... + [~ l + ... $ {; ~ = ~ $ ~· 
Al!<> p81 is p-mtegrnl by lhe von-Staudt-Claussen theorem. Thus, C1(m) is 
p-1n1egral and 
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prov ided t hat 
1 

(N + 1)(1 - 1) - 1 - 2 ~ N + l. 
T be above ioequality is true fo r l ~ 6. Hence we have 

•\ 

(1 - p"'- ') B"' = L C,(m ) (mod pN+ •¡. 
m l=O 

T hus , to obtain our assertion, we have to show that C4(m) a nd C2(m) are 
di vis ib le by p N+ i . Note that 

C ( ) __ (m - J)(m - 2)(m - 3) J (N+ l ) ~ ·m- < 
4 m - 23 . 32 . 5 P L.,,¡ J ' 

l~J <l>N+ I 
(J,p)•l 

so Lhat C4 (m ) = O (mod pN+ I ) for a ny odd prime p . Also 

e ( ) m - l N+ I ~ ·m-2 
2 m = 22.3p ¿_, J , 

l<J<p"' + I 
- (J.p) • I 

and hence, C2 (m) = O (mod pN+ l ) fo r any prime p except p = 3. However 
p = 3 is excluded under the assumption tha t p - 1 is not a div isor of m. . • 

2 Congruences of kummer type 

T he class ica l Kummer congruence fo r Bernoulli nu mbers asserts t hat 

Bm = _ Bm+p- 1 (mod p) 
m - m + p - J ' 

if p - 1 is not a d ivisor of the pos itive even integer m. See page 385 of !2J for 
the deta.ils. T his was generalized to 

(1 - p"' - 1) B.,. = (1 - p"- 1 )~ {mod p') 
m n 

if m E n (mod (p - 1 )p11 - 1) a nd p - l is not a d ivisor of m [5J. Here we sha ll 
P roposition 2 to preve a furt her generalizat.ion. 

Proposit io n 2 .1 [5] . Let p be an odd prime and m a positive even integer 
such lhal p - 1 1:s not a diuisor oj m . Su ppose that w r.s a m u/tiple oj (p -
l}pc 1,e ~ 1 and r isa vositiue i11teger. Th en 

t (r) (-1)'-'(I - ¡/ " +wl- 1) Bm+wl =O (mod p" .) 
I m +wl 

l .=.O 
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Tu prove Proposition 3, we need the following lemma.. 
Lcmma l. k.t r, m ond w be positive integers. T hen 

whtrt P, (X , Y ) ia o polynomial in X 1 Y with integro/ coefficien.ts. 
Proof. We shall prove the assertion by induct ion on r . For r = 11 we have 

:z:'" - 1 - x 111+w - 1 = (x'" - l )(:z:rn+w - 1) 1 

ao Lhe nssertion is true for r = l. 
uppo&e t ha t it is true for 1· = k . T hen for r = k + 1, we have 

... (k + 1) k+l- 1 l ¿ / {- I ) xm+wl _ 1 
I :O 

• (k) ,_, l • (k) k - 1 1 
= ¿ / (- 1) x m+w+wl - 1 - ¿ / (- 1) z m+wl - 1 

/ :O l= O 

(zm+w _ l )(:z:m+2w _ 1), . (:z:m+(k+t)w _ 1) 

(,... - 1)1IP1(z"'+w,xw)(x"' - 1) - P1 (x '",xw)(z'"+(H l)w - 1)] 
(:z:m - 1){:z:m+w - 1) ... (zm+(k+l}w _ 1) 

Noto 1ha1 

is n polyoomial íunct.ion in variables X = x 111 and Y = x 111 with integra l 
coeffiCM!nls, which is zero if xw = l. T his implies that. 

Q(x"' ,xw) = P1+1 (x"' , xw)(xw - 1) 

íor aome polynomial PH I (X 1 Y) with integral coefficients. T his completes our 
proor • 
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Proof o/ Proposition !J. By Proposilion 2, we bave for O $ l $ r 1 

(l - pm-t<Jl- l)Bm+wl = P-~ L jm+wl _ ~ L jm+wl- 1 (modpª). 
m + wl m + wl l <i<l'cr 2 1<1<,..r 

Q,,.)• I GJ>)• I 

M ultiplying botb sides of this congruente by (;)( - 1)'- 1 and summing over 
1 = O, l , . .. 1 r, we obtain 

Far (j, p) = l we have 

(jw - l )' = O (mod p~ ) 

so thal we can drop the second terms. 
Let g be a generator of the cycl.ic group (Z/ perz) •, the multipl.icative group 

of the ring Z/pcrz . Tben 

Now set 

so that 

(mod p~). 

~(9( 111+wl){p- l )p~ · - 1 - 1) E o (mod pcr). 
m + wl 

Thus it suffices to prove 

L:G)H)'-' gm+~ - 1 = O {mod pº') . 

'-º 
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Corollary. Lct r be o po3itiuc integer, p on odd prime number ond m 

0 po.s1flc( cucn mteger such thot p - l is not o dnri.sor o/ m . Then for ony 
po11tu .. ~ 1ntcger e ond w = (p - l}pe- 1, one ha! 

t (r,) (-1)'-1 Bm+wll E O (mod (p"", pm-1)). 
l=O m +w 

Aa ahown in l3J, ,radie intcgration on ,radie spaces can be used to prove 
congruences oí Kummcr typc. Hcre wc sha ll give another proof oí Proposition 
3 via p-adic integration. 

Ltt p be a prime numbcr. z,1 a ncl Qp are the rings of ,radie integers and 
\ht fie:ld OÍ P"'adic llU1llbCT5 1 TCSpCCtiveJy. Up is lhe ,,..adie vaJua tion 0 11 Q11 . np 

i! ihe algebraie eompletion of Qp. 
Fix a k· Lh root oí unity t (t f:. l ) with k relatively prime to p. Z~ is tite set 

oí 10\'efllble elements in z,¡ and a+ pNZp is the seL of z in Zp which maps to 
n m Z/~Z under Lhe na tural project.ion from ~ r.o Z/pNZ. Define 

and 

N <" µ,(a + p Z,) =--., 
1-tP' 

1•(a + pN Z,,) = L µ,(a + pNz.). 
t•= l,t~ I 

Al.9o for any continuous function / : Zp 1 0 11, we defi ne 

J, f (x)d1•(x) = ~~' L . f (a)µ(a + pNz ,,). 
z,. O~o<p,.. 

Prop~ition 2.2 Por llny vositiue integer m, one has 

f, x"'- 1 d¡•(x) = (1 - k'" ) Bm . 
z,, rn 

P rooí. Por ach t in íl1, with up(t) > l /(p - 1)1 the exponentia l function 
t 0 dt:&ned by the power series 

e1.z. = ~~ 
L- t! 
1=0 

ta conunuous funetion on Zp. 
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Hence we lrnve 

= 1 - Ee1 ' 

since e!""' -+ l as N -~ oo. lt follows Lhat 

1 1 k 1 
e''d¡,(x) = L -- = -- - --. 

z,. r" = l ,q!I 1 - Eef 1 - e1°' J - el 

Companng t he coeffi cients of tm- 1, we get. 

1 x"' - 1d¡J(x ) = (J - k'") ~m. 
z,, 

Note Lha.t 

and 

by a similru- calculntion M in the proof of Lhc previous propos it.ion. Thus w 

obtam tbe follow ing. 

Propos ition 2.3 Por a.ny po.sitive mteger m, one ha.s 

• 

Now 1he app li cot,ion oí Proposit.ion 5 lo congruenccs of Kummer Lype is 
clear By Proposit. ion 5, we hnve t hc idcnlily 
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Clcorly 
(z" - !)'=O (mod p") 

it x is relatively prime to p. This implies 

1t ÍOllO\<'S that 

~ (')(- 1}'- '(l - p"'+wl- 1} Bm+wl ( 1 -k'"+wl) =O (mod p"}. 
6 l m +wl 
1-0 

On the other ha.nd, Lemma 1 implies lhat 

~ (')(- 1)'-'--1- =O (mod p"). L- f 1 - km+wl -
1=0 

Thcrelore, 

t(')(- 1)'- '(J -p"'+wl)B.,,+wl :O (modp"}, 
1 m+wl 

1= 0 

by appl)'in& Theorem l in [5], which wc restale as follows. 

Proposition 2.4 Theorem 1 of [5]) . Le! p be o fixed prime and let {a,..), 
{bm.} 6c l.:>0 sequences of rational numbers that are integro/ (mod p). Su¡1pose. 
lhol 

"°'( 1¡•-• ('.) ·-· - o L- - 3 ªm+~c11- l)ª11 = 
>=-0 

(mod p"). (2.Jj 

a11d 

t(- 1)'-•(:)b.,,+.~•- l)b;,-• :o (modp"). (2.2) 
.1=0 

/or ali m ~ r ~ l. Tlicn tlie so.me type o/ congruence is true for {cm} = 
(a,.6,.} 
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3 Congruences of Kurnrner type for Bernoulli poly
nornia ls 

Congruences of Kummer type for Bem oulli poly nomia ls werc firs t considcred 
by tbe au thors !3] in 1997. Agnin we begin with a s imple ra tiona l function 

F (T) = ...I:._. 
l -T' 

For a prime number p rela.tively prime Lo k, t.here exisLS an integcr j such Lhnt 

a + kj = p{3 , O $ j < p. 

Thus il íollows Lhat 

Tº y 11P 

1 - Tk - ¡ _yk1i = 1 - T >-P 
,-...+u 

D< l < l' .... + I 
1J,,.)• I 

T' 

, -...+u 
O<l <,.N+ I 

-ú..r)• I 

F'rom the above with tl s imilar a rgumcnl as in P ropos ition 21 we bave the 
follo\\,1ing 

Pro pos ition 3 .1 l ct p be a prime number and m a positive ir1teger such tha l 
p-1 1.s not a divisor oj m . S u¡,pose that k 1.s a postliue int.eger relatively prime 
to J.: ond o:,{J are non·negative numbcrs such that o+ kj = p{J, O $ j < 11· 
Thcn for any nonnegative integer N, 

j "' - 2km- I 
;rn-1 



A ne•• appl'OlldJ to congruences of K ummer type for Bernoulli numbers 301 

In 1ummjng 

j"' 

wc nole &luu in general j does not range over a set of representatives of 
(Z/p"+'z)' . Suppose LhaL 

j , = j, + <(j,)pN+I 

with OS n < pN+I and e(j,) E Z, t hen 

~(;¡11 -i!t) = E(h)j;1- l {mod PN+l). 
mp 

olí we lct J raage over a set of representalives of {Z/pN+tz )• in the sum
mtuion, 1t will cause a perturba.tion in the term 

H "'" proceed ns in Lhe proof of Proposition 31 we obtain 

Propoeition 3.2 Let. p be an odd prime and m be a positive in.teger su.ch that 
p - l 1:1 nol o d1ur.sor of m. Suppose that k is a positive inleger relative prime 
lo p anti o,8 are non-negative integers such that a+ kj = p¡3,© ~ j <p. 
Thcn Jor ong pos1live int.ege1· ,. and w, a multiple of (p - l )pe- t, 

' (')¡-1¡•-• [Bm+w1(r) - p"'+w1- 1 Bm+w1(i) l =O (mod p"). 
1 0 I m + wl m +wl 

4 Congruences ofKummer typ e for generalized Bernoulli 
polynomials 

Lct I be posil ive integer a.nd X a primitive characler of conductor r The 
gentralned &rnoulli pol'ynomia.ls a; a.re defined by 

~ tei' " t" 111 < ~ 
¿,x(j) el' - 1 = ¿, B~;;¡ · - f 
11:11 1 n = O 



302 Minking Eie and Yao Lin Ong 

In terms of Bernoulli polynomials, we have 

I . 
s; = ¡n-i L x(j)Bn( y) 

i=l 

In particular, if x is a nontrivial character, then 

1 I 
B! = 7 Lix(j) 

j = l 

Generalized Bernoulli polynomials are used to give the values at negative 
i ntegers of the L-series defined by 

L(s,x)=I:x(n)n-• , Re •2'.l. 
n=l 

lndeed 1 L(s, x) has a meromorphic continuation in the whole complex plane 
and for ea.ch positive integer n, 

B" 
L(l - n,x) = ---" . 

n 

Congruences of Kummer type for generalized Bernoulli numbers can be 
obtained as a simple application of those for Bernoulli polynomials, see Ernvall 
[5J, Eie and Ong [3). 
Theorem l. Suppose that X is a nontrivial character with conductor f ~ l. 
Let m 1 n be positive inte9ers1 and p be an odd prime such that p - 1 is not a 
divisor o/ m and p is not a divisor o/ f. Then we have 

am Bn 
(l - x (p)pm- l) _L;: (J - X(p)p" - 1)_..K (mod pN+1) 

m n 

if m = n (mod (p - I)pN). 
Proof. For each j with 1 $; j :5 J, there exists an unique J with l :5 J :5 f 

and 
j + µ; f = PJ 

fo r sorne µi with O ::; µi < p - l. Hence, by the Kummer type congruencc for 
Bernoulli polynomials, we have 

'{B(j) m-1B( J)} - '{B(j) n-'B( J)} ;;; "'7 - p "'7 = ;; "7 - p "7 
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ifm = n (mod (p- i )pN). 
Consequently, 

ifm = n (mod (p- l)pN). 
Note that for any p0sitive integer k, 

I " 
I:x(j)Bk(y) 
j=l 

I 
= L x(j + µ; f)B,( J) 

j=l 

I " 
" - J = ~x.(pj)B,(7) 
j=l 

I . 

= x(p) I:x(j)B, (yl· 
j=l . 

Finally we have 

3m 3n 
(1- x.(p)pm- 1) ,,': = (1- x.(p)p"- 1)-;;' (mod pN+l) 

if m = n (mod (p - i)pN). • 
As a simple application of Proposit ion 8, we have the following extension 

of Theorem 1. 

Proposition 4.1 Suppose that X is a non-trivial character with conductor 
f ~ 1. Let m be a positive even integer, and p be an odd prime number su.ch 
that p - 1 is not a divisor of m and p is not a divisor off. One has for any 
positiue integer r and w, a multiple of (p- l)pe- t 1 

t (r,)(-1)'-'(1 -x(p)pm+w1- 1) B;¡+wl = O (mod p"). 
w m+~ 

As a final applicati0n 0f our general procedure to prnduce congruences 
oí Kummer type, we shall menti0n here a new identity resulting from the 
observation that 

a(p-l)/ 2 = (~) (mod p) so that [·(p-1)/2 - (~) r =o (mod p'), 
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where pisan odd prime number , a is an integer relatively by prime top and 
( ~) is tbe Legendre symbol defined by 

(~) = { 1, if a is~ quadratic residue modulo p, 
p -l, otherw1se. 

Theoi:em 2. Let p be an odd prime number and x the charocter defined by 

() { 
(•), ifaisrelativelyprimetop, 

X a = P 
O, otherwise. 

Suppose w = (p - 1)/ 2 and m is a positive even integer such that (p - I) 
is not a divisor of m. Then for any positive even integer r , 

0:51<~- I 
l::=~ - l (m od 2) 

() 
sm+wl 

~ m "¡_ wl (mod p'). 

T he authors would like to thank an unknown referee for suggestions im
proving the presentation of the results in this paper. 
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