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(·!nO,I ndll rc1t1t: vodovflmftth. univ-ftantas . I T 

1 "l.-n· ( .~mi rwudo-dlfrcru nLinl opurntors cm uuuufokls ~thouc boundllry. 

'2. "ir ir ""''l)ft.f;"t lon of sln~ulnr\Llt.~ 011 RícnuumiM maniíokU wi tho\11. bound u.ry. 
1 \51pl 1i~ 1ot~ dMl l)t.'<I w11vo 0<1untio11 011 n coiupnc:\ R.1emauniR.11 n1 011ifold wlt l1out 

bu11rt• ·' .. 1nbt11Jo11 () f ulgunvnluc!I tmd cucrgy docAy 
1 \ppl "'• " •o thr 1e.atl,(!ri11g 1 lll'ory for long·Tftn&C 11011Uttppui.g R.ie11111 n11ln11 1110.t.r lc:H 

'"' R' l1aJann lun11111g nb!IOrp~lon principll' rutd dccn,Y of 1hr loc.Al c..uorgy, 
il11110•.• ol 1 nNICl'ci' 11ml d litny of thc looal t'llt.rgy foc comp1Jct,ly supportcd 
n• u.b~ lbr•tn.•.r111liu1 motrlC8 011 R" . 

aPilOf1)1\ n 1)rh10.\1>lc lllld de y of lhc:: loc:aJ rnngy fo r )!Oncr11l lo11¡;· 

O lnlrodu 1 i n 

flw p•u1¡·11111 d l • t."'"'t')' 1U tlcll• l!I lO Up<llM' ~ klOl•c:ll\.._~J appiOM:.h t.o t!Q:\•Q.rlll lu t r · 

•·~1111l 'r ·111•· ,, m:annn.p: 1ht' bchuvlour of tlu: rnoh't'nl ol 1hr- Lep~l31lJt rnm l oporntor 

" ftuun, tnldli wlthou~ houndnry M ""'11 M the CTll'l'IY ckcli)' llr'Oi)llr t ics of t.hc 



310 111/. lli.~lc1d Pro1M4J1u5oo o/ mguJanf.flel' Ofl RJr"mt1111W1 1\huufoltl11 

u' "" l O 1lm rrl':lpoud \11¡; WM't' (!oQU,.,hDn In lnM)' ltUAI 1tt11 lhi ntllU~1 1)1'0\'lti"" 

probtib1y 1 h 111os1 {'(l_0110111 lonl proof M)' id. ho-.T'\'t't, will 1101 I~ U) gl\'t' ~ 1K"IÍ-<0n1.,¡hf'IJ 

é"XpOSIUOn {1u1d 1>ro f) of t.ho rtl:l'Uitl'I 1 un ~Ut 10 d~ Jl'<"\'t"rlhrl<"~. 1 ~l''t" 1 hit 1mun 
MJ.·. Md 1>roofs of tho kcy rolnti n lups In hon l 1 r«Ail llOmr " 11 knov.•n 1 "-U' (IM'f,t. 

about 1l1t" M•ml-clu.'l..~kn l psoudodlffl'r~nu&I OJk"f'ftl (dr!k'ndmg. 011 n bli; J)Ql'1U11•·1 ... 1 .\ ,7-' 11 

on CGm!W'C'I 111n11 ifold t1 wlthout bound1uy Of o n ll " n ~ 'l )ft,,. 1 follnw , .... ·ntill.ll~· 1h",..... 

~lcsn m 1tw Ap1M1cllx f [6] . ~ r n mOf(' com¡Jlr1.· A1MI dl tAll1~ f'-X'l 111 11 0111h~ ~11bJ"'' 
1bt- 1~Ml· 1 1~ rcforl'd to 1)1111111.sl- jl:ltl&ra.nd book ¡.i ln S..C-0011 2 1 th!llC'\I"-" llOllll' 1 uh• ¡,..... 

Ptopot.H.im 'l .1 nnd T huoro111 2.J) on pro1~11oon ol mequllll11e 1t.lou~ 1h•• bKhfU t.n 1 

o f '(ll lut1t111t1 10 1 lw l!qu11!10 11 {.O.,, .A') u • 1 , who-t >. > 1 /\lld a. dr1101 1b" {hr¡t111 

tu ) 1...-.plnC't•· B('ll rnrnl opcrntor on u Rit:111Mm1J.n manirokl •'l t hou1 llC)1111dn 'M1'""" 1-r 1111 
Mlm11 a \'t"I'\' Mhnpll' w oof, bu~ hM'l' hi&hJ)• nontn J con~uni JK\tnl' or \\hirl1 .. ,¡¡ ¡.,. 

ddlMl.~~ 111 1h(' ncx1, 11cc1,lo1111. Tlui! 1tl)l>f'Oftd1 a1*> aJ}o..· to R' ' n ·ml ·e lni 1r.nl 1tu• ... "' 

· Propo:,111011 2.2) of p ropn~nt1011 of 1111.guW1l1 ol huitm 10 th" wu\1• "'º"ºº" 
mamf1>ld1 w1 1l1 11 1 bo1111dnry (st't' Thi: rrm 2329 nf ¡1>)) 1\mo11~ utlwr 1l1111p 1)1111 ku.t 

ol t "!<Uh~ 111111 out ! O la 1 ,, ry UM'ÍUI m lht> f'otud) o( t.hl." (.,.:·nll-CI ,.¡ cr~I) w \'t·ÍfQlll ..-1 of 

qUll."ITnodl·~ (t• g, IH.'t' l 121) . 

111~· finit npp licn1io11 of ~h t• 111cq11ah11ei. frorn 
_ª,,. t'qm1!1011 (w hk h IM, rougldy s¡.H:Nung, tht• .,,.,~ rqU11t1on plu¡j 11 I0\\1·1 ordl"r di 11 uu· 

1('1111) on n. rom pnt ! 111111dfo ld withou1 boundn~· n.nd '-' pr1"<iol'111.ittl 111 t 1Q11 :1 Undrr 11, 

lnnd o í n nmlfl"(11111111!1 l'Ond ilion (:...-e (3 1)) il showi.'n tlu11 thi·lt' l'JC111t " co1111l1U1l u 

uch 1h1tt 111 IHcl ; < n 1 hure could be n1 moM 11 l'mit<' nurnbrr oí (.lf{{'IWnhir"· n11cl "-' " 
C'Oll."ot'qU1..·n wc luwc n u11 ifori11 " fX>Ut•IUinl tnl'fJP' J.-.c.,.~, of th t< MJl111 lon ihl14 1 uh • 

liru ¡>r'O\'!"d by ltnuch-' l'nylor [IO! by u~mg qmu: chffn·t>.i.l mr1hod11 l.ol<'r on IA'bl'MI ¡; 
ext('nded 1h 1r rcHult to 1111mlfoldtt whh boundlU)• (a.nd D1nchl1:"t baundM)· condh lollAI) "-"""' 

n~hod dHfrrc nt írom !hose iu jlOI or thCM' prak'nltid ht"J't' ll e" nliw> g1wt' ru1 Ml l>llr h fotmul.t 
for •hit op1lmn! vn l1 10 oí chu constnnt o Th1lf ha.e b<-rn t«"·nt ly xtt•odt-d by J 1tru11I !11 
•·ho ohlmnc-d q1111L' prcci1:11..• nud com¡>IN(' r uht on lht' d1~111bu t1 1>11 of tht' t'lK··11vnlw 10 

l hlS COJ1l('X\ . 

In Sect ion ·1 1 cowddcr (\ llionuuuuM m trie, g, on R "' wlm:h 1• n "1n11· rnu¡tr prlllu 

Uon oí 1h 1::uclidc1111 onc (11cu (4 l )} aud nantruppir.t (• ·h1ch l'0\1ghly .fll J>Ulnn" mr1n1• thAl 
l"o~)' goodc.,.\c lcnvcs 1111y cOmpncl 111 o fhntc tmt<> · "('O" (-4 l ) f 11 lnOtt" pft'aac dl"flm tkml 

Undtt 1 bel' llS!!llmpl ions, n h1gh-frutu ncy cs1lmat«" o4 1hr nM'm of llll" r"010lvr111 al 1W 

l ,;npl~llt'l l rrtmi 01wrnt r 011 wc1gh1cd / .. 1-~ ob4;~9"1 (~ Th"Omn l 1) 111" IJlonl 
comb1nr• 1hc í1wqn1111Llc!i írom Sn:1io11'2(Thl"(Jltm1J) 1<1:1¡;.-tli"I' • '11h 3.11 n pt1c.11 11111111tr 

m _ ,ngl1 tiNI /.}.~pnces oí lfOlutlon:i to (~. t .\~ ) U' •• tt1o..J,." nuffirm1I)' 1 lfl C'OlflJHU"t (,...... 

Propoo.i11011 1 2) whlch luuc brt·n tt'ttnlly ob1runrd 1 l •' .1 .... tha1 n.111\JIAktftur o f ihrotrm 

1 1 0 11 &iy1n1)t.g!lc11l ly E11c lldc1U1 ~~ •md In• IJ("thn1t ltM ~· 1110\ 111) 
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\:i11t Z-« t • b) UNUlll. • d1ílt'tt'n l n¡>prcw:h 

.. '4«b11111 $ I ~ tl IM'llllrl\ lll>lllR Rit·uuumlru1 11\('lfl(' 9- OQ n". which coi r1cidl•S 

•llli 1t. nnr oot idto a corupncl In thl!I cMC 1l 1.."t •'l'll knm-'11 1 hn• 1 he cutoff 

•'focnorvhk'all\' (r K M'l' l151J w1th poles ca.lkod n...tononr.t.,. T h rcin 
that 1h-rrr 111 " 1nrlp Írt'(' o f r~nru1~ ( f'ropas1 11on 5.2) , nnd ns 

m roiHm•h~ for thr dt'C'llY of thr kxal r-1wrg) oí lbt> it0h1t ions 10 1hc 
., Thror<'lll 6 •I) . Morl'O\"i'r, using Vambft'g's mPlhod (seo [131) 

' b hDhlf•pplnft 1111't rl<'H 1\ b('ttl'r Íl'ff of r("'.O~ rtgiOn of the íort n 
C,). VN ')lo 1, 1·xi"ts (M't' Ttwort•m 5 5) 

el 1.., f'.:wbdrAn oor In lh1t1 M.'f' l lou llOllll' n'«lll n.,,ult-... on 1ht> bt>lmviour of Lhe 

ol U.~ IJ..lmum ci¡wrntor 011 wt•lgh1c<l I~'·""pil"t"'> ar~ J'C\'it"wt'd. Sincc ihc 

t1C1*i« \GD no lunR,t•r M,mtwd. 1lw 11wc¡unh11~ from -ctlOn 2 110 longcr work 
lb • ~\T C'l\.rlt•mnn ty¡Jl• lllt'<lllBhl1t~ (:.o't' Propo:;.111011 6.2) T hl' Corll•-

nCllll snarufr*I• .. 11ho111 li umhtr\' nrf' dul' to llormaOO.·r ('('(.> Theorcm 28.2.3 
•Mir of non rm¡>I)' bo1111dl\ry (tu1d Om('hkt or Roban bound11.ry t'o11ditio 11s) 

1 IAw-•1.1 Rot.l111U10 [ffJ, [OI- l' ro¡Kll'l1t1011 6.S and Thrort-m G 6 are duc to JJrn·q 

.. • wwJ.rr \"T"Niion uí ('orolhuy 6 1 (~· j2j) Th('Ot'l'm 6 1 i u t li iH gc11er11 lity 

\o.In ¡J} 

nt iaJ Opera tor on M a n-

1Gll \' wlll deuotl' t'ithcr ll ri~d1mcns1onaJ comp&C"t 111A11ifol<l wlthout 

,....,. •f>'\«' ll11 , whcrl' 11 ~ 2 Dt'notr by T" X • U,..ex 7~ X t h(' 
of ,. '11h 11. fi\1(1r nt r x. r;x ~ (R'T DmnlC'f'"X = r · xur-s, 

lht" C'Olllllt'tl t1! s1>h('rt' bundlt' , T'; ~ ((E R .,). · l~I • 1 ) . T lil' 

r.Jkl flu! tt, whllC' th from r· will br callt"CI h1A ultc. Fix n 
R p,6 ·O, 11+6 < 1, muoduC'f' tht- e of ~ymhols s;,'64(X) 

o{.r,(;.\) t.:_ C""(T" X) M\t~fym.g 

C",..1"'..\ •• Plttl•41col( 1 +1<n ... - '. Vzt:h.Y(eT;x, ( 1.1 ) 

., and ,J n.ud C\'try compnct K e X 11K" ~11-da..1,,111c11l qunnt izntiou, 

a(1,(:.\) \11 dtAned M fol~ 

1 D, , .\)u ·• ( 2;)" j r'"' ºa(.c.(,.\)Ü(()d.( 



• ( f;)" J J e•M•-1'1 a (r ,( ; .\)t1(")d(dt1, IJ - 0 ( ..\' ), (1 l) 

wbt't~ v. :• (r ,-10.,., nis th ),,. Fowttt H~fpnn ol u, 11nd 1h~ l11t('ftrt1)N "'1111 r 1....-i l o 

( mwt ~ und..-rrnood tl8 O.'lcllruory 0 11 "Jñt" opn-"t°' A • n(r , D, ; .\} (,\') . C'" { \ 
..,u br Cl\ilN:I n .\-p~outlocllfforo.11t1nl OP'f11110f (or m1pl~·" .\. - >11DO) ••ith ;:ymbol a(z ,( .\1 
(wtuc:h w11J bf.' t1h10 dCllOICd by q(Jt)} (knol b)· t;At(..\') thr ...._it OÍ Ali.\ '1r/)Q'1 'nth 

m1bols b longl11g 10 ;,'/(X). In • •hftl íolkra· , 11\TU d 1 :. 1 ' '(..\'"), J 0, l. \t.r 

no t 11n-L:, . 0 t11 wl11 1111;1111thnt o1.>A!í)'tltb '""ª )msn 'f.~~01 t11 E ;'. "' "(.\ } 
ÍOf <"TI'\ lllh'[ll'r N 2: \. l11trodutt' ihr- fP"C'i" ,,.(.\) C °"oº(..\' ) o f 1<~"1 11bo'11: n(.r . { .\) of thr 

l0<m 

11(.r,(;.\).... .\ 'n1(.r . .(), 
, o 

•·hnt- o1 E C>i>(T" X) do not dcp,~nd on .\ Nl<i c~h 

lo~IY,' ,,,(.•·,ei l s • .• , .. c1, 1rn~ • Vr • /\', V( - 'r;X, 

(ll 

(11 

f01 C"\"{'f)' muhl-h1duc-1·H n nud J) nnd ('\ ·t:r)' coinpACt h. C.\ 1 ht· fu11ctlo11 uu{z , () "'di t. 
calk-d 1>rl11cJ¡l11I ~y111bol oí! l1c O¡)('r tor t1 • n(.r, D, A.J iwd will ln· dr11ot"tl hy o,.{A) l)r1ioc.
by L:¡'(X ) th!.' flut. of J\ll ,\ - 1lfOO'tt wn11 ~ymbob bc-lon¡mg 10, ;¡(X ) Thf' .\ "1/XJ 
nd.nut n <""'-lcnlm1 vury11l 1111lnr to lhnt of lhf' el~ p.orudo--dlfll.'1('111 11t.I Olll"tAIOl'I' TI1r 1 1 
1111porl.iu11 propo.rt \u11 oru glvuu In thc followmg 

P ropo it.lon 1.1 /¿¡J/ 11, e r~;:r .. 'CX ), J - 1, 2 Thcn rhr rtrnnpo.1l1Qll 

J\ 1A, E 1 .. ;r'"'• '•·''{X) 

tnlh J>lfrnbol 

(1 $) 

t/orr·tll'C'r , tJ1c / Qr·11111lly 111f,¡0111l , A " , a/ a,\ "100, ..t " I ; 64 (X), 1Klan9• ll40 1.a l.;A\\ 
011J 1b lJ11nbol 1$ y1urm by 

(16) 

Tlus 1>1oposit,\011 un be 1>rO'o'td by usmg tht a•••OGnlll)' ¡thlJ.&<" mcthod 111 1hr &l•.m ... "'~' 
m t h c.IM!!icnl cru;u. 1\ s nu lmmcdl&I<' conxqUMl('lr •'t' bJa\,.. i hr (0Uowtt1g 

Corollnry 1 .2 /jet J\1 /j~7(X), J • 1.2. nm V-< , .. ,mmt1ro14r A 1A.l..t1 . A1! 6.-la11f• 

lo L~- 1 (X ) 111r rJ1 ¡m11c1¡J(1l •11mbol g1t><n hit 

,(A)• ( ,(.1,) '• A l), 11 l 
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·~ llrad.rt-1 dr:fi11cd bu 

" ( DJ Dg 8/ 8g) 
u .a1. L: oro;r - 8%0< ,.1 J ) J ..., 

\•"JI""'~• • t";,,,l ( .. ~ ) w!ll hr cnlll"<I i:!lliptlc Al n finhe poin1 (z4,('°) E r· X if 

io{Jl )(r. ( ; A)I ~ A', > O, 

- ~..-i.iif\i• al(s11 .(4'), llfld lt wlll buanllcdclhpt.1C l\l IUI mfiru1epoin1 (xº, €º) E T ºS 

1•(.l )(z, ( : A)I ~ CA' ( l + 1(1)"'. C >O. 

• • ~ ~bood of (J'º.(º). Cl\:nrly, tui o¡>CrBIOr Jl E LdP') is clliplic nt 11 fiuil.e 

..... r'l"I r\1( 
1•,( A)(r,( ; A) i ~ C. C > O. 

ol (sº.{"°). iu1d 11 i11 ulllptlr nt nn mfi111tc pomt (..r°.!°) E T" S if 

<r,(A)(r, ( ; A)I ~ C'( l + 1(1)'" . C' >O. 

t..-d of {.r", (°). Tl10 11eml·tln&ilcal \\1\\'t' hvnt 1t'F(u) e f'" X, of u 
\ ,. dr-fim'tl 1u; follow11: (.rº.!º) f lF'F{u) 1ff t hi-.J'C CXllil.!I nn o¡>cnu.or 

• •' h" <ºl 80 thnt. Au E 0 (X) nnd l .AulL'l\I •O(.>. -°" ). 1L i11 uot 

I~ ..... • 111 {• C-l h1 n fh1lk 1>ol11 t. , (3:º,!º) f: \VF{u) 1ff thcrt exists 11 functlon 
' ( ( \ 1 • 1 I• • nM~hbourhtiod of .r0 llO thnt l\U{( ;A)I • O(A- ) for nll € lu 

C- U (.1°, {0) lt 1111 l11fi11itc Polnt. (rº.!°) ~ IT-°F(u) 1ff t.h c:.rc oxists n 
\ \ 1t11n 11r\ghbourhood of .rO SO thn.I J\u((;A)I • 0((.>.( 1 + le l) )- 00 ) 

bourhood oreº. 

l 'r1c;i~\11;,._¡ 

-1~11 ~ • 
.... 1 ~~ ~,,.~ 

•~n.1t (tK-c PropOl'Ji t.ion A l G oí IS!) 

¡'fTUlor1 111 /~~'.~(,\') urr boundr:d Jrvm L;._.,(,\') fo J.,?tH:( X) w1lh 

i/ .\ u com1H1t l orul 1/ JI E L!:P:> .such lha1 ,o(A)I < Al 011 r· X , 

L'«'\'") ""fA norm -S M +O,..,.(.\-'"), VN > 1 

i J P ropagation o f ingular it ies on R ie-
111<\MÍIUI , l 11ni fo lcls wi t hout Bounclru·y 

T " 11lhcu v1 11 .... 1 .,.. wtll ("(\\1lpr thc m1mlfold X "1.'l'h a tlttmannulll mc1.ric 

g,1(x)dx,d.<,. g.,(z) E C (X ) i., .. 1 



t::i. 11 :• (ch1t y,J)-1 8,, {<d('t 9,,)111911 (.r)D,1 ), 

•,;•1 

.-tlt~ (9'') den t.cs thc hwcrsl.' 111 1\ttu ol (g,1) Tbr pnngplll ymbal ol .6.• lt ftl\.,.h I~ 

"(•.() ,_ ¿; •"lz)(,(, ~e u'. e~ o 
t.¡•I 

Fu: s.\> 1 1'hun tha opcrntor P •-..\-"A, 1nrn1k' f'Ottflldt'r«l 11.."' n .\ ~00 (Df 

mm'f' p1l-clt.1· ly n >.-cllff11rout.lnl operfttor) o! d"" Ld(.\' ) 1Vllli 1lrn1d1>Al )11111Kil r{.t,!I 1 

Tiw h1 hnrnOll•r11 l!,lc flow (IJ( t) T" X T º X l € R .. l'tl'l<'io<dnh"tl 10 1hr l h1.tmh~1~ 

r(z,!) 18 drf'i ncd by 1Ii(t)(.rº, eº) :• (z(t),{(t)), •·hrtt-tM pAJt (.r{r),E(t)) ti0h....,.1h,.. 1f-.m11t 
l"qWU)()ll 

D"'(I) - D,.{J,() O((I ) • - 8'(z.(J 1(0) ,• ((0) <' 12 1 
81 f)~ ' /);. {),r ' 

h lS •'t'll knowu thnt 1h<: solul10ns 10 ('2 1) fOI' 11.U t nm:J ilr1)(•11d "111001hly 011 r atJd 
(.r0• ). Tllll projrc1.lo11 of thl· bldl&rMh.•n-110 on t.hl z-•1-.nt-" X ntt" JU"t 1hr li..,,... 
aMot·u11.cd 10 t..ho lllurimr111 lo11 11\Nnc 9 F"1x <° • fzº e') (; r· X "° 1hn1 r(.zº,CC'). 1 
C'hooM· n rcnl-vtilm•d f11uc11ou v{.r.O e 0 (T" X ), O _ p ' 1, t11li1 1hn1 p 1 1a .. 

ncighbourhood or <º nud 11 - o Oll l.$1dt" b1gn nr1ghliourhcxxl C¡\1:n A , "- n, d"lmr 1 

func11011 111(l',() E C8°('r · X ) by Pt(z,{) • p(tll(-1)(.z,O) Timntfthou t thlll titan 

And <-.» wlll da11otc Lhc uori11 And th ICilJAt prodUC'I of 1hr l lllbcn -" l)A(.'I' L1(X d\'ol 
""h('"f't" rf\lolR . (duLfJiJ) 1fl1/,i:, AIM>. gwcn All)' danuun )'e X , lhc k>ll"I\• .. ,.~ 11 11) 

.,u bt' t'q t1 lp¡)cd wlth Lhc norm 

ll ullu•o•) :• L U:u L'fl I 

O kol<I 

~IOtt' geucrnlly, glvm1 lll lj' rt!o.I A: thc l!t'lltt·clMMc.al nofm of 1hr 5o'~l \' "IMC" 11•0 l 
dcfint'd by 

Propos lt.lon 2. 1 fo,. (IUCl'}t u e l i/.....,,.CX ) flntJVT >o lllC follo~'tflf PhlTU:Jfr hal!Ú 

)p(r,V,) ui1 S llv, (x.V,)ul+ 2TAqPul+CA· 11• far Jtf_ T, A .\o, (21 

/~roo/ h fo llowtt from (2 1) thnt 
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t· fto.n ( 1 7) t)U\I 

Q, • "8.p,(<,V. ) + o.l'IP,p,(z,V, JI E L~(X). 

,.,.J ... ftl, ll'J' ~Udtl 13, 

Q, 0,(1) · /,~,(X) -· L'(X) (2.4) 

~~ p,(r, D,)ufl' • 11" (8,p,(z, D,)u.p,(z, D,)u) 

• .llm{il'.p,(z, P,)iu,p,(r, V,)11) + .1- 1Rt(Q,u,p,{r D, )u) 

• lhnf.Pt(.t,D,)/ 11. ¡11{.r,'011}u) + >. 1Rt' (Q11qi.(.r. V, )u). (2.5) 

' 1', )1111 llv.(•, 'P,)1111 - J.' f,tp,{•. V,)u d' 

• p,(x, 'P,)11114 21,\llPuU + o¡.1- 1) u . 

(2.6) 

o 

a ~b1"' 10 lmprevc ('l.2} rcplnc:lng c~- 1 b,- O(l- ) nnd vr(x.~) by n 
n1l1•l ... i:-'°,_.l t111(r,(), wh,h 11~º1 (.i:.~) • p1{.t,(}, Md q:'•(.r . .(), J • 1,2, ... , solvlng 

ol lhr fnnl\ 

Thls 

t on thl' J)rO))~ni.lon of thc '4:ml-cln...""1&lCal ~n,gvlai lt.I whlch co.11 be 
"'of tht r lhN!ltol prof)Alatton of .. m.gula111 Ntunely, wc hnw the 



316 mi· ln."nlcnl Prol>"I"' '°" o/ ~f on lboNAnmu \lan1fold1-

f'Or <Jll\11 JHl f)>~t hO\\ V(lr , rhc \l.'t~krf bound (1 l) '*111 bc> "1ffiC1r":nl 1-"uir 4 CDrip•n h C \ 
.ad .-u1•J)CIM' 1h111 

,\ht11' exl!u 1111 opon b undt'tl dOIDIMn U e J( Md • T O., 11141 V.1° h \U 

And t'\'l'r)' BIXldt'SI "r(T) wl~h ")(0) • .r• 9"' h..'T 1(1) r ti ~ t !Vlnt' O f • T (2 

n.g Pro¡>Oo'hlon 2.1 wc w\11 p tO\'t I~ tol"7wtn«i 

h rem 2.3 Ur11for tJw fl<'JSlllFipl~on (11). Jor (T"'"f'J u /f7(X) li'lfli ... o,•pu e " /J..( 

JolJov..,ng t.srm 111 / r• /1 0/d.f 

(2 

inrh ooru rcm l.s (',,\o > O mtfopcrul<rU o/.\ anJ u 

Pruoj Jo"'1x 11 (º • (J'º,.!:º} r· X tc"b 1hiu r-fzº !9) • 1 amJ .r0 r. h 11~ fl 7) 1brn

'" 1. IUI Ol)l' ll 11 l'Í~ h lio11rh t.1a cl 1'((º) of ca JU1d o ' - T "'11 thnt lfl (r)( \ f(<°)) e ( r .-1 

p-:: C~(V(c<>)). O _ JI _ 1. µ • 1 ~n " inrJlrt l.W'lghiiou1hood of (° ir,,_ 11 .. ~T •Oi' 
dtarl)• hnw 1111pp .. ¡1, C U. Thurdor~. b)• (22) • hl:, .... 

Fl.i ~· n Cº • (:rº,(º) E 7'" X uch 1hM r(T'.(°) • 1 and rO h V-1 u• hJ'l' l •1111*"" 

11Ut1 r(.z-0,t0) > J. 'l'hcu, lhct<' exlfit M opm t\lt':.lhbourMl'td (ccmíc- (or 1(\ >· 1) H ( af 

~ ocl1 1hn1 r 1 011 IV ((º) . l.t' P> ( U"( ) ppp1 C \\ (('°),O:.. p1 • 1 '11 

m" anut.lkr uclgl1ho11rl1ood of é', p, • 1 011 tuppp¡ r h.tn , p,(r, D, )P 1 .. n(X) I• rlht"" 
"ª (o, tmd by l'ropoi1iti 11 1 1 ll Ls cM)' to "'t'C" 1b..: p,(.:r D, ) A 1 1~ ,\ 1 A wtth 
Gpn!HoJ'll A¡ /.,;i:t(X ), J • 1,2 11 n , m \ ...,.. of ~llk>n 1 J, 

ll l'o (r. D, }ul S 0 (1) Pw * 0(.1 'Jllull (2 ID 

C1<".vl~" 1he Cll.bl.• oí r (.tº,(º) 1 C61l }){- U't!t\ t rd at h So. by" l)A.IUIJOn fl' lh ... Ullll) .. 

r h" 011(' {'/lfl gel from (2.0) ruid (7 10), 

llull 1.'(W) S 0 ( l )l• IL•(l1 ~O( IP•I • 0(.1"') u 

(211 

On thf" 01lw1 lrn nd , w(• luwr 

fl ,\ 1 1 ul 1 • u ' t l~u w 'l'll.,1f1 + l l'u 1 

:ai1~1• (2 ) íollow11 fro111 (2 11 ) AIKI ('2 12) 



ppli tion to t he Damped Wa e Equation on a 
oml" L Ri mannian Manifold witbout Boundary: 

Db lribut ion of Eig nva lue and Energy Decay 

~' (.\",g) wtll ~o. compnct llicmannia.n mamfold wi1hout bouudury. 
·"" 1..t lb llk' bduwlour of the c.ucrgy of thc !Olu11c:ns to the dnnip QCI wuvo 

{ <Bl - ~. + o(.r)D,)u(t.x) - o In n• X x. 
.. (O,r) • / 1(•), B1u(O,x) • h(r), (3. 1) 

~ .. 11 ' ' c~ f.\') ~ • no11-ktcn1hmlly zcro rcol -vnlucd íunr:oon. a(..r) ~ O, V:r; E X . Thc 

f!Wt!O ~· ') ·~ ll'Ttl by 

·· ··1'11 
1;¡1) • ~ { (J0,,. (1,<)I' + l'V, u(t.r)l')cfVCJI, J,, 

dE(I) 1 1 - d- • - t1 (.l") [81u(t ,.r)I dVol, <O. ' ,"( 

(3 .2) 

Jf'11'\o! ... ~ 1t 11 • CQ!v.1-'ltl l , llO l.h(! uncrgy dt'tO,,V! ns I -· Otno1e JI = /}(X,dVol0 ) 

"™t /11t H, rb'u.r.,. of C (X) wl tlh ret1pcc:t 10 lht! 1'IOf"ln 1~ '"'" Co111ddor h1 1.ho 
111.1 ... 1 1¡;.M• H 11 111 lhl•upur/llor 

JI - ( a~ -~ rr) ) 
w11h i••tú.~ Ol .41 
WUIJJfillp:lf•• ._ 

(u E 1f · JI u 1t}. h b v.'1!11 k1l0Wn lhat ,\ is u gcnorutor of u 
1.M ~)U liOIU! OÍ (3. 1) l\fC jJl\'l!ll by 

( 8,;: ¡ :: ~l ) • <IA ( ~; ) 

'"""' "" A 1J co111pnnt , tthc llpt.-cLrum oí J1 is dtSOt"Ut, con1 niucd !u Lho aLrlp 

S Rr:: O Morcovur, ti..- onl;y ci¡t.ll\1\luc of A on Re: • O is:= O wiLh 

• ~l fon ( ~ ) · IL Is tM)' lO .et:: 1lut.1 1.\ E ~A Hf d1 tJ fo llowl 11 g 
P.\ltnf.u i\ ,.., • ., 11\'IAI llOl111 lo11: 

"'·· 11111~1 1;1 .. 

(6 , ·+ ,\, - 1..\0)1.! • O 111 X 

d,. 1h1t1 for tl"\'t!t )' gro<h.'l.'1c "J(r)..,111h l(O) E X •'t" hnvc 

"' ~ l 'A :• f..r E X o(.r) ~ J forsorncO S 1 $ T 

(J .3) 

(3.'1 ) 
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31 mi- /11.)Sfrull Pror~?tcba o{ 

Tl~e111 3. 1 Uwtcr l/1 r1 11.1,, umplu10 (3 J. rlirn r.z.ur¡¡, o C11J"ruf.rin1 n 

{OJ C (:. - · no:< - n ) , 1111d rhc tt1lll~ 'C'.,1 ttj A •jlvfit.1 flir ~vnd 

ll(A - :)- 1l1c(m s. e 11t /crr n ... : ~ .. t,, f:I ::!. 1 

Pn•..J l.<• .\ ;P 1 lk l'l'Jll , 111 \•l1;1w of (3 f ) •~ C'lllJI ~ Th,..1'111 l J 10 oh141n 

111111 11 1(.\ I _ C!'" ''º" ..¡ Cl- 11(.l, t .l')u t'f ' i 

On t h l" oihtr hnnd, W(! hnvt· 

(3 J 

(3 • 

J1(6p I· ,\1}11!1 1.•1.\ J .S 1(.6. ,....., l' - 1.\ta"' ,_,,~ -i O(l )lul u•n t (3 i 

o,· (J Gl .,,,1 (3 7) , 

\; n11, (3 ) Wt• Ohl 11h1 

).. 11111 ((• .\1 1.\a:)1.1uu • ilr (nt1, u) u 

~ JUu ll~.'f l', J ~ 1lul i•c .1-c,>. 1 {~ ,-! J.' - 1M)u ¡,1 ,. 

wtlh m<' 11s 111 111 11 C1, CJ >O. whk.h ~ ily 1mpt'"' 

11 11111.'r > s C'J.. 11(.l, l' - •Mlt1n, 'nJ· (l• 

wtlh !IGmC' co111111ut1 C' O. Tlus lntqurdíty ._ l"'qUW 1 14 ll1 .. (olk)iatih,A on .. 

p JO 

fos 1'<'..IU .\ > 1 lf ,\ lit co111pl~x . wt• luw~ 

(A - 1.\)- 1 (t lm (A - 1Rrll-') •(A - 11lr.\) 1, (J 11 

by (3 10), JI - 1,\ hl lnvcrtlblr p1cr.•Klcd \lm 

c •. c, >o 

rollnry 3 .'2 Uwlrir tlir n.•wmpl~an (3 , ,, 

e, l!IJ1d JlrÁ e, fnf tl0tl1"f'Gtl•~A~'t 

D 

Jlr'"/llu e ·•1 / H• t _. l J • 1( 1f ~ krr A (J l'l 

G'(I) _ r .... ,. 0) (l Jl 
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,\,tlllmil , .... ~"1mpttoi1 (3 1) wt hnvt' tht íollowlug •'takn analo&'les of Hhc nbo"o 

wft;i.:• lfllY d'8l' \O IL\M<"u 171. 

ft.=H-.m J..J ~"' r.N-f arn.aumt.• C, 0 ito thot lpt'C A \ {O} C t: - C : !lo .: < 
Ci 11 •) 11t11J , ,.,.J,v'll p/ 11 111h d/iC'J thc bouud 

llA •l 'lan¡<C"c"''I /•' R·:;i:-c,-''. :j;?:l. (3.14) 

( J."'ly 111 1 ,.. d,.. lll\Ali' {3 ) Is 110 long r Lrue, but ~ ha\ 'r dn~ íollowing nnnlob"\lO 

.,~ ~ l.1 •.t.ri ft• lbr C'Af4rlt1Al1 (l!l l hllfll t'!I (k't' 171): 

.. ,,.,, (3. 15) 

, ,,. .. ~ > 1 ._,ti IDh•" Cl:tfl!l l lm t~ C1• ·J >O l11dcptmdcn1 of l In ahe srunc wny ns ltbovc, 

111 
(3. IG) 

1 t~·· 1 ' 1 • '" !Cllnr t'dl\lll /\111-11 é'1' c'J > o mdcpendent or l. wh1d1 m , urn implics t.ho 

h: '''•lll1"1'"1 n"PIQ NI •Tll IUI (3. ld) 111 ' ''C"'' or lh rc:soh~l Mkn1lty (3. 11 ). 

Ul 1hat " • ª"'ll1lo lu.1\lt' 1hr fo llo"•l ng 1u11\logue oí (3 12). 

t•fl'>U••IJ A f , .,.,... 1nl-<gcr m ~ O, 3C,n > O JO lhal 

"'ll• C'm(log r)-"'ll/ll o1A-1· 1 <: 2, V/ E Dl,r)n 'H'. (3.17) 

'-~ l lJI~•..- • Uln + IAm /1111 . 

ppli att ring T h or for Long-Range 
nin1pp in R i mannian Met ri on R N: Un ifo rrn 

Límiling Ab orpt ion P r incip l a nd D cay o f t he Lo
cal n gy 

fhl' !ij¡;~~I 1111 IL: < ~t- lhto fl lln~ R". r1 - 2, w1ll be cqu1pi)('d W'lth. e ·811\00Lh Riu111n11-
!MU J\lllbJ( ·-r .. ,( l}d.t-1d.T¡ itnll~fymg 

wl111ra 1 

lkrth11nr1 
I ')lf), ro > O. rutd 6,1 11 tht túonce:iu:or·~ "ymbol 111 01,hor wordil, 

•111h.ltt' pcr111rbht1011 of tht" Eudidcan nldnc to • >: d:tJ. Thcn t hc 
flf ..inl opcutar 6 ., hM & ~lf-Mijomt rt:"ahaucm (w hich wl ll be ng11i11 



~;t'(t by .0.1) 0 11 t lw l lllbt'rt fpo«"' 11 • J' Jl"' J\ ) W'll h <Qlth PUIJ\J" .. pt'<t f'lUJJ aat,
Tb,. mi:11 it" g w\11 bt' c11llOO 11011ffupprr.f tf 

wilh ..,(O) E (.1 R"' z R1 ) -."° lun,.. 

-y(t) {.r r n'" :: ~ n,) '°'" ~,. o· 1 • r ( t. 

"'lt& T h 1'01('111 2.3 we wlll prO\'l' 1hr ~1h 

Th rem d. l Uritlm tlu1 a.1.111mp:~oru ( J) ª""" { J Jor V1 > I/?.. .\. > llu hmi: 

11M" IM"l 1hn1 thu 111111! n\J ' CX!llA b known fun11mA, 111' qJlmn 1.,nlf'1rlr AA4 baltb 
lbou1 t lw 1\S1•u111p1lo11 (·1 2). Tlu.• 1d".fl of thc- ptoc3'.: ( j 3) i.: 10 U8r' th,. ínet th•o, tw~ ... 

ol ( 1 1 ), 1 )1(' tl' l'Xlt1l1' n i:tl bnl moo1h cha.ni:.,. ol ,...., l lai:, {p, O) (p(.r), Sfz)) lr>J ':: t 

•hl"ft' p - l1Jo. _. ), PO ~ 1. o • (v n• ~ • 1 J -,.hk!J1 trllJU/ur""' ' "" 111 .. 11.- t 

t!M- form 

• J 

ltr.u.' (1.,,(p.o) - h~110>1I s c.·• .... , vn.a ( tt 

•h· , ... I: .. , /1~1(0)1101110, Id ihc 111'1. tlC on u1chx...d ~ 11, ... l.udttlr..n otJ"' i)J.1Jl'lol-'" 1111 • 
(.r ll" · p(::) U) ror n pg, o!lnCJ • f\llW'1• lfl • C0 UJ,.. 1 ) . \ • 1 on "• 

Mly. (-1 '.!) \mpl1C21(27) whh J..'• IJ#t•I MJd U• Jl#•I fJlf Th<1rfttt,. , ftl\Tn 

• ll'(R"). npply¡11g, Thl'Ort'lll 'l 3 'º\U •to 1 )"' ..... 1umi1n 

Uu ll 11 1(/J,11):;, O( l )lu 11•111,,.., ... +O(~JIPu 1•c1t •• 11 ( 1 

Proposltlo n 4.2 /~/ U1 >Po tm J f(_t u 11' R "" fl'f1 J l.- •i..rh U.GJ p'(Jl 1 1< • 

l (R., \ /Ju.) /or l /2 ( l +to}/2, 0,,..~•0 :;. n.r" * " Jcr t) 1t &Jo•v!Ty1ftfl""( 
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.,¡¡. I < 1 '""' "™' 01rur.ort1.t C1, e,, >.o > O {dtrpcndmg cm bA 1.n.dcpe11da11t. o/>. 111111 

tJ••U/tl« fJl(#iOl'f! 

IP ' u !t•fl\ '" \ D,., "' S C1.\7llp"( P + 1c)uli• R""\ 8•, l 

(•!.G) 

r ... pr· , tal Ct ) •t- tt'lf'f 10 131(ProPoeltlon2 11). Now. combuua.g (·1 5) wit.h (11.6) usod 

W!lb lf1 •" 'l •t' (""'1 

~~·•••• O( l )lp- ' 11ll~r• t n"\u,., •1> + 0(>.1 )1P' (P fL')ulli.iut") 

.. O(l ~)IP ' u i•fO") :S 0(.\1)1Jp'{I' + 1.c)uftl•tR'") 6111 l!1 •(1Jt1) 

+()(.\ 1Jlp"" ~111il1cn"} - C,>.- 1 lm (D,.u. 1t) 1.1{dB1111 J· ('1.7) 

Oa U.1· ft!!"l! • ~ Cit'f'r11'11 formuln "°"' h \'l' 

la 8.,.w • )Pt"11,.,1 • .\ 1111 ( / u, u)r.'(U.11, J S .\hn (( P.,. r.t ) 11.11) 1.~( 1iu 1 J 

· 01{i')U( P f •t)ullt,,0111, l +61uli•cs,., ¡· 

N.a 6 O iltllhll unough ont Mri\ ª' UN! ~111U11 

(•!.B) 

(•1.1 0) 

O 1n4'1K" lldt>nl of >.. e 1U1d u, •'hid1 \n turn C!A.91~· llllJ)lics Thcor 111 4.1. 

·lhAI (•I ~I) h11 1,\I ~" l'1' t imnt~ for tht rt~oh-at! on !h<J Soboluv spocc11 
Wilh th1• f'IC llll· ln&1lcAl 11orn~ lntrodUt'W:ll tn Scc:-1\011 2. lmlccd, ual nB 

"fl"11'CN ti. , nud (11 J) onc can ahoo-•. wKltt 'hcU-lf111n1>1lo11s of Th<.'Or 111 

11N\ÜIW) .1 l'-""' fJ11 G11~1111 1¡1h01l.I (¡ I} gud (1 ! ), Y/ E. L.1(R '"), '111 1/2 thc falluw-
1•1•1 •1...-¡ru 
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r_~ ll(x)-'8,1 s;n (~ (x)-' /11' dt S Cllflll•(R")• 
Í -oo v-6.9 L2(R" ) 

(•UJ) 

with a constante > o independent off. 

Proof Let V (t) E Lf0 c(R+; C(H)) be a familly of bounded operators such that IJ V(t)ll = 
O(t,v) , t ::¡:.. 1, for sorne N ~ O. Then the Fourier-Laplace trausform 

Ft->.V(t ) := 100 e-•1>. V (t )dt 

is well defi ned as a bounded operator for Im ,\ < O. The following formulae hold : 

( "') . 2 - 1 sin (t.j=óJ 2 - 1 
Ft->..COS tv - !J.9 =tA(!J.9 +,\) , F1 ->.. ~ =(Ll.9 +,\) . 

Choose a funct ion ~(t) E C00 (R ), (;'(t) =O for t :5 1, (;'(t) = 1 for t 2'. 2. We have 

(Oi - <>, ) ( l'(t) cos (t;=t;;")) = l'"(t) cos (t;=t;;") - 21''(t)¡=t;;°s;n (t;=t;;") , 
and hence, taking the Fourier-Lo.place transform of this identity, fo r Im ,\ < O, we get 

:F,_, ( l'(t) cos (t;=t;;)) = -i,\(<l, + ¡,'¡-• :F, _, ( l' '(t) cos (t;=t;;")) 

- ¡=t;;°(<>, + ,12¡- ':F,_, (l''(t)s;n (t;=t;;")) (•U <) 

Taking the limit hn ,\ -+ o-, in view of Theorem 4.1, we get, for real ,\ , with sorne 1/2 < 
s 1 < min{l ,s}, 

:F,_ , ( l'(t)(x)-• cos (t;=t;;") (x¡-•) f 

= -(x)-'i ,\(<l, + ,\2 - ;o¡- • (x)-" :F,_, (l''(t)(x)" cos (t;=t;;") (x)-•) f 

-(x¡-• ¡=t;;°(<>, + ,\2 - iO) - '(x) - " :F,_, (-1i(t)(x)" s;n (t;=t;;") (x)-• ) f. (U 5) 

Using Plancherel's identity, (ii.3) , (4. 11 ) and (6.4 ) below, one can easily derive from (4.1 5) 
the followi ng estimate 

¡: lll'(t)(x) - • cos (t -FA;) (x¡- • ¡IJ:,CR") dt 

se ( l''(t)' (ll (x)" cos (t;=t;;") (x) - • 111' + ll(x)" ,;n (t;=t;;") (x¡-•111') '" 

(.C .C6) 

On the other hand , wc have 



Georgi Vodev 323 

so by Duho.mel's formula. we obtain 

(>)" cos (t.¡=¡s;) (x)-' f ~ cos (t~) (x)"-' f 

- J,'sin((t~)[ll,,(x)" [ cos(r~)ix)-'/dr. (4.l7) 

Slnce 

by (4.17) we gct 

ll (x)" cos (1~) (x) - ' / llL'(a•¡ 5 11/lli•¡a•) 

+C J,' ll(x)"-1 cos (r.¡=¡s;) (x¡-• flll'tR•)dr 5 (1 + Ct) ll/lll'(R•)o (4. l8) 

nud similnrly for sin. lt is ea.sy to see ttho.t (4.12) follows from (4.16) o.nd (4.18). The estimo.te 

(o\.13) can be provcd in the so.me way. 

Distribution of Resonances and Decay of the Local 
Energy for Compactly Supported Nontrapping Rie
mannian Metrics on RN 

Throughout this section the space R", n ~ 2, will be ec1uipped with a C00-smooth Rieman

ninn mctric g which coincides with t!he Euclidean metric 90 outside sorne compact, say for 

l:z:I ~ Po > l. By 6.9 aud Ao we will rlenote the corresponding Laplace-Beltrami opera

lors ns wcll a.s their self-adjoint realizo.tions on the Hilbert spaces H = L2 (R", d\fo\9 ) and 

Ho = L2(Rn), respectively. Let X E C<f'(R"), x(x ) = 1 for lxl $ Po+ l. We have the 

following 

Proposition 5.1 The cutofJ ft"ee resolvent 

ei!eud,, to an entire function on C if n ~ 3 is odd, and on the Riemann surface of log >., 
A:= {-oo < arg.\ < +oo}, ifn ~ 2 is even. Moreover, modulo an entire function, 

(5.1 ) 

w/1ere A(.\) LS a finite rnnk {O if n is odd and 1 i/ n 1"s even) operator depending analytically 

on ,\1 and log,\ takes its principal bra.nch on - i R . The same is true for the operntor 

,\'.0%1(Ao+>.2 )-1x. 
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The cutofj resolvent 

extends to a meromorphic function on C if n 2: 3 is odd, and on A i/ n 2: 2 is even. 

Moreover, modulo a polynomial function (of order n - 2), 

(5.2) 

where B is a finite rank {O if n is odd and 1 i/ n is even) operator independent o/>.. The 

same is true for thc operator xaz;(t!i.g + >. 2)- 1x. 

These properties are more or less well known (e.g. see [15], [16]). In particular, titase 
concerning the free resolvent follow from the fact that its kernel can be expressed in terms 
of the Hankel functions and the properties ot these functions. The properties ooucerning the 
cu toff resolvent of the perturbed operator can be obtaiued by using the Fredholm theory in 
the following way. Fix a >.o E C with lrn>.o <O and let Xi E C8°(R '1), j = 1, 2, xi= 1 on 
lxl '.S Po, X2 = 1 on supp)(i, X= 1 on supp)(2. For hn>. <O, we ha.ve 

and hence 

Similarly, 

Since l - x2 = (1 - x1)( l - X2), using (5.3) and (5.4) one can write 

x(69 + >.2 ) - 1x - x(~g + >.~) -'x = (>.2 - >.~ )x(~9 + >.2 )- 1 (~9 + >.~) - 1 x 

= (>.2 - >.~)x(~9 + >.2)-1x2(69 + >.~)- 1 x + (1 - x 1 + x(6 9 + >.2)-1x[ti.o.x11) 

(x(óo + ;•¡-'x - x(óo + ;¡¡-'x) (1 - x2 + [óo ,x2Jx(ó, + ;¡¡-'x) · 

Thus we get 

where 
l<(A) = (A2 - Ai )x2(ó , +A¡¡- • X 

(5.5) 

+ ([óo, x,)(óo +;'¡-•X - [óo,x,J(óo +;¡¡-'y) (1 - X2 + [óo, x2[x(ó, + ;¡) - 'x) , 

K¡(>.)=x(t:>.9 +~}- 1 -'. 
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Clcorly, K(..\} !Uld K 1(..\} are analytic functions with values in the compact opera tors in H. 
Thereforc, since K(Ao) = O, the meromorphic continuation of t he cutoff reso\vent follows 

from (5.5) o.nd the Fredho\m theorem. The property (5.2) can be easily derived (e.g. see 

Prop06ition 3.1 of [16]) from (5.1), (5.5) and (6.4) below. 

The poles of thc mcromorphic continuation of the cutoff resolvent are ca\led resonances 
nnd form a discreta set with no finite points of accumulation. In what follows we will suppose 

that the metric gis nontrnpping, i.e. the assumption (4.2) is fulfilled . We will first show 

thn.t Thoorem 4.1 imp\ies t he following 

Proposltiou 5.2 U11der tJie assumpti01i. (4.2}, the cutoff 1Y!solvent x(.ó.9 + >.2) - 1 X extwds 
011oly11oolly to{,\ E C : hn,\ :S C1, IReAI ~ C2} for sorne constants C1,C2 >O, and 

!altJ/iu m 1hu region the cst-imate 

(5.6) 

/or !ome COT11tant e >o. 

Proa/ Clearly, thc identity {5.5) extends a\so meromorphically in ,\0 . So, the desired result 

follows easily from (5.5) with Ao = Re ,\ and the following 

Lcmma 5.3 For ,\ E C , Yx E C8°(R'1) , O :S k :S 2, f.= O, l , .. , we have 

wllh conJtontJ C1,C > O independent o/,\. 

lly (5 7) whh k = l , t = 1, onc obtains , for IJm ,\J '.S l , 

llK(,\)l c1•1 S C1llm,\I (11,\x(t>, + ,1¡¡- ' xllqH¡ + ll!C>o,x1](t>, + ,1¡¡- 'xllc(H)) . (5.8) 

Thus, by (4 3), {4.11) and (5.8) onc concludcs that 

11!<(>.)llC{H) S C2llm >.i S 1/2 

is 1malyt1<: m this regiou aud satisfies (5.6) ns so does the operator K 1 (,\). o 

The mo.st 1mportant consequence of thc above proposition is the following uniform local 

f'llf'rgy est11na1es to the solutions of the wave equation. 
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Theorem 5.4 Under the assumption (4.2), for t :> l , 

llxcos (tv=A,) xllccHJ + lixa., s;n ~ x\LHJ S { g:·::· .¡',;~;·,~: (5.9) 

with some constants C,o: >O. 

Proof. We are going to take advantage of the identity (4.14). Note that by the finite speed 
of propagation of the solutions to the wave equation we have that 

(! - ry(x))<¡>Ckl(t)cos (tJ=A,) x(x), k = ! , 2, 

are identically zero for sorne function r¡ E C8°(Rn). Therefore, we have the idcutity 

S(!.)f '= :F,_, (<¡>(t)xcos (tv=A,) x ) f 

= x(t., + J.' )-'ry:F,_, ((<¡>"(•) - 2i!.<¡>'(t))cos (tJ=A,) x) f , (5.10) 

which, in view of Proposition 5.2, extends analytically to {OS lm ,\ S /3, IRe>.I !?: é}, 'tié >O, 
for sorne constant f3 > O. In view of (5.6), it is easy to see that 

Hm flS(R + iu)f flu - O 
IRl--+oo 

uniformly in a for a S (3. Therefore, one can change the contour of intcgration in the 

formula 
<p(t)xcos (t~) x f = (2•)-' L.,~_, e'"S(!.)f d!. 

= (211')- le-.Bt j 00 eit)S(,\ + i/3)/d,\ + lim (211')-1 j ei')S(,\)/d,\ 
-oo t:-o+ "l'(t:) 

'= ,-••1,(t)f + l 2(t)f, (5.11) 

where ¡(é) = {lm,\ <O, IAI = é} U {Re ,\= -é, OS lm ,\ S /3} U (Re,\= é, O$ lm,\ :!S 

/3} u {Im ,\ = {3, -é S Re ,\ Sé}. Jt follows from Proposition 5.1 that whcn n is odd, S(>.) 

is analytic at ,\=O, so in this case l2(t ) = O. When nis even, by (5.2) it is ea.sy to see that 

llh (t)fllH S CC"llfll11 . (5.12) 

To estimate the norm of / 1(t), set 

J(t)= (a;- t.,)I,(t), 

and observe that 
:F,_,J(t)f = -(L'.9 + !.9 )5(!. + i/J)f 
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• - (fa,, .,](a,+(.>.+ •nl')-'.1 + ((.>. + •Pl' - .>.'))x(a, + (.>. + •Pl'l-'• + x•) 

]',_, («p''(t) - 2i(!. +ip).,,'(t))e'•cos (tv'-6,) x) f. . 

l)y (6 6). one can ea.sily obtain, fer real >., 

wíth a constant C > O independent of >.. By Plancherel's identity and (5.13) one can ea.sily 

conclude 

1-] (1 + v=r.r' J(t)/[ dt 

$ C, 1-~ •"' ('P'(t)2 + 'P"(t)2) llcos (t.,.!=ó,) x!ll'., dt $ C2ll/lll1· (5.14) 

On the other ha.nd, by Duhamel's formula 

1,(t)f ~ [' sin((t ~) J(T)/dT, 
lo - !:l9 

t'nd hcnce, m v1cwof (5.14), 

ll/,(t)/1111 $ l (t - T) 11 ( 1 + .,.!=ó,)-> J(T)/11,, dT 

$ (J.'(t- T)2dTt (1' 11(1+ .,.!=ó,f' J(T){ dr2 

$ t'1' (f 11( 1 + .,;=K;) _, J(T)/[ dT) ,,, $ Ct'' 'll/1111· (5.15) 

Now tite first tenn in the LHS of (5.9) can be estimated by combining (5.11), (5.12) and 

(S 16). The second term is treated similarly. D 

For nonlrappmg compactly supported perturbations of !:lo we ha.ve a better free of 
rl'SOnancel rqlon. which howcvcr docs not follow anymore from Theorcm 4. l. Namely, we 

have thc fol'°'ing extension of Lemma 5.3 to more general nontrapping operators which is 

duc to Vamberg (13]. 

Theorem S.5 Under tht. assumption (4 .2), the cuto[/ resolvent x(!:l9 + >.2 ) - 1x extends 

11nul~1u:clly to p. E e : lm>. $ Nlog \>.I, IRe>.I ~ CN}, \:IN» l with a constant CN >O, 
a11d satu~ m t/n.J regson tl1e estimate 

llBix(Ag + >.~)- 1 X\l.c(t3(R"),H"(R")) $ C1!>.1- leClm.\ (5.16) 

/oro s k s 2, (=O, 1,2 •... , with .!Ome constants e,, e> o. 
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Prooj. We will derive (5. 16) from the following result (known also as generalized Huyghen' 

principie) which in turn can be deduced from the classical propagation of C00 singularilies 

{e.g. see Theorem 23.2.9 of [6]). Let R >O be such that supp x e {lxJ $ /l} . 

.. Ud 1 ( ) ~'"' - • , Propos1t1on 5.6 n er l 1e ass-urnption (.4.2), the kernel U t , x, y of tJ1e operntor \ -•. 
u C00 -smooth in (t, x,y) Jor lxl $et- R wtth sorne constante> O. 

Choose a function {E C 00(R n+l) such that <(x,t) = O in R "+1 \ {lxl $ et - R}, ((x,t ) z 1 

in {Jxl $ ct /2 - R} . Lct XJ E Ctf(R n), \'i = l on supp x , X2 = 1 on SUPPXI· Setting 

Q(t) = 101- .ó.g,X1(x)<(:z:, t)], in vicw of Duhamel's formula wc have 

sin (t.j='K;) sin (t.J=K;) [1 sin ((t -T).J=K;} sin (T~ 
\1 ( Fe;; x= Fe;; x+ }, Fe;; Q(r) Fe;; \d' 

Taking the F'ourier-Laplnce trnnsform of this ideutity, we get , for 1111 A < O, 

Taking into nccount thnt x = 1 on supp(.ó.9 - .ó.0), one can ensily obtaiu from lhis idc1111ty 

the following one 

(5.17) 

where 

/C(,\) = (<'.>., - Ao)(Ao + ,1>¡-1 x2F,_, ( Q(t)sin ~ x), 

A:1(-1) = -F,_, ( x(sin ~ x)-x(Ao + >.2)-'x2F1-> ( Q(t)5¡" ~ <) 
ince \'.( and Q(t) nrc identical\y zero far t ~ T for sorne constant T > O, thc open.ton 

A:(A) and X:1 (A) cxtcud to cntire functions in Á. ~foreover, by Proposition 5.6 Y.'C hM't 

Q(t)U(t, x,y) E Ctf with respect to (t, x,y). Therefore, for every intcgers N > 1, l ~ O, 

11>.N F,_, ( Q(t¡'in ~ x) 11 = llF,_, (o{'Q(t)sin ~ x) 11 $ CN•T'•', 

(51 ) 

llaiF,_, (x(sin~x) ll = llF,_, (t'x(sin~ x) ll se,,"•', (519) 

where Jl·ll denotes thc nonu in C(H ). Now (5. 16) with k = O follows easily from (5.17)-(S 19) 
combined with (5.7). The bound (5.16) with k = 2 follows ftom (5.16) with k = O and thf' 

íacl that .0.9 is clliptic. So, by an interpolation argument, (5. 16) fol lows far cvcry O :S: k :S: 2 
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6 Uniform Limiting Absorption Principie and Decay of 
the Local Energy for General Long-Range Rieman
nian Metrics on RN 

Tlnoughout this section t he space R 11 , n ;::: 2, will be equipped wit h a C 00-smooth R ieman

nhu1 mctric g sat1sfy111g ('1.1 ), but wc wi\l no Jonger suppose that (4.2) is fulfilled . Of course, 

thc results desribed in Scctions 4 and 5 do not ho\d nnymore. Nevetheless, there a re weaker 

a1111.logues oí thcse result.s iu this general setting and that is what we a re going to discuss in 

the ¡uesent sect ion. Givcn nn a :::;.. 1, choosc a function 'In E C00 (R " ) such that 11u(x) = O 

for l.rl S a, 11.(z) = 1 for !xi 2: <1 + l. 

Thcorcm 6.1 Ur1der tJ1e assumption (4.1), for Vs > 1/ 2, ..\ ;::: Ao the fim it 

eruf.t a11d .tah.t/iu the u timates 

li(x)- • !.(t., + >.'± iO)- ' (x)-'liccH! $ c,c», 

ll•o(x)(x)-• >.(t., + >.'± iW1(x)-'""(xlllcc11l :s e, 
wlfh 1amt CORlfanU e, Ci, ..\o, a > o independent of ..\ . 

(6. 1) 

(6.2) 

Clcnrly, in th15 more general situation the estimate (4.5) is no longer true. lnstead, we havc 

thc rollowmg analogue 

Prop011itlon 6.2 U t u E H2(R11). Under the assumption (4.1), for R » p0 an d for 

O< e S l. ). ~ >.o, the folfowi.ng estimate holds 

e-c,Alull111(nn) + llull1fl (8n.o\Bn) :5 Cec~-'ll(Ag + A2 - 1t )u11 Ll(Bn) 

+CA- 111(.ó., + ..\2 - iE)ull Ll(Bn-u\Bn) + C llu!l11 1(BR-u\ Bn+tl• (6.3) 

with •orne constanLs c1,QJ,C,..\o > O independent o/..\, E and u. 

This estimate 15 pro"ed in l3J by using the Carleman inequalities in Bn. T heorem 6.1 follows 

from combmmg the cstimatcs (4.6) and (6.3) in a way similar to that one carried out in 
Sect1on 4 At '°"'" frequcncy wc have the following 

Propoeition 6.3 Under the assum¡1tio1' (4 -1), for o <>. :5 Ao, s > l / 2, we llave 

l(z)-• .1(6 1 + .1' ± ;o¡- 1 (x)- 'lkcH) + ll(x)-'8, ,(6, + >.' ± ;o)- 1(x)- 'llcc11) 

+H(x)-•¡=t;;(t., + >.' ± i0)- 1(x)-'llccH) 5 Const. (6.4) 
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ote that to prove (6.4) one can proceed a.s in the proof of Theorem 4. 1 usiug ínstcacl 
of (4.5) the Cnrlemnn inequnlities (for example, (6.3)) which hold at low frequency as well , 
together with a low frequency unalogue of ( 4.6). 

Using (6.2), in the same way a.sin Section 4 one can prove thc following 

Cor o ll a ry 6.4 Under the assum.ption (4. 1), V/ E L2(R " ), 't:/s > 1/ 2 the follounng incquol· 

ities hold: 

(6.5) 

r 11",,(x)(x)-'D,, ,;n (t~ (x)-'•o (x)/11' dt 5 Cll/llhn·J• 
-oo V - ,,_.g t.~ ( R~ ¡ 

(6.6) 

with a constant e > o independent of f' 

In what follows we will assume that g = g0 outside a bounded doma.in. The fo\lowing 

proposition is an ensy consequence of the estimates (6.1) and (5.8) 1.md can be considercd 

as an analogue of t he results in Section 5 In this general setting. 

Proposition 6.5 The cutoff resolvent x( D.9 + >. 2 )- 1 X extenc.ú; analytically to {>. E C : 

lm >. $ C2 exp( - Ci1>.I), ±Re>.> O}, where C1 > O is the con.stant in (6.1 ), C2 > O, and 

satisfies in thi!> regí011 the estímate 

(6.7) 

for sorn e constant C > O. 

We wil\ derive from this proposition the following 

Theorem 6.6 Fo1· m ~ O, t » 1, we have 

llx (! - A,)-"'1' cos (tFl',) xllqu¡ 5 Cm(logt) - "', (6.8) 

llx(l - 69) - "'12 sin (t~) xll .c(H} 5 Cm(logt) - "' , (6.9) 

unth a constant C.,. > O. 

Proof. Let A » 1 nnd Jet 1/JA(a) = 1 fer q 5 A , 'PA(a) = O for a > A . By thc spcclr&.I 

theorem wc have 
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x( l - ó.9 ) - "'12 tbA (~) cos (t~) x 

• (2ir1)-1 fo" (1 + .\2)-" ' ' 2 cos(t..\)x ((ó.9 + ..\2 + i0)- 1 - (6 9 + ..\2 - i0)- 1) x2..\d..\ 

(6.11) 

In vlcw of Propos1uo11 6.5 and the Cauchy theorem one can write 

= (21ti)- l 1 (1 + ,\2) - mf2e• i>.x( ó.y + ,\2 ,- 1 x ..\d,\ 

'• 
+{2u)-l 1 (1 + ,\2, - m/ 2e11>.x (ó.9 + ,\2)- l x ..\d). 

l1n,\ ,,.6,6<Ro>. < A 

t(2,.¡· • J. (l + ; 2¡-"'i'e'" x(t>, + ; '¡ - •x¡,d¡, •= E, (t ) + E,(t ) + E, (t) , 
O<lll>Ád-~,\•A. 

whrrc O < ó ... O (e -C1A) is such that x(ó.9+ ..\2-i0)- 1x extends analytically to O < lm ,\ S 

6, 1md f 4 • {lm>.=O, O$ Re>. S ó} U {RcA=ó, O S lm ,\ S ó} . In view of (6.7), one has 

llEd• lll<c• l $ C6, UE,(t )ll c¡ H) $ CAeC,A- 6', llE2(t )llc¡H) $ c c 'ec, A. (6 .12) 

T>ke A . (2c,¡-• log l so thnt 6 = O(t• 1l2 ) . By (6.12) , 

ll E(t)llcc111 $ Cc ' /2. (6 .13) 

Clrr.rly, the other letms in thc sum in (6.11} can be treated similarly. This together with 

(6 10) lmply (6 ). The estimate (6.9) is treated similarly. 
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