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\BSTH .-\(1· The purpose of tli is note is to prcsent 11 new ··real 11·orld'' npph

rntmn oí Hoom ::.quare:; . Alrnost 110 thcory is prcscut ed 1111{! :;omt> will nott' tlmt 
1111r tn•11tme111 1~ rnthC'r 1miv('. !11 parti cular 1101 cven t he idea of ::.tarters. which 

would mak1· tlw prl'Sentntiou more élcgant , is explici t ly defined. \\'e choose th is 

1rn1- to hold the 01tl'11t io11 und arousc t hc curiosit y of thosc who ne.ver hcurd 

uf tl11' cumlmuu orial structure. A11 iutcresting tbeory. howcwr, arises from thc 

p101Jli•m 111 lhi, a.rt1clC'. Tliis will be deve!oped elsewhere. 

lnt roduct ion 

'i11ppo"· "''' h,1\t· 1 touml-rohin tournamC'ut among 211 + 1 individual compl't itors. (Round

tnlu11 t111·.u1" th ... 1 .1m· two corn¡wtit ors play preciselr once) . Each ganu.• iuvolves tlw 1wo 
w111¡w111n1" 1n)(! au t·xtra perso11, wliid1 is 11Jso o com petitor. to he thC' refcH.·e uml / or to 

1w1!n1111 lm<>k•"l'Jlmi.: Í111Kt1011:.- rclati vf' to tlw gaui t'. The tournamcnl i:-. <l1\·idf'd into 211 + 1 

111w11/, uf 11 g.lmt-; ~·ach Eacb round is subdivided in to u 11umbt•r oí plia-!>C s. Thc ga mes of n 

pl111'• ni•· to l-w p lint~I HI lh<' sn 111c tilll<'. The rc:.-trictio11 thnt the 1efl'r('(> 1:-. also o co1111wtit o1 

1111pl1t·" rliat 11 .. 11111111>1·1 of plm.ses is 11\ lcns t t11·0 for t·ach 1ou11d. hecnu"c n pcrsou ('111 mot 
ploll 11111!1· r1h11'f'l1J¡,:, Tlil' gn\\l('h of ¡\ ph n.<;(' or !\ 1011 ml 111 l' played MlllHltnllCOllSly i!I ¡\ 

h\,.,¡ 1111111lwr .. ~ •hff.-11·111 .. ho<1rds" Thc cond111om. oí a board are suppo-.ed to bt• s lig lit l~· 
1J11fo·11·111 ÍJi11, \\1· 1111'1' the firs t n •quirCllLl'lll : 
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(rql ) Each competitor plays the same number of times in each board. 

The condition about an interna] referee, which motivated the present scheduling prob

lem, is a natural one for amateur tournaments. In these tournaments it is not desirable 

to pay for externa] referees. Being a referee is consldered a boring task (the price 10 

pay for participation), hence we lrnve the next two requirements· 

(rq2) Each compet.itor is referee at most once for round . l f he is referee iu a round he plays 

in another phase of that round. 

(rq3) Each competitor is the referee of precisely 11 games. 

The last requirement. (which we imposed after solving the problem) for certa111 111..,1i. 

a part icularly p!easing one: 

(rq4 ) Given auy ordered pair of competitors (p,q), there exists preciscly one game i11 which 

pis the referee of a game involving q. 

2 Room Squares: A way to Schedule the Games 

A Room square of arder 2n, is an arrnngemc11t of t he 11 (211 - 1) dist,iuct pairs of 211 objl"C"t.~ 

iu a sq uarc arrny of side 2n - 1, such that each cell of the squarc is either empty or cou111i11~ 

onc pair and each of the 2n objects appears exactly once in each row and colurnu . 

Tbe symbol set for the objects Is { 1, 2.. . , 211 - l. oo}, and we pernrnt e rows nnd colu11111s 

of the square anuy such as to position t.he pair {oo. i} in cell (i . i). A Room squnre is cntled 

cyd1c if {p. q} iu cell ('i,j) implics {p + 1, q + 1} in cell (i + 1,j + 1) where addition is mo<l 

211 - t ami oo +u= oo for nrbitrary integer n. 

\\'e show that. t.hc exist.ence of a cyclic Room square of arder 211 + 2 implics n solu1io11 

for rhe sched ule problern whic/1 satisfi cs (rql )· · ·(rq,1). lnitinl!y we givc an cx11111 ple of 11 

:,;o] utiou for U1c spl<ci fic case tl111t origíuat.ed t!ie question iu 1975. We wcrc playi ng 11 ~pec111I 

kind of gnrnc ca llcd "fut ebol de mesa'' oz- !oosely translatiug "1ablc soccer·· For tliis g111 11r 11 

referee and bookceper is l1ighly desirable. Also the boards are dist i11g1tishnblc si ncc 1 J1cy offt'r 

differcul conditious of ill11111iaatio11 smooth ness. etc. Heuce, the need for {rql), (rq2). (rq3) 

Conditiou (rq4) w11:; highly welcome nfter thc soluH011 usi11g Room sqm1rcs was obtniued 

Thcrc wrn· 13 peoplc n11d 3 boards availuble. Ju Table l. hclow we prcsent the schc>duling: 
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" KD PI L C M B e 11 E ,I 
A 1 , ,, 

'" IJ 'º lo ,.. 
"' L I~ GJ "o AC 111 

1 o B 1 , ,, 2iJ I P 'º IJ GL "' MF H K AE BD 

'º 1 o e 1 , ,, 'ª I P 
e,. . 11 M " A G 1 L B F 

1 " 'º D 1 , ,, 'ª Uf .. IA l'<'Í B H JM CG 
liJ 'º E 1 , ,, 2p 

D 11 EG LM J B "' C I KA 
2# l p 2 o 1 o F 1, " . " F JI MA KC rnr DJ 

" '" l iJ 'º 1 o e 1, ,,, F e l A B LO "' E 1\ ,, ,. 
1 " 'º lo H 1 , 

A D e; K 11. De ME "' FL ,, 
'" 1 p l o 1 1 , 

"" BE JI L I K CD AF "' 1, ,, 
'" IP ' º 1 o J ,,. C F IM .1 L DE BG 1ef 

1, " '" I J 2l\ K 

1" DG .1 A l\M EF C ll "' I• " 2 J I J 'º 1 o L 
.IC EH 1\ B LA FG DI "' 1, " 2" IJ 'º 1 o M 

off Lhc· umm dmgonal. cach ccll of t hc o.hove a rrny is either empty or contains four eutries: 

1wornp1tallal111lettcrs111 {A.B, ... ,M} . u number 1 o r 2. and agreek lettera.O, or 7. Th(' 

lfllm lt'ltt'n; mcau t ht' com peti tors: tlie 11umbcrs represen! thc phase oí a roum! , whicl1 is 

rt'IHt'SCn!cd by thr rohunns; thc grcck lettcrs rcp resent the boards. O bSt>n"e tha t. restrict.iug· 

Ou!'1.rlvrs to thc hu111 lt'ttcrs m1d rcp laciitg the e nt ries "ref" by" ·· we obtain a c,\'cl ic H.00111 

i.qunn' of sidr 13 This Room squl\!'c was obtai ned from !St-. lj. The referees flrC rcprescnted 

IJy rl1 r rows. Ah two instances of complete assignmcuts we have: J plays A iu thc 2ml. 

PhNi<' of round 7, tlic reforce is L, nnd the Uonrd is {J. C plays / in the lst. phase of rou r1d 
10, rh1• 1l'Í1'r('(' ¡, F, nud tlll' bonrd is 7. 

Not1· thnt lhl· -.t.'I of 11011-crnpt ,v rntries of n cyclic Hoom squarc can be parti! iourd i11 to 
11 + 1 (ryrlir) d1~011als one of which is thc maitt diagonal and plays no 11nportm1t role he t·r 

n11u•r thnn i11clM1:mi;t E1u:h othcr diugonnl is labeled by n pnir co11s1sting of a phnse 1md n 

honnl 111 lhr ra.."'· of Table ¡ wc hnvc d io.gouals: lu . !J. 1')'. 2o. 2J . 21 Obscrw thnt 
11 hoaril 1 .. nt•wr 1ddlt' o. iu gcncrnl for cycl ic Room sqtmrcs. wc wnn1 ro ha\'C /\ p11ir 

(plin ... t\ lmnrd)= (p.b) associntcd with onc diagonal. Siucr ench diagonal hnw el\ch clc111t•11! 

nppi•nrin~ lWIC\' {onr ns first cl('u1cut. ouc ns sccond) rcquircmcnt (rql ) is 1.mt o111 aticnlly 

~11 !i ~ fü ·d m n11 rwu .. tronger for m : ¡•nch compctitor plAys twi cc m n gin•11 board u.ud plm.:-r. 

111 Nllnr loum1unrnts it ruight l>c useful to cousidcr two "sidc:." for !l1r boards: fo r 
111"tn1in·. wl111t· no•I hlark in d1c:;....;. [u th is cnsc for c11rh pnir (11.b) t'nch eomp<'t i!o1 plnys 
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once in each side . 

Condition (rq2) is clea.rly met by t he solutions given by Room squares, bocausc the 

person which does not play in a round does not have to be a referee either in that round 

Cond ition (rq3) is trivial from the properties of Room squares, because there are n off 

diagonal non-empty cells in a giveu row. Condition (rq,1) is a lso clear, because cach c\cmcnt 

other than i appears once in row i of a Room square. 

3 Schedule for Internally - R eferee Tournaments 

In this section we define an irt-schedule (which is merely a new name of the cla.ss of struc t un~ 

that give a solution for the original scheduling problem) and show that no more than thrce 
phases by round are sufficient to schedule a round . An irl-scl1edule is a cyclic Room i.quare 

wí t h an ordered pair of la.beis from disjoint sets P all(I 8 attached to each off main diagonal 

cutry satisfying tlic fo\lowing conditions: 

(irtl ) Two dist.inct entries not in the main diagonal havc thc samc pairs of lo beis if anti 

if they a re in the same (cyclic) diagonal. 

(irt2) lf XY is an entry which has label (p.b) and is iu row Z. theu thc cn1ry UZ (or 
ZU ) in thc same col uum as XY has first compone:nt of it s ]abe] distinct from p. 

Couditiou (irt2) is necessary to impose, otherwise Z would be a reforce in phase ,,, but 

also supposed to pla.v at t.hc sume time, which is not permittcd . 

Coudition (irtl) is uatural to imposc because to determine how mauy plu~cs nnd board:. 

we need is sufficieut to examine one colunm (round ). 

\Ve show that giveu a cyclic Room square we can attach labels from sets P, B with 

IPI = 2 or 3 to have an irt-schedule. To t his end we define the ¡>osit1011 d19m¡>h G of a 

cyclk lloo111 :-;; qw11·1• fl . Cousi<lcr auy column 1· of R. Tl1c vcrticcs of G nre clcmenrB of 1hr 

fo rm ( {.r.y },r) wlicrc :i: y is 1m eutry in row r, colunm e, wilh e ':f: r . Wc hove dart ft om 

({.r 1 .y1 } . c1 ) t.o ( {:1"2 ,_112},c2 ) if c1 E (.c2 , y2 } . Tlus completes thc dcfi11itio 11 of C. Obsrm.' 

rhat s i11ce R is cycli c C is nlistrnct ly the same digraph indepcndcut.ly of thc column u!;Cd 

Note also thal t lic rniuimur u 11u111bcr of plmscs rcc¡uircJ i:. precbely t he ru i11 inn1111 ruimbl·r 

of color:. i11 w/J ich wc can ¡miut the verticcs of C sucb that adj nc<'ut vcrt iccs havc dífforrnt 

colon- (chromnt ic 11111nbcr, ,\(G ), of G): just lel thc vertices of tl1c somc color bt• gnmt·~ 10 

be playf'<l in th<' sn111c plmsc. 

Our prolilc111 is 1l1r11 ro esrabl ish tlmt rlu· chrmnnlit" 1m111l}('1" of 11 po~1 1 1m1 d tRrnph ofu 

l·vchc Roo111 :.qmm· i~ t.wo or !hri't'. Actua l!\" 1lu- d 11 t'C't 1011 of tl l(' 1•dµ;1•:. m (; i ~ irn•lr,;1111 

for 1h1• 1kfi11111011 of d1ro11mt i<" 11uml1t'1. 11111 IL" 1q• :.1~· . fn11druui•111 ni fo1 tl1 f' proof T lw 1111h 
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propt"rty of G thl\t we use is the fol\owing: the numbcr of dnrts going away from (outvalcncy 

of) rnch vcrtcx is one. This propcrty follows from t hc foct that each c lement nppenrs once 

111 " column of n Room squnrc. 

Thc foct thnt 1hc outvnleucy of cach vertex of G is e<¡ual t o one implies: (a ) Ea.ch 

rnmponcnl of e co111nins D dirccted circuits. (b) No componcnt of e contaiu two circuits. 

Frorn (n) nnd (b) wc obtain that ench componen! of G is t ree plu:. onc chord. lf for 

i·wry co111ponc111 1hc number of edges in its only c ircuit is cvcn. theu \ (G ) = 2, o i hcrwise 

\ ((;) = 3 This concludcs thc proof. 

To get thc boo.rds l\SSigned is convcnic11t t.hat thc sets of vert ic(>S of G with thc snme 

rulnr lw npprox1111Rtcly of thc samc cardiuulity. This is i;o t.o uvoid idlc boards. lf they ure 

nll oí tlll' snme cAtdi11ality. ns iu t hc case of Tnble 1, thcn t hcre are nc n ?r idle bonrds, tha t 

1~- 11 os IPI x IB 1 Thc more iut.ercstiug case is when IP I = 2. lf that i!> so. ami morcovcr 

l)U'TI' l'Xl~ls 1\ bioolormg OÍ G SllCh l.hnt the two classcs in the bipnnitiOll hnvc thc SUlllC' 

r1udmul1I\'. tht u w<' call thc u·t-scbedulc n pe1fed sclu~,Jule. Of cour...e. " ha.." t o be C\"t't1 m 

1111, fl\.'1 ' 

Some mal! Perfect Schedules 

Tlll' r vch<' Hoom ..qua.r~ of \SI\.!) produce pcrfect schedulcs for 9. 13. 17,21. Thc uext cu.<:c . 

lloom s<¡unrc o( s1dt' 25. fnils beco.use the position d igrnphs ba.sed iu a cohm111 ami in 1.1 row 

of 1hl:4 &qunrc llrt' uon-bipnrtitc. \Ve cnu obt.ain a solutiou for 25 bnscd on a ·'strong starter" 

for z, x Z!i ob1a111cd from GF(25) , see [MN]. This schedule does 1101 ha,·e n cyclid structurc 

nnd i!'I 1101 cous1dered herc. Below wc prcseut thc first row a mi last column of Room squarcs 

whkh 1noduc(' pcrfect schcdules for 9, 13,17,2 1 participa nt.s. The trlples are the two entrics 

n11d thclr column pos1t1on (row position) in the firs t row (last columu) 

Sldc o 

/iNt row laM. cofomn 
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Observe tha. t t hc position digra.phs ha.sed in the row or in the coluum give n perfctl 

schedul(' 

Sid e 13 

jif·sf 1"0W fusl co l11m11 

T hC' ubow Roorn square is the same given in Table l. Only thc po.s1tio11 digrnph b1L~t'< l 

iu 1 h<" column gives a perfec t schedule. 

S id e 17 

j11 ·s / m 111 
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T hl' snme rommcnt rclntivc to s ide 13 is applicable here. 

Sido 2 1 

farst mw last colu in11 

In tln-. r ¡,.(' oul~· t lw posi t iou digraph bascd iu thc row produces a perfcc t scbcd ulc. 

Thnt•for1· our oonvl'mion regardi11g rouuds a11d reforces (eolumm. ancl rows) must be inler

d 1m1gt•d 

5 Conclusion 

In virw oí thr known frecdom to produce Hoom squares of a gh·en order wc coujecture that 

thrn• nr(' ¡>erfoct i.chcdu lcs for cvcry intcger of thc fonn -1 k + l. k > 1 

No1t• tlml ...ame of t he positiou digrnplis above are d in.-c tecl polygom,. A 1norc s t ron !!. 

qu1..,no11 wluch An-.c!- nnturally is lhc following: Are thcre for c' 'cry odd int cgcr 211 + l . 11 > 2 

u nr li r Room ...quarc such thnt t.he posit ion digraphs bo.scd in its row ami i11 its cohm111s 

1111• hoth 1h rC"C'lf'd polygous wi th 11 vcrticcs? An affirmnt ive nnswcr for this qucst iou is also 

11 pos11 1w IU\:>W~: r fo r tite co11jcct.urc. Pcrhaps this subclru.s of cydic Room squarcs migh1 lll' 
1·n.~ 11 • 1 to de-al w11h Au nlgd .irnir structurc for t lie d a .. '8. if discovcred. could be very elega11t . 

i\ hr-. t '"'P loward~ ~uch n theory is the fo llowi11g re!>ult fro m which wt> omit thc proof. 

T heorcm 5. 1 l<t ¡1 be a11 vrld 1H"l1He . lf p" = ·lk + 1. p" 1.s 11111 a Fcrnw t ¡w1111 c ami 

11" 1 +- 1 1.• 1111' a ¡iuu•t ,- o/ !! /J11• tlwn· 1•J.·1sls 11 (rw t u/uiays cycl1c) Uoom ~· qur11-e of s1 .w ¡/'. 

u·lw.<11 / !O •diu11 d1gmpl1 1s ti m /fr("/Hm rif i 11u1 polyyoiu. 
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A proof oí this t.heorem invo\ves nu strcngthening oí the main result. of [MNJ, and will 

appear elsewhere. T hc smallest prime power far which we do not know at presenta perfec:t 

schedule is 49. Since 72- 1 + l is a power of 2 , the above theorem cnnnot be o.pplicd . 
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