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St;\4\lAJn In tbil J)Apcr n 1>11rtlcuh\r d l11ercle-limc macroeconomk modcl il! cons ldcrcd, 

•bu• U. •v1np a.re proporblonnl lO lncomc l\nd the ln\Ut~t dtmlLfld duponda on 

tbt dd!~ brt1'1'0Cll lhc currnnt lncomc &.nd ita CJ:og.-_nously auumed cc¡ulllbr ium 

~·- d11rou&h a nonllnc11r S-lllrnpcd lncttMlng funcdon The modcl prop08lld cnn be 

na a.• paruculM ~oí n gcnuml cl!I$! oí bminf!M cydc modd1, Mnown n1J l<11ldor

'1l"f' modiala, wblch 11.111 chnrnclc rb.cd by thc Í&Cl t hat tM in,'Ntmcnt dcrnand a.lso 
~cm ~capital !!11.0ck (nnd thls RMUmpüon 18 wually conaktcrcd 1.ho rnnln ro

q\YI.- for lhe ooi::ummcc or 011Clllnting behr.vt0ur or mmmc r..nd c11pitul). Thc 

'• lnOdd • de.crlbcd by u dy munlcal 1ystcm in lncome and c11pitnl whOfkl tlmc 

....... • ¡Jwcn by lhc ltc rn.tlon a lwo-dimcnsionr.1 map of tnr..ngulnr lYIH!: thh~ 

t.bat unr of l ht:l com1>onl!11l.e oí thc m11p, 1111.mt":I)' lhfo OOC' drh•ing t he incomc 

"'°"".,.. a a11 1ndcpcndcnl 011e-dlm~Mional m11ip. Dull! lO the put.lculnr trinngular 

,,,_..., of llM! S) lcm, thc MymptoUc dynkmlc behavklur and thc blfurcntion8 cnn 

bit aa.~el ~b«l etnrtlng from the propertlm o í the lt.80CUltit'd on d lmcn11lo111\I 

T1lt: dynanuc behl\vlore o r the modcl are CJ:plond undtt dlffercnt mngc11 o f thn 

.... pu~ 1uch u tho 11rnll' 1J'M!'l!(I of Mljuetmcnt to thc vroe!lll dcmond nnd 
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lhe propen11it.y to 11nvc. Al ~hough ou r cxcn:ue 11hov.11 th11 t thc baalc dyn1Unlc IOCnllf'lo 

l5 gh'en by n 1!l tu11tion oí bl-Mtt1bllily, i.c. oocxi.st.cncc oí two s t.ftbla 11 tcAd)' t lAld, thc 

cust('.ncc of rnoru com¡>lex dynrunica is prG\'ed, for irufficicnt l)• hlgh valuct1 oí thc MJ. 
JUSlmc nt pnr111nuter. Thc uffuc t11 or thc ..... 1tdilng to thc rqlmc or nonim1!rt lblllty or 
thl!' m11p on thu bn.~ 11111' 11 tructurc nre considc.N!d, togl.'lher 'tl.·i th t.he blfur<;at lo1U1 whlch 

1nodify thc structuro. Morcovur, llOmC b1íurcauon1 whkh dut.ftSl' 1hc qun.lltl\\1\'C ¡lro¡). 

ert1cs of •hu nt.trnctl ng iic l i; nro nrmlyud, 1n J)llt11cul&r a global (homocllnlc) blfurct1 t1on 

which cnu9C!:I tlm trirn11ition from a :i:huftlion oí b1-1!itab1hl )' to " r<.'ghnc chnrn.t: ttcrll.('C,I 
by wide chnotic o~cillotlon11 of lncomc imd capa&l uound their cxo11,cno1111ly ft.'Seumt'd 

cquilibrlum lcvols, l.o. n typlcul 11 it11nt1on or 1rr gul&r business cycles. 

1 lntroduction 

Smct 1hc carly nt.tc rnptil, mndc in t hc ycnN 1930s- 19-105, todcsc:ribc nnd undcnnn11d thl' bw1 

nb.f cycle, t hn1 ii;, !.ho prcsc11co of s lí-sus tnmcd oec:illat10ns oí 1 he 111nm c<:o1101111c \'flt1Bhl•·11 

(incomc, cnpi tnl , iníl11tio11 ro.t.u, ... ), S<wc.ral cconomists beaunc ownr thnl. Lhc co111plt-x11y of 

thesc phenom1mt\ could ou!y be c.xplnincd by thc. use of nonlincl\r 111odcls. 

Onc of th c fir st., nnd simplest, nonlinear modcls oí lhc bus inns..'i cyclc wn.s l)rO¡ ><b<'CI 

by Kaldor [8], who nssumcd noulincar i1wcstmc11t and savmgs functions, a.nd xplamrd th,. 
eoonomic íluct.untions u.s n conscc¡11cncc of lhc long tcrm "'Shift mg" of Lhc !m•C!lt rncnl. demnnd 

cun-e c.auscd by changos iu thc cnpitnl s tock (sce al.so (6)). Tbis kind oí dcpc.nde:nct oí lhr 

ill\"'t?SllUC.111 dcmnnd 011 tho capi tal stock, togcth r Wllh lhC non\inruriLy OÍ thC' luVCtillllC'lll 

fw\ction or t he sovi11gs functiou, hns gcncrnlly becn considered, i11 thc litcrot urc 011 Kn.ldt>r '11 
modcl , ns i.hc bu.sic s tructurnl rcquircmcnL for 1..hc cxistencc of sclí-sustnl n lng cyc.IC!'I (!R'e [2J, 

(6)). 

Our st.nrt.ing point is t1 purticulnr dl~rcte-timc Kahlor--typc 111odcl, prO¡>O$..'(J in {I J nncl 

11wcst1g&t.ed in it.s gcncrnl dy nnmic bcluwiour in [5J, ""'hen! thc savmgs nr OJ:iSumcd pro1>0r 
t1onnl to thc in comc nnd thc i11 v<.'8L 111 c11t clemnnd dc¡Mmds both 011 thc income, througli ó 

nonlincar S-shnpcd iucrcusing íu nct ion , and o n lhc csp1la.J stock, th ro ugh & hnenr d ecrcn.ot

mg íunction. Su ch mod ol, wh ich cnn ullimnlcly be r«luced to" t"'~dinicnslonnl dynn.111ICAI 
S)'S"tcrn m mcomc nnd cnpitnl , ¡¡¡ nblc to gc.ncrn.tc ndogcnous Huct untions for certnin rru1~ · 

of thc pa.nunctcrs. 

In thc prcscnt p11per , wc wondcr whnl hnppcns ir 1he mam Kn.ldonon l\..Sllu m¡aíon , 1 

e thc dcpcnd ne o f t ho invc:itmc nl denmnd írom the cap1t.iLI • lock, Is ncglcctcd. Ail WC' 
shnll .sec. in this cru¡c wc gu~ u dlscr tc· t1m dynornical 1~ detlCTlbed by th iletnt1011 of 

n map o f 1hc plan · o í t n 1m 911 l tH' ty¡>c. l t.s ru1nlyal!I conu1l u1 a pcdn.gog1cn.l 1our th roush 

the propc.rl1cs o f lna ng ufor ma¡M. Le l"'~d11ncns10nal mllpl wh tch hnvc the pecul!IU lty 
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1h.al onc o( lhor c:omponcnt.11 is dccouplcd from the o ther, llO tb.aL it is ru1 iudopendcnt 

OllC-dlmthlílOMJ map. As aliown iu (7J, Lhc particu1ar structure of such ma.ps implics that 

1hc iuqmplOUC dynamia, as wo.11 o.s thc biíurco.Lions, can be deduced from t.bc associatcd 

OOt"-dh11CnMonal map. 

We ahow lhAt, íor coonomically moaníngíul vnlucs of the Jl&'IDetcrs, thc modcl hrui 

thrtu lfkod,y au., &11(1 wc lrtud_y t he inílucncc o í thc me.in panunet.erS, like tho propcnsity 

111 " ' ve a.nd tM fim tS' 8pccd of atiju.ytment Lo thc CXa.'SS demand, on t hc k>cill at.ubility of 

lhc t'f1ulllbria.. Thc bll.~ic dynrunlc samario of t i.Je mod.cl is gi\"Cl'I by ll sit uation of bUtability, 

whcmi two a.bk: 8lCAdy 8ll:lt.cs cowd11t: ono chani.cLcrizcd by a )o..• levcl of income n.nd 

pluJ (ptn.'01' sl.aidu .rlate) ru1d ono by a high leve! of t.bc dyruunic vo.rio.blcs ( 111ealtli 

slcady 11tuJ.c), otd1 with ita owi1 bruiin of o.ttmction . In t he presencc of bistability, t hc 
qutlftlon ol tbe dclhnit.ALlon oí thc bl.l8ina oí Lhc cocxist.ing attract.ing sets nntumlly a risca. 

111c1 ltW!gulM m.11p consldt rcd, whooo itcrnt ion givcs the time e'"-olutiou of t.hc modcl, is 

h1Yt>.fl1ble or nonm,'Crtiblc a.ooordiug to thc vnlues rnnge o í the p&nUTlCt..ers, nnd wc id1ow 
bow lhe ctyn&mk bclui.viour of t.bc ttyst.cm is dccply inOuenced by Lhc switchiug to t he 

rrgimc or aaam,mibility of thc mnp. T his lcnds to o.n incret1..'Sing oomplcxity not only in 

llM! oalutt. ol Lhe atlractiug set.& but u.loo in t hc structurc o í Lbcir basins of nttmction. Ju 

fiw:l, llllhough in lhe lit.craturc 011 nonlincur dynrun icn.l systcms a.ppHcd t.o cconomic modela 
lhc h:.rm COf"rplcnJI/ ¡, gc ncrnJl_y ro\utcd to tbc Blructurc OÍ lbC &ltractot"S, in t his pnpcr WC 

"~ •lttli!IJ Lbc prt!fCnce o í u diffcrcnt kind o í com plcxlty, rclat.cd to thc structurc of thc 

1-.11111 Ttu. nd o( tom¡>lax:i ty lul8 boc n m thcr ncglcctcd in tbc lit.cr8turc, mniuly bocuU.t!C 
lt ~1uir~ an ana.lyár of Lhc global propcrtiC8 (i.c . uo l bascd on Lhc linear npproximnt.iou) of 

tl"IG d.ynaauc:.J f)'Stclnll &00 thc g lobn.l bifurcatio tLS thnl changc lhc qua.lit.ntivc structurc o í 

tlkl IJMtwt u~ ..Wly dct.cctod t hrough gcomctricn.l f\lld numcrical mcthoda. Hcrc wc show 

how lhc Íkt lha.l lhc map driving tho dyurunics may be oonin,"l!rtibM! for ccrtnin rnllgcs of 

Lhci paralDl'.Un pb.:)"I 1U1 import.nnt role in thc creRtion of complcx topological s tructurcs of 

lhl' lJMIOlt 

F'm,J.tJ, • pan.iculM global bifurcat iou is ru1nlyzcd, which marks thc switchiug from n 

t lLwd lon ol bMcablh:y, whurc t.hc ph684.'-p lnno is slU\l"Od bctwocn Lhc ba.sill8 o í t.wo cocx:ist.ing 

AUr~th1g ~ (11t9dy st.at.cs, por\odic orbi t.8 or cvnn chootic a t tnctors) t.o u rcgimc of rnoru 

camplo pplOb c: dyM . .miaJ, churtletcri7.00 by chootic oscillAtory behaviour. This provC8 

'h1ü ti~ drh-cn oecillntious can a..l!lo be obt.a.incd wlt hout whnL is couaidcrod tite 

llWn kaldorao ....umptkln , i.<:. t hc dc¡>0ndencc o í inwstmcnt on capiLal stock. 

T bl: praprr • orpnmotl ns followa. In t;(.'Clion 2 wc describe Lhc mOOcl ruid di8Cll88 thc 

undrrty\nc &__"lllD'JpllOnl. ln iJOCt.ion 3 WC &.nolyw the me.in propertlcs o í Lho two-dimcnsio na.1 

lll"P dn.,,.. Lbe dyiuunk:s, 1mch BH it.s triang ular s truclurc, ita symmctry, tl1<: cx:ist.cnoo o í 

futnl polQQ. Mld lhc c:onditio1ui íor tbcJr local st.ability , thc condüions for thc invcrtibility 
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or non im"CrtibiJit;y of tihu mnp. In ilCCtion 4 ..,, discuss the rol of nonim-crt ibllh-y in th<l 

crcation oí oomplcx topologicul etruct.u rcs o í thc basins oí thc a11 rru::Li ng &el.9. In scct ion 5 "~ 

anft.lyze the lociil o.ne! global bifurcntions cnusin.g the t ransition to more n.nd more complcx 

Mympto11c dynnmi cs. Somc concluding rcmark5 lltt contruned in i;ection O. 

2 The Model 

Thc modcl wc considcr is n pnrticulnr cnsc of a KaldoN)tpe. busmcss cyclc rnod 1 pro¡>Ofiol!d 
m (1 and invcstigntcd iu its gouornl dymumc be:luwlour m J5j. Thc modcl ¡¡ t.udlcd In IJ 1 
ru1d ISI st.artiS from u woll known discrotc-. t imc '·erslon of the K&Jdor modcl (seo c.g (3), p 1¡, 
1121), 

{ ~+ 1 - Yi = o(J, - ,) (a) 
/\1 + 1 = ( 1 - ó)K1 + !, (b) (1 ) 

whcre thcdynnm lc varinblc!:I l ' , u1 1d /\'1 rcprescnt, respec:t1\"CI)•, lhc 111 comc (or o u11>u t ) ,,,Jur 

nnd th capital st.ock in pc11iod t, o (o > O) represen an ad1uslmcnt pammaler 111cM1Jr111g 
1 he fim1 ·s rene.U o u to llhc sprcucl bctwcc.n dc.mnnd Md supply, thc 1>0.rnrnet r 6 (O < 6 < 1) 
reprtsen ls thc a 111 itol sf.ock's dc¡11"i!cwl1a11 mtc, /1 = /1(l'1, K1) is thc \11vcsl111 e: 111 dcmu.nd in 

pcnod t and S1 = 51 (Vi) rcprcscnts snvings in pcrlod t 

In the scmi nnl pnpor by !fo lclor !BJ , a.s wcll ru; In ma.ny 01h r pnpcrs whlch formulnlA'<I 

lhe samc modc\ in 1,cn1111 of dyrn:un lcnl syslcms (sce, íor ins11u1cc, l2J, (31) thc buslu · 

cyclc is rcprcsc.ntcd by cndogcuously drivcn 06Cillruions of incom ru1d CApiU\I, whlch llN' 

sub!1antiaJly cxplnincd by t hc foltowing mcchn.nis1w 

(i) a1 lcast onc of t he fuuctiom; / or S nrc uonlhica.r (m puticulnr , sign1oid-iihn1>od); 

(ii) / 15 n dccrcusing fun cbion of /( , 

Lct us dlscuss t he role of MSu mptiom1 (i) nnd (11) . i\s 11 is •'Cll know11 (scc, for 11urw.11 , ¡GI) , 
undcr thc si mple nssu111ptio11 tlmt Lhc invcstmenL demruid /1 indcpend nt fro111 thc cn.plt.nl 

stock k"i. i c. {)f, / 0 /( 1 = O, nnd t hn t. both I, IUld , tul.! hne&r mcrcn.siug hmcllons of Y, , 
w1th d / d l" > {) / /8 11 , tho !:lya lcrn is globnlly asympto11cally Ltlblc, whll by lnlrodudng 

nonlincarit1cs int.o t.hc iuvcst.mout domnnd cun , for CXIUnplc by o.ssu ming thn.t 1. 11 1t 

s1gmo1d...she¡>ed fu11ctio11 o f 1'1, wc mny hn\'C n s1tunt1on of bH,tabilll y; Figii . l a 1\-nd l b 

quahcaO\"t".ly rcprcsont. t hc h1co1110 ncljust.mcnt proccr;s 111 ai.._-e of d1scqui lilmn. {c.npturcd by 
eq {la)), m t hc li11cn.r nnd noulincnr en.ses. 

The csscnt.itil dymunlc fcnturc thot. cnables thc modd to display cycllul behnv1011r 

lS n.ssumpt1on (ii), which cnuscs t.hc long tcnu !hlfhn« ot the mVClflmcnt. fun 1011 NI " 

conscqucnoe of clrnngcs in thc cnpito.1 s1odc, M qua11tatr\"Ü)" dc«::ribcd by Kn.ldor In 1 J. By 
8SSU1111n.g 1hnt thc invcst111c11L dcmnnd cu r\ shift.s downwaid.11 ( rcl¡> UP"''IU'CÜ) ...,hcn th" 



llobarto Dfooi1 Gln.11· / to.lo BiscJ1i & La ura CAldini 371 

U!Wllltt. o.ud corutqum11ly che cnpit.nl atock, incronscs (rcsp. decrea.ses), cyclic movomcnts of 

liw ll'\'l'I of 1ncoim• tmd eu1pl lnl 11my occur , ns quo. litl1Liv0Jy sho""'fl in Fig. 2 (for nn oco11omic 

)ll.'ltllkt.\llon ol thCSQ MS11111ptlo1111, 1100 ngnin [6], pp. 122- 129). 

llncur invcstmcn l runction 
s 

(a) 
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S·shapcd lnvcstmc.nt fun cl:ion 

s 
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Flgurti l: EDw o/ thc rnt rrxtuc: tum o/ 11011/mconl1e.s 1nlo 1hc. tm ut.mcnf /1mctiou. 
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Figure 2: ·'Sh1ft1119 '' of tlic m uc.ttm ent functron m"'1rn <'1.d.ojrr1ous o .. c1/lallo1u in 111romr 

and C1J¡11tnl. 

In pnr11cu lur, h1 Lh tl fo r ru propo:;ccl 111 ll ¡ 1uwmJ;' U'l" ~ :umt'd, M Ub\Ul.I, p1'0¡>01tlo11al 

lo mcornc: 

1 --o l', , (2) 
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wh"ft' tht ~11 o , O < o < 1, roprcscnlS t.hc prope11sdy lo .saue. On thc ot:hcr hnnd, 
lnvriUn('f\I dtmand ls MSumccl to be nn incrcnsing a nd sigmoid-slutped funct.ion of incomc 

• 11d a lu ... ..., ckncl'i.. .. mg !unctiou of cnpital s tock: 

(3) 

•h,,1r l • • po•Hl\'t' pnrn111c•1cr, / l (1• > O) is thc cxogcnou.5ly r.,.;;;s,.nncd cquilibrimn lc\1c l of 

lfl(omr and thcr ÍOrt' O/l r<'prcsuut.s Lhc cquilibrium lc\'el oí s1w1ngs (&nd nlso of i11vcsL111011t 

Jrm•nd), whilt 01,f!J la tho e<¡111llbri11111 cnpitnl stock As usual in Kaldor business cyc\c 

moilrls. ClCM' « 1Jutt s1,endy slnt,(lff mo.y cxh1t: In this lnuer ense. bcsidcs t.ho cxogonously 

ll.'1111111\M'd w-quilibrium P • (11,0JJ/ó), t.wo more st.cndy su~tes exisl, n ·•wcnlth" cquilibrium 
Q, dwkh"'IUl"<i by hlgh 1.-qullibrlum lcvol11 of incomc nud cap1uJ. and a "povcrt.y'' cqnilih· 
rnun R, tnth to-• 1 ' 'C.l!l of iuco1111:: und cnpitu.I. As sho,,.,'11 in !SI, 8 largc va.riot,y of dyumuic 
j,..hJwlOUI t'AJI OCC\lr'. 111 p11rt.iculnr tille modcl i11 nbl 10 gcncf'ftl C regulnr c11dot1tmous osdl· 
l.itu1n,, uound lllt' «¡uilibrhun P. 

In lb< pf1':!iCJll pn¡~r wo nro lutorcstcd in what happens 1f v.'(!' ncglcct M8UmpLion (ii) , 
b-,- !\NIU~ lhn.t 1 he hwt!SI mout. domnud curve is not nlTected by chu.ngcs in tlhe copit.ol 

•IO(k, 1 e 81/Br.: • O. T hi¡¡ ll8Hu111ptio11 i11 u11unlly dCKTibed in tlK' lit.crnt.uro 118 leudiug to 

• •11n~i.- tAl\MliHou of bi-i;t,nbillt.y. Howovcr, ns wc shnll sec, complcx dy1111mic phcnomenu 

l\lt' poM1lW abo m 1his case, nnd tlhc complcxll.y is rclated, on onc hand, t.o uhc o.symptot.ic 

d3MllllCI! i t 10 the n&t.11r1.1 of llho u.Ltrnct.ing sets, Md, on lhc other hand, tio t.ho structuro 

"r tht1h ant o! n1trnc1\011. 

Dy ... o&ng 1 • O in cq. (3) tmd substitiut ing into the systcm ( 1), thc modcl ult inrntcly 
trJ11cr11 10 1bc followl11g 1.wo-dl11101111lo110.I dyno.mical system in income o.nd cnpit.111: 

{ l'r+ I • Y1 + 0011 + Cr nrctnn{l'1 - ,, ) - ool~, (&) 
J\' 1+ 1 • o ¡.1 + arctrut(}'1 - ,,) + (1 - ó)K1 (b) 

(1) 

Th11 tlud}· of thc d)tzUunicnl propcrLics of Lhc systcm (il ) &Jk»9.-s wi 1-0 exploro llhc long- ru11 

hf.h¡.111iOW ol mamH! 1md cupito.l aLoak, Slt1rLlng írom o gi\'t!:U 111u1&1 oondil.iou. 

3 orn General Propertie 

1\ 11 d"ota1bdl al lhr l'lld oí !hu prc.wious 8CCl lon, thc tune C\"Olullon o f inco111c tu1d capit11I i11 

t1bea1tl(J br lht> Ü,("TAtion or {I Lwo-dlm ltlllono] nonlincnr map T : (Y, , J<, ) - · W1+ 11 K,...1) 
g\1117t1b)-

T { l' ' • ( 1 - aa)l' + aa¡1 +o MCLa.n(l' -1.1) (n) 
K' • ( l - d) K +o,, + &rct"n(Y - ¡.c) (b) ' (5) 
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~·h~rT" the symbol 1 dcnotct! tho 1111\l time M.l \ 1UlC'CJHC!UI 01X"nt1or, tluu 1.!i, if the rigl11.- h1tnd 
Mk 'iuiahler; nrf' iucoma 1111CI i;npitnl al tune t.lht'n th,. k>fl-h11.nd one:s r\'Pt'O!Clll mcome llnd 

C1'p1t.a.I ª' 11111(' 1 + l . 

\\'(" -.hl\ll now clcscribc 80111 0 propcrt •~ or th mtl.p T . 11uu 111, l!w fnon9ufor11I T\IC(Ufl' of 
tht- ""'P· tlh~ pnrtic11lnr HI rnct.11rc of lh t• sccond component (Sh). thr 1•.xllltcntt' oí fix('(l JlOinl~ 

o.nd tl}(':1r local s tn bility n1 11\lyl! i11, so111c syunnC"IJ)' pf'OJ>c.'l'l•t~ and tlw ru\1• o( mm lll\'\•r11b1lit) 

of th.:- nutp . In ordcr to fl1111l yzc tht'he! 1>ropcrucs, wt> bnt'fty 1i.'Cnll th<' 1m•n11i111t oí 'Dlhr 
t l'rtru., wh1d1 will b<.1 uscd lu thc followtnR; 

L.:t A be n subs t oí t.hc pl1mo. \\"e 86)' lhBl A I!> a trappmg bel o ( T (or T is tra111>llll\ 
011 ..I} tf T (A) f,;; A (Llnu, i11 i( A i11 mBpped into 1l.!ielf by T ); T i8 mvn.rlimt on 11 (or A i. 

tn\'1U'Wlt by T) if T(il) = 11 , i.o. lf A is lr np¡>1ng nnd íor MY y e A thcro cxlhUI x e A ucl1 
lhat T(x } = y . A ¡J·C)'Clo or '/' i11 11 pcrlodíc orb1t oí T of l~I JX'TIOd p, ,, 2: 1. ,, J.l- J>('rlod1c 

pom of T is 11 point bolo11gl 111! to somc p-cyclc oí T 

In thc fo llowing, by OT(Y, /\' ) wc :ihnll dcnot thc J&e0bm.11 111n1rbi: oí 1ht'.' 111n1) T , by 
'r, n 2: 1, the 1H h it.crntod of Lhc mnp T Md b)' D'r'( ) ', I\' ) tht: jn.cobmn mnt nx af chr 
UU\pr' 

3.l T h l.ria ngula r structure of t he map 

W can obst-rve tho t !.he fi r11 t compoucmt oí thc mnp T doCi ncu dc1>cmd 011 /{' thc mn¡> 11 
thCf'('Íott- 4 tnnn911iflr 11111¡¡ , chnm(;tcrized by th íollowmg struc:turc: 

{ Y' = F (l' ) (a) 
T ' k"' = G(l',K) {b) (6) 

TbtS mcans 1ho1. 1.ho dy111u11 iC11 or thc incomc l' nre onl~· Mfocrnd by lncomc ltself, ~lng 

lí ... 1 = F (l'1) , whcr•118 t.l1 u Lime volution oí lhc cnpu.e.1 tock Is nl&o mílu~ncc<.1 1>)• thl' 

mcomc, belng 1<1+1 = G(Y,, !(¡) . By usmg thc tcmnnology of th cuguu .. ~_ring sy11t ms {.et' 

e g (19j) we nmy sny Lhnt. t hc ouc-dimcns1onal syslcm (6a} lS 1hc "dri v111g !y«tem ~ nnd tht' 

C1'p1t.e.1 s tock is "drivcn'' by Lho lncomc <lynnnnca1 Aa a QH\9l'Jqucnct, th dymunlca f lh" 

mftp T l5 docply i11fl11c11ccd by Lhc dyna.mics o ( thc oflf".dun ru-1onnl 1111'.l.p l' 1 • P(l') In 

pan1culo.r. mnny of it!I bi(urcutlons nrc ossocmlcd to 'host of thc on~d 11u cnslonal rnit.1> )" • 
F(1·1 rmd a.11 1.hc cyclcs or r s tc1n from cyclcs oí F ~IOf\'O\tt, 111 Lhc jncobu:ui llllll rile of 

thc m.np T , gwc11 by: 

[
l +--"--oo O l DT(Y, !() = I+fY- ,.i' 1 - 6 
~ 



-. lowtr ut..qula.r. 11 eM 'I hM'C complcx eigc1wn.lucs and thus lhc oc:currcncc of regular 

wlll•liofW, .....Wla..i 10 1IKll80 usunlly obscrvcd In KnldoH -ype modcls, is rulod out.. 
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i..i' U>! bf'kib' J'l.'CIAll 90me uscful propcrtic:s of tWi>dhncns.ionaJ triMgulnr mops (for o. 

..i.r d-.,. ¡o¡, ¡io¡, l7Jl. 
PrO~r\J!' 1 Thc eige.nvn.lucs oí DT(l' , /() 1u e nlwnys real, gwcn by :.1 = F 1(l' ) nnd 

:; • C~(r, A'). An.>' Rxed po\n1 of T le thercforc cither n node ora SAddlc. 

Prop rt)' 'J 'MI(! eigtnvnlucs of DT'' (Y, K ), for nny inlegtt n ~ 1, Are rcnl. Auy cyclo 

otT" 1hndart1 ci1hc-:r a nod oro stldd le. If Cfl = {(Y .. K, ), 1 • 1, 2, ... , p} is a ¡>-cyclc of 7'1 

'""' tlpnvMua ol 1he cyclc (1 .c. thc clgcnvnlucs of the jl\(Obia.n nu1trU: of T 1' In nny poiut 

oflhco cydeo) M't" gh n by: :. 1 • íl \'. 1 F ' ( l11) nnd Z2 = íl~_. 1 CK(l~., K, ). 

PtOpé!.ft)' 3 J.,c1 C,. • (( l',, J<,), i • 1, 2, ... , p) bel\ p-cydr ofT; 1hen {(Y1, Y2 , .•• , l"1,) is 

• Sk'tiodic e.bit ol tht Onl--dlmenil ionnl 111np F of 1 nst pcrKKI r whett,. ll such t.lwt. rn1 = /J 

Jutll(lmt'll'lt~rn>I 

l'roJH!f1Y 4 Lt•1 (l',, f\ ,), 1 • 1, 2, ... , ,,,ben point of a p-cydc of T a.nd ( )~,, /\' ) u polut. 

on 1h1: ttifltc"al hnc l" • l~ ; t lmn t huru cx lt1 lll som intcgcr m ~ 1 tuda thnl T"'(l'; , /<), whcru 

r p/m, "lt lRJIPl"3 011 1hc 11116 l' • Y, nn<l mny be cons1dtned a one-duncneiono.l 111 0.p oí 

th" 'ª'" wuublr K 

In p.iucuLu P~rt.y ~1 lmpllcti llhnt.: 

11 ) 110 po&Ol oa thc \'~rt \ca l l\110 Y • Y1 cnn bctong to thc Steblc set oí somo o t.hor cydo 

rit T w11h pcrlodic poi nt.s nll outaldo t.hnL linc; 

f2) llf'1' P'P'(nocbc J)Ol h l OÍ 7' 111116t bolong l O lrnppin¡ (for :t(ll'Dt' 'f'T, " ri lh rm = fl, H1 ~ !) 
~'''°"lux. Y • l',. whcru Y1 111 n r-pcriodlc point oí 1.he one-<limcnslonnl mnp F ; 

IJ) lf C, • (()'1 • Y:i • .. , Y,. } la 0. 11 r-cyclo of thc mn.p F Md A p-cyde C" of T cxlst.s, 0 11 t. lu.i 

'1'0-..l labm l' • l', , 1 • 1, 2, ... , r , oí period p • rm for totDe mlqcr w ~ 1, 1.hcn t.ho 

t'I~ : 1 o f1hc p-cyclo C1, Is rclntcd to thn.t of lhc r-cyck-C~ of F (lut. 's denote it. 
by 1") M follow._• :1 • T "' ; 

11} lf p-<)'dr C,. of 1h t.wo-dhnu111donn.l t rl n.ngull\t map T ll & so.del lo wlt.h [z i] • 

lílt,1 F"(l~;)I > l and l~ I • l íl~. 1 GK(l';, K.)I < 1, l hen the pol uts of thc local 

C..tJ4r. tC1 o( C,. IH:long to l ho vcrticnl l\ncs 1 hrough lhc ~noche polnt.s. 

P1'operty ~ U C.- • { ()'1 , Y1 , ... 1 Y.,) is tu\ r -eyc:k!: of l he map F , the11 t.hc rcatrictlon of 

\h~ niapT" toan)"of 1hr rl l o. l ll nf!I l' • Y, , 1 • 1,2. , r . i.s- ln~ppm.go111:hn t. linc. If cho 

r·cytko GI F' u: •1-11'.cbns (rcep. ro1>elll11g) then the ,-crticaJ h~ Y • 1'1, 1 .., 1, 2, .. , r , nrc 

11Uract ''°"' 1t."pelhng) fo r T", 
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A:s f'lll' RS tho bifnrc111.ion!i of tho mop T ~ conct:rocd, 11 lf cuy 10 ~ from 1ti .. Abolo 
propcroes 1hnt, ru1y bl íurco.tilon of tho onc-d11ncnst01ia.J rnap F gh n bihircnt1011 of T 
In par1k:ular1 n fold blfurcnt.lou of F crttUct n oouple of cycllCAI t rnpping llner¡: o f T (011r 

r~pd1ng ft.Ud onc 1mrnct.l11g) . AL n flip bifun:::ndon of n cycle o f F , 1rnpp111g cyc.llcAI \"t'lll a:A.l 

hn from t1. 11rnc 1ing (for 'f') bocomo ropellmg and f\t"W cyclie&I Mtrl\Ct.lng lincs l\rt crctut'd 

F11ulll~·. it is wr.: ll lmowu t.lmt H t hc tv.'O-d.1rncnsionaJ mnp T is tui c11do111orpl1 bim, wl1h F 
and C cont inuously dlffcn;:nl,iub lll, thc \oc;Wi LC- 1 of Ta.:; geuerllJly g1,·c11 by dtt DT{>', K)• 
O Th..·n:fort', for n tri1mg11lur mup thc fotlov.'ln.g propcrty hold.s 

Propc rt.y O 

The k>cus LC- 1 of llho pluj.iju plnnc 1s mMlc up of C\tn LC- 1.a. nud /,, - •.• &ucJ1 lhal 

(1) LC_ 1 0, urc ''c1•t.icul Jlncs of cc1unt1011 • c- 1 • • . ""here c- 1,d , sntlsfy F" (c_ 1 .• • ) O, 

(d) LC'- i ,b is i.ho locua G'h·O', I< } =O 

Thc cr1 tk:nl cu rvos /., C,,,.~ = r•+1(LC-1. 0 • ), for 1 ~ O, bcloug t.o vt•rli ni lmt'S .r • t·, • · 

whcre e,'" = p• + 1 ( c_ 1 , 11 ~) nro cdticnl po111t.s of !-""( )' ). 

3.2 The stru cture o f the second compon nt o í t h map 

h can be not.10C'd t hnt !:ho sucond component of 1.h map (5) ÍJI kpnrnblc wllh f'Clipt'ci 10 l ht' 

\"8.f18bies )' 1mcl }( nnd l\ttcur i11 /(, i .. IL has the follOW'lng 5 1 ruc-1 urc· 

I<' = (1 - ó)K + l (l' ), (8) 

where / (Y) = º I' + nrcluu(Y - ¡• ) Is thc hwe:slmcnt dema.nd fonc:t lon. Thlt hnpl\Cf 1!11.tl Alto 
1he sccond com¡>onc nt. o f r -t h itornlcd of thc mnp r. r > I, hM 1h s1unc s Lruccurl". Morr 

prl!'Ci...~ly, it is u.sy to provo by induct.ion thM thc map "r" (r ~ l ) hM lhc followlng f rm 

{ l" = 1"'( 1' ) (•) 
T', /(' =( 1 - 6)'1< +L::.,(l-6)' - '/ (F'-'(l' )) (b) 

(9) 

Prom th annlyLlcnl cxprCSMlon (9) oí thc mnp r """'"can C&Slly concludc 1h1t1 1hc Rxt'd 

poinLS and thc cycl~ of Lho mnp (5) cru1 only be Jloblt. nocluor Jaddlc.• Th úi is du~ 14 1hr 
í8C't l b.al one of thc oigc11 vt1 l11cs of t.hc: Jncobi1111 mauu: of the ms¡> r~ 11 conSl,ftllt ruul r'QUnl 

10 (1 - 6)'< 1. 

i lot'l:O\ r che trlu ngu lnr li lru t.urc, tog 1h r "A'1lh t.bi- lmCM structurc of thc M"('C)n¡J 

compon~m . c nnblCli u8 ~o formuln lc lhc íollowulli 

Proposi1 ion l Tlic aloblc mmu/old W ' o/ o .1addlt. cydc. oj T 11 madc up o/ thc lma (lj 

a¡uation }'.., l ', , w/1arc l", , 1 • 1,2 . . , r , on: thc pcnod•c ~UIJ4 o/ thc oorrupondrng rc)ldc. 
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u/ IAr 011r·du~rru1onal rnnp F, 1.md uf 1Jie /mu o/ equal1on }' = l"- 1• u:ihcrc l'-,, j = l , 2, 

.,,, t/&r pm,,..,_, o/ 01111 m11k o/ t11e ,,.,,,QlJ,c po111l8. 

Proor &DCl" T 1' n lrlrmguln.r mop wc kuow (from the unplkauon N oí Pro1>crty •1) 
lb.al 11\t- panca ol thé locnl s tablc 80t of n snddlc cyclc bclong to ch(' \1!1'1icn.l 1íncs through 

1hr J>"tOl\ol'. '*"' \\' Clt.11 COllVCl'IKlly cnsily show thnt, íor our paniculru' mup, n11y point 
OC1 l~ n'lletal In~ bclongs lO Lhc s tnbl sel. In ínct, !et ( l~ · , K ' ) lK' n poinl, bolo11gi11g 
w a uddW eydr for t hl' mn¡> T , wh re l' ' Is o r-p riodic poim of thC!' mBp F. Si neo l' • is u 
ft;.rtl ¡Milnt ol che- 0111:'-dlml'.ltJionnl 11111p Fr(Y), l.c. F"(l' ' ) • 1~ · , •'t" c.an set fro111 (9) t1lwt. 
• P')l111 tl ·, ") U1 mnp¡>«I, f\ÍI, r r ltcrnLlons lmo tite poun (l' ' , K') of t he srm10 vorticnl 
bh' l • Y", whcsT 

( 10) 

-nilP m.. 1ba1 1hc: tmJcctory obLulncd by itcrntmg thc map r (which is constrniucd 
ta llltl'< Dlt lbr 01'ppmg ''trth;nl \1110 Y • V" duc to Property ·I) is drivc.-n by Lhc 0 110· 

dm\4'11111~ bnra.r tnftl> (10), hnvlug llhc only ílxcd 1>0i11t· 

/(" • L;;.1 (1 - ó)'-' / (P- 1(Y")) 
1 - (1 - 6)' 

111obe!.1Ly 1111.t.lr Tht (peO(I of Lhc dynnmics of thc lnlloj) r on 1he \'Cl'licnJ lino y - y · i11 

Alf trd ~ lllit do-prwh1.tiou rntc ót O< ó < l: thc lugher LS d thc ftt.51 r Is tho conv rgoucc 
to thr lbnl pc:i.n1 

F'ulloltJ, 1hrpo.n1 wit.11 coordino.Los (Y.:1, •), whcrc l '.:J i.s • pmmagcof ru.uk-j of y · uro 
hli\PJM'~I. ahtt J t1(•.n,110na, lnto n polnt (Y", •) on thc \~1cal hnc Y • l' ". T his complotes 
l~proot O 

3.3 Fi.ud poinLs 

Th" tqu1hblnun po1ni. (or l!tcody stutai) oí tite m"p Tare 1M .talu•ions of llhc nlgflbrnic 

{ o¡• + nrctn.n{Y - ¡i) - a Y • O 
0 11 + nrctnn{l' - ¡i) - 6K = O • 

cihtAlnt b,' -..nu.ng l" • Y n11d 1( 1 • /\0 in (5). The systcm can be mwril.1. u ns: 

{ /( - fY (•) 
o(l' - 11) • nrctan(Y -11) (b) 

(11 ) 

h i. U to rwl1M': tJ1M. t..hc 11tcndy stMcs &re mdépendcnt lrom lh firm11' ndjufft111c11l 

J*tlMlldc.t o T'bt-fin.1toqUfl.l 011 11(\)'fl thM thc 6xcd pomlS bclon& to tho liue /( • f l' in thc 
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phl\S(!-pla.11c, nnd from t.ho soconcl equation"' hA\ duu tlu~ l'-vn.lu (whlch IU'C 1h filtd 
point.s of 1.he onc-dimcns ionnl 0111¡> F') can~ ob1.&11od M 1111 r'bt.'Cllons of lh IV.'O cunu ol 
equa1ion j(l' ) =u(}' - 11 ) u.nd 9(Y)""' MCtM(l' 11). h follov.iw lhnt lf "~ 1, lhr f) tt'UI 

(11) admit.s thc poi11t P = (11,117) as uniquc M>luhon. \\•lnlo m thc cnsc O<" < t lhrw 
solutions cxist., uhc point. p o.ncl thc points Q and n . which Ate lfymmctric v..flh n2SK't't to 

P. Oí conrsc, siucc a rcprc1:1cnts thc propcns1I)' to M\"t and 1111.• cru.c O< o < 1 111clud" 11 ... 

intcrval of vnlucs of intorcsL for us, thc case of threc fucM points is thl! only ont! f!COnotnkal.I) 
meaningfol. T hc cxplici~ coordinntes of 1he fixed poin1s Q nnd R crumot be wntt4'11 \\ t' 

can numericnlly compute thom ns (Yo. 1 Yq) ruid (Yn, 1 ~'n), whcrc Yq l\nd Yu 4l"\" obt&~ 

from t·he second cquo.Lion in ( 11) nnd Yn = 211 - Yo duo t.o thc symmct ry llt'OJ)('fl)',,.. 

descdbed in t he next sectiion. 

3.4 Symmetry property 

lt is wort h noting thnt the mnp T is symmctric vdth rcspecl to th • fixed ¡>0\111 P • (¡1,¡1f 

This menns that. symmetric point.s nrc mnppcd into symmeLric 1>0i11ts (whh respec:t to PJ 

Denote by F(Y) nud G(Y, I<) t he two components of the mnp 7": 

F(Y) = (1 - oo)Y + ou11 +o 8J'ctnn(Y - 11) , 
G(l', !<) = (1 - ó)K +oµ + arctan(Y - 11) 

and observe t hat the symmetric oí t hc point (Y, K) wilh respect !O P ui thc 1>0\nt (lp 

}', 27( - 1<) . The nbovc propcrty, which can ea.sil)• be verificd , cnn be formnJlr.t.'>d M followt 

F(2p - Y)= 2¡• - F(Y) 
G(2¡' - Y, 2'f - J<) = 2'f - C (Y, J<) , 

or better, by deuoting wit h S(Y, K) = (2µ - Y, 2T - K } 1.he symmct ry wil h rct¡>t.'Cl 10 lfw 

fixed point, P = {tt,¡.if): 

S(T(Y, J<)) = T(S[l', K )) V(l', /() . 

T his implics that ll cyclc of T is c ither synuncolc \\oi l.h rcspect lO p or f\<1111\t.s " qm• 
metric cyclc, us stntcd by Lhc following 

Proposl t.lo n 2 I~ct C= {(Yi,Ki), .. ,(Y,.,K,.)) bcaq,cl.co/To/pcnodp2'.'. l. Thcn 

c11J11:r S(C)=C 

or S(C)=C' ,i.c 

viu:rr!C' • {S(l'1 , K.) , . ., S(Y,. , K,.)J w o:nodicrJJDcrml c11clc o/T, o/ thc .ramc pcn.oil 
p, rl'1Jii pcnod1c ¡>0í11IJ1 wMnh are .tymmc.tnc v:tlh ~;«! ''° P o/ die pcnod1c po'"t '"C 



3.6 Locnl lobility analy is of Lhe flx d point 

l,r\ ~no- 1um to tht> locn.I aLnblllty oí thc fb:OO poim P • fJi.µ1 ). Q • (l'Q, ~ Yq) l\nd 

1i •o·,., fr1t) TIH" local 1t11nblllt.y IUllllysls of n fbOO pouu can bof" tencrn.lly cnrrl 1 out. by 
dud>l"I tbr lor.ahiAtk>n of thc clgouvnlui':I! of t.lu: J ncob1an mAllU m ih eo111plt'x plr111c, nnd 

1t 11 •rll lmown thAt "sufl1ci 111 comlltlou for thc loc::Al l!'tabd11} tluit hoth 1hc l'igl111vi1l11cs 

..,, 1n,1•.ko dw unu clrclt• In thc e 111pli;x pltmc Tlw triangulu 1runurt' of tlu: ninp '!' 
1u1ivh6n Ol.U Altlllpi!I. J:IU<XI thl' J11coblou molrix (7) or T bA 11('" .. ("l~'("1lvnl 11 1•11, loc:ntcd 0 11 

dw rn ch ·ooal, lfl" u by~ :.1 (1") • 1 + ~ n11 , :; • 1 6, vnth O< .t:i < l. 
Tbr ru 1 .-t~rn \'l\lur oí 1hl' fhwd 1>ol nt. P • {Jq1f). t1 :.1(P) 1 + o(l - o). Sln co 

•1(r) 1 b 1}..- nlll8 o f l n1 Crl'61 OÍ Lllt' J>llrntn l('fl! , "'~can concludt- thn l 1110 flxcd l)Ol11t 

f'lit"hr"'r a..oddlr Tht' rr«ulu nb lit Lhc 111\Lureofthcfixf'd po&nlllQ Md U nud !ht"lr locnl 

d .. h1h1r _,.,.h, i,: {ll'• tnough to couti lder only ouc oí 11"!tn. Da' che symmctry prop«rty 

¡1t1ph~l'!. DT(Q) DT(R)) 1lrO s11mn11lrl7.t.'<I by tht" íollowtntt proposnion wlii h dcn nctl t.IH: 
dAhlhlJ , ........ '"d)(' J)IU'IUll(ll.Or6 spncc n - {(o.o) E R1 o >0.0< o< 1}. 

Propou tlon 3 ThC" cqu1l1bnt1 Q 11111/ R are atablr. nodu fo,. cadi (o, o) lfl th a my1011 0 0(Q) 

n, (Q) . f (o,a) e n10 < o¡(a)J • 

111lir"' o 1(o) • 'l/ {o - IJ -t {lfQ - 1.1)21- 1} > 2. Out.11Jc lhu ~.011., Q m11I 11 11rr:- .,n tfdlca. 

: i(Q) • :i( R) • 1 - ola - u(Y. J). 

wtM-n• •()') • 11+(Y_ 1,)2¡- 1. 

\~ t'lld)' kno9.• thbl. t. 110 flxud pohu3 of lh~ map T a.tt tJ thtT 1.nblc uOdeti or suddlcs. 

lnn O< :. 1 < 1, Q 1.111tnblc llf 1:1(0)1<l.1 t" 

{ a u(Yo) (•l 
a < 2/o u(l 'o ) (b) 

~ cnnduM>n (1 lb), wc not Lce thtll for A fixrd 111br ~llon-

{Yo 1• ) - nrctnn{l'Q - 11 ) • O (r µ. O< 

(12) 

1) (13) 

impllfltb" dc6bal l~ 11100111(' cquillbmun k-vt"I Yo f!t._C • (d1Íf>'ft1tt1u1.ble) luuc;'t lcm or Lhc l'lfl 
rM1t.:t.-i By dcnoling wlt h /1 (0 . Yo) lht! ldt~luu1d atd(' ol ( 13). hom 1hl" lmpllch íunct lon 
lhru1 .. lwra~ 

370 
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m~ ''can b provcd through t1implc 8"-'<>IUC!lrical CG!.btd"f•Uotu 1hn1 1hf' mcomt equlllbnum 
"'nluc ) .. o l!l 8 s1r\ct.ly dccrctldi11g fuuctlon or o, n follo-'S 1luu o - u{l~o) > O And thl'rríozt" 

cond1uon (1211) is l).]wny8 snt.l11li1.'<I. 

Condi1ion (12b) cuu be rcwrit.tcn M. 

Sincc O < u(l"o) = (! +(Yo - 11)2)-1 < 1 and cond1Lion ( 12a) holds, lt follO'foa tha1 

O< o - u{YQ) < 1 which implics: o¡(o ) > 2 Of coul"Sc.', fot a > a ¡(o), 1hc fixt'd pomt Q 
is a saddle. O 

IL is wort.h noting ~ho.t lihc only wny the fixcd ¡>01111 Q (and t lm.s R) cnn 108t' 11tabdlt) 

is through a biíurco.t.ion with z1(Q) = - 1, i.c. s /hp (or pen od doub/1119) biíurcntion, whnt< 
the s tsblc fixed point becomcs unstnblc (n st\ddlc 111 our casc) gM 11g rloc lo n !IU\blr cydr 

of period t.wo. The dcterminu.tiou of thc ílip-b1fürce.t1011 curve of thc fix :d polnt.s Q Md ll 
in t.he panun ct.crs' piune í'I, cnn 011\y be done through numer ica.I cvulunllo11 of thl• qu1t11llt)" 

a 1(a ) = 2/lo - u{l'o )J . 

T his curve aud t.hc 1·ogion of local stnbility oí Q and R in thc pnrnmetcril 1tJ)llet O l\fr 

represcnted in Fig. 3. 

3 .6 Invertibility conditions 

Por sorne regions of Lhe parnmetcrs' spacc thc mnp T 15 s nomn,'t'rtiblc lllAJ> of th(.l 1>hu1 T h111 

mcnns tha t whilc st.art ing from somc iui t io.1 vnlucs Cor mcome a.nd cnpltnl s tock, M)' (l'o, Ko). 

t hc uerat.iou of (5) uniquoly doíluc.s t hc tro.jecLory (Y, , K,) • T'(l'o. Ko), t • 1, 2, ... , l hr 

backward it.crMiou of (ú) is uot uuiqucly dllfincd. In fl\Ct, a pomt {l'' , K ') of lh 1>lcu1c GAfl 

luwe se' rnl rnnk· / prohuogcs. 

A.s \\-C nlrcndy pointod out, 1110.ny of thc propena o{ thl' mnp nt study l\r rt'lnt-ecl to 

thosc of thc onc-dimonslonnl mnp: 

V'• F(Y) • (1 - oeJ) l' + ooµ oa11C1i1U1(l' - ¡•) 

h can be muncd!nt oly provcd tlu.lt th l"'-'0-dhn~IOh.&I map T 11 lll\1:!rl1blc if tmd only jf 

thc oh("-(i1111e11s lom1.l nwp f' 111. It is worth notmg t-1 1.hu propcr1y UI nol 11unply d ur lO 

lht- lnangulfll' st ruct.urc of Ll1c mop T but &llo to th--~ truLt t h,. nd annponl'nl ofT, 
1 e thc lunc:1lon· 

O(Y, 1<) - ( 1 -6)1'' + UIJ + "'º )' 1•). 



1\&fm to 1.bt- condl1to1~ undtir which 1he on d1111c.•n!iohal map F'(1') la lm r1lbl1• , h. 

lit,~, 'º 1.M.1 • JM»lnt l' 1 hM 1\ unlquc prnimb.lt if and oah ti' o·a S 1, whlhi \11 LIU' 
UJ,._ 1a.1r~ no 1, " polnt 1111\Y hnvc ouc, two, or thr d1ffrn~u, PI mfl,(I, , 111 fo t. , lu t.hu 

tlUlllf\'l'•U 11 no > 1, F 11 1\ l.ilmodal mnp wlth o local nwumum 1>01111 , orlt.ic11l p luL 

uf riul .. ·0~~ by"-'-'"' ru1d 1\ loanl mrutitnum po\nl , a n Kal pouu of r1U1k~O doi101.ud by 

r 1 u. •bnW' 

r 1.ffl • 11 - J O I - 1 ; C.- 1.M • µ + J a - 1 , (1'1 ) oo - oo-1 

n. .. tbir po1n1 )' wi1h l' < r,,. or Y > C,\t hM't' n un.qut JMftnut,g'C", t)w poi 11Ul:!nt.lsfyl 11B 

r.., ) < r., b.\'t" 1hr« dlt1 t. lnw1 prol1nngC8, coch oí tht Pº'"'·' )~•c.., 1U1d l' • C'fo 1 lu\8 t.wo 

Jl'fllfh~ dur.h '""''I iu n crlt.lanl poi 11l tog ther wnh a K'COnd d 1111c1 ¡m1\11mgu, cull('{I 

rit'"P"~ 

lt .,. caoudrt ~111 1hc t.wo-dl 11u.l-n:Jlo11nl map T . •""C: can 1nuncdiat<'ly t1uu 1.h11L lí V i11 11 

tifllllt 111ttl1 llu"' ( l~ll OllC, l,wo) prol111ng !8 íor th ' Ont"·dunc:nwonai map F', Llwn l111, wholc 

~ .. ~tlr-1 ....... du,: p()ml ho.s lh rco (rc.!!p. 011 , two) Pfe1m.•«t$ fOf th1> lwt.H:llmunl!lounl ump 

r 1'h· lloQalr:ing tht' 1101n1fo11 ll llOd In [lf>j, Wtt htl.\~ tMt tbc map T 18, forero > \ , º' thc 
.,t1tllnt l}"P(' Z1 Z.s - Z1, whh:h 111c1md lhM th~ p~ pl.aoc l5 iUbdlvld1..·d lu dlffo1 u11I 

ff'l(loll'\.." z, (J • 1.3) c&eh 1>0l nl oí whlch hM J d1!tuiCI nwk· I ptt.111U1..ft~ '!'he crltl c; nl curva¡ 
.,, fl'nll. 1 dtsiocrd h)• U:, scnorr.1-1\y bound sucJ1 ZJ rq.MMU. and M't' ddh1t'<I rl!j thc lo 11 11 oí 

JlflU1b •I ka.'1 1-....0 mrlrgmy rttnk· l prel nut«t»; fOf ,.,,... rn.fJ T , J,,C lit 1J111s Kh'l111 by 

thtt ••o •nhf*l H~ 

rJ1r lt>t' 6' a.npn.g nu1k· I prd urngcs, whlch co1.st.11u1 dM- cn1k 1tl rurvc o í rn.nk-0, ck ... 

1111tnl "1 l.C 1 u; mltdc \IJJ of thu LWO llner 



Romcs ro Complt!.'tllJ' .in " ,\fM.tOr•<onomk ,\fOtld 

Th..-, ¡pon o f nonlnvurtlbil! Ly of tht' FMf) tn 11)(" ~O ol 1ht' J).'f'Mu1d <:1 And n" 
'rftf""""tn<"d 111 ¡:-¡g 3 

• lfl•bllily nc~an ol 
0-d R 

(•) 

OJp-cu n c. 

ata u(Y ) 1-1 

Figure 3 : Rrg1011 uf lucnl 6to/JUi!JJ o/ th t: cquil1bno and nys.on aj n.onu11-crfl.ln/1rv aj fhr 

mop 111 tJ1<l ¡f(lrorruJl<l r.!' plo11e. 

Rcn.lllrk 111 th h1 seotlo11 1vt.1 luwc ob1AJned thc cq:u.1tOlllb of lC And LC_1 11411 1n,i 

frum U."" rn1lCJ'.\I 1>0h1t.• of t.h om>-dl 11 u:~ 11.sto11f\J 11\AI> F 1 ...... h.1t1-e • Ub.l.Nl1ua.lly 11¡1¡•h..t 
P1op:tt)' 6, whlch hold11 for 11uy Lw d1111en.-k>11•I ln~ m.a,p 

4 om E ffect s o f N onio er t i b i l i 

In tb 1 ~n "'<' 1111 e811 1hr1t Ll1 c fnat 1ha1 thl' roAp dnY1nc lhrdyn.a.mlca mn.r b<- non1n1,.11JbJ .. 
fll"\ an UhJX>J l.tuH role 111 lhc C.tcnt!Oll OÍ COnllJlat l~ ~ t ruc-lu~ ol Lho-1""-"1~ al 
"''" "º" In ord(.' r 10 IJ1 111:1 trnt<' thc cfh.··,·~ o( t lK' n-.1dwo. 10 1h" non11wrt1lhillty , .. ff1111~ 
•T -.hall nalw Ub(' of cht• 1rn11ly1\cn.I propett1 ()f "h .. OCllNluur:iu.:ic11utl 1m1> f dnV1n4 1h .. 

m<oo. • n'Olu t lou Wr wUI 11 how how lhC' d}'hfl.llHC bcluu~"JOUt of thr '"'º d1m..,~uJ m•t• T 

<"JU• 1 com¡ 1r1rly llct1erlbt.'d 111nrt \11g f rt1N'I l~ of lhr .... 1.rd onr d11nrnNoruJ m111i JI 

· 1h nn.tmg 1l1M tll h1 rt'tlulL I~ not n C:Vt~bl'f'lf:Y ol ~ tli a.n1¡ulAJ intthn" oob•- W t PI 
thr joln <1~f"'("t oí du.· 1d1111guhtr flt\I om: and &hr hr\f'W 1) -. ·1 r-J)'"'C1 101( ot lht> lll!'C'Ottd 
C..•f"Oltll"t l ~ T 



:JB3 

(a) 

1 JO 

(b) 

•' l1t11rie 4 _,.,.."'! t1/ h1°*t.ab 1l1tv 1mlh o «W1plc bo.r1N • u nicl&tn. ""1C'\ltnrtg wll c11 ll1c mu¡J 
.. n .. ., tht •l!M.('m l.f m vcrtible 

111 .,,~ aplor n1 lo118 w ahnll fh: t ll<' cxogcnou..; tquibbnwn lcwcl oí lhc lncomc 

Al ,1¡ .. 'll\t~,,,. 1 . IUld lhe dtpr lntkm f l\h! or cnp11ru "'' &he , ... Uf' 6 - o 2. Th lt1 lnLlcr 

~11111~•~ • .1tan luN of gcmcrnllty, bc.'C&uso d te s:tAbiht.y PfOPCJ1) ' .,f t hl' L'<1uilibrfo m 
J"'ml"' llnd ol 1 <')dnii of lht' 111np d n' t d~JM'nd on d 11i1ld t~ ...mt" quo.l \tnli vt dy11n111 IC11 



Hou1,Q.'I to ompk:~H) u1 • .\lcrora:an6nuc _\fOt/f'J 

.1e lbimor conUlll'BH"CI iu ! hl¡¡ 1wc; l1011 CAJI lW' °"4111Jn...t ..,,,t. 11 d1Rl'":frl11 \-¡t)U('" of A, O 

In 1 .• .._,,itl'I' O of tht• p11rt1 m (ltl1rf! n tu"1 o •'t< l'hAJI ioUo• d1 .. puUc-ulat p¡tth ot.11u1~ 

"' :\. Ulllllf' 1 ]11• 11n)Jlrll.f l11J 111 4'Ul'r q .... , bxl'ICI • • thf. '""" o - o 1& Ami UIC"lf'~l.l& thr 
adJ tTI •'111 ¡,nrnm (•1er n . 

th.. ru oí fl tt1 1't"'1)Q11 U(Q) iu.J Li (/t a1 

chr n. ''"hit• 11od1::1 Q 111111 H, t111pnra1C'd ~- t)u• t&bk mll.h1f ld of 1h,. <Wltl.,._ /' -.lutb • 
... ~· f10111 Prop~l t. i ll l , \IJ th,· \Tf1X".al hnr of ('C{Ul!lhon ) I' l 111. ,¡t. ... ha..,. hoit 

lb• 1 11'11tm of bl~tnnblli t y h1 rulM,'tl 10 1.h .. "™''"' ol th<- onr"-41mrn"itlonl "º''' 1-· h<-1~ , 
rnd· 111 1hot 1lw 111111111 cond l tlo u.~ ) 0, •u11 l ¡, .... ,.. ongm1n ... t ritJt-e-tonc-. ton\ ... t#PttA 1 

)11 •hll .. iht• 111 i1l11l co11dl1!01111 110, wuh )Q;;.. 11 on~na1" lt"-"J~ • r11 l'flll\rtl(.lttJi h> )r,¡ 

Thl5 mt"AJU: thn l nn tico110111 lc z;-y~ t ll.IU • •oh fl &o.· {n:"Sp har.h) lm t llll lr\rl of Ut<."'Ol\1r •ull 
n11oun the:,t• d111rnc1.1•1'i8tlcs ovur t lmt Md ""111ClOfl\~ .. 10 chr "JlO\TrlY 111 .. "'I'· 1 .. 1~ 

C• p <11.h h" !ill'lldy 11tn1 u) . 

,,,, ~111plt• :.1n1e1 url' o í Lli e bn.':!111:1 .J'°"'tft in i:.. o dl1U1.f::•· /ti( 110Q11 M 11,.. "'"'' 1111.-r. 

lbr t mu oí Hbll lll\'•' l'!,lbll!t.y, 1.t• Íbr n > l /o 1 Ttt.- t...~ JU• o f thl" l't-.'O h'Crd pot111 Q ud 

H 111" 11011 coum•ekd n11d s lrut i urt"d tn ' 't"f'he4.I lllf"' 1ud 111 .. 1> t"hlr 1111\J11fo.ld ol ,¡.. 
IWlldcf /" wlm.:h IM.' IJlll"l\l t:ij !h\· b n:i\11.§ or Q tllld R fl09,' nwJ .... UI> Q( M.'\Tf•I \1;"tt.lc.al l11 ..... 

.. 5a) In focc' h1 \.h(' 1" •gl 111eti 11\ • •hleh lhl"' Otwo-durirtuloiud mAp " i• ne 1Uh\..-ttl1 r 
1h<- b,,,.d JKUHI P (J f t h•• 11111p T hrui t lu dlflt·tt"llt p1r1nurr.r.• I' 11..rlf Atul 1wu 111111"' l-"' 

1"ntt1.•11.-w1 th11·.~ ¡l!'c t to l ,10\)• / 1_1 AndP 11( .. -u 11 11 11.11 11A1rlh 1m•11tinr. 

ot ,,.,. 11 "d ¡mini 11 of !li t• Olll"d lmcn~1onnl mAp F "" .. F:11 .S:b) 1 hrn ~· PrOJIOf.llOU l ltw 

l.\b!.- m11.mk1ld of lh(' t1ndcll1• point P lb mMlr up oí 1 ,. \lt11r-.11.I l111rt1 nf "'lwtt1011 l • 11 

l • ,, t 1 l' 11 1,:1 ond of lhc hll{~ of l'tfUtiUon ) µ_., 1e.:n1 1· 11 " 1 11 :!.J. 
•h•'lr ¡1 ., t tu1d ¡1 . u,:l llrl' t ht' ¡mmun.g OÍ rMk·n ol µ ( r OÍ whic:h nrr n-p1....,..11t~ ID 

t•&« "6) Tht< bMl 116 OÍ t.l1 t' t't:¡uillbrh~ Q Md 1f In flg So AH thrn in&d,. U!) pf 1111i1111rh 

'°'""'" d1,.Jom1 \'tri k nl si dp11 M wt•ll M m FJI( 56' thr t....•~n ( r.ad1 <"quihhrnnn b1 fll\.,.n I" 

u1hm1.-1!t· 1111my dlrtjoh 1i l 111 cr'in~ 

Fktm 1U1 110111ic pol 11t oí vrnw. Lhc ne-•• Lntc:turr ol 1h,.. t uu "cAJ.-d 1 • lh" ,...,Jl.clufl( 

10 ,¡, .. no1m1vc-rliblll1y rt'ghnt• mc(UU thnt Al.a rcoaaro- W!t h • high (..,...•) 1111tinl )MTI ut 
mcotn• m"y bl"COlllt' poor (rlc:h) In the Ion¡ run, a.od lb.l thlli 11uiuk>n m&)' br '""11-' 

llJ.Ml!t 111ncs duri ng 1 h(' 1 rn11s lo.11t dymunlCll 

Titt" no11111w1·1¡bllit y of F . 1 e the cxt1Urnn of l'llO loul t!Xlrrnl#I ~ C41U 1ho-
'PP"""'1U' o í dlvl' rw ug t rnjcclom~, duc to 111 •PSX*ll&OCX' oí 11 t"f)('lhn1t ~'fl" (11j,•i) 

'\('Pfl.UIUIP, 1h bn:d 11 of !11 l1 11 ity from th<' ~11~ °' lhr •Uf..Clil1J; f1 "() po1111 l'Jr<t-h 

•t' uoc~ thtu by i11rrc1ltlh1g thc ipttd o r OO}u..nmmt o b 1 hx"ft ,._.u,.. oí lhf' pn:rprlllolll 
lo \ O , l 'WU IWW 1upc l1\ng fixcd pom Of t )w m..-¡t ,., W r p (ami lhUJI 11 frJtrlhnl 

'.?<)'C' (.'"¡ • .-;)oí !he mnp F) nrc creett.'d whm o c:r ÜM" nJl'\T' n ,(11) 1./o whid1 • 



J & 

.i ... , UI ,..,,. •.. a,.,..,..lbili t)' H'&iOn QÍ t lw 8pl\ct n ()( lht- plllllftW~("f ... jl; .and a To rnul l?A" 

1ta,. d p rnoui&J:t 10 °'"""'' thM llm,•-':f' ¡Jt,(F"'-( l")) • ( l oo)1 &nd 1lrnt 1\8 bOOn rUJ 

1i... 11}osw tw ........ p "'"' thll.n 0111.1-, l.c. íor n > 2/o, '"''O no-w- lQ.'1~1ions o f f.'2 w 11h 

it. lifW' .lr) lº .ur n"'.nt.rd. ~ lt lil nl110 <•\•ldl•nt íro111 ti"" compM of H&- Sb (wh(ll l' 

1 • ~ '•. o •1th 1-'tA tin (wlu·n• o IJ • 2/a). 

Q 
P, (•) 

R 



ltout l?H 10 omple.:crf) 'ª " \f~iamH" Modrl 

\\~ C-AJl "l'I.' f1 m 1-"ig . 6n t hl\l Lhe pom )ó E l•i· •i) h..\i" boundi'd tf"Ajf'e'tor •h1lr 
thrpotnt•\01!J.•j,.;;j l111vc d lwrg111gtr ,l'i'<1 1t abor"l..dl1Ulh1U•h,.11na•fu11lM 

UKt .... d iltt" ¡ !111 of thl' 2-oy lt• (1u1d cM f ... th<' n of mfinuy) "PJ>fOV'h 1h .. h <'d 
patn1. P Q 1tnd R 

40 :r, 

f' igur1! 6: A ppctmm<T o/ tl111<?rgc-11' l raJc:rlonr..a omJ •"V""""' • ., R"''l"'°''Jl lfY tlir 10¡,,.~l 
\ rn.irturr; o/ lli c oo.,.,., 



Robn10 o~. Gl1m~llnlo 8i.:lcJ11 k ÚtUr1' Quduu 3 7 

t ic l$a ·Id u• rnWtt~mc111 11how thnl thc \"(' rt icn.l 11tnpl comhl'UtJf\S 1h • bnsirns oí Q 
"""'t R. l'< 't:u=Wilir Clb d"' \tf'll l llnmi l' • t i anti • .tj Tb.ts do ~. w 11 l1tlly duc 1.0 1 ho 

i. 11h4 t b.- \Yfl kal llnni r<•¡)Cll\ng IK't11 íor t hc íontrll.ld 1tO•bGD of T (i!t.'C P ro ptrl.y 

1 rJ uu1111W... .. 1h Jlt'C'tJou 3.1), lhey bt'.hf' \ M l\tlract1rt1 kt b thc it-e n.1.11011 OÍ t.ho 

lm•fllf"•"' r l._. '°' ll\.p,\ .... ~. 1 1 1> . J.tom n.u ccouomlc ~ffp«tl~. ·~ could 811)' tl.n1 s 11c h 

.. lllU4hGD o~. o í pf't'dlatnblllty nbout th{' Ion¡ ruD C"'Olut110n a r 1ho rJyil l Clll : lf 

fh- ln1l1 1 ,,. , .. •• nriU lhl" hnl" l' • .'.l j or l' • 1; , ~ allt.ht ~ m tht' mil.in! atnt c 11111,y 

l''n• i. c:11111plri .. b dllfct'l'l11 lo111t nm ttVO\ut.lon oí lhr t.'COnom) (lhit ~t h., CIQU!llbrlum , t.hc 
~,.,,,. ,. ,.,..wa.mam ot ('\: n dlv(' rgu111 bchfl>vlour ) lf thc cta.ng... C"a.\UOCli " c:1~l 11g of il0 r111· 

t. ... lblltl•11\1J.) 

5 L a l a nd G lobal Bifurcat ion 
lur í t h Attra t ing ts 

hanging t he Struc-

l111b1" ,..1 1 ._.,. d..-.cilbto thc loa11l 1md globnl l>l furc-e horu .. ·hJCb UICt't".aM.> 1hc ron1pk xlt y o( 

1tir """'l1'r•o1w d\'nafn)r béh1wlour of !hu lf)'f!:hJU\ Agrun wt lhalJ t1un 1ho Lí íu rcotlo11 t1 
ai..J thr 4J ~viotu'i of 1111.1 t.wo dh11 11 1~1011nl rnap T °"' be- complt l><r ly dog r\b(.'<I 011 

thc- on lhnouslounl ml\¡> F dn\tmg 1ht:' l lJCQlnt" C"Vh111011 , 1hr111 k11 t ó li li l' 

100, 6 • 0.2) n11d w • 1Jhl\ll follo-.· . tn thr 'l*'W' O of tlll' pnrn111l1I Cl'lj 

.-'f IJ>tfurcnclon-roull' 0Utn111cd by lixin.i lhr ~~mtnl p11r111m•L('r o nt 11 

r.n\ n 8.ó, nnd \ucrcMll18 t tt.· PfGp<'fit.11)" to "3\'I'.' n . 

t .-.1h n 0.2& 111 LhhJtlJ.l!t' lh('<'C¡u1llbnum potnl. Q and R nrct1111blc nnd lht• 

<'MrJrd uut In tw...'t ~lon J 5 lh t lhf "fUl11t.u& Q nnd /i nrl' t1 t11 bh• 

l . ..,ftr.t't' u(Yo) • 11 + (l~Q - µ )7 ) - 1 (and •brn· th" N¡Ulllbdum vnh ll' of 

1mn of o , l111plloltly dl'fhl l'tl by cq (13)) . · u~~.i rompu1nt lo1111 show 

lhM wtw- tt • .. •, ando 11i l11C!rcM t1d, lht' fixctl pcuni -1 be:- tiabd!IJ lcu n o¡ ~ 0.27:)3· 

c~ ai Ottuf'.11 , whurc thc !ll nblt 1~ Q MMI R b«vmr !\fldclld 1rnd 1wo 

• m1n .. u1 11.JWc •,... of Jti:rltxl t.wu l\p¡wnr f ltt ?o T(")l~t\U I~ ry<"lct1, 1ogclhl'r with 

th11ir l>111<n t• of 11o11uc1ion, fur o • O 3. Wl' pomt oul thM •uch • kK-.1tl blfurcot.1011 1c! mply 
1q 1l111r • .,~_. • "''~Y l!Atc w\th nn l\ll tt\C'hl'I 2-cyt¡.. . .,1hou1 modifyi ug thl' btltl1m1 

H• '°" (whlch 1\11:' fll \"'ll by thc• 'l.'M ttAI ••ni- f'<'IJ~·ukd ln F' I~ 711· 

!.....di "'f'."I of vtortlc11.I .itupei t!I t i"' C' lmurl' ol lb.:. ~n o f' t ht" corrC8po11d\11g 
·• 1r)' llll'Tt'Mlng fur,her O C.» be C l) und<n t.ood by oJ~rvl ug l.he 

a.m DI 1111: 11u1p F ttlJ.Ht'jkntnl m F1g 7• Tba d 1&&rn111 11how11 tlmt P 



Ho111.M ro 'omplm•r 1a • M~ ~ftltlrJ 

(u) 

O(oo¡ 

(b) 

F IRu r e ?: Pc·nod·dtn1bliu9 ln/urcol1on o/ fJic cquJ1 rw (• J G.f.4 ff"IJR11tion to OomJ>fo d11 
"'""'a' duc to 11 ft1p ·b 1/11rcah on JC\fUC'l<r. ,.,.. 



ffobrtto O J. Cl1111-ludo 8 lccl1r & Wu1 C.UduU 380 

"' .... ..t o .,.. 1hr cJu,ngt'll 111 1hc Mtrut turt' of thr aitt•toni :;.hnrl11g t h phnsc 

1 -.; .. •lira "t innui t (fpr hlttl1 vnl11ct1 or o). In f 111 '.: •t' o~ r'l'C' two sy111111ct.rlr 
« dUWIGfll. rAl't1 Di1" mtulti U!) oí two pi , whid1 Ut<'tt lb~ l\S o h1cl't.'ll.'ll'!I nucl 

lca IMJ dl!ijo\111 OllL""Pll'CC duumc Mtrklon. (Fís. hb)_ By i11crcl\8lt1g 

1u-.r11ng ,..,_.oí Flg b \u LUru uwrftt' 11110 dw auu11;10 1 !O>howu iu 1:'\g .. ?u, 
•ti.. ~ rnm ... 1 tk .,.¡, h tl"!'ll)1•cL to t lic .Nddlt• P 



n m• c'vid 111 fro111 1.hu blfurt nt lCO chag;r;am in f , an 1,h!;, cbtliCM.c- ,~ .i.a 
PfC"odu ll.l"ln.d&wl (':XiNl , t.hn! 18 h 1Lurvti.lf of thr p&IMllCl.a o in • ·bkh llM> 11lll1'(11~ w1 .,.., 

pn*8.IC orb11 , bu \ thc cxhHcu o Í ahM!f t'("'I~ by 1Jw- lflUtt..tcnt pvt oíd•" ~f<t\~ 

IF04 !11>) 

f i,gur'C' i! A.rrar.rt nu¡ 1ct.t uiat111!1 rJ,/lc llrc J.omoc_l1rJ '...mw""'"1 oj rJi, •t7d'll' /1 d1"""' 
ortroctor (n) r1ml pc,nod1c orh11 ....U.•~ l'r4.-~•.HC"l f f') 



ot tbr l•'O n11r 1on1 huo thc unlqu a& UKIClf ·~~nt.od iu Fls. 9u is 

.rfr"lu ln/uf"f.'011011 oí thl' iM\ddl P. lAJt'lf c:oswcln fl1g.. 10a (whoro c1,.,. 1md 
ti v drtir:>~r 1 ~ ol c.,. lUtd G,1.1 , fl'fl>t."C'tlvcly) . BcfCKt' che bomodlnic blfurcut\011 vnl110 

O U (f /Oa) thu \ultin'nls J1 • !c.,.,,c1.""I llnd J, • fcl,..,,c,.,J o.re irwllri'lml .. 
\\., ,,. ,., 1 l h li Alto twldOlll from lhc blfurcAl10n chagr9m of Jo''ig. 7b, t ho mop 

I •n !rt ,.,. b ~ ol 1br l'lilo'O dl~olnt l11vnrltu1t lnr.i.rva.J,,, J,and J,, the snmC' 8C<¡uoucc 

bthin.,._. •hk:h ttlWú'AO'l<"rb~ tho wull known log1.1uc map / (r) • n.:r( I - .r.) wh u 

' r.,, ....... P•J. l·IJ). Afw Uhc 

all'~itdy pol t1!.od out by 

f\iu1n"• " ce 1 , 1m1>llai vcry complltMt-d dyNtJIUCS (Jor an CXlit'mlivo 111utho11111!.lc1d 

"'"~Purfl4 ~ 11 ) in fMft, lt. hnplleii Lhc exfu~1ltt oían 1fl\""8.rlAnl OJ11o r KCL 011 wh ich 
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•IM- p .. ft~1''1WQ o( tlw- tni.p lt1 chl.\01 lc 111 thc lkll\.!C of La -.ncl Yorkt mtl.imcs, lt. indicntos 
1tw n.u1ftl'Df• "'tbr tG C&l~I "luvlalblc clu\08 .. : for cxamplie. dwolk l rl\ j cetorics curtu.lnly 

n 1t la 1 ,. • t llUh -.hcnr.'11 \11 ~lg . Ob, cvcn H th gtl.W!nc nutne!f1Ctl.11y ol survcd lrn.joctory 
r1oq1v"~I("!, IO • "1T ol pctiod-6. 

\Mf\1 llou or lhu llbddlc p ddenb«I Abo\ produC<!l! u rcnrnrlmblu 

UI l)x. M)1mpl Ot\ bt.thov\our OÍ tht ~'lt~m, nwlnng Lhu switching íro111 
i h (whcrc t.hc fit.trnatonl m~· be flXOO pom1:s. cyclcs or cvcu clrnot.lc 

ODfll lllcx nishnu chMl\Cihmud by Olld&oon:i, lllt.hough not. rugulu r 

b11• 1'1\.1-- tw: Lhc Mddlc 1>olnt P. Thb crui ~ k'Cn from Flgl. 11n nud /lb, which 
"~fi'"ttnA , . .. ,,...,lU tnhr lf'llj l rlc11 ( thc lnconw: bcfor'C!' and 1;tft.tr t.hc blfurcut.lon 

(' • D .r. .:'! O 426, r I' t.lvcl.)') . ~ l orc pr t.."CI)', from F"ig.. 1 lb t;wo dlfforont. kiuda 
11r lt111·a1 ~· 1 ·' cu¡.... uib.cn'rtl· dhort*tcnn chnc>11c Oldlla.bofU uound t ho "w1.mlt.h '' st. 11dy 
do\tr ) ~ °'po'ITtt " 11 1C•ndy 811\lc l"ff, tmd lo1~·tttm wklct 08dlls1\011s from "wct1lt.h" 

\'MM 'f'illd klnd OÍ d.)1namk bc.luwlOur • wdl known in Lhc l\t.cr /\Lurc 

nl ~1<.•11\1, hdng ~ry &\mi~ to lht! OM ~'t'd 0 11 t.hc woll k11ow11 

""' '°'In"'" , JIJJ, l17J c:h 12). 



ltoutes r.o ompk:aty '°' • \~ .'-foóel 
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F(Y) 

(•) 

108 

108 µ.- 100 li=0.2 et=.8. a=O ~ IJS 

F(Y) 

(b) 

92 
92 108 

F iJturr 10: l.n1ll1o/ 1J1r 1111<t11"1all t'll ptof"'t1• aj rlir 1"1.tn"IG..• Ji y~.¿ J, ,¡..,~lo f}u l.nmoi-lmu 

brJvroo f1tm o/ lhc toddlr P 
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..,.100 6-<>.2 o-0.375 ~.5 

(•) 

100 6-<>.2 a-0.425 ~.5 
10 

'· 

(b) 

t 200 

rlfWll 11 nqirl:Jir!J4f"-On Oj lhc HIC0111C 04 Q /~ndJqn 0/ f.lf"1C,- fi.cjo~ (0) a11d (ljter f/io 
uc .,,t/uttxJh Ori (b). 

\1, ... , • ..,.. lb.u Und oí 01Cllla.tlons.. wbM:h are obtir.~ lb JNU'liculnr rcglons of lhc 
P'U'IWl"G'""" OdlMf!C\erir.00 by high \-.IUN ol thc ~utlDw:Sl:i!: p.u11.mc1.ar cr, occ::ur cvc11 



tf ·~ b.•v,.. ...._ .... uml'd thnt lhti lm't!11tmrn~ ~ • 1~111 hom t.hr tapn.J • loe 

'" IU1f"IJ 0 \1 1 lht• 1 lbflh,y OÍ eytlnJ • lfi 

R("mn.rll 1"111' p<'C'ullru !ihí1pt• ur thr alUwtOI' ~ tn f t:s ' " (11n1I 11" .-nW rn • ..,,.1 

1".\'Pl~n.l oí 1l1t• MH'1t ll1 1 1111.&cd o ' "' r f iiUVW An ~ocrrll'u1g cm· of ,.,urJ4 ~ 

&81 tl bcmudl"<I tt•glou .A of ~br ¡,i..:,c. •«h du11 • nM"-hhod~ t .¡ 

rs .-bn 1'°1111~ 11 111 <'r .A 11Íh'1 11 Hi1114' nl1fnb,t, o( 11..., ; And n"'Tt f"lll('Allr And ... 
bouild.u)· , .. ¡uwn by t ht' uu l 11 oí rlti.:al nat'\"' -on.-i1l• ( l1•<""111• of lhr tt1l k'.J nu ... 11: 
.-~I ~t an 1tr.,...) ruu l llUtc llJnli uf 11ntllnl.il .. llll't• f ....dclh (....,..ji • C'h 1) 1111• ._.d... .... 

f4' k of 1 h~ f\n•11 0011111lnhtij thr chlolw: .tilH.-1.Qf f"'1lll'"-'111.c<d 111 lhr f'Qliu1'r1r 1 ol 
f 1~1 tlw l111t•111I b rth•rs nh• gn n ~ ..... fPIW"til· 1~ n1ur"'I 1111"' /.(' ,,.,.J tr1 

tt¡ 1 l f'M r111d \' • 1"1,,u, fl'!!P :011 l)· •h1ko 1h.- .-f'l"1t h, IJl•Jlf"I bound .... l ll) • Jl'P41ar,lh 

of 1 Uh•tllbl" 1111rnlíuld llf"(Q) oí tht> ldt.. h ,....¡ pg;M Qu.d lm..r1 houn•lrd lt) 11(1111 1l 

hr n•1atlr··•·! 1COÍ !'CJ!lu•t1nddll'C)"de< Tbu( .... 3tw,-ck1.-1nun .. · 1h .. ·fnr..1) ha1 ... ~1" 

1-dn 1hr nlll fl.rlo1 ol.>61•n•t l 111 t ll(' f'lll&r~tn'1li 1m .., ,,..~n111 rx11hu11 ti,.- h3t"'"ol 

hr 1 11t11ru-1-or 1d1c>w11 l11 flg !JlJ 

lll lhi. pe~nt IJll l)l'f, Htn1•th1g fr 1116ducn-tr1m .... K.ddot 1)1"" bu-.ln C) 1 .. ulOdr-1 I"'" 

d tn 11 l nml dt":'Crlbcd by n two-dlml"'tuáonlll d)'hA!nk: ~)·,.1,,.,11 111 lnrnnw 4't<i rA¡ 11,.J 

... h.a\ .. lot"\l!ol:'d 011 n p11rt.lcuhu e~ obt4U1.....d b)• ~1.bl t ,.., d.,..-ntt.-urr• o( thn lfl\ ..... lmrtit 

.-\rmand hom t ht' CAtplt11l 11 tock . T h\3 IMtcr lr.atu1't' bu ~ &l"ly hr<-n t'OIW<lrt..-d a... thr 1 
uuc1wll.I l'<'qU1tt'111cn1 fo r 1hc occ:unc1ltt' of C)'~hc.t bo- tt.\ of 1ncom,. .ncJ r11.J (.-.r 

b Ultlaha', !6J, [2J). Tl1c rmiuh lna modr l hM t.h" prirWw ~ •hkt ltoth 1,_h., .. ,'1n.t• M•I 1h ... 
im.,. ... tmrn1 df'mn.nds only d1Jl)und on thl' 11<0tw• lr\-,.I (ua p.M1>rid~ 1h,. lh\'"'"'tm..-n1 dt'f111\hd 

11 .a ~' td·,hn1,ro h1 t:M l11g fon tion of 1MOm .. ) tb.D J"l11 lh1H 1hr d)'ruklntm of thr 
' 1<'tu • dm·{'11 b)' n 1w clh11c11t1i noJ rmp of t~ ) ,.,~ nr o.f 11 C'llt11JK1t1 ..-111 

h&me'I:. 1hr 011('1 drlvlng 1 ht• lnoo mc C\"Olut n. a.n 1nór-pr t <•tn~·~hu.rru.IDMJ h)llf) llur 
u tbrt- p"-lhMlllU' 1rln11g11lnr 11:lruQlurc of thr- ~ I~. ~ b,n .... 1""'11 iiliW to fuJI'· ufld'1'> tatwl 

lhr •)-mp1 lk' dy11n m\r bl•hnvltm r n11d lhr btfur"tlOI» •'i.w111b from tlw: flfup"l1>,... (11 thr 
~ll'"d 011~lllll'1t1d() J11\l 111n.p 

t mo:-~rn. '1h" 1s101>c11si1y lU ~\'t' und tbr 6nna'' 
0w f':VtC' '*" htv1 111hO\\'l1 l l1M th t• bo.sic dynAmk' n.w'llO ., 

•\f"tll' .. nf '""º R\ lrACllll ft K' l it (which IWI' t... 
e .al4flft( to 1 , fot 1iullldc111ly h~ ' of l 

lrt 4'11 b') pc:t\'r"filY (low h.Wd!I or lllt"OI""' MICI f.,.., .. ., 
~lPOrl J'<'"flD•hCQft .. 1· Oll' M.,.-t¡ 

1 PNNl:f.~'t...,, anr (hat.-: 

Ir\.)-., •h(h hfn ... oltlt.-



1 wllh l1 41 OWll bn.1.111 OÍ lUl\C'liOn W ba~ ~ on th quost.1011, 
ltC"- OÍ blftnbllhy, o( tht dfb.trut•l._. OÍ 1 he \)Mi ni! OÍ ! ho 

di flnd -.,.. hn\T 11l1ow11 thM far ¡>orucuW r ~ of the ¡lf).ro.motors t.ho 
1 1"-'11 ~ lkaldl'I! th bi!tabUit)" ~haalGI. out smtlysls luUJ show n 
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f•) ....., th t i~ M)'lllJ)l Oli b..>hnviour ol tb.: <i) 1etn, u•. in thc 1111turc of 

11"1Vt~ ~· Thn 111nh1 11hll11gl' COIL!lbUI m tt.. lt!UbltiGn fro 111 n rcg·l 111 of 

1 '" • MhU-tlc;tll cl11m\ ll' ri~c 1 by widt' chaohr Ouctuallnns of inco1111..: 11 11d 

"' hd 1hM1 ~r11m11dy tu:w1111ut'tl cquiUbnum ~ (• l)11icu1 buslnt:S.'l·cyclu 
Tlu,.ch.,.l&c-1~ rt1ll\l1 1 t tlwOC'CIUrrt~ora,w.i{homocllnlc) bifurcntiou 

•t 1Wr"""" 11ri11,dyn~nlcin l hl• l1nvlour J)tO\'\,, thnl ~ dn,.._.11 01Jc\ llt1t.io1111 c1111 

w11ha111 whnt 11! c~n,,ld1•rcd thr maun l\aldan..n ;umptlo11 , !.<.'. t.lll' 

di-¡ .. 1ai!irotT oif 1fJ\,...IUm1t dc111n11d 0 11 tl11• c.a¡lltÑ tod. 

lh-) t1f thl' 1,u1>ologlcnl 11t ru Utt' oí tlw-~ •Wal1 cl11•11sc fr 111 011· 
~i.r''"'t IODllll corm~rd. rt!l nt L'<l to th1;1 Prt'll"'rt · ol hGIUm'tt'l1billty o í !he 11 11\¡). ' l'h ls 

k ''" CICC .,. kiw:b liO fll l lu~t1rl'lltl111:t U(Mnlc 1nt~·T"pn:C•l*1 W t· ll lllJ' @.llY t.hnt , 111 

u.... °''*""""''ni bl\lhld. !he lnltl tl l t\lunUonof tbr~y (wtttllh or povu1·ty) ls 
°'...., U111r, -.ihl'1r•N11 11 th t1 l}fl'M'IM:C of non connccu-d b1slnt1 s ut:h n 11lt.11ntfo 11 

mfl.11)' 1 hn•lll (ru1d cvt:in rtW(•fllitd m lb.: barg, run) . 1'111111, 11onl11vcrt.
"S .., .. unn.:nnlut.y nhoot thc fatc of lhc: 11) an tD lht! long run , whor ns 

flf'(".m to b..- dc1.cr111 i11 !<I iJl ncu 

l\ t' ,.¡..,,d!.&mf'l~t~ 1 hl:' uuthor-1 wli!h lO tlU\l'tk pro( e Rodn110 1111d E. Snltf\rl 

•flo •11 ·1.,.,... • thr> <?;"'~ dh('rl btt(l In thl~ Pftl}(lt Th wor• hN ~11 períormcd n11dor 

nrr r 11 

ft hAI~·. anti uutlt•r he th•1ty oi t.M: ~l.D'MJ f"QIC".&rch proj 1 "No111\ncnr 
1 Motlt1ltl \11 l'.:C 110 111IQ1 e.nd F'manao .. M RST, 11 ni)' 

C4fl0ltll L.. A~D MIRA . • ChM* in DtK:n-.1e D,1•1111ml 11/ ystflm (11 
_,, In 2 df111 t11.<1IOI~). pnnirt•.Vcr~. 19'Ji 

4'>0 'MYTll O J , íl1-e e.~~fmct> and Pu :i-0100 o( Cyclcs 11111 Nou~ 
~)<"!:- ~4iJdot'4 l!J..10 1\ltxl~I ltc-c:.'-MJll><Ú, R~ o:I Economlc S ludlca, 38 
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