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lntrod uction 

1'h1• co111.:cpt of a matroid is so not.urnl t hat. it is only to be expected thnt rnnny bnrnches of 
11mthomo.tics l1a\-C significniu rnnnectlions witl1 this theor)'. The intcrplay bctween rnntroid 

!hl'Ory nnd graph thcory hno lccl to cxciting devclopmeuts in both fields (see [41 , 42]); 

Ukrwl8c, motroid thoory hns b1·11cfi totl from nnd cont r ibutcd to linear a lg<'bra. opt.imiznt.ion, 

nrrnnsmucnlll oí h\'\)Crplnn<>~, knot tthcory, coding rhcory, rigidity theory. and nHlny more 
brnnalu.'!I or lllnlhematics and its ffolds of npplicution. 

Corrcspondmgly. a wicl<> vuriot.y of points of view can be used to mo1irn1.c 111nt.roicl 1.he
on •, Th1 ¡1crii>pttti\'t' wc u1kc in llhis iutroduct iou is inntroid thcory as n logicul ext.em;iou 

oí 11íli1ll' 1u1d projective gcomctry. To se! thc stnge for thc geometric app1onch t.o matroid 

thcory, Sl'Ct\On 2 outlincs so111c elcmcntnry, nlthough perhnps 1 fomilinr. aspcct.s of geom

otry, with n partK"ular cmplmsis 011 finite gcomctrics. Thc i11trodnct1on to innkoid t.hcory 
111 tJIJl'T Lctcm.:- in Sect 10 11 J 

'l'hb llfll(W d~ 1101 o.i111 to pt·ovklc n compreheusive survey of t lns divcrse 1md rnpidly 
1·-~1mnclh1g fidd Ra1her, nftl'I showiug how unuroid thcory is n natmo.1 outgrow~h of gcom

t•!ry. Wl' prNm a mllll m11nbr1 of rcsults nnd opcu problcms i11 o. fcw of thc 1110.uy fucets of 

tlii· lll'lcl thnl ~ 11opi.>, co11vt·\• 10 t1hc render 1hc f11wor of thc ~ubje<:l 1md !iiut 111 its powcr. 

\\ h!li', 111n11\ of 1he results nud prohlcms wc discuss rcflcct 1 he currcnt rescnrch i11tcrcsts of 

!lw nnihor. 11 ~ hoJlf'(l thnt thc· t·cudcr is i11clucccl lo explore tl1c full nclmcss of ~li is ficld : 
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toward this end. thc concluding section and t.hc generous list of rcferenccs suggcst lhf' l"'ll 

brendt h of t he fie!d and mdude mnny possible entry po111ts for readers who scck more deptb 

2 Geometry 

While affi ne geometry luL'\ been studied , in vary ing degroos of gencrnhty, for thousamb « 
yeRrs, and project.ive gcot netry grew out. o f investignt ions into perspcctivc durm¡t 1hr Rt 
naissnnce. chiefly by Cirnrd Desargucs (1591- 1661 ). the study of finit c nffinc nnd ¡noj('Ctn 

geomet.ries lnrg~ ly begnn in Lhe I930's nnd 19110's with thc work of such muthC'nH\ltt'L&n• 

as ~farshall Hnll , Jr. , ll ichu rd H. Bruck, and Herbert Ryser. Wc fo cus ou ba.sic ru.¡)(_'('\' ol 

affine and projcctivc !!,COnu.iliries; this part of thc ar11clc is not mennt ns 1H1 in t. roduc11on to 

currc11t reseurch iu finitP affine a.nd projective geometry, which cout.i nue:. t.o lit.t n :.uhjt"l'l rl 
intcnsf' research nct.ivi ty. 

At its niost fu11da111en tal lcvel. geometry is conccrned w1th such sim ple 11011om ll.'I JKJIZlt• 

lincs. planes. aud Lhcir hii;hcr-dimensional counterparb. \\le ca.u cousidcr such con«1J1' l"\ 

if we do not hnw~ n uoti on of distnnce (which would be mnde precise by 11 rnctnc). TI1• 

i:. exactly wliut we consicl ..: r: nonmetric geomeiry. Thus, wc do not. have ungles, r.ur\'ntulf 

or eve11 the notion of "betwccu'' Al first it may seem thut such u miniumlistic \'{'nilon al 
geomclry wo1tld be too l1111itcd to be in terestiug, bu1 t h1s is for from thc cn:.e. 

2.1 Affine geometries 

\\'e start wi1,h affi11 e gen1111•try, which abstracts the f:unilmr propcrt i s of Rn 

D efin ition 2.1. ;In nff1nc gco111et11• 1s a "'et S o/ poiuts and two collecllon.s of ~ub1e f~ o/ 

S, lhe sc1 oj liucs a1H/ tht set of planes, subJed to these axtorns: 

(Al) rndi ¡mil · A, H uf dut111ct poml.f is contomed rn a ut11que /111e, wlnch rJ drnowl 

l (A,D), 

{A2} cach tnplc o/ 111mcol/1ruu1r porn t"' • .., conl.om.ed m o 11111qu e ¡¡la11e, 

(A.'1) 1f P IS u pumt mit in a lrne t.. tJ1 cn U.ere u a umqtw Imc ( ' w1th P m r· nuJ f 

pumllcl tu e· (¡mm/ fo / /mes cm~ cuplana r ond d1.s1um t), 

( A.4) Ow 1-e fotwu '']111mllel or equol1' u 011 equwalcnce rd atum , and 

{A S) n1rl1 /m1• lw .~· 111 lens t twu ¡>umt.s . 

• \ x1orn (1\.1) 1s rli r p11rnllpl ¡>0s t11late. Note that t hc rcíl.·xiv1• 11111] svu unrtt1r ¡i1opr1 t~ 

nn1 011111t1r n ll v liohl for !he rt> lnt1011 m n.'CiOm (A·I); chu s. tlw ouh· ii;s tll' i:- th l' 11nn~l l 1\t 

prOJ>f'll y . Axio111 (1\ !'1) rx4·lmlc:- tCI l o 11 1 degmu,>_ra1c CA"" 
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Thl.' imcrpn.•1•11011 oí thesc axioms in IR " is fomili a.r: poims are n-1uples in !R" , lines 

lltl' 1tllinr llnt'!!' 111 R" (i e .. \i 11es tlmt 11eed not go through t.he origin}. and planes a re affiue 
¡il1tm"" m R" (1<' . planes 1hot nccd uot go through thc origi n). H is useful to t hink of these 

frtim n idltthtlr mort' Rlgcbrntc perspcctive: points are t ra.nslat ions (or coset.s) of t.hc zero 
i uht1IW.Ci'. h11N< are 1hc trnnslnt ions of the l-dimensionnl (li near) subspaces, and planes nre 

tlw trnu~lnt1on .... oí lht' 2-dimcnsionnl (linear) subspnccs. 

To gt't mor(" l'XRmp]et; oí aíllue gcometr ies, we could replace R by the elements of 

1111y d~v1~ 1011 nn~ F (n struct urc thnt sntisfi es nll the nxioms of n field except per hnps tlie 

('(lmm11t1111w ln11. oí mult1plicn1io11 ). All bns ic result s of liuenr nlgebra (in particular, ull 

thmu•m~ nhout d11nt'11~io11 nnd subspnces) are vnlid fo r wctor spnccs ovrr arbi1rnry d ivision 

tlll)PI Tht• CA. ... ' of mCJ:;I iutcrest for us is 1.hnt iu wh ich F is n fimte field, t he Gn lois fi cld 

C:F(1¡) for 1'0111t· pmne power 'I · lf q is prime, this ficld is Z,1. the integers O. l. ... . tJ - 1 with 

11uthuwt1c mocluto q 

Thu"l.11'1 f' l>t· n div1sio11 ri up,. Le! AG( 11 , F ) bt• the nffine gcometn· with !he fo ll owiug 

llf11111~ hrn·., an•l 1,lanC"- llil' po111t s 11n· !hL· 11- t uple.~ of F" 1. rllf> 1rauslntious of !he 

11·tn "! Uh~p,u:•· oí F" the 11110.- Ar(' ihe Lrur1s lnt io11s of tlw l -d1 1nenc;101ml su bspnces of /•'". 
111111 !ht• ph1m ... llH' llw trnnsllu io11s of t.li l' 2-cliiacnsiouul sub:.paCt' .. of F" . or í'OUl'SC. ,.~ .. 

rould hl' rt•plared by auy 11-dimcnsionul vector spncc over F . Ver1fyiug a.'<io111s (A 1)- (A5) is 

Mrn1Jtl1tforwntd for 111~1n11cc. thc 1111i<¡ue li11e t lm1 co11tui 11s vc:ctors .4 nnd 8 is {A+tr(A-/3) 1 

11 E f.') . thr traiula11011of1 he l·d imeusiom1l subspnce {o(A - 8 ) 1 o E F} by A. 

Con~tder AC ('2 3). lhc nffi nc plnnc ovcr GF(3), the field oí three elements (i.e., {O , l , 2} 

untlt·r nrltlum:tw: modulo 3). (The notnt,iou AG (11, CF(q)) is shortened to AG(11, q).) Thcre 

""'"'" '"""'' (0.0). ( l. O), (2. O), (O, 1 ), ( 1, 1 ), (2. 1 ). (O, 2) , ( l. 2). and (2, 2). Note Lhal. 
((0. O). (0. 1 ), (O. 2)} i!<o I' subs¡mce: it.s trnuslf\t ions are { ( 1. O). ( 1. 1). ( l. 2)} a nd { (2, O). (2, 1 ), 
(:!.2)) Nott- lluu 1he* thrt'<' lincs m·<· purnllC'l. Ju !h is mnnucr. Wl' get thrce other equi vn
lrur1• (']11.. .... ~1"'! of pua.lkol lmcs. 

111111 

l(0.0).(1.0) (2.0)) ami ;,, cos .. ts ( (0. 1),(1, 1).(2, 1)) nnd ((0.2),( 1.2),(2,2) ) , 

((0,0).(2 1 ,( 1.2)) ami hs coscts {(1,0),(0, 1).(2.2)) nnd ((2.0).(1.1).(0.2)), 

((0.0).(1.1),(2.2)) ami;., cosets ((1,0). (2. 1).(0.2)) and {(2.0).(0.1),( 1,2)1. 
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These sets a.re shown in Figure l. Together these gh"t the pomt.s ancl lines of AC(2,3).., 
shown in Figure 2. ,,. • . ,, 

j • .,, 
21 " , .. • .,, • .,, 
11 11 

ooe • •02 • .. , 
º' º' ,.. 
21 

.,, ,.. • 21 
22 

, .. • " IO • e 12 
11 11 

00 • º' 
.. , • º' 

.. , 
Figure 1: Thc four ínrnilics of pa.rnllel lincs in AC(2. 3). Subspnccs nrc dcp1ctOO w11h hrn~ 

lines: 1hc cosets 6rc dot.tcd . 

Tlu,• nffiue p.C'Outt•f,r y J\C (r. ,t/) hAS q'1 ¡>01111.li SHIC\' 1)11., IS thc llUlllbcr OÍ 11 IUplt . 

111<' q-elcmc111 fll-td C F(<¡). Tlll'rC nrc <¡ J>Ollll!- 011 ench hn<' of AG(u.q) MllC't' tlll' 11111-i. aJr 

thc 1ra11slnt10 11s ( u t ou 1 o E GF(q)} of thc l-d1111(·11!>1011al .. uL>~pnc('<, {ou o Grfq1) 

l.1k,·wL-.t' 1hC'r<' 1111· 11" poml1<1 111 cnch plnnc of AC(r1,qi "lllC't' 1hc plnue .. rm• tl11• 1rnu~IA1inr 

{1·-' nu + .Jw 1<•.1t C GF(11) ) of 1hc 2-d1111r1131011al .,,,,¡,..Jmet"" {011 + .fu 11 . .1 < Gi· (qll 

Th1• 1•'1n111pl1·., of 1111i11C' ¡;1'01111•1r11.., thnt .,.,T lill\1 ..,.,..u "'1 fot 'UAA'"'' lm . ...ir ~11ut1ur11 

Í1·,\l11u-.. of 11fli11t• 141'1>111~·! 111·~ lu ¡>.1r1 1r11lnr 1h1·n· """ lt111 .. 11011 l ... l\~n·11 1lw poml., 011 A111 

tv.u 11111~ o f 1111 1111i1w ¡.:,1'01111•11\'. n11d IH' IW('l'll tlw I'" 1.h 111 .1m 1\\11 plmw .. Thi prc.wif~ uf 
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ll11.'111' 11tñt menu are cnsy cxcrciscs. 

lí Rll lhu:-s in an offi11c ¡;eomctry uru fin ite und have exactly q points, we say t.hnt q is 

tlw vnlr1· oí the affinc gcoinct ry. T hus. AG(n, q) has ordcr q. 

Wo• !111n! 111e111ioucd poinls. 1i11cs. nnd plaues. Therc umy be affine M1bspace:. of hlglwr 
cllrni•n~!Qn Mm1 wc lls1 ! hc:>1> saparuccly or nrc they somehow de1ermi11~! hy t he points. 

Jhu'l'I, nud plant.-:s" Thi.> 11011011 of n jfot. whlch is thc gcomctric tcrm íor subsp11ce, shows how 
o rnpt11r1• ali !l:U~pn.crs 11si11¡; ouly poinl!:I nud lincs. 

Dollnltlon 2.2. /11 011 flbili l' qcomct,ry 111 wfriclt tl1ere are at feast tl1rtt pomt.s 011 e.111;h li11e, 

11 llnt '·' t1 ., uh.•tl X o/ tlw ~( I ,,¡ JJU111/s lhrd . . ~al.1sfic~- tite li11e·closure cond1t1011: if A. 8 E X , 

thrn f(A.fJ)~ X 

F1¡tur1• 3 g1\'\..,. n p.c11r1 ic pk t11ro oí the cotidit ion of line-dosurc. Figmc- ,¡ shows n subset 

11hr nrrled po1n1-.) of AG(2. :i \ t hn~ is not n fiat . 

// 
X X 

Not line-closed Line-closed 

F'igurc 3: 

Not~· tlun Dtfinuion 2.2 ll1'C!I 0 111,y liue::;. Apnrt from nffü1e gcomctries iu \\'hich oll tinci; 

hrm· t'Xnctl}' '"'º poml.!t, tlw ouly role plaucs hn,•e is in ollowing us 10 rnlk about. parnllcl 

Figurc ·I: 
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liues. (Recall th o.t pt1rnll t' I lines are coplllJ\ar line:s that a.re disJOmt , so tlns relles on knO'li1Dl 
what planes nre.) PlnuC'S hnvc u more 1mportant role m affine geomctries m wh1cl1 hn ti.,,. 
exactly two point !>. bu t Wf' gloss over lhis. 

:'\ext we disc11ss th!'Cf' importlmt propcrties th at are sl\ti~fi<'d by thc flnis of &n affuit 
geon.etry on u set S of points: t hese are the pr opcrt1es thnt l\rt' ob1> lrf1.<:1ed to ~·1t·ld 11~ 

definition of u mal.raid . ln propc rly (F3), we u the 11011011 of 0 111' f\a t co"enng 11.1101lirt 

we say tlun ffo t y is n {'l!V<'I' of f\ flnt z i( z i<i 8 proper sub~t r Y. dt•notcd z e ) arid 

thcre is no flat W with .í.: C W C Y . Since the fi111tl' case is ultm1atcly our 111ain m1rr 1 

we assume herr. thnt. S 11; li niLe: thc general case use:; the same idens 1111d onlv sllgh1ly motr 
cumber!'ome notnt iou fm 1.lie thHd propert.y 

Tlu• flats of m1 affiiw gl'Ometry on a set S of pollll !i sat1lify thr followiug thrt't' pro¡lf'1t1 

(fl ) The sr1 Sis" flnt 

(f'2 ) The iuterscrtion of 11ny colleclion of flat::. i<: a ffot 

{ F3) Jf X is a flat f111J .\ 1, X2 , X1 nre the flat~ 1hn.1 rovc.•1 X . lh<•n lhl.' ddl1'11·11r 

X 1 - X , K,i - X . . X 1 - X part1tio11 5 X 

PropN1 1cs (Fl) 1111d (1'2) urc 11111nedia1r from Defin1t1on 2 2 Pro¡wrty (l·J) 1..~ motr 
ro111plicatcd oml woukl 1 ( (¡11ire ll dist racLing <ligrcs;1ou to pro,·c iu this "Ctt111~ \\'r JU~t•h 

11 111direc1ly !at.er il1 1wo wuvs: in thc lirst. JUSl1ficat1011 .... ~ a.ssert tlmt our modd AG¡u. f 
rowN n.lmos1 ali iustn11C"l!." of nflinc geomctnes. ami 011e can check (F3) dtrt't' l lv fo1 1h 

moclcl: 111 t he !.>Ccoud jus! 1lica1 iou , wc pro\'e thc analogous property for prOJl'Cll\'4.' gromNnr 

and cite a rn1111cctio11 \,hut 11 llows us to translate between thc two Sl'tt111gs 

Rather tha11 proving (FJ) here, we foc us on what it 1& savmg 11 1:- tl1e nuturnl fl,IW'f 

flhuJ.11o n of the obserwtli< lll thut givcn o linc anda po1nt not on tht:' hnl', the pou11 A.11d th• 

line determmf' a tmique plfl11f'; in othcr words. the pl1tnrs 1hrougl1 11 li1w pArl1t 1011 thr r;rtof 
poi111s that i\rC no t 011 tl mt li r1c. T!1is spcdnl case oí FJ) follows f'1LS 1 I~· from rudom~ (,\2 

n.ucl ( A:I) 

Onr rn n f'asily show tlmt thc fl nts of AG (n, F ) are the 1ra11sla.t1011:. of thf lmrnr ~111~ 

s ¡~ of F" . No1 l' thnt proprn y (FJ) holds for ru1 , .dm1ens1onal )mC'IH i-ub!-ip11.re X of f 
1)11:. 1~ o;1111ply snyi11g tluLt ('.ll'h vector 11 uot in X l'i 111 a umque (1 1 1 )·<lh 11r11i-1onA.l .!ml"'Jlft"' 

tho con1t.1111s \ ' , a u111L'l.v -;puu( X U {u}). To gct 1l1r gc111:rnl cASe íor A(;f11 , F) ÍHllll th1t 

Jll~I lrA1 1slfltt: ¡iu:;k .r: ir1 n I! 11 X: the transl ation Z = (11 - J l 11 ( X ) 1s a l111ent !1UlJ\p11fr 

-.o hr flnt" cowri1 1g i1 pn11 111oi1 thc se1 oí po111 t<1 tluu arr noc 111 Z thc lr fll1..,ln 1 1nn~ of thr 

fftll!' b~· J ur1· tlu· t'O\'(•i s ol ,\' oud t ite part 1t1011111~ propcny 1!> p1!'<;('t\'('d 

Propt·r1.'' (F2) 11 11-. m1 i1 11pott a111 conscquencr G1\111 .1 .,,, T of po1111-. of nu 11ff1!il' 

~~'OlllrllY r ht•Ji' IS 11 1111iq111 • t- 11111. llC!lt flnt thnl f'Olltll.ln .. T IHUIWI\• 1hr !Ult't'\f'f'llOll of ni\ fl111 
lluH m11• 11111 T U\' p1 01wt1,\ (F l). 1J11, .,, tl1c \lllt't'- • aou of 11 11oru11111I\ c11llrt l1n11 of '..fl• 
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ThUll, thl' follov.·mg dcfinil1011 11111ke:! scnsc. 

l)f!flnlllon '2.3. Thc cloliurc d(T) o/ 11 se t T o/ poir1t.s m trn affint gtometry 1s gwcn by 

d (T )= n X 

,.,nribr~,, 

Om· ruu tlnnk of thc closurc cl(T) of T ns thc flnt spnnned by T In nny nffiuc georn t> t,ry. 

rl{i.l) ~: m p&rticular, O is n fint . 

l'lir (']i..mr oí thc '>el oí c1rdt.'<I poiut s i11 Figu re 1 is thc e11l1re planc. AG(2. 3). 

'l'lw nnt1on of rlO!iure nllows us to define thc nmk of a flat 

r( X )= mm{ ITI: T <; Xuudcl(T)=Xt 

1 lw mnli of" ltat rnpturci. how 1111111y point:. i1 tnkes to dl'terminc the fln t F'or 1nst.u11c:e. 

11tllkt'" 1wo pm111 ... 10 dctcrmmc 11 li nc. so Hucs lmvc rnnk two: likcv.-1~. ll takes thrce poi11t :. 

1<1 dl'trrr11i11r" pla.ne. 90 plaues hnvc nrnk thrce. Thc rnnk of nn affine geomctry is thc rn ri k 

nf 1h gro1111d "-'' 

ltirnk L'I cq...ly hnkt'd 10 duncusiou. Om.: can show thnt rn AG(ri. F}. thc affi11c gco111ctr.r 
rnn~trnrttd from F"' 1he flnts of rnuk i ore prcciselr thc cosets of thc {i - 1)-di mensiouol 

,.11)110Jl11t1·-c c>Í F*' In JlMl1culnr. F", 1.lllJ lumcc AG (11. F), has rank n + l Bccause of t lds 

"'•' 1m·í1·r lo <1h1f1 t)I(" nolf\11011: wr foc us 011 AG (11 - 1. F ), tite rnnk-11 affi.ne geometry thnt 
1" rll1111trur1tcl from F"'- 1 

h 111natut111l1oask Are lhcre Mli.t1c gL'Omctries iu add il ion to 1hcexamp\es AG (11 - l, F') 

"''' l'('!ll!ltmctrd from divis1011 ri11gs? Tlic fol\owing importni1t 1heorcm says t.bM nll 11ffi n<' 
Rt'(llUt'!ru· .. of nu1- 1 n.nd gr('111r1· n1'<' of 1111• fon11 AG(ri - 1.F). (Thi:- i~ 011t• of s4·vcrnl 

1hll1'H't11 lht'Ol'.-111-. dui.t mrious nuthors cite o..s thc fuudnmcntal lheorem of affinc gco111et r.v.) 

Tht!orcm 2.b (Th Fundame nta l T heo rem o í Affine Geome u ·y) . Every nffiue !JC· 

ornrtF"¡¡ o/ rurtl; u. •lirrr 11 ~ •I, rs isom0171/11c to AG (11 - 1, F) /or om~ d111r.sw11 m1u F 

Th\L1, .,_,, from affinc gco111c1 rics of low rnuk (spcdfically. affinc lines 1111d níli r1 C' 

11111111·11). nohn·ll affülC gcomel ry is csscntinlly thc ~t ud .\· of thc coscts of 1Jic ~ubspul'CS 
ur n H·1·rnr ~lllfttt' t1'n a di\!i~io 11 ri 11g. Of cour..c, wl1e11 odditiounl stru<:lurt" sucl1 ns u 111l'1r ic 

1• 11J11111mrd. "nlrt 'ªªR<' of 1M:u{'s cntcl' luto tlll' :-1111\y of nffüu.' ~comctr:r 

ltl\uk lwoaffihl' ~t'Olllt'lru-s, i.r ., t1fli11c Hucs. ol.wiouslr nrc 1101 \'1'1)' mtC'rci:; t it1g und huv1• 
1111 1ntl\1111~ful fOftt"'pontk m:c· wi lh riu.r nlgclirn ic :-; tructurc. Rru1k thr('(' nffi u~· gL'Oml' t l'ic~. 
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i.e., affinc plnnes, are t hc subjcct of intense resea rch . lnrge ly through thc corr ¡>0ndill( 

prOJtttiYC plnnes. We c11d t:his scct iou wit h n bricf mcntion of somc intriguiug e.spccts of 
affinc plnnes. For more ubout t.his fnscinnt ing nr<!8 . sec. c.g., l31J. 

There nrc nmny tilgebrnic structurcs (c.g .. near ficJds. Veblcn-\ \lcddcrburn systcmi;) tlnu 

ore much lcss consl.rniued t huu d ivision rings 1lmt. uoncth les:., hnvc cnough iilnicrnw 1o 

givc risc to a ffü1e pluacs. 

Rccnll t.hat 1.he order of u fin it.e nffine ¡>hme is thc 1111111ber of poiuts in cnch lmr Thu.• 
for n prime power 1¡ , 1.he nffi11c plane AC(2,q) has order q. 11 is known t hnt for cvcry pro¡>n 

prime powcr r¡ = / 1 ( "propcr" mcans k > 1) apnrl fro111 q = '1 nnd q = 8, t hcrc nrr 111 ll'll..•I 

two 11oniso111orphic nftinc plimes of order q. T hc following quest iou has 1·c:>iSl l'<l nll n1tAdo 

for wcll over ha lf 11 ce11l.ury. 

Ope n P roble m 2 .6. M·u8t tlie order o/ a firntc affinc pltme be a ¡m me ¡mwerf 

The Bruck-Ryscr thcorcm is a powcrful 1001 for showmg t 11111 o p11r11cuh11 1111111lw1 1 

1101 1hc ordcr of nr1y nrtiue plaric; howcvcr 1h1s 1heorcrn nddrcssci. only nmnbcri. thlll 1111 

congnic111 to 1 or 2 111odulo 11 m1d thc implicnLion is ' -ahd m only 011c dírl'Cl1011 

Theor e m 2. 7 (Brnck uncl Ryser , 1949). !/ q 1s con9ruc11t to 1 01· 2 111txlufo .¡ nnd fhm

'·' an affi11c plnue uf un le.1· r¡, llw ri q is a sum o/ lwo ,)quares. 

T his thcore111 rn les out nflinc pla nes of ordcr 6, for ins tance, sincc 6 ii. cougru~·nt 10 2 

modulo ,j but. is llOt ll SUlll of t.wo squnres. (Tnrry·s proof On 1 he llOllCXiSlCJlct OÍ 0 b)' {¡ 

or1hogonal Lat.in squarcs, given around 1910, a lso s hows t hAI affiuc planes of orclrr O do not 

exist.) No1c tlmt. 10 is congrueuL to 2 modulo 'I nnd 10 is 3'.I: + 12. llow ver, in 19 11 11.·M 

shown thfll !herc is no ufTi uc pluuc of a rder 10. (Thc proof i1woh1cd n mru.sh·c com1>utrr 

:.carch.) T hus, t.he converse of t hc Bruck Ryscr 1hcorem is folsc. T hc smallest po:.1t1\T 

iurnger for whid1 wc cu1Tc11Lly do uoL know whethcr thcrc is 0 11 níliuc plnuc of 1)m1ordl'r1~ 

12 

Thc mos1 import:uat t.hiugs to rcmcmbcr from tlus scctiou nrc pro1>crt ic:. (Fl) (FJ) 

since a bstrnci iug t.hci;e gives the defi nit iou of a matroid T hc níliuc goomcln l'.!i AG(11 l.q) 

a lso plny nu import.1.1111 ro le in whnt. follows, so \\'e close this. t1011 by i.u111111nriz111g tlu 
\.msic proper1 ies of 1.hcsc gcm 11c trics. 

AG(r1 - l.q) 

1\ G(11 - l .r¡) lu\.5 rn.uk n 

1\ G(11 - 1. q) hRS q"-1 ¡>0111ts. 

Liuc:; of AG{ri - L •¡) lun '("q po111 • ~ 

For 1 > O. rn11k· 1 Hnt :o: of 1\ G(11 - 1 q) lmw ,, •- 1 pm111:-. 
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'2.2 Projcctivc geomctrics 

\rrnrdm1t: tn Ti..-o.cm 2 5. for rnnks excecding t hrC<' nonmctnc nffine geomc1 ry 1s t he study 
flÍ thf' «N"I" oí 1ht nl:r.¡>llC'l'S of n ' 'ector s¡mcc ovcr 11 dn·1sion nng mee tbe subspncci; 
ilwm!lrl\' rAthtr than 1hr1r cosct s, nrc t l1c 1110111 ÍOCll!> of linear nlgcbra. \"OU might wo11dcr 

•·hnt 11.•·011\l'trK' tnKIUrf"ó llrlM' from ~ubs ¡mcrs. Sub~paces gin• rise 10 project1 w• geomcl ri cs. 

l.1'1 '1111tnr1 •nh (CF(2))J, thl' 3-dimeusiolllll vector space o,·er the 1wo-clc111cut fi cld 

Ct (2) Thn1· llr t!Jthl ,. lors in t his vector s pncc: 

10 0.0).(0.0. 1). (0. 1.0). (O, l .!), ( 1, 0. O). ( l. O. 1). ( l. 1.0).( 1. 1.1). 

tlwn• 1~" uniq0t O-d1111r11 '<1onRI subspocc, {(O.O.OH. Thcrc are -.e'-e11 l-d1111e11siorml sub· 
¡wr11 rurr..,.pondmK 10 tlw "''"t•u uonzcro ' 'Cclors iu (C F(2))J 

(1\11101 00.11) (f0.0.0).(11. 1. 0) ). ( (0. 0.0).(0.1. l J) {(0.0.0).( 1.0.0)i. 

((U 11 01 \\ 0.1)}. {f0.0. \1 ).( 1.1. 0 )} "'"' {JO.U.O . 1.1.1)}. 

1 h1·ri· 11u• '!l:w11 :?-c.hmt'1ll11ounl .!> Ubspnces: 

{(O. O, O}. (O. O. 1 ). (O. l. O}. (O. 1. l ) }. 

((0 ,0, 0),(0,0, 1),( 1.0,0).( 1. 0. 1)}. 

((O. O, O), (O. O, 1). ( 1, l. O). ( l. l. I )}. 

{(0, 0. 0),(0. 1,0),( 1,0.0).( 1. l ,O)). 

{(0 .0,0),(0, 1.0),( 1. 0.1 ).( 1, 1.1 )). 

{(0. 0,0),(0.1. l ),( l.O .O).( l . 1. l )}. 

((0, 0, 0),( 1, 0, 1),(1. 1.0).(0. l. l )) 

Of ruuN tbt rigL1 \l'("IO" oí (CF(2))·1 for m the unique 3-dimens1onaJ subspnce of this 
\1'tlo1 llt\<r 

\\'1· CM• di • a d11t3tam of 1 bese subspaces. JUSI n.. ... wc drew diagrams for nfli uc ge-
111111"lr1•· Su_. .. O O O 1.& 111 nll :mbspnces, wc lose 110 111formnt1011 by !'iUpprc:.siug it iu the 
1hnKrntn fhr r ultm dmgrn m is gi ve11 iu Figure 5 

\ot1• 1· 1t..1 •h• · 11 lr\ lw..>1 im111e p roperlll"' qullt.' uul1k1• 1h~· oí A.ffi 11t• gt'0 11 l(' l11t ·~ 
lu 1l<ut1111l 11 ~ ¡ .. u of hn("< hn~ 11 poh11 of i1111•r:io('Cl1011 1hC'1t"' 1.m.• 110 1>Mnllrl li11l'S. Thi s 

11n111·1 t1 lio&. UI f:"' al fo1 ropl1111nr l11tt'" 1f we 1nke n._ .. po1111 .. 1he 1-dmu llMOIH\I suh~pn< , •<; 
nf11 11hlf ¡..-
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0 10 00 1 

Figure 5: Thc Fnno P laue, F1 or PC{2, 2). 

thc 3-dimensiounl subspaces of the vector spnce. T his follows from 1,hc fnmilinr d í ml'1~1on 

theorem of Jinenr ulgcbm: 

Leumg U1 nnd U2 be lines C1 imd t2 (i.e., 2-dimcns1011nl subsp11ces) in u pin.ne (i t· . 11 
J-di 111cns1011nl subspncc). we huvc 

dim(C¡) + di m (f2 ) = dim(f1 + l1) T dhn(t1 n t2}, 
'-v-' '-v-' -----2 2 J 

so dim(l 1 nt2 ) is\ , Lhut is, C1 ne2 is n 1-di mcnsioual subspacc, ora poínl. 

\ \'ith 1his rnot,ivilt.ion , wc cun now define projective gcomctrics. 

Defin it io n 2.8. A projcc!:ivc geomeLry is a set S o/ pomt.s and a colfccl1011 aj 1wbsi<IS uf 
S. the set o/ Jincs. ~mbjec:I l.o Oicsc 11..r.io1ns: 

( PJ) cach pllir A , B of tlist.i11 c:t ¡wrnts i.s contamed m n tm1que /rn e, 111/11d1 1~ dc11ofld 

l(A, 8 ). 

(P2) 1f A , B,C , 1111d /) arn di.~tmctpoml.1 for wh1ch l {A. B)nt(C, D) F 0, tlum l (A,C)n 

l( B , D) # ~ ' m"l 

(P:J) cm;l1 /i11c r;u11t.uius ut lcust tlire.e pumts. 

Axiom {P2) is thc Pasch uxiom. IL is a wny of saymg coplannr lincs inlc.r"M..'CI wilhout 

ll\Cllt1011mg pln11cs: i11L11itivcly (nud iu n SCllSC WC could easily mnkc precise) , sinct f(JI, 8)n 

l (C . D} 1- lt 1111 fom poiuts A, IJ , C, and !) lic in n plane. so th llncs f(A, C) nnd f (/J. /JJ 
nrc 1hcrt'forc coplnrrnr 1md so should i111crscct no11tn\•1aJly Thls is 11\ustrntcd i11 Fig1111• 6 

~OllCl' clm1 thc nxiu111 s.vstcm íor projec11vc gooml'.'1n· ls oons1dcrobl\· ~lmpkr 1hn11 ínr 

nffin l" p.romctr.v: 1h1:1·p nrc th rcc l\Xioms, rnthcr thnn ffrc . 1md wc 111c11uo11 only 1>0 111•~ 1unl 

h11~ 1101 pln11C's. This is 1y picn l: ptOJccl1n• gcomcln ..... <.11111>l!'r 1hn11 nffiuc Aromrlt'\'. l'\l'U 
lhOllJt h . ns \\'C' will St'l', i1 Cllt'O lll !JI.\.~~ nffült' AC01111.'IT)• TI1<> I CIJ......0 11 lfl 111111 . n. .. \\1' mn~· 

llr l'f'l-.c' ln tl"r. p11Jj1•rl i\'I• w·o1111 · 1r~· 1s 1hl' 11111urnl com¡Jl!-C to11ofnffim'1:wo11wlr\' 
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Figuro 6: Thc c:onfignrntion i11 the Pnsch ax1om 

OL.m•r\'C alio 1hnt 1f 1he projcctivc ü:Comct.ry i!' u plnuc, wc have a beau1ifol sy111mct.ry iu 

1lw axlom11 an!' JNUT oí poin1"': pt111s 11 11nique liue r.md any pnir of lines 1111cr:.ects in u uniqm· 

11t1~11t Thl .. h&. a ... 1nkmg rC.."4'JUblimcc to d110.lit.y in lincllt nlgebra: 1!11s is no accid1mt . 

I! 11ho11td N'Unt a.111; no smpri~r 11ow ! 11111 wC' !!,CI 11 proje<:tiv(• g•-"Ome1rv 0111 of evcl".v ví'rtm 

IWlll' owr 11 d•H~IOn nug. :Jllllply t1tkc t.hc po1111s to bc thc J-ch111en:·1onal !iubspnc:cs nud 
lhr lhu·~ Ul br 1ht· '.!.-d.1111c11s1oiu1I subspnccs, vicwcd 1u. set~ of thc pomt ... Aht!rnutivC'ly, pick 

111rt'LM1ly <me lloOllh"IO rt>prC:Jt•nll\tivc vector out. oí coch l ·diinens1onal subspacc, nnd lct !he 

11<11111>1 l.ic tht cbo_..c.11 \"t"("IO~ nnd tl1t' H11cs be t.hc sets oí thl!SC dtoscn vec1or:. t !iut 11re iu 2-

1h1111J11~1011nl •uk-~ Thc projcct.1ve gcomctry construc1cd m this mrumer from (GF(4))" 

111 d1111tltt•cl PC(n -1.q) ~lOrt' p,oncrnlly, t.he projcctivc gcometry construcled in t hh; 111u11ncr 

ÍrQlll n11 11·d1m~1utonal \'eCIOr spnce over n division ring F is de.1101ed PG(n - 1, F). 

Nntl' thtH 1h~ :s proci:.<>ly how thc rcnl projcctivc planc PG(2, R) is formed frorn !R3 iu 

tn)Xllo¡;y nnd gt!'omt1ry· Thr :itnndu.rd com;tructious of t.hc rcnl proJectwc plnnc 1.nkc onc 
nf 1h1· follow1"« lhrtt t'l1U1"l\lt'nl appronchcs1 euch oí whicl1 illustrn1es whnt is st.atcd iu 1,hc 
h\..~I l)lungraph ~ l'S 1lw pointH oí PC(2, IR) thc lincs of R3 through t.he origi11 , with 

lhr oneln d"l~1ed· ClllCh plni1c of R:t 11hro11gh thc origin gives rise to thc llnc of PC:(2, IR) 
thnt co1111~1i1 oí .:ali 1101111 ... of PC:(2, IR) 1.hal, lic iu this plnuc, nml ull 1i11t~ oí PG(2, IR) urc oí 

1hh1 form Allt:"t1Ulh\'t'I~" chOO."C' ns 1 he points of PG(2, R} prcdsely ouc ou1 of cach pnir of 
JU1tl1}{JCIR\ JKlllll «11hc unll .!-'plicrc ¡11 R:l (far cxnmplc, thc pomts on the upper hulf sphcrc. 

wl1l1 hnlí of lhf' ~ mdud !), nn<l lct the lincs of PG(2, R) be the seis oí thes:c points oí 
110(2.R) thnt ~ur mt<t.J~liunb of tho ~et of point.s of PG(2,R} w1th planes of R:1 t.hrough 

llir nrl~m Ahnruu1,1"ly, take 1111 tlul points of PG(2. R) the pa1rs of anti¡>or.lal poi111 s ou 
tlir unlt !!pht'lf" ID R1. and lcl che lluci; of PG{2,IR) b!' the set::. of these- po1111.s of PC: (2,t~) 
lhn1 l&rl' 111trr , .. "' of 1lu.• '4:'1 of polnt~ of PG(2. R) wit.h plnnci> of R.1 through 1.hc origin: 
hunll~. idtintlfy a.a111podal J>Olll! .. 

A11. wnh lltfua· <OnK'tn~. \\''' form; 011 ji111teJ)rOJCCl l\'C goo111C1rirs Wc 1llustrnl c· t.hc rou
"1111r• t!l11 nl"'n ... 111 o tTC»ul f1i 1l1c c•xninplc (figurr 5 bc111g, thr first cxru11plr. nl1 l10ugl1 roo 
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smnH 10 ilh1st.rntc thc chokc of rcpresentalive \!ect.ors): F'1gu 1e 7 shows thc projec:IÍ\'t platic: 

PC(2, 3) formed fro m 1,l1e 3-dimensionnl \'eCLOt sp11.ce (G f (3))3 ovcr thc Reld GF'(J) . In tha 
diDgram. the point. ( 1, 1, '1) rcprescnts thc 1-dimensional subspace f (0,0, 0). ( 1, 1, 2), (2,2 JI): 
thc hnc 

{{0. J. 2).(1.2. 1),(l.I 2).( 1.0.0)) 

reprt"Sents the 2-d i111e11sic1111d s11bspace 

{(O, O, O), {O, 1, 2). {0, 2, 1 ), ( J. 2, 1 ). (2, I, 2), { 1. l. 2), {2 2, l). (1, O. O), (2. 0,0)) 

Figure 7: The project ivc plane PG(2,3) 

Noticc thnt while AG\2, 3) has tl1 rcc poiut on ea.ch hnc, PG (2,3} hn.s four polnh oa 

cach liuc. 

The gcomet.ry PG(11 - l , q) has (q " - l )/(q - 1) pomts !:i lllCC 1he po¡nu1 corr~pontl lO 

!he 1-dim cusiounl snbspm:cs of (C P(q)) " , nnd thcrc are q" - 1 nonzcro \'C'Ct.ors in (GF(qJr 

with q - 1 11 ouzero vectors iu cnch 1-dimensional subspace. Alternativ ly, by d1oosm~ u 

n re¡m.!.-:cut nt.ive vector of 11 ¡¡ ubspucc P = (u) lhc uiuquc muh 1plc of 11 drnt hM n 1 111 lhr 

ñrst uonzero position (o.~ shown in Pigure 7), we see tluu Lherc ar (q" - J) /(q - 1), Ot 

qn-\ + q" - 2 +·· ·+1/ + 1, points liince t.he first. nonz.ero pos11ion could be Lhc first (lcavt~ 

q" - 1 wnp; to fill i11 1,/1e o( lwr 11 - J ent.ries} or the scoond (leaviug q"- 2 w&ys 10 fill In 1bt 

otlll'r 11 - 2 cnt.ric:;), 1md MJ 011 . 

Thc uot io11 of 1\ ílnt i:, 1·ss1111tiallr 1 he snmc e.s 111 a.ffint' g 111ctrws 

D e finition 2.9. 11 1!11t w 11 ¡n'Ojcclivc gcomelry u a ~et X o/ po111h 111 tlu gct1rndrv lh:.t 

'"''~ft1.: ... //1r- li iw-dosm ,. nmrW.ion : •/A, 8 E X . lhcri l (A, JJ ) ~ X 

Ju kC'C'pi ug. wit )1 m1 1 o!i:-n\'lll 1011 thn1 projec1 1~ ¡::.rornC'tn· ,., iu 111plC'1 11111111\lfiU" ¡tro111tt1' 
titen• 1i: 11 0 1•xc1•ptio 110! 1..·n:..• hk•· t/11: rn.M' o í l"''O-IXHlll hrn"' 111 llffüll' f:l.l'Olm· lrt"" CJ),....I\ 
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thnt l)(lh111uou 29 is s11111>ly 1l1c gc.-omctric fonm1lntion of thc familiar algebra.ic dcfi nitfon 

n( 11 llnt·nr !'<Ub!Pl'ct' Thus. th1· fhil :t iu thc projecLi,•c gcomctry nnsing írom a division riug 

llll' l>n"CIM"h' tlw $Ub!ipoccs (or t.hc sois of Lhe rcpresentntive vccto in 1he subspnces). 

Tht• ílMs or. projccl l\'(' ~l.'O lll Olrry 011 a set s of points hnw lhP followi ug im portin ul. 

prOJ)(•r,lr" 1ha1 v; nl!IO snw for t.lw 011.Ls of nu 1iffi 11<> gromc1rr nud 11ln1 we will scie 11¡;·ni 11 

111 chr dtítnlt1011 oí n 111n1ro1d (As was !he cose fo r 11ffiue geomctnes. wn are ii uplicir.ly 

11»um111¡; b füut~ si nct th1~ 1s 11l t.1mnLcly lrhe cnsc of grcntcst unerest } 

1r l) Tlw M! i:. n íln1. 

\!"2) 1'! 11· 1111cr"~'CIK>11of 11m· rollcction of fl nts is u ftnt . 

/Fa) tf X¡, o An1 nnd X 1.X3 .. . , X 1 arr. the íltU ii thnt co,·c.r X . thcn 1l1t> di ífcn:11ccs 

,\ 1 - X,,\ ~ - .'< ... X, X pnPLi!1io11 S - X . 

Prci1wrrn ... (FI 1tmd ( ~ 2) fllt 11111uc<lifL Lt' frorn Dchnit mn 2 9 

tn•u thn1 che! Ant.:- 111 th\ projuct ivc gcomct ry 11nsmg from n \·("('"t.or spArc nn· (sf•1s uf 

h' llfl"'l'Utrith from¡ 1he :;ubspuccs, property (F3) has this familiat 1111erprelflt.io11 : for an 

1 tl~mtml'iOllAl hnta.r sub.o;pncc X of 11 ventor spnce, cnch vector u not in X i:; iu u 1miq1u· 

(• • l )·ll11 u1..·n.t.t0naJ subspnc1· thnt contnins X , nnmcly sp1111(X U {u}). 

lt b tM}' 10 JUSllfy propo1·1.v (F3) in genero[ (ngni u. wc focus on the cuse in which S 
la finllt• ). Note tM.c propcr!y (F'3) t. r\vinHy holds if X is t he empty sel (which is n OnL by 
l1dlulb1 011 2 9), ÍOf theu l h<' CO\'Cri11g fl11t s X 1, X2 .... X1 nre jusL 1he singleto n sets of points 

(whkh l\r1' abo Rac ). llMHunc that X is n noucmpty itnt T he key t.0 proviug property 
{ ~' J) 1:1 'o ltleutdy che llnt 1lu1t covcrs X uud contnins n point P that is not in X . We d nim 

tlm1 tl1 ~ llM thal ('O\· rs X nnd contni us n point, P t lm1 is not 111 X 1s 

Xp = LJ l (A, P). (1) 
.'\ EX 

lhot ls, the 1 of Ali poin 1 ~ thnt. nrc colli uenr with P nud n poinl of Clenl' ly uuy fln t 

lhhl rn11t1\11~ \ aud P co11111im; nll of X,,, so 1dl wc nced to show is 1hn1 X p sat.isfies t.hu 
hlh'·f'lflc!urr caod11tou tlmt d1•fü1cs fl nts. Townrcl thb cnd t\SSUIU(' e nucl D llr(' iu X r . 13y !.he 
1lt•h11ltm11 of .\"p ,¡k"rt' nre 1>om1s C" 1111cl D' in., X w11h CE ! (C'. P ) and /) E C(/J ' , P) . !f 
<' I)'. d1,.n l{C" D) = l (P. C' ), hcncc e(C, O) t;;; X p ru. des1 rcd . !"<> a.ssumc C' .p D' . (Scc

l-' 1~111 1 · ~ ) l.n ¡._· hi· in t(C. JJ); wc uccd to show t lmt E is in X p. 1 e .. 1hn1 thcre is u poi ut. 
,.., hi \ Wllh 1-; el J:..~. P) .. '\(1w (skippi ug !he np1>licnt1ons of 1he Pasc.h axiom t.h11t fu lly 

J 11~~1f1• th1 .. ) Rllt(" 1h1:1 i.111 f{l', D') 1md li(E, P ) nrc coplnnnr lmes, che)' interscct ni somc 

lllllU! t:' · wtuch " 1~~nl\' iu X 11 i11cl• X is n ft a1 ~hn1. conuuns boLh C' nml D' . T hus 

I !" m~ll"t'd u1 .\ p -o X1• t11 11 ítnt. Nnw to \"Crify propcrty (FJ ). nen~ :hn1 wc: hnvc showu 

l3i 
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Figure 8: 

that cach point P not in X is in a smal!cst fta t Xp that contai ns X and P a 11d cquation 

( 1) gives an explicit expres;; ion for this ftat. Assume that for two poiuts P and Q, the set.., 

Xp - X and Xq - X are uot disjoim. say both cont ai11 thc point R. Since Xp is 11 füu 

t.ha t contains X aiuJ R. we have XR ~ Xp ; 011 the other band, since R is in Xp, we knov.· 

that R and Pare col!ine:n with a point of X , so Pis in X11 , and so X p ~ Xu : t hereforc 

Xp = XR. Similar!y, XQ = Xn . Thercfore Xp = XQ . Thus we haveshown tha.L theonly 

ftats that cover X and intersect in a proper superset of X are ideutical, which is the required 

partil ioning property 

Severa! more ideas we snw for affine geometries carry over to projective geometries 

In particular , as a consequence of property (F2) , for eacb set T of poi nts in a projective 

geometry there is a unique smallest fiat containing T , namely the intersection of ali flat s 

that contain T. By Prop('rt.y (Fl ), this is thc intersection of a noncmpty collection of sct.s 

D efini t ion 2 .10. T!i e closme cl(T) of a set T of point.s m a pro1ectwe geometry is gwtm b~ 

cl(T)~ íl X . 
flM~ X 

with ri;x 

Aga in , closure givcs rise to the notion of rnnk . 

D e fin it io n 2. 11. Tite rnnk r(X) of u ftat X in a prvjectil!e gemnetry is g1ven by 

r(X) = rnin{ITI: T~ X and cl(T ) =X}. 

lu the projrctivc gcouH'try arisi ng from a vector space, thc ftats of runk 1 are (tl1c sets 

of rcpreseutat.ivcs of) thl' i·di mcnsioua l subspaces. Thus . ra11k is 1.J1c projcc11ví' gco111r1ry 
cou11terpnrt. of di1ue11siot1 i11 li 1wnr algcbrn . Note thal PG(11 - 1, q) lw.s rm1k 11 , nml tli r 

rnuk-1 fla t.s of PG(11 - 1.r¡) hnvc (r¡' - i )/(r¡ - 1) poiuts. Ju particular , h11cs of PG (,, - l.'/) 

linve (q2 - l )/(t¡- 1). or 1¡ .<· l. p o1111 s . 
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F1gun• 9 Remo\"(· the poi111s of ll hyperp](lue (dotted) of PG(2, 3) to get AG(2, 3). 

In !mear algcbrn. t he subspaces of d imension 11 - 1 i11 an 11-dimensioual vector spuces 

u11• r.nlll-d th1• hypcrpla11es. Annlogously, the flnts of ra11k 11 - 1 in a projective geometry of 

nmk 11 nr1' called l1y¡:ierplcm1-s 

\\1· hnw R!lude<l 10 the foct t!mt projcctive gcometry b, the nfl!ural cou1plet iou of affiru' 

~1·ouwtr_1· TJw. 1:> exemplified by thc com1ect io11 bNweeu AG(2. 3 ) and PG{2.3) suggestcd 

m F1~urr 9 The prN'isc formu!at.iou of this is t he followiug theorc111. which is eus.v to provc. 

Thcorcm 2. 12. ltt H bt a hypcrp/aw• o/ u projcctwe 9eomet.,·y oii ti.e set S o/ /)(11/L/.s u11.tl 

ltt C 1111d P bt tht :.t:l o/ /mes and the set of planes (1. e., fiats of m11k 3) of lhc .1J1:.tm 1et1:11. 

11'~ gel 1111 a/fine: gwmelly with S' = S' - H as the set o/ pomt.s by takrny as t/1 1:. set of lines 

C' ~ {In S' 1 t E C with ( Z H) 

ur11l fl.5 thf .~et o/ plant.5 

P' = {rr nS' 1 11" E P with;; i; H) . 

C<>rnvulv. a..s.n1111e thnt C' 1:,: tlw 1Jcf uf tilles of m1 affim:. geomefry on a set S', and 

llmt 'P1 u lht 'do/ pla11es of thi.~ 9cumct1·y. Let {C; 1 i E I} be tl1e set of equivalerice etas.ses 
11/ JHllTJl/tl fwu ll"tth wch equivaience class e:, /et .4; be a pomt not in $ 1 • Let s be thc 

11dS'U ftl, 1 E I}. J111th cac/1 lille ('o/ C' , let C be l' u {A,} where (' 1s in .C~. WitJ1 each 

11font r. 11/ P'. ltt l~ be {A, 1 rr co11!.ai11s a line i11 .e:} . Titen S togetl1e1· w1l.h the sd. 

C = {1 11' E C') U {(, 1 H P') 

u/ /1 111.• ' ' ü proJt•l11t ge.<>mctr-y. 

l"luL'. ,lffük' aucl projcc1ive gcouwtry are i11tinmtcl~· li11kC'<I. To get a11 afli11P gconl('! ry 

frrnu 11 ptoJf"<"ll\I' AC'Omt•try. rcmovr nll poi11t~ iu n hyperplnuc n11d cousider 1 lic imlucccl 

139 



140 Ari J11 troductiou to Ma rroid Tlieory 

sets of lines and planes. (The operation of delet ion that t his illustrates is a bo.sic mat rotd 

operation.) To get a projective geometry from an affi ne geomet ry, add one poi nt to all lim.'S 

in each equi valence class of parallel lines nnd let t he li nes of new points corrcspond lo tht" 

planes of t.he affine geomctry. 

As therc a re affine planes that. do not a.rise from our const ructiou bo.se<l on vect or spac~ 

over a divisiou ring, thcre nre projcctive planes that do uot arise from our oons1ruc11011 

based on vector spaces over a di vision ri ng. Such planes may have somc rnthcr uuexpectcd 

properties. For instance, wi t h n projective plane t hat docs not nrisc from n d ivisio11 ring, 11 

may be possi b!e to remove diffe rent lines and get no11UJom01phic nffinc planes. T hus, while 

each affi nc p\nne has a unique completiou to a projcct i,·e plnnc given by t hc construct1011 

in Theorem 2. 12, many uonisornorphic nffine planes can hnve thc snmc complction 10 a 

project ive plnue. 

Civen Thcorems 2.5 and 2.12, t hc ncx t theorem should come ns no surprisc. 

Theore m 2.13 (The Fundamental Theo re m oí Projective G eome lry) . Eut·f'Y ¡iro· 

Jt;Clwe 9eomct1·y of mnk 11, wlien: 11 !::'. 4 . u¡ isomurplnc to PG (ri - 1. F ) Jor l'Omf d11·1,,wu 

rmg F. 

Thus. apnr t from planes, nt its rnost bnsic level project ivc geomctry is t he siudy of thr 
subspnces of a vector space over a division ring. 

Civeu t.hat projective geomctry is si mpler t han affine geometry, a lthough tl1c lwo sulJ

jects are equi valcnt in the seuse made precise in Theorem 2. 12, the problcms mcntioncd at 

t he end of Section 2.1 are typically stud ied for projective planes rnther t han affi ue planes 

As in t hc last sect.iou, the most important t hings to remember from Th is scct1011 nrr 
properties (Fl )- (F3). The project ive geometries PG(n - l.q ) nlso pl ay nu important role in 
whnt follows, so wc clase t his sect io11 by su1nmariziug tl1e basic propcrt ies of t!1csc gco1nctrie; 

PG(u - l , q) 

PG(u - l ,q) ho.s ra11k n. 

PC(11 - t, q) has (q" - 1)/(q- l ), or q" - 1 +q"-2+· ·+q+ 1, points. 

Liucs of PC (n - \ ,r¡) hnve q + 1 poi nts. 

llnnk-i Aa ts of PC(11 - l , r¡ ) hnve (q' - 1)/(q - 1) poinls. 

2.3 Coordina tes 

To 111011 ,·nt l' sou1c of 1 ll!' t apie~ Wl' witl st'e i11 runtroi<l 1hrory. it is useful to sket ch :.ornr of 

thl' ell'llll' tJt s tli11 1 ~o i111 0 thc proofs of Theorem~ 2 5 nm.12 13 Thc!>f• idt•ft.s go back wrll 

uwr a hmuln·d .n·nrs: the,v nn· m;e< I i11 ll ilbcr1 ·s book {30]. wlud1 fir:.t 11ppc11rt'fl 111 1800 
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nlthough thcy wcrc known well befare then. Far a complete, e lementary presentation from 

n u1odorn pcrspectivc, see [3]. 

Thc problcm of renlizing tlhe ftnts of n projective geometry as the subspnces of a vector 

spRce ovcr n dh•ision ring is the problem of coordinatizing tbe geometry. This is equivnlent 

to roordi11t1tizing thc con esponding affine ge0mebry. We will shift freely betweeu a.ffine a.nd 

¡¡rojl'Ctive goomcti;.1• 

WI.' 111c11tio11ed thnt. no! nll projective planes Mise from division rings. It. is naliural to 

ill!k: I~ it possible 10 charncterizc tlhc projecbive planes t hnt arise from division 1fogs? This 

is precisely whnt Dcsnrgucs' theorem does. 

1'hoorem 2. 14. ,\ projccl1~ve p/aue is i:;omorpfric to a prnjectiue plrme arisi11y f1vm a rli-ui

.~1011 1·m9 1[ and 011/y 1[ it. !J·at:isfies thc following co11dit.io11 · 

D~:.'iAllCVES" T11EOnEr-.1. Givc11 an~1 tri.7iles A . 8.C a111l A'. B ' . C' of noncollmtar 

¡mmt.,, 1/ th~ /mes f(A. A'), f(B. B 1). m11/ NC.l') 111Y: ro11<:111·re11f ( i.1• .. mm.!1 

rn 11 1101nt). U1c11 tlrn th r'Ct vomfa t{A . B ) n Jl(A 1 • B' ). {{ A. C ) n f (A'.('1). ami 

l{IJ.C)nl(B'.C') (lf'C collúwar. 

"l1h11s. Dcsargu~· theorem (which, in some fonn. dales back 10 the 1600"s) is. for 11s. 

not n thcorcm: 11 is a condition, or nxiom, !ihat charnct.erizes Lhe projective planes t.hat nrisc 

from divi~ion rings. (Wi1,h t,Jw earlier , 1uore limited view of geometry, this was illdeetl a 

throrom since the only goomcbries considered satisfied tJiis condit.lon. ) 

F'igurc 10: Dcsurgucs' configurat.ion. 

Biif'fly. Oesargu~· thoorcru says bhnt two trim1gles t.hat nrc perspectivo frorn a poiul 

IUP Pllt:lptth\1:' from a line. Whnt !!his meaus is t1he foltowiug. Thc two triangles A, B , C ami 

A', IJ' .C' hcmg IJ('f"-)){"(.'li\"C frm11 t!ic ¡~Oillt O (sec Figure 10) lm..- this ph,,•sical i11tet"prctnt.io11 
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iu Euelidean spa.ces: if onc places one's eye at. point O, the two tria ngles A,B,C 11.nd 

A', B', C 1 line up exactly. T he t. riangles being perspcctive from a Hnc is thc dual notion : 

instead of saying "thc lines t lt rough corresponding points are concurrcnt ," intcrchangc point s 

and lines to get "thc points ut the intersection of corrcsponding li nes o.re collincnr." 

Alt.hough Theorem 2. 14 deals with planes, Desargucs' T heorem can be interprel<.'d ns 

describrng a configurntiou iu a piune or in rank 4. Note that if this is n configurotion in rank 

4. then P1, P2 1 a 11d P3 are in thc plane cl({A, B , C} ) and in the plane el( {A' , 8',C')); sincC' 

the inlersection of fluts is a flat by (F2) , the point s Pi. P1. and P3 , being in cl({A, B.C})n 

el( {A', B', C'} ), 11 rnst. indeed be on a li ne. This begins to suggcst why Tltcorcms 2.5 nrnl 2 13 
apply when t.he rnnk is at leust four. 

lt is au easy cxercise to show that Desnrgucs' Theorem is equivaleut to it s converse, l\S 

is statcd ucxt. 

Theor e m 2.15. A pmjcctivc plane satisfies Desargues ' Tl1 eorem if a11d only if 11 satisffr.~ 

the following couditiun: 

Civen any l.ri7,les A, B, C and A', B'. C' oj noncollmear poinl.s, tf lhe pomls 

l( A , B) n f(A', 8 1 ), e(A,C) n f(A',C'), ancl t(B.C) n f(B',C') m-e cul/mcar, 

thcn tl1 e lines t(A, A'), f(B, 8'), and e(C,C') are COFICIJITCnl. 

We have meut.ioued severa] t imes that projective geometry is sim plcr thau nffi uc gcom· 

ctry. This is i1 1 part bccause one projective configuration such as Desnrgucs' configurn!ion 

can give ríse to many affiue configuration. F'or instance, if none of the points in Dcsnrgues' 

configuration are iu the hyperplane of a projective geometry that is delcted to for111 a11 nffi11l' 

geomctry. t.heu we get the ideutical configuration in the affine geometry. llowevcr, if O is 
col\inear with P 1, P.2 , an<l P3 iu the projectivc gcomctry, and these are nll i1 1 thc hypcrplr111C' 

thnt is deleted, t.hc correspo11d i1Jg offi nc configuration is giveu in Figure 11 . Thl' nflinr 

iutcrpretatio11 of tliis co11figuratio11 is t ite foltowing: 

Cive11 tritutgles 1\ ,B,C ancl A' , 8' ,C' with the lines C(A,A'), f(B,B'), nnd 

/(C, C ' ) ali pnrnllel, ;r l(A , B) /J l(A', B' ) aud l(A,C) /l l(A', C'), Lhcu l(B, C) /1 

f(B'.C' ). 

In thC' Eucli<lcau pln11e, t.!lis stutcrncut is obvious: il follow~ imrnediu!t'ly fro111 bnsic rcsulb 

011 parallelogram~. Thcrc are lwo othcr uffiuc Cas<'~ of Dc~arl!;UI':·.' co11fig:uratio11 (it is n good 
('xcrci:.c 10 idc111ify tlic111). bul Lite two wc haw• 111c11tio11l'(I ilrt' tlw 1uo:-! trlevau! fo r us. 

Tl1core111 2.111 sug,gcsts !lmt wc sl1ot tl1I b<' nbll' 10 d<'fi11(' the op1•rn11011!'< 1)f 1ulcl11io11 nml 

111ult1plicRtio11 of sowc divis io11 ri11g i11 HU,\' níliur p]nn<' 111 which IJ<':-11r~lll'!«. tlit•on•m hfJhl-. 

!,(•(:- bril'ílv skrrch rl1i:- su Wt' e1111 M'l' tlw rolr D1>snrgiw•: t/1ro1t•r11 pla\'!'< (Sr•i• h~lll!' 12) 
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A A' 

e C' 

Figure 11: Ouc nffine vcl"sion of Dcsargues' configuration. 

D D' 

(1) 17. 
A 

D D' (iil zz • • A B A+B 

Figure 12: Addition in Desarguesian planes 

To ndd 1>oints A and B 011 n line eu which a zero has been deslgnated, construct a parallel 

nu:<llinry linc and choose 11 point. Don i t. Consbruct ll(O, D) and !et !he parallel line H1rough 

A lntcrscct the auxilia.11• line nt D'. C011st.rnct e(B, D) nnd the pnralle! Hne through D'; 
whcre t his paraUcl liuc int,erscct.s !!he ol"igfoal liue is ;\ + B. 

This co11strnc1io11 hru,. t.l1c oUvious i11t:erpl'ctat.io11 i11 t.hc Euclidcmt plrrne of usi111!, parnllel 

llncs to tm11sln1c 1hc distnncc froin O t0 A up to t.hc second liue and theu back clown to 1.he 

01'!11innl linc, but Sll\rting nt. B rallhel" bha n at O. However thc construction makes sense in 

n11y nfline plnnc siucc it uses only pamllel lines . The issue is: When is llhis operation well

dl•lincd? Specifically. whcn is this t:onsbrnctiou independent of thc choice of tíhe auxiliary 

111111 nnel thc auxilil\ry point? This is Lhe ro!e t.Jmt Desnrgues ' t heorem plays. 

'1'o !iCC thnt 1his opcratiou is well-defi ned, consider A+B ns co11structed from an auxiliary 

point D. nnd C'Otl.!'idcr nu nuxilinry p0i11t E on n d iffercnf nuxilinry line. (See Figme 13.) 13y 

iippl~·ing Oe-nrgucs· thcorcm to Lrinnglcs D , O, E nnd D' , A. E' , wc couclude Lhat. C(E, D) is 

1inrnll('I to l(~. D'). This ullows ns ~o a pply Dcsnrgues' t.heorem to trin11g!es D, 8 , E ami 

/)' , A 1 D. E' '° we cnii couclmle tllmt. C( E. 8) is pnrnllf'l to f.( E' , A + B ). whidt suys thal 
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D D' 

E E' 

Figure 13: 

A AB 

Figure 1'1: rl'lu!Liplicabion in Desnrguesian planes. 

computing A + B using E gives the snme resu!t ns using D. The renmiui11g en.se is bl1u! 

of using two auxifüw.v points on t:he same line pnrallel to the origiunl l\nc, buL t.his fotlows 

from what we have show11 hy compnring these with the result obtni11ed by using uu nnxilinry 

poiut Oll a sccond auxiliary liue. 

Hnviug t.liat. t.his opcratiou of nddition is well-defi ned, it, is nu intercsti11g series of 

clemeutar.v exercis<~s to show Lhnt the points on a line fo nn au nbe!inu group undcr this 

operatiou ami 1,/11\t. t.he gro11ps dcfined by a differen1 choice of O or a difforent. line nrc 

iso111orphic. 

Tlie opPrn1.iot1of1u11H•ipl icat io11 is defincd similarly. cxcept t.hnl llhe nuxilinry line is 011 (.> 

tlml ¡;ocs through toli c addil;ivc idcutl ity. (See Figure J.I.) S1nrti11¡; wil,h Lhe uddi ~ i vc icle11t.ity 

O. t he 11111ltiplicn1.ivl' ide11 !.i!.y l. nnd Lwo points A nm.1 /3 011 1 he Iiuc /?(O, 1), to 11111lt.iply A 
ami Jj choosl' 1111 auxiliary Hnc 1.l1roug·!i O nud u poi ul D 0 11 t lli:- lim: . Co11s1rncl f{I. !) ) nud 

thc pnrnllel li1w l.l1ro11).\·l1 A. 111(•1•r1i11g !he nuxiliury \iuP 111 JJ' . Nex t co11s t.1·11c! l(JJ. D) 11111! 

tlic ¡mrn lli·l li11<· thl'Ough /J'. t11<'PLi11 1!, rl1c orig11111l linl' nt A/J 
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E 

E' 

Figure l5: 

ln the Euclidrnn plnue, mi e\cnncut1u·y argument using similar rn angies shows t.lmt this 

Mi\'f'!i tl1e corree! product. l'lowcveL t.l·1<> definl tiion uses on\y parnllcl liHes aml so mukP~ 

!ICIL!IC in nu;r nffinc plnnc. The issue is whetller this product is well-<lefillf'd. For t hb. oue 

oí thc othcr affinc ronlizat.ious of Desargues' t heorem comes into play. (See Fig,m e 15. ) 

Cous~ruct J\8 using D and consider and auxiliary poiut E 011 a different auxi!iary liue . By 
n11pl)1ing onc vcrsiou of Deso.rgues' theorem to triangles D. I , E and D' . .4, E'. we concludc 

111111 t(E, O) is parallcl to C(E' , D') . T his allows us to apply Desargues' theorem to triangles 

D. D. E nud fY. AB, E' , so we can conclude that C(E, B) is parallel to f (E' , AB), which says 

tl1flC com¡mung AB using E gives the so.me result ns using D. As we saw far addition, the 

general cast' íollows from t his. 

Hnvi11g thal this operntiou of multiplication is well-defined. it is anot:her seE¡uenee 0f 

clumcntnrr cxcrciscs 10 show the Z'Clllaining properties far a division ring. namely llhat mul

tii¡¡licntlon is n.ssociAlive, t.hat 1 is 11 nmltiplica.t.ivc ident.ity, t.hat. ench nonzero element hns n 

111ult\plicnlil"C iu\'r rsc, nml t.hat mu!biplica-tio11 distributcs ovcr nddition. E lementary argu-

111c11l:1 nl:IO Sil<M· 1hn1 lhc rcsult.ing <li:vision l'iug is, up to isomorphis111, iu<lcpcudeut oí thc 

ll11c ch~n nnd 1hc poiut.s O nnd 1 ch0se11 on nny linc. One can t:hen use this divisiou r ing 

lo coorcliunhtc t hc plnnc. 

1'hrorcm 2.11 stat.cs thnt Dcsnrgues' t heorem charncter izes the projccti\ve planes thnt 

1111~t· from 3-diml'nsioiml vector spnces ovel' divis ion r ings. What charncterizes llhe projective 

plmu>:- thnt nn...:e from 3-dimcusionnl vcot;or spnces over ficlds? !.e .. how ca11 we geomctrically 

rnpbmt• tht> a:<io1111.hn1 umlt iplicnliiou is commut.ative? T his is prO\'ided by Pflp¡rns' t,heorem , 

1'01111• fonn of wlnch dnt,cs bimk to urou11d 300 A.O. (Scc Fib'1ire l6.) 

Thcorem 2.16. A 11mjccl-iu1: plruw is isomorpliic to a pmjectiuc pln11e r11'isiny /mm 11 field 

1/ 11111/ mily 1/ 11 .salrsfics th1: fulluwi1Ly comliliun: 



l46 A11 Introductfon to Matroid Tlieory 

-11! 
2 6 

Figure 16: Pappus' configuration. 

PAJ>Pus· THEORE1'.l lf a hexagon is inscribed alternately on two lines. then tlw 

lhrt.e pvints of inl.ast!cliou of thc oppositc sides are collinear. 

Likc· J)psargue:.( theorem , from the modern perspective Pappus' theorem is not a tlw

"n·111 : 11 ¡,, 11 ("1J11dit.ioH. or axiom. that characterizes the project.íve planes that anse frou1 

h,.lcJ:., . !t is <lll c•Jememary exercise to prove Theorem 2.16. 

A:- a cornllary of Theorems 2.14 ami 2.16. it follows that Pappus' tiheorem implie:; 

Desarg1ws' !hemeni: it is an interesting elementary exercise to prove this directly, without 

u.sing Theoreu1s 2.14 aud 2.16 . In general , the converse of course is not true sí11ae there arp 

divi.siou rillgs t.hat are uot fields , but there is an important case in wbicb the converse holds 

!{t>rnl! Wedderburu·s theorem: Every finite division ring is a field. Thus, for finitcprojectivr 

p!a1w.s. Desargues' theorem implies Pappus ' theorem. lt seems there should ben geometric 

pruof of this fact. t.hat does not simply geometrically encade t:he known algebraic proofs oí 

\\"edd<>rbmu·s theorem: presently no such prnof is known. 

3 Matroids 

\\"" 11ow g<•lleralize the two c\assical spaces, projective and affine geomctrics, t.hat wc cxm11-

i1wd iu the Hrst. part. of this introduction to matroíd theory. 

Defiuition 3.1. ;\ 11iatroicl J\/ i.s 11 finil.t~ .sel. S and u collcdion :F of .mbsd-s tJj S. tlu: tlflt~ 

of .\1 .. \111"11 tlrnt.: 

!FI ) llw sd Sis u /fol .. 

{V:!} f/11 · 111.lc1 ·.w:r:/.i1m uf u.n:11 r:ol/c,¡; f.úm 11f ffols -i.~ 11 ffot .. ami 

rF.f) 1f .\" 1.• u ffol m11/ X1.X2 .. . . X, un: lh.1' jl11ts tlml ¡;mw1 .\ 1/u·1J lfw rl1Jft•n ·1w1.\ X 1 

.\ . .\"! - _:..:. .'í 1 - X p11rhl.ú111 S -- X 
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Figure 17: The 11011- Fuuo mat.rofrL F, . 

The :wt S is oft.en cal\ed t.he g;rouu d set. of the mat roid 

Thus. a matroid is s i1uply a set together with a <.:ollect ioll of subsets . t.!w flat.~. th;1t 

~11 1 isfü':< 1111" thr<•e p ropert i('S 11·0 observed for tl1(' flacs of p roj(•rtivf' 1111d affi.llf' g1-'0t11Pt riP.-. 

.\l1111·11icl:. wen.:' 111tnJd\lc t>U li.1· Hassler \·Vhitney. a11d . <1ltlio11gl1 1lw ,.,ulJje(·t l1a,., sul>S1·

q11(•1td.1· d<"wloped in inorr di rections t ha 11 cou ld lw imag·iue<l in thP ¡q3Q';;. hi,., fo1111di ll)! 

papt'l' ;.-) lj is st.ill au (':>:ce!le11t e11try p oi11t. i11Lo t l1e subject . A lthougl1 \•\'l1it11cy g,avc severnl 

,¡¡ffrn'1l! t'quiv11le11t fon 1mlat.io11s of a 111atroitl. trhat i11 Definitio11 3 .1 is 1101 a11101ig tl1em . 11 

i.~ purl.l~· a rdlcct io11of 1.he large lll1I1 1ber o f branches of mat.hematics iu wl1icl1 111atroids p lay 

n roll· t.hat titen· ar<' uow over fifty differellt equivaleut fonuu lat.iolls of a matroid : about 

n dozeu of t hese are frequently used while others were devised for ver.1· special pur posci;. 

\\'la·11 working with matroids it is typically very useful to sh if1. freely betweeu severa] dilfer

('l\t approaches. However. what makes far efficiency a ud insight for researcher s in the field 

11111.\' lw roufusiug to t.hose new to t.he subject, so we restrict. ourse!ves to t.he approach iu 

l)l'fi11i~io11 J.I . 

lu low nmks. we can draw t.he types of d iagra rns we drew for projective and affine pla11es 

Fm i11stHiu·1·. in thr matroid F; iu Figure 17. t.hc nats ar<' t.!11· c'111pt.y set.. t.hC' srvt'!I point.s 

th<· '""' liue> {D. A, E) . {D , B ,G }, {E ,C,C }, {E,F, B}. {DJ, C}. {11,F.C}. { !l.8} . 
{.·!. C' f. mul {B. C}, an<l t.he plane co11sistiug of ali seven poiuts. Note tlmt. when a !iue sndi 

as / .'\. IJ} 1·0111aius just t.wo points, we do not bother to draw a li11e b e t.weeu the t.wo poi11t$ 

~i 11n • it is u11d c•rs1ood . Snch liues are ca llcd t.rivinl lines. 

T<1 gin-a1·011cn•t.c• cxample of axiom (F3) . consid er t he tiats t hat cover {A} . These a re 

! /J . .'\. t'}. {A. F. G'). {A. B), a11d jA. C ): f.he resu\t.ing differeHces. namely. {D. E) . {F. C}. 
! /Jf . a11d ¡c·f. ii1dcf'<l part.it.io11 {13, C, D. E, F. C} , the set of ¡w ints not i11 {A} 

\\.hile· i11 projrclivt' 11mt affiue geometries, the flats 11•N1• ;;pecified b.\· t.!w !iues t.ogl't.lwr 

wi1!i tlw li1w-dosmr cou<litiou. this is not t h<> case iu 11rLit.rnr_v matroids: i1i geuernl \W 

t11·1·d tu lis1 11// flnt s. lude('d. if WC' s ial'! with tlw poiuts a11d li11es. o f F'; t111d co11s id <>r 
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the resulting line-closed sets (the sets that satisfy the line-closure conditiou), these viola!e 

axiom {F3) . For instance, the smallest line-closed set that contains the line {A, B} and 
the ¡mint D is the entire set {A,B ,C,D , E , F, G} yet {A.B,C} is a line-closed set with 

{A.B} e {kB.C} e {A.B,C,D.E,F,G},sothepartitioningpropertyfails. Thisprompts 

t lw fir!';f of thc opeu problems we mention. 

Open Problem 3.2. Characte1ize the collectw11s of point.l! a11d fines far whidi lit~ resullmg 

lin~- closed sets are the fiats of a matroid. 

Although for 111ost matroids, t.he line-closed sets are not the same as the ftats, whcu the:.e 
two í'Ollections agree. certain arguments bccome considcrnbly slmpler. (See. e.g., ['1. 12]. 

Sl't' [29] for more on this topic .) 

As i11 projective au<l affine geometries. tbe flat s givc risc to the uotiou of clo.surc 

Definition 3.3. Tlw closure cl{T) of a set T uf pumts in a matroid is 9we11 by 

d(T)~ n X 
tlAt~ X 

with T C X 

lj_,. m.:io!ll (FI ). tlds is the iutersection of a 11onempt_\' collection of sets. B.v axioru (F2). 

d (T ) i:- 11 fla1. 

ClosurP. iu turn. gives rise to the uotiou of rank. It is useful to geueralize this a bit. 

ami í'OJl,;ÍdPr the rauk of any set of points, not just. flats. 

D efinition 3.4. Tit e rauk r(X) of a :>el. X in a mafroid is 9ive11 by 

r(X) = miu{ ITI : T <; d(X) and cl(T) = cl(X)}. 

13.\· axiom (F2) thet·c is a unique srnallest flat, the intersection of ali flats. (ln<lee<l , lJ~· 

11xim11,; (Fl ) 1\11<l (F2). the collcction of flats forrns a !a1tice. ) This unique s111al!est ftat ha.-. 

rn11k O and it is t.he ouly Aat of rank O. 

\\'(' borrow cvcu more t.enus from projcctivc ami affiuC' gcornctry: voinb· are Aut~ of 

¡-;1uk 1. l11ws me flat.s of rnJJk 2, ¡1la1ie.~ are flat.s of rank 3, awl hype171lu11es are ftat.s of rnnk 

11 - l iu 11 111atroitl of rauk 11. 

~otl1l11g i11 /)pfi11itio11 3.1 forces !lJf' c11tptv ,;et 10 be a flat: ir tt<•r•<l 1w1 I)(' n fli11 . ],ik<'WÍN' 

, ¡11µ, lt'!<!ll :-11)1,..t'I ., of S 111•c•1I 1101 lw /\ f\Ht. (\V1• wi)I set· c•xnr11pll's •>Í rl1i ,; a1i~i11¡.?, 11a111rnlh· 

,;orni. ) For so111P p11rposps (P.g .. sorm• of 1111· c-xl!'l'JJlal prohl1·ru:- w1• 11w11tio11 ];1t 1·r ). Í1 ¡, 

ii,..t ·ful 10 hm·1· t!w p11i11t,; ("OlTl'spo11d r'XH('fl .\" ll"itli tlw 1•kwr•11b of .'·i. Tro rap11111 · 1111~ . 111· 

i11r1·od11n ' rlw 11oti11u of a g1•011wrr.\ '. 
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Figure 18: The rnstrict.iou of PG(2, 2) to {l , 2. 3. -1.5. 6} gives M ( J<.¡). 

Dcfiuition 3.S. A co111biuatorial geo111etr_v, simple 111atroid. 01· geometry 18 u 111al.ru11l 111 

11•/w·/1 lh1 emµty set u11d ali sinyleton s'ubsets of the gruurid .~·et an! fluis. 

\\"~· BO\\" tnrn to a co11st.rncti011 with which we cau to produce mam· rnat rnids. 

Defin ition 3.6. l1· I .'1 be 11 r1111lro1d 011 the .~·t:!I 5 1i 1Hl /f'I T bi 11 substt of .'. . Tlw l"l'~I rictioi1 

\/ T fJj .\/ 111 T " ihi 111arnml on T tlwt hus (IS jfors thf' .~et., F 'I T IJ., F n111ye., º''''' //¡¡ 

f fo/.,11] .\l . 

Ir i~ n111•asy t':>:ercise to show that the flats of :ll !T iudeed satis(.,- Rxiorns (FI ) (F3) of 

lkli11itio11 :u . 

For t'xample. i11 t.he rest.riction of PG(2.2) iu Figure 18. tht" flat {l.2. •I} of PG(2. 2) 

rt'strirtl•d to the subset { 1. 2. 3. 4. 5. 6} gives t he same fl.at. {l. 2. 4}. while the fl.at { 1. 6. 7} of 

PG(2. 2) .\"iclds tl1e fl.at { 1. 6} in the restrlction. T his restrict.ion of PG(2. 2) is the 1natroid 

.l/{J,·.i): the 1101atio11 comes frorn a connection (which we will not pursue) with the complete 
grnph ¡,· 1. 

lf W•' focn~ iustl'a<l 011 wlmt is Ueing removed , thc rcst.rict.iou M IT is cal\ed the dcletúm 

.11\ (S - T). TI""· M(l<, ) is PG(2,2)\ (7} . 

lu Figun· 19. thc original matroid is one iu which ra11k-l f\ats are uot ali sing\ctous (so 

this ¡,.. 11ut a gl'ometr,r): t.he rnuk-1 flats are {l , D , E), {2. B.C}. {3, F}. {4, A}. {5), aud 

!H. r:. 11 . I }. llowewr. by rest.ricting this matroid to { 1, 2. 3. 4. 5.6} we obtaiu a geometry 

1 li11I i ... i111 i111a11'\_,. rclnted to thc original matroid - in so111e sense it co11t.ai11s tbc sa11u' 

g1•0111..r ri.- iufonuatiou without. the multiplc reprcsentat.ives. What we see in this cxample is 
~1111ilar to d 1oosi11g a siuglc represeuta tive vector out of each 1-dimensioual snhspacc whe11 

tnn11iug n proj('('t i\"t' geomct ry. These are hoth instm1ces of the simplificatio11 of a 111at.roid. 

Dcfinition 3. 7. /.d ,\/ be 11 111atmúl <m 11 set S mu! !et T b1! u .rnbset of S t/wt W'lll.om.~ 

"" ,,¡, "" 11/.• 11/ t/11· 11111~·-0 ffot 1md 7inx 1sdy 0111: de.1111:.11 1 uf n1d1 nwk-1 /fol. T/11:. n!.~fndúm 

.\/IT 1.~ //u .,¡111plilin11io11 11f !11 . 
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)~". 
4 5 

Figure 19: The simplificatiou of a matroid 

Up to isomorphism. D matroid has a unique simplificat.io11 , so calliug this tlic simplifi

C"11tio11 is appropriate 

Usillg n•strictiou, we cau now give many examples of matroids: PG(11 - Lq) am.l ih 

rf'strirtiu111' (ur subgf'mnetries). Note that AC(11 - l , q) is one of these rest.rictioiis. Sucl1 

t11at1 nirl~ . P,('Jlf'rnlizt>d 111ildl~· iu t l1f' 11ext <lefi11itio11. fonn a ver.\' i1nport aiit r!ass of 111ntrou]... 

Definition 3.8. A rnafroul M 1:. represeutab!e over CF(1¡ ) if th e simplijicatw11 uf.\/ 1~ 

1., 011w rpl1w to o rc:,·lnctúm of PG ("ll - l.1¡) Jor .~ome 11. 

\\"(' l·oul<l ddiue nrntroids representable over auy field F , but the cas¡· of fiuitl' field~ b 

of C"hi<'f iutl"l"f'st . 

Th(' mRtroid Jll(J<.1) in Figure 18 is represeutable over GF(2), as is the u1atroid i11 

Fignn· l!J . 

:\ote that a 1uatroi<l is represeutable over GF(q) if it is basically a subgeo111ctry of 

PC (11 - l .1¡). for sorne 11. perhaps with multiple copies of points added , possibly more copir~ 

uf a poiut nd<lcd thau t.11e mnnber of scalar multiples of a vector over GF(,¡). One rnight 

waut lo assi¡;·u vectors b1 (CF(q))" to the elements of the matroid and represent the clciuc·uh 

,.f rlw 1u;1troid Ji_,. tlw f'olimrn1' of a 11111t.rix OVN CF(1¡): !llatrin·s uatnrall.\· allow for n•¡wnkd 

1·.,hrn111s. (ludl•t•d. tlie word "mat.roí<l" is inten<le<l to suggest a gcneralizntion of a matrix .) 

T l11· l!l'XI sectio11 examiues representable matroids in more detail. 

4 R epresentable M atroids 

lt i ~ 1wturnl tn ask tlH' followi11g q1wst. io11s . \Vhirh matroid~ an• n-pn•s1•11tnhli· un·1 11 ¡.:l\'1•11 

fidrl".' \\'hich 11111trnids nn• rf'prf'seutalilP over c•\"l'l"Y tif'td ·.> For wliid1 u1a t roi1I:-. 1lu 1lw11' 

··xi"t fi· ·hl:-. t>\"<'l" wbid1 t!w matroitls nn• n'¡Jr1·sc•11talil('"! S11d1 q1ws ti(J1J 111• · <r11!1;1l 111 1w1t11 11d 

t lw<>t 1·. T lw.\· ;11·c· clifü•n·11! a.~pc•c·t s of t lw li;isil" c¡w·s1 ion : 1 l• 111· ,¡,, ll"t" l "il])l lll"t' <•lll 11111! 11 ;1! 111 ~ 
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Figur<' 20: Thf' Desnrgucs configura t iou and thc uou-Desurg:ues 1uatroid. 

~~ 
~~ 

2 6 2 6 

Fib'llre 2l: Th<' Pappus configuratiou aud tlw uou-Pappns 1m1t roid . 

1·xa111plt>s . projecti\·C' geornetries aud matroids easily obtaiued from tlteu1. withiu t he cla.-;s 

nf 11111111\frol<ls? 

Om first lssue is this: Are t.here mat.roids that a re uot represeutable over auy fielcl? De

~nrsues· tl1rore111 leads ns to un example. (Sec F igurC' 20.) Sincc the cornlit iou i!lus trated by 

thr DC'sarguesC'o11fii.'lm1tion clmracterizcs thc project ivc ptaues t.!1at arisf' frorn 3-dim<'usioual 

\'t•1·to1· spnc<'s o\·er a dh·isio11 riug, the coufigurat iou i11 which ali liucs are t.he sam(' excepl 

tl1nt f J1. /'1 . m1tl PJ are not colliueur is not representable over aur fie ld (or aur divisiou 

1111g). One can easily check t.hat t.his rank-3 configurntion. tite 11011-Desargues matroi<l. is 

imkt·<l 11 11m1roid . Notr that this coufiguratiou wmwt be int erpreted as a mat.roid of nrnk 

l siur·1· th<' poiuts P1. P2 . nnd Pa would then be iu t.he intcrscction of two distiuct plaucs 

d ( ! :l. IJ. C }) aud d {{A' . 13', C' ) ), and therefore collinear. 

Tlu· s ai111· idc•a gin:'!; thC' 11011-Pnppus uiat roid . n rnatroi<l t lmt is 1101 1·cprC';;e11t abl<' 0\'<'1 
11 11.1 h1·ld alt hough it is l'C'pn·sC'11table O\'CI" skcw fields. (Ser Figure 21. ) 

Tll\ls. Bml roitl tl1ror.\· is 1101 lirnited to rcprcseutahlt• umtroids: wa u,\· wntroids do 1101 

ni 1·" ' f10111 pt uj('c l in · gt'OIJl('frics. lt is of gre11t iutcrest to dianw!<'rize t)l(' 111atroids t ln11 a rl' 
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• • • • 
Figure 22: U2,4 

represcut able over a field. Note that any such characterization must be more "sensitive" 

tlwu cou<litious such as Desargues' theorem or Pappus' theorem si nce the coufiguratious in 

thest> theorems are base<l ou haviug certain lines actually intersecting (or parnllel , i11 the 

affille cases); there is no assumption that coplanar lines of a matroid intersect or tlmt n 
couuterpart of t he parallel postulate holds. 

ÜuP immediate but very useful observation ahout represeutability is !he following the

oreu1. (Si11ce our iuterest is chiefly in the case of finite fie l<ls. we focus on that case: the 

rl'sult lio!J~ for nrbitrar~· fields.) 

Theorem 4.L lf a mutmid M is 1-eprnse11tabfo uver GF (q). thtm eve1y rnst1ictwn vf ¡\/ 1~ 

11· ¡1 11•s111 t11/1/e 01'er GF(<¡ ). 

Tlii .~ ¡,. clPar siuce tbe simplificatiou of M is a restrictiou of a prujcct iw geo111d11' 

PG (11 - l.q), so tlie si111plific.:atio11 of a restrictimi of i'l is just a further restrict io11 of 

PG (11 - 1.11 ) 

R1•call that lines i11 PG(11 - 1, q) have precisely q + 1 pob1ts. In particular. liue:,, iu 

PG (11 - l. 2) ha\·e exactl.v three points. Thus , if a matrold M has a line with fom {or more) 

puiut s. theu Mis uot representable over GF(2). 

The four poi11t lille is deHoted U2.4 . (See Figure 22.) The matroid U2. 4 has foure!emeuts, 

fonr poi11ts. a]](! rauk two. The argurnent in the last paragraph shows that binury 111ut1vull 

(thost• represeutable over GF(2)) cannot have U2A as a restriction. 

Tlw matroid U2 ,.1 is oue of an infinite family of very basic matroids , the uuiform mn

troids. Le! U,,_,,, be the matroi<l in which the grouud set has m elemeuts ami the flat s o.re 

1)11• "lllin· sPt ;111d all suhs<'ls of siz<' lcss tbau ·1t. lt is msy fo check tliaf axiums (Fl ) (F:!) 

are satisfird. The matroid U,._,,. is called the 1mifun11 matmid of rank 11 ou 111 elcmcnts: 

l ',, ,,, n1ptt1n.'s thc i<lea of m poiuts iu general positiou iu rauk 11. The matroid U"J.!;, is showu 

ÍH F i¡; lll"f' 23. 

:\ot1· tlmt U:1. .~ <loes not hav(' U2..1 as a restriction . Is U:c, biuary't No. Thc proble111 is 

that tlw 111atroid U:u cout.aius U2 .. 1 as a projectiou or. iu 1u11Trni1I tcrmiuology. a coutroctio11 . 

OlS \\T ,..p(' lU'XI . (SPI' Figur<' 2-1. ) Co11sidl'r tlu- uiatroicl U:1 .~. witl1 ¡;rm111cl st'I {, \./J . c. D. x¡ . 
tf in• ('(111111 n'11liz1• U:s.:, 11s 11 n'slrktio11of11 \Jl'Ojl't·tin• ¡;t•o1r11•t1 y. tl11·n tlw 1u1i11t :-. tJf U.1.', sp1111 

;1 pla1u• of tliis ¡.;1'01111'1\'.\". so it suffin's lo viP11· 11:1.'., a.-. ¡1 1 .. ,.. 11irrio11 ,,f l'C (:! . 1¡ ). Tlw li111• ... 

1(. \ . .Y 1 illl/] l (JJ . .\ ) of J' G(2. 1¡ ) lllHSI i11tc•r."<'C 'I tlu· li1w / (('. /} ) ,,f l' C: (:!.1¡ ] ... llHT tJw ..... :010 · 

li1w,.. nf ;i proj(•r·lin• pla1w. Tl1l'Sl' poiut s of i11t,.r:-.Pr·tio11. , \' ;111d 11' . an• di-.1 i1w1 ... 1111"•' . l. .\" 
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• • • 
• • 

Figure 23: UJ.s 

uml /J me 110 1 colli11ear, and similarly neither A' nor B' Call be e it her Cor D. There fore tl ll' 

1i111· f (C. D ) of PC(2. <¡) has at least four points. that is. PG{2. <¡ ) has a restrictio11 isomorphi1· 

!o [ ·2 1. Tl1C'refore 1¡ rnunot Ue 2. so U3.s is not biuar.r 

• X • • A B 

-o~~~---~~-1--~-o-
A' C D B' 

Figure 24 U2 .• 1 as a projectiou of 1..13 .;, 

lí \1't• focus 011 t he linc {A'. C, D , B'} iu Figure 24 allCI re label tbe points A' aud 8 1 with 

1 lll' poiut:; A a11<l B that projected outo these points , we get a geometry iu whicb t he flals 

¡\]'(' prccisely that flats of u:J.S t hat contained X , but llOW with X removed. The flat.s o f u:J.S 

rlint rnurniued X are {X}, {X, A} , {X,B}, {X, C} , {X, D}. and {X, A . B.C. D}: the flats 

of tlw prnjec1iou are 0, {A}, {B}. {C), {D}, aud {A. B.C. D}. The generalizat.iou of t.his 

i~ 'lu• followiug w•r.r importnnt opcratiou 

Defi u ition 4.2. Ld 1\I bt' a mrtl.mid 011 lhe set S a11d let Z be a subsct of S. The co nt.ra r tiou 

.\/ j'L of .\/ by Z 1!i the 111al1vid 011 S - Z that has (l.S iL~ collectiun of fiat,s 

{F - Z 1 F is a flat of 1\I with Z ~ F}. 

Frn mon· e~arnples of coutractiou. Figure 25 shows tite cont ract ious of the 11011-Fm 10 

111nt111id T'; hy {X} a.mi by {X. A}. Note that the coutrnctiou F ,j{X} is uot <1 geometry: the 

11011 ... i111-\lt'fv11 ~b {.l . E} nud {F. Cf me poiuts . Tbis s hows that applyiug a Uasic operatiou 

1" a "'''111111•1 1,\ · dol'~ 110 1 11cccss11rily produce a geo111ctry: to ol>taiu a gcornPtry, w c would 

Jlt't'd ro tak1· Thc .simplificntio11 of t.he cout.ract.io u . but t he1·1• i\l'f' s0111et i111cs good rcasons for 

11111do111g 1]11.., 

\1 ,IP 111111 1111·1" a1 1· ou!y 111·0 fiats i11 tlw co111nwt io11 F7 / {X. A ). w 1riwl.1· {t'} a~ 1lw 
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~ \i' 
FC 

E D C 

Figure 25 Tite uou-Fano matroid F 7 and its contractious by {X} aud by {X.A} . 

ll'A;;t flat alJ(] {E. B. F. C. D} as the so!e rank- 1 flat. Tl1e ele111e11t E of tlw r1111k-O flat oí 

T\ / {.\" . A} is drawu as a hollow dot off to thc side siuce it docs uot detenuiae a poi nt. Tlie 
c·out rnctioH F7 / {X. A} fail s both conditions require<l of a geometry - th e empty set is not 

a flat ami tht· poillts are uot si uglctous . 

.\oh' tl1111 F¡/{ X} / {A} = I'¡/{X, A}: this is t rue i11 ge11er1.1 l for coutractious h.\· H 

,.,, ·q tll'lll''' of di . .;joi1 1t Sf' b . Tliis ami tlw rnrrespomli ng result for deletío11s by 11 sf'q1w!H'I' ,¡f 

di,.._¡oi111 :.f'b follo11· ÍllllHediat ely frou1 thc dcfiuit.ious oí these operatious . 

\\'lt ili> it was imrnediate tliat restrictious of represe11t1.1ble matroids a re rcpt·eseutalJlc. 11 

i.~ p<'rhaps so1urwlmt lcss transparent that the correspondiug stat emcnt. about contrnc t ion~ 

¡,.. ;dsn tl'll<' . 

T heor em 4.3. lf n mutrvid li.J is r epn:sentublt: ovt:r GF(q) , tl1e11 eve1y co11tmcl w11 of M 

1.~ n ·1m'stmf11úle oi •t:r GF(1¡ ). 

This result holds for arbitrary fields, lmt, agaiu, our chief iut.erest is in fiuite fields. 011r 
11"11Y of scl'Í lll!, Tlieorem 4.3 is to observe that contracting a subspacc of a vector spacc is 

1'"*111 iall~- 1aki11g tl1c quor. ient of the vector space by the subspace; in tl1c process of takiu!:\ 

t ]Ji~ qnotient. a rcpreseuta tiou of a matroid iu the vector space is carriecl to a repn•se11t11t io11 

of tlw conl'Spoudiug coutrnction i11 the quot.ient space . 

Tli<• middle <liagrnl!l i11 Figure 25 shows that t he 11011-Fano matroid F; coutains !111· 

1-p"iut li1w U2 .. 1 as a rl'stríctiou of a coutrnctiou . Thereforc, by Theorern 4.3. the uoH-Fm10 

1w1ll'nid "'F, is uot hiuar.\·, h. is oftcu usdul to combiue n·strictions awl co11trnc1iou:- !l.~ 

ill11stn1tc·d iu tliis 1'xmuplc'. 

De fi u ition 4.4. A u1iuor uf a mutrn1J J\/ is 1my mafro1d tlrnt ca11 bt~ u/;l1Jm1;d /mm .\/ /;y 

n -¡l!11t1dl,11 11ppl,11m.y lh c Of!<'ml.io11s uf n:.~fl'ir:t. w11 11111/ cor1 l nH· l w11 . 

l t r11n1:- (lllf tlint rl1l• opcn1t.io11s oí t't's tril'lím1 a111I rm11rar tirn1 {'(>1 11111 11!1 •. 

nf;i t11al1oid .\/ amo1111t s t o a r·on!rnr t inu nf;i n ·,.. tr ic-tio11 uf.\ / . 

Fri1JJ1 Tlw•in·111:- J. l aiul J.:l. 11'~ · ;..;d Tlwo1, ·w 1..-1. 
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T heo r e m 4 .5. Jf a matroid M is representable over GF(q). the" eve1·y 71á1101· o//\·! 1s 

ttprcseutnbfe oi•erC F(q). 

\\'(' ct111 now st a te what has so far been t he most successfu l of the severa! paths that 

l1nw b1'1~11 J)111"5Ul'd iu !he a t.te111pt t o charncterizc representability. Siucc rninors of matrnld~ 

ihn! urt• rcprC'l>('utoble owr GF(q) a re n!so representab le o,·er GF(q). one r.ould dmrnctN

i;w reprt-:,t•urnl>llity by fi nding t he m ino r-miuimal matroids t hat are not rep resent able over 

CF(r¡). T lmt h.. oue has characterized representability if oue finds 1he rninor-111i11i111al ob

.. 11uc1io11s to reprcsent abilit.v. T he r:xcluded mi11on; for reprcse11tability over CF(q) are tl1('sP 

u11HOL"-mi11i11ml ob~t rnct ious. the 111ino r-111i11imal 111at roids tlmt are uot 1·epn'seu, 1.d,]I- O\'t' I 

C:F(,,). 

Tl1f' firsl t•xcluded minar charncteriza t io11 of represe11rnliili1y was prove11 ¡,_,. Tutti• iu 

HK1S. \\"t• hA\"f' nlreudy see11 tlia t t he four-pol nl line is not biuary: Tune [·18) showed 11t .. 1 
/ "2 1 i-. th" 0111'- ('xduded 111iuor for re¡Hf>Sen111bilit.\" over GF(2 ) 

Tlworcm -1.6 . . 1 111ulrn1d1s /1111rn·9 if a111/ 1.111/lJ 1} ¡/ lrn.• 1w 111mur 1.~u111011plw lo l '..: , . 

Tlu'it· lllt' n \"111·1l·t~· of proofs of T hcorem 4.6: with the exccpt1011 of tbe g('0111c1riC" prool 

111 ¡h¡. tll0:-1 11rf' ulgí'hrak 

111 [-IS]. Tutte also gave ihe fo!lowi11g d ui.rncter izat ion of the matroid:, •t ha r an' rcpn·
..;r11!11bl<' O\'('f eeer·y fiel<l. 

T hcore m 4.i . .4 matm id is represeutable ouer every field 1/ tmd 011/y if it hus no m.mor 

1•omor¡1!11c tu rmy o/ U:u. PG(2, 2). a11d ti sú1gle-elerne11t. delet w11 AG(3. 2)\:¡; o/ AG (3. 2). 

l\fliHf' ami prnjective g:eometries have tra11s it.ive automorphism groups. so t.he rC' is. up to 

1 .. 0 11101 phh.111. oul.\" o ue siugle-ele 111ent <leletio 11 AG(3, 2)\ x of AG (3, 2). T he ma t roids t hnt a r<' 

n•pi.'!'>l'Hrnlilt> O\'f'r ali fiPld!' arr cullcd l'C.flidt1r mntroids: 1lir.\" arf' nl!'o k nowu ns 111l'Ímod11lur 

1un11oicb :.iuce 1 l1ey arf' tl1e mnt.roids tbnt ca11 be represeuted b~· totally miii11o d11lur 11tat rk<'li 

(umtric~ w1th e m ries a mo ug tite iutegers O. l . o r - 1 in which ali s ul>detennim:mts are O. l. 
oi - 1). U11imo<iulnr 111a t roids play an importa ut role in o pt imizntion . 

S111e" lillf':'- 111 PG(11 - 1. q) haw t/ + 1 poiu ts. the (q +2)-poiut linc U1.,1- 1 is au cxdmlt•d 

11111101 f111 rt-p1"(':.('11tnblli t :'>' ovcr C F(r¡). but for </ > 2. t hcre are nddit iounl excluded miuors 

Tl11·i •l<'111 l .. 1l1f' dmra<lerizotimi o f tem a r:-.' 1na troids. or 11mt roid;;; t itar me 1·ppn•seut11bl(' 

"'·1·1 C:F{:U. 11111:-rrnt í"S tlli~. Ternary umt roitl;;; wcre chnrnctefrted iu IDi l i11 1mp11bli~hetl 

11 111k ,,f B lfr1d Thc· firsl publishcd proofs were br Bix lJ\' [O] ami Seywour ¡.15¡ iu ltl7!) 
'io•\' l!l•uu·, 1noof i11110dm·rd u 111u.1· urw idl'11S ' hat rt•\"Olu t ioulzPd work ot1 n·pn·~t·111ahili 1 .1· 

1111<1 ••llll't n-.1wo-. 11f 111111 1oid tlwo r,1-. 
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Theorem 4.8. A matroid 1s ternary if and only if it has no minor isom01phic to Uv,. UH . 
PG (2. 2) . m· AG(3, 2)\x. 

As a corollary of Theorems 4.6, 4.7 , and 4.8 , we have the following theorem 

Theorem 4.9. A matroid is representable over euery field if and 011ly if it 1s t'epresc11tablt 

0 11er· both GF(2) and GF(3). 

Recent work of Whittle [55] studics matroids that are representable over othcr pai rs of 
fi<'l<ls of relativel.v prime characteristic. 

ThP l'xcluded minors for mat.roids that are represe utablc over GP{4) have be<:u fouwl 
rPce111J,,. by Geeleu. Gerards, and Kapoor (26]. There are seven excluded mi11ors, the lmgc:.1 

two of whic:h have (•ight poiuts ami rank four. 

Oue of tht> outstnudiug problems in this area is the followi ng conjecture du(' to Ginu· 

Carl0 Ilota 

Conjecture 4.10. Fu1· 1:11ch p1"ime puwerq. th e m1mber o/ e;f(Ju ded 11mwr._~ for 1ep1't'sc11 t11l11l· 

tfy m·.-r GF (r¡) 1.~ finífl'. 

Hotel 1wuk t.his coujecture in 1971 , wheu there wa.<; barely any evideucc ÍOJ' it. lf¡, 

motin1tiou for the couject.ure carne from invariant theor~·. Much work is curreutly 11imcd 

;11 resoh·iug· Rota's c.:ouject.ure through ideas that arase iu counectiou with t.hc HobC'rt· 

,..uu / St•.nuonr grnp!J rniuors thcorern: this will be an exciting: area to watch . 

Hl'C·eut]_,. Oxlf'y. Sempl<' , and Vertieau [43] gave the foltowing exponential lower boutul 

011 t!w rn11uber of Pxduded miuors for represeutaliility over GF(q). 

Theorem 4.11. Thae are at least 2q-4 excluded minurs /or representability uver GF(1¡). 

;\intP t.11111 2•1- ·I is WC'll below t.he nnmber of (•xclud<'d minors 11u•11tiourd 11hnn• for GF(2). 

C:F(:J). ami GF(·I). Looking: at. the strategy 111 (43] reveals that t hei r arg111ue11t cowrs oiil.1· 

<'xdmll'd uiiuors uf a relatively s imple t.)"pe; the excluded miuors thcy couut nrc all vmiatio11s 

u11 tlie (r¡ + 2)-poiut line obtained by the excbange operatious they develop. Tlds suggest ~ 

t lwt t 111' actual unmlll'r of exchul<'d mb1ors is cxt.rcmelr largr. 

\rt• hnw s1·1·1 1 t.lwt. apart fro111 t.hc case r¡ = 2, the (q + 2)-µoiu t 1i1w U2,.1_ 2 is 1101 tllt' 

uul_\' u1 i11or out• has to t-xdudt• i11 onlN to charncteriz<' r<'pr~utahility m·l'I' CF(1¡). llow('\'t'r. 

;i .... tll!' followi11J!, t)H'on•1u Íl"Olll [8] shows, if tll<'rP are t•11011¡.;b pui111 .-. l"Ph1th·1· lo tlw n111k . tlw11 

o•xd111li u¡.: 0111~· [l.!·i - '2 as u 11ii11or is 1'UOllg"li to ¡.;wu·1111ft'f' n·1m·s1•1Jl;1hilit ,\" 

Theoren1 4.12 . ..!ss111111· 11111! fJ 1.~ 11 ¡11·111w ¡1rim1·r 11111/ 11 1:.n·11ds th11•1 . . 1111¡ mnk-11 '/' "'"' t1 1¡ 

1nlh "" { '1_,1_ ! 111im11· 11111/ 11<1lh 11/ /111 .~ / 11" - 1 ¡mmfs t .\ w¡i11·.w ·11 l11/ifr or>f'I" (;F(1J! 



Josep}¡ E. Bonil1 

As.sume q 1s 1.m odd prime power mul n exceeds Oin:e. Any rrmk-11 geometry with 110 

u~.·1-2 1111110 1" u1uJ with at least q"- 1 - ~q"-2 - 1 )/{q - 1) points IS representable over GF(qJ. 

This result leflds to the next maja r brancl1 of matroid theory we g;limpse, extrema! 

111ntrolcl rhcory. T heorem 4.12 and rnlated results iu [8] st.re11gt.heu the resu lt of 1\tmg [35] 

1 hfl! upens tfa,• next sec;biou. 

Extrema! Matroid Theory 

ThC'on•m 1. 12 ussmued t.haL r¡ is a p!"ime power becanse fi uite fields have prim(' power order. 

!luwl'wt'. it iíi possible to cousider tille effect of excludiug t.lie (r¡ + 2)-poiut linc miuor eveu if 

r¡ i~ uor a priuw powcr. A bnsic result aloug t.hesc lines is 1he followiug 1.hcore 111 of l\\mg (:i5]. 

Them·em 5.1. Rrwk-11 yrwmd ries lh<Lt huu1· 110 (<¡ -.- 2 )-puml lrne mmor hruw ul 11w.'1 

" ¡' ! 1 (lf - 1 J'lll l!I., . Thu; 1Lfl1!Cf" lmrrnd 1.~ n tl1i 11wd 011ly lu¡ 1"11JCd ?ll! _r¡eoin('/1 ·11~., ' '} vnl1·1 
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Th11:.. this uppel' bound is sttrict if trhere is no project ive geometr.v of rnnk 11 aud onlN 

1¡ l t•.g .. if 11i:- 110 1 11 pri111e power mtEl 11 is at leas t ·I) 

Tlworcm .).1 captmes tihe spirit. of extrema! mntroid theor.v: a couJit.iou (exdudiug 

C".! •i-"2 a:. a 111inot') is imp&sed on matrnids nu<l the effect ou a parameter (t,he uumher oí 

p11iuts) is nualyzed. Auot.her result of this type is the following theorem from [8] that give::; 

u l.'omttcrpnrt of Throrem 5. 1 for nffine ge0ml'tries. 

'I'heorem 5.2. Rtmk-11 9eomct1·ies tlw t have no U2.q-2 m:irwr 1md hm1e no (t¡ + 1 )..ooinl. 

11 111·.~ lmiw nt musl t¡" - 1 ¡¡oints. This uppe1· bouw l is atlai.ned u11ly by riffiw~ yevm d.ries of 

11/l/l ' l ' I/ 

lt ;~ 11a1urnl to ask if t.!w upper bound iu Theorem 5.1 can be improved siguificant:I:-· 

wln' ll 1¡ i~ uol n prime power. !u (8] nnd [10], a number of such improveinent~ m e giV<' ll , 

11111 tl1ow uppl'r boumls are llot. shmp. T he 011ly cunent ly known sharp upper hom1d for 1.1 

pn1lol1'111 of thb 1y¡H' is t.he fo!!owiug tlheorem from [IOJ. Tliis addresses the sumllcst. i11!:eger 

1 lint i~ uot n primt' power. 1/ = G. so 1/ + 2 is 8. 

1'heorem 5.3. Lcl 11 be gn:wf.e1· fhrm 3 w1d lct ¡\! be a m11k-11 ger1mcl1:11 11111/i 1w B-1minl linl' 

w 11w 1. T /1111 l/w 11ru 11bm· o/ ¡mút/ .. ~ Ü¡ J\l is at uwsl. {5" - l)/(5 - ! ) . T/11.~ up¡;er bm111d 1.~ 

.,/1111¡1 111ul ' ·' 1111111111'1/ 1111/y liy t.he nmk-11 71mjed.i·m: .111.:01111•/1:11 PG(11 - 1.:)¡ 

ThP01t•111 :-1.:~ p101·p~ tlw fi rst cus(• of the followiug co11j l'("fll!'t' of 1\nllµ. j35]. 
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Conj ectu re 5 .4 . Lct q. be the largest prime power not c:i:ceeding q. Fo1· ali .rnffic1enfly 
la1ye. 11. t1w 91-e.atest nmnbe1· of points in a nmk-11 geometry tliat has no U2.,1+2 mmor 1.s 

l<1:' - l )/(q. - 1). This uppe1' bound 1s shmp and is attained only by tlic mnk-11 pro]i;ctwe 
ye.ome.try PG(n - l.q.). 

Thi,, coujf'ctme . whicl1 appears to be ver.v difficult. aswrt¡, that µrojccti\'e g:ooiut'tr ir-, 

pla1· ;111 extrc111ely celltnd role i11 problems th at have U2.qT2 asan exduded miHor. 11 wouhJ 
ii(• a solid a<lwu1ce to prove Coujecture 5A even for q = JO 

To relate these uew tapies to our motivat.ing examples. we can now clinracterize clas,,ical 

g,ro111ctries tltrough extrema! matroi<l theoretiC' proper1ies. Theorems 5.11.m<l 5.2 arC' re~ ult ~ 

of tlii ;., .~ Ol'I. aml thcy have as furt.her cornllaries a number of additim1al clrnrnttc1·izat ion' 

o f projf'ctin' aud affi111• spacPs: thc followiug two theorerns. from [12) 1m<l [16] rt'Spf'cli\'d\' . 

. ~awplP a Ít'11· sucl1 rl'sults 

T h eore m 5.5 .. \ l'(lllk-11 y1~ut111'fr1¡ w1tli (q" - l )/(q- 1} ¡w111t.~ rn 111/11 1'/1 11fl 11111., lrn•'r u/ 

li11sl 'I -- l ¡m111f ., 18 11 ¡nvjf:.« f ll!/; 9 tomclry uf mtle1 'I· 

l 11111~-11 qtu11u' fq¡ u•1tli q"- 1 pmnt.'> m wh11:h all l111es l1111•r- 1¡ poml.'> 1111d 11/171/11111 ., lrn11 

1if lrn.'>I r¡ 2 puwts 1s un affi11t geumetry of urrler q . 

. \ .,.,1111u '/ > 2 . .-l /'/llLk -11 yr~o md1 ·y unth1¡" -l fi<Jlllt.• 111 wh1c:h all l'll11 s luw1 1¡ /}()11/f ,, umJ 

111/ hm11 tplatu'.~ hoi •e r¡" - 2 poi11fa is m1 uffin e geomefl'y uf onler 1¡. 

T heor e m 5.6. ld 1¡ > 1 bt un i11 t cyt1·. Let 1\1 be u nmk-11 yeumctry ti! u>luc/1 cuf'h h.JJ11! I· 

plum nmt11ms ali Out uf 11w.~t r¡" - 1 e.leme.nts of ¡\f a1Hl HI which llll l-ine:; luwe at le11.~l •1 + l 
¡i11111f.,_ 71w11 the 1w111ber of puints in ¡\/ ·is eJ:11cf/y (q" - l )/(q - \ ) a11d ¡\/ i8 a ]1tVJfff11 1t 

,111111mlry ufonler 1¡. 

Tlil•on•1u 5.1 suggest.'i otlit•r íuteresting q11estio us. By exclu<l iug U2.,1_2 as a minoL 01w 

\!.•''" ;111 uppt-r hoirnd of (r¡" - 1)/(q - 1) 011 tlil' m1111b1 •r of poi nt ,,. Ir folln1\'" tliar rlw11 • 11 11 · 

11¡ 1¡1N l1m11ul~ 011 tlu· i1u111her of li11~s, tl1e 11u111be r ofplo11es. and. i11 ge11eral. 1!1C' 11un11Jc1 uf 

1;mk-1 1la1,,, btH what are thc optilllal upper bounds? 

Open P rob le m 5. 7. As.rnm1' flwt </ 18 11 fW/1/lf' ¡mwer· m11l. tf 11e1,dnl. 11 1:; .rnfjil'le11ll¡¡ /111y1 

/, !11< 1111111/1< 1 of 11111k-1 f/llls vf PG (11 - 1. q) 1111 U/1/IU' boum/ º" fht 1111mb1•1 of 11111A·1 ffot, 

111 111J1/ 11111/,-11 1¡1 ot11t' fry tlrnl 11118 1w Uz.,1- 2 11ww1 '! lj 8U. <111 JllV)t/'flllt' !Jtm1wl1·11,, 1/11 mJ/r¡ 

1¡1u1111/111 ,//r11/u/lri111/he.,·e lm111Hl8? 

111 .... , •lllP ··~l l'l')lllll ¡11011]1•111,.,. Olll' pl1H·r · .~ n •,.,1 r i(' f inu-. nll t lw ,.,1lh!!,t 'Ol lll '1l ¡, .,11f ;1 i-:1·0 11 w111 

1;11lw1 1lw11 uu ;il111ii1u 11 ' :\u in,., lrn1<·t' of 1!11 ..... ¡, tlu· fullow111;.: l]WOl'l'lll. whwb 1 .... 11 nu.,Jl.11\ 

nf Tlw1111·111 .-1.2 . 
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Thcorcm S.8. lla11k-11 geometries that are 1Y~p1-esentable oue r CF(q) and lmve 110 lines with 

1¡ + l ¡10111ts }w pf' ut most q"- 1 po ints. Purlhen1w1-e. AC (11 - l. q) 1.s the only such geum etry 

11•1//11f" - l /HJl ll lS . 

Qb,e>rn' thf\I tlif' {I/ + 1)-poillt liue is PG ( l.q): 1101.e also tha1 AG (11 - l.q ) is PG (11 -

1. 11 ¡1. pc;¡,, - 2.q) . lt would 1101 be surprisiug if other delet ions o f the for m PG{11 -

l. 1¡)\PG (k - l.q) a ro:.e from excludi llg ot.hcr project iYe geomet r ie:. &. ::.ubgeometries. Thc 

followmg !ht'Ot e 111 of Bo:.c a ud Burtoll [17] treats this 

T hcorc m S.9. S11 bgiu111 etncs of PC (11 - l .1¡) tlw t h<11 1f' no .subgeomet 1·1cs 1somol"phu~ to 

1•C¡111 l. 1¡) /1111·1 1111111111! 

r¡ - 1 

¡Hm1t~ F r11tl.t1111mt. PG (11 - l. qJ\ PG (u - 111.1¡ ) 1s tite 1mly such y1;1111H·f 1·y witli ( r¡" -

1¡" '" 1)! i¡ \ //f/111 1' . 

\• •I • 1tm1 Tl u'011 ·rn l 12 1dlow., 11, 1r1 1Ppl11n· tlw bqiot ltt·::.i:- of 1• ·p1 t•., p u111\ ,il 11 \· 1)\ 0•1 

l :1·1 1¡ 1 111 Thi 'fll•' lH :1 9 w1t h 1 lw w(•11kPl ll\·put hes1;. of au mlnur-. homorplo< ro f •2 ,,_.! T l111.~ . 

1111 1k-r1 )!.l'Oll l1' l1w,.. t \1111 lwve 110 111i11u1·,, i-;011101·phic to Li2 ,1- 2 1.1 11d 110 :;ubg('o11wtne,.. i:>o1111Jr

pl11t !•• l'GI m \. lf \ lim·1· 11 1 1110.; t (1¡" 1¡" .,,, _ ¡ )/(t¡ - 1) poiut ..... \\"llli t hl' uuh· 1• x11111pl1· tlw1 

1111 11 111, 1]11, !.ouud bem)!. PC t11 - l.1¡ ) \ PG(11 - 111. q ) 

Tu 1•1111 thi,. h1wf look n1 extrcu111 I 11mtro1d thcorr. 11"1:' rncutio11 a 1 l u?-0 1t~m a nd a c:o11j i•c-

1111. · of n \•'l\"diffpn·nt füw or. \\"e Ílr;.t l'Stablisli sorne uot a t iou for dca li ug wi th tbc t .\'P"~ of 

p1oli l1·m 0•11roum<'rccl iu Theorf'JH 5.9. LN ('. t ,¡(J\/: 11 ) be th<' ma.-.:immn muube l" of poiatli iu 

,, 11111].¡.¡1 )!.1'01111•1n· t h111 ¡,, rcprPseu111bl1• m·cr G F(q) ami tlmt ha¡; 110 r<'S t rictio 11 i>-m11mphic 

1 .. rlw)!.1'011wt1\· .l/ Tlmli. Theor<•m 5.9 d crcrmiuc:. t .r,1(PG (111 - l.1¡ ): 11 ). Tlic followi11¡,:, 

dw .. 1••!11 ap¡w;u ... i11 [11]. 

'l'heo r c 1n 5. 10. ¡, ,111111 flwt .\/ n .~ul1w'm11 l' lry of AC (111 - ! . 2) Thrn 

Ju utlwt wo11J... íor 11 11 ~· 1iUbgco111ct r.\· ¡\{ of AG (111 - l. 2). 1 hl' ··,..¡z(' f1111ctimt'" r .r2(i\/ : 11 ) 

1, 1111 n11l1•1 ofuu1i:;111tm],. s11 mlle1 tl lflu 2" - l . the rn111 1lwr oí p oiub iu PC: (u - l . 2). T!ii ;; 

1, 1lw .... r10111l_l-..I hu of t•\·id c·11c1· to dat(' for th(• fo llowing, conjecturl'. whirl1 11lthou~h 11 <' \'l'I 

' 111 t l'd. app1'iU" h~ · l\\0\'('ll thC' lillt'S i11 [35]. 

Cu 1 ~i1•1 · t111·e 5. 11 . /f 1111 y i:o mdry 1\1 1 .~ 1 ·f' ¡in·.~1 11 t11 ble ot•ff C F ¡1¡ ). t/11,, 

1i111 t.r ,,(.\/ :11 ) •·1 
,._, (1¡" l )/( t¡ 1) = l _ ,, · 
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where ( º is tite mi11i m1nn numbe1· of subgeom eti;es of AG (m - l. q) foto wliich /11 can /}l 

¡mrt1 t10111!.d 

h 1 geueral. it is extrc mely d ifficult t o compute exq(M : 11 ). {Sce [14) fo r a li cuneutl.1 

kuowu r('suh s 011 ' ':r ,1(.i\/: 11).) Coujecture 5.11 is nn att empt 10 descri be thc asy111pto1ic 
lwha,•ior of ct·,1(1'/ : 11). 

6 Matroid Invariants 

Tht• ti ual lmmd i of mat roid t heory we outliue is t/1e throry of Tutte polr uo111iul1> nud oth<· r 

im·ari1111t:< of u wt roids . Tl w Tutte poly uomial is a two-vn ria b lc po ly uom ia! associil! ed 1i·rrh 

11 11111troid . For a 111 atroid 1'I ou thc g ro uml set 5 , r11c Tult l' po ly nomial t (M : .r , y ) btll•hm,J 
a .~ follo ws : 

1(.1/ :.r . y) = ¿ (.i· _ ¡ ¡rf.S'l-rt..¡ ){y _ 1)1.-1 1-rCA)_ 

ACS 

' '.! i 

Tlii ~ p•iln1u1uial gt• 111•ra lize:. mauy impo rtulll mva ria llt 1> in rnathemat ic1>. 1ucl ud mg ¡ IJ,. d11 tr 

llm t ic 1111(! How pol.1·11ou1 ia ls of graph theory, weight e uumera1 ors iu codi11g theorr. thc Jo111..., 

pu!.1"1101JJ ia l fa r fl h <·1w1ti11g kuots. and , iu sorne cases . thC' partitiou futJ<"l iou of tll(• ];,1ug 

11w(lf'l 111 1> ta ristical pliysics. 

T he T ult t> pol.1"11or 11ia ! coatains inncb i11fo rmatio11 about tlie tuatroid: far inst nncc, from 

rlu- T utt e po lyuotui a l, o ue can detc rmiue the ra uk o f thc ma troi d , t.he card ina lil.r of rli!' 

gronud set . tite cardina!it.ies of sufficieut ly largc flat.s of each rank , aud maur more pnrnm

l' IPrs that 1\"C" haYe uot d iscussed . StilL 11011iso111o rphic matroids cau have 1J1e sa uu' Tu1t4• 

poly 1101u ial. This i.c; illust rnted by t ite 111atroids in Figu re 26. Fo r thcse 11 111tro1d:-. 1n• J1nw 

1(.\1 1 : .r y ) = t (.\ fz: .i:. y)= (.r - l ):i the empty set 

+ ó(.r - ] )2 tllC' six si n~kt ou SC'l s 

+ 15(x - ! ) the ñftw u pai rs 

+ 18 e ightee11 o f the 3-st1b1>1 't:- lm\'I' 11111k :¡ 

+ 2(.r - l )( y - 1) t lwothert 11·ohan•rn11 k2 

+ [.') (y - 1) tl w l-l']l'1m•11t :- ubsl' t :-; 

+ ü(y - 1)2 tl lt' 5-1•lt•uw11t .-. ub:-eh 

+(y - 1) 1 ! lll' l ' ll l ilP'd 

Tlit• io • ;in ' .'l ' \ '1• ra l µ,1• 1wrn l ! t•i-h11 iq 1w " ío1 prud111"111;.: 111t >1 t' ••.-.: a111 p l••, ,,f 111 111 11 11<1 , 1r1 !l1 i lw 

' '1 1111 ' 1'11!!• ' ¡u1ly t11 J111 Í11I (N'4' , <". ¡.: .. 1~1 . J.í . ::Wj). lkf111• · l lU HJ ll;.: l•• " 1111"' <1111 1il4·t111 ·111.11 1 i··,uh-
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< M, M, 

Figme 26: Two matroids with the same 1\1t te polynomhi l. 

i1111\1 ro1d1> il1tt.1 Rre dl.'terrni11ed by their 1\1tte poly110111ial). we 1>ketch :.owc of thc rcasou!> 

rhnt Tuttc 110\~·nomiab are :.o import1mt,. 

A munbcr of frequent )_,··studied invariants Rfitisfy ·'deletiou-contra{"tion'" rules. Oue 

il tlw r,l<ll'!;t mrn1u1.111,.. of thi., type is t,he chro1natic polyuomial of fl gruph. T he chro· 

11111tLr polniomml. \ (G· .r). v! f1 grnph G nssigns to eacb positin• íu t <')l/'l J ' the number of 

p10111'1 1olcmmi.~ of 111<· vt·r1 i\1c~ of G' with 1 · .. color~'· (which cau bf- takeu w he thf> integt'r ... 

l '.!. ..L): p1t1pt r me1U111 that vertices that artjoined by an edge must lit· a.~~igned <llfft H•ut 

C'lllo1" '.\ot1ce t llll.I for au t-dge e of a e;rnph G'. we have 

\\G - e:x) = ,\(G: .i:J .¡.. \ {G'/ t :) (3) 

wht>re G- t: b the di•let iou. G with the edge e removed. and G/ e is the contraction. the grnpli 
fo111wd from G o,· removing e und identify ing tbe Yertices 1hat e joined. (These operntion1> 

.11 1• iut imntely lmkcd with tllC' hke-uamt..'<l matroid operations.) Equation (3) holds ~iuec any 

1110¡wr colo1 111g of G - , eitlwr n$$ign:\ th•' t'llclpoints of t <l itkr('nl co\m-s (givin~ n proper 

n•!nrin~ ••l C'I .Jl 1hc :.."llllC' rnlori; (giving n propcr coloriug of G/ e). h. is ust>ful to writ f' 

Ec¡untion p) in th<' fonu 

(·I) 

Tl11 ... 1~ n recm-s 1vr expressio11 lor x(G:x). Ftom this, one cau i11duc1 to show t.l1at x (C:1') 
¡._ i111!1't'll a 1>0lyno111iol fuuctio11 of x . 

0111.' c.m 5how thnt the Tutte poly11ominl also sntisfies a deletiou-contrnction rnle. l11-

d1'1'(l. un nhl'rnnfi\ e way of ddining thc Tutt.e po\yuomia\ is l\S follows. The Tutte polynomial 

1if 111ntroid whQ:,(> grouud ~et i;; the cmpty set is l. lf e is an element. of n rnatroid M. then 

{
1(.11 \ (<)' .,..y¡. + t(M/ (e},,, y) ;¡,¡¡,})> O and 1·(M\ (e} ) ~ 1·(M ). 

/ (.\/ 1 r,d= 1J liJ/ '{ (J :1· 11) if r({<}l= O. 

1 f{.\/ \{•}:.1 11) ifr(M \ {<})< 1·(1'/ ) 
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Ftom this formulation. it is not immediately clear that the Tutte polynom ia.l is well-defined; 
coucei vab ly it could depend on the arder in which the elements of M are deleted and con

t racted. However, s iuce t.his is equivalent t o Equation (2), the 1\1tte polynomial is indeed 

well-defined. 

The Tutt.e polyuomial is important in part beca.use it satisfieli the deletion-contractiou 

rule but more so because it is the universal invariant for ali invariants th8t satisfy a deletion
co11tractio11 rule; ali othcr invarhmts of matroids that satisfy a deletion-coutractiou rule are 

e\·aluations of t be Tutte polynomial. The following theorem makes this precise. 

Theorem 6.1. Lel R be a commutative ring thal has unily. For each choice of e/emen~ 

u. u. fI. T uf R , there is a 1mique function T fmm the clas~· o/ ali matro1ds i11to R that hOl 

these properties. 

(i} lf M ü ihe rnatrnid or1 the empty set, then T (,M) = l. 

(!t) lf t ' is w1 tdemcnf of ,1( arid r ({e}) > O rmd r (M \ {e}) = r(M), the.11 

T (M ) ~ aT(M\ {e}) + rT(M/ {,}). 

( iii) lf 1: is u11 dem.ent. of ;\{ und r ({e}) =O, ther1 T (M ) = uT (M / {e } ). 

¡h•} lf e is a11 elemmt uf:\! an.d r(M\ {eJ) < r( M ), thefl T (M ) = uT(M \ {eJ). 

F11dlwrn1.orn, T is the followmg eualuation o/ tlie Tutte polynomial t (M ; :r,y): Jo,. o matrvid 

;\J w1th 11 k-elemerit gmund .~e t, wt hll11e 

Bry!awski [19) proved this in thc case of a= r = l: O:dey and Wclsb [114/ obsctvl'd rha1 

tlic :;uJ JJ( ' argurncut. yie!J¡; t!1c geueral case. That this result is very uscful umkcs it all 1/1(• 

rnore striking that tli<· proo f is a simple induction hased 011 t he deletfon-contra.ction rule. 

To sketch (ver.v iucornp letely) 0 11 e rc/cvan t applicatim1 of Theore m 6. 1, not e that i11 

E<¡uAtimi (· I) w(' hn\'C <J = 1 aud r = - l . The chro1uat ic pol.Ynominl of a grnph tliat cousists 

nf 11 si11~lt> !"<lge is .1:(.c - J) :;i11ce oue vertex ca.11 be colort>d witb any of .t: colon; nml rhr 

otlu.•1· \·Prtcx cn u be co!ored witb 1my of the .e - 1 o ther co/ors. A grapl1 witl1 011 cdg~' 111111 

i .... iiwid1·111 witli only ouc q ·r! cx (a loop) ha..;; uo p roper colorings. \Vith n grop!1 C. tlu•n·" 

.w 11 ....... ori11 1t'd umtwid , tlic c,\·clc rnatroid Al (G). Skippiug ruauy st cps. ouc cu11 mg1w f1v111 

1Ji1., 1!1111 \(C: .r) i~ .r ... (C:)( - ! )'·f /ol ((:J) t (A!(G');(.r - 1)/(- 1) . 0/ 1), OJ 

,,.,rr:)(- 1)""' fG)J1(J/ (C). I - _,. UJ (!;) 
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whcrr w( C) is the number of components of t he graph G. 

Before ¡mrsuing such sµecia!izations of the Tut te polynomial funher. we mention more 

rnsults nbout Tulle polynomia ls. The example at the beginning of t his section shows tbat, 

~C'\'l'rnl mRtroids can ha,,e the same 1\1tte polynomial; we mentioned that there are general 

1'oust1uctio11o; for producing more such examples. At the opposite end of the s pectrum , sorne 
11111t ro1<l~ on' dl'tcnnmed 1¡,. tlieir 'I\itH· polynomials. Tlw next 1heorem i~ from [12). 

T hcorem 6.2. lf 11 ~ .¡ ond r(M ;.¡;, y) = t.(AG(n - l ,q);.c. y), tl1e11 .\l 1.~ üomorphú; to 
.\G(u - J.q). lf t (M ;.r,y) = l{AG (2, q) ; :c. y), tl1en M is mi affine plane o/ onler </. 

Tli<'1e are iclat ivt'ly ft·w results of this typc knowu. The correspouding result for 

l'G(11 - l. q) was 1rnowa enrlier (see [20]) and has ma11.r simple proofs To prove T hco· 

11•111 fi.2, onr c11.n s how that 1J1¡• hypothescs of the first characterization of nffi uc geomctries 

m TliPOlt?m 5 5 mu bt> n'!ri!ird from 1.he 1\ittc po lyuom ial of a matrold . Uniforn1 mnrroids 

aH' nl~o tlueruuned b,· thl'ir T1:t t e po!ynom inls. as are tht> 9'clf" rnatroicb of <'om plet e grnph~ 

,,rul 11·11n111 l{C'1w1aliz111 1011, ol -.uch inat roid:-i (sf'<' !t2:J 
lh'<!lll iln11 AG{11 - 1. 1¡' ¡, PC (11 - J. r¡)\PG(r1 - 2. q ). \\'it h t)u,., m rniml. wr :.1~· 1!1111 

1!11• foll01nug rt>Suh from i2J iH ll uatun:d follow-up to Theorem 6.2. 

Theore m 6.3 . . l~.;u riu .. r1 1111t! k ure m t.eger:,• unth 11 ~ 3 m1d l $ k :5 11 - 2. A.;i;w11(· 01t 

uwl1md .\1 hru llit sa111e Tnttc polyuomwl <1s PG(11 - l , <¡)\PG(k - l. q ). l/11 ~ 4. thc11 

.l/ I\ mmwrpluc tu PG(11 - l.q)\PG(k - l ,q). Jf 11 = 3. tJ1eri .\! 18 1somo1pJm· to i;u111t· 

•Wfl/r·Plem,.111 ddttwn o/ $011u pro1ective plam~ o/ order q. 

Úm' kc) eleme11t of the prnof ofTheorem 6.3 and rcla ted results i11 [2} is that the geo111e· 

11 i~ PG(11 - l. q)\ PG(k- !. q) a rP t he unique geometrics that atta.in t he bound in a result 

rif f'xtrc111al matroid theor.v, specifically, T heorcm 5.9. Thus, the proof~ of Theorem.!> 6.2 

uml fi .3 nre pa11ly hascd on icsults iu extrema] mutroid theory. The proofs of othcr resuln; 

of r!us l,VPf' i11 •12; are based cm axiomatic chnrncteriw11011s of ccrtain 1w\tro ids. A t liird 

11wnmd11ó pro""illg such re:-;uh s is developed und aµplied 111 [11. 3iJ. 

111 ro111rast to surh result!:-, it fol!ows from lower bounds on the munber of ma t roids 

011 1\ g¡V('11 111m!be1 of clem1"1 1t ~;. umJ upper bounds on 1he number of THtfl' polyuominls 

'11rh 11111troid.:. cru1 luwc, thot m.>St 11111t roids are not. detcrmiued br thcir l'utt t' pol.v1101r1ial.~ 

( • .,1'l ' [22¡) To gr1 u hcttl'r seuse of how strong an invariant the Tur.te po ly110111iul is, it i.!> of 

111111n·~1 to produrt' large collrdirms of runtroids t hat the snme Tune polynowial; iu 11.ddition. 

11iu· 11u1\ ..... u1110 1111po* adcHt 1o:ml couditiom, on s ucb mfll roicls, s uch as heing reprcsm1t11lilf' 

011·1 GF(1/) 111 !9;. tt>eJ1111qm·~ 11re devclopcd 10 produce 111a11y fA milie.!> of such colll'c tiou.!>; 

tlw loll11wm~ 1hrou•u1 1~ the i ip of thr iceberg in 1.!11s urefl 

T lieorem 6.4. -'~~mm tlwl 'f n tJw f · th JJOU!t'' of a ¡w111u . th11t IJ c.i:cet:d , 5. ami lhut r¡ - 1 

163 
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1s nol a Mersenne prime. Let d be the largest proper divisor of q - 1. For each mteger 11 

with n 2:' 3, there are at iea .'it 

(d-1)"- 1(q- l -d)(q - 2 - d) 

nonisomorphic 3-connec:ted geometries that are representable over GF(q), that llave 1tmk 

211-+- 2. that contaitt 
q2n .... 2_1 -5n-5 

q- 1 
poi11ts. and that have the sume Thtte polynomial. In particular, if q is udd, then there ait 

at least 

(~)"'1..::.2 2 2t 

rnch ycometrits. 

"'°" mentloi1 t.wo opeu pmblems along these lines 

Open Problem 6.5. Fmd mure mufrvuls that are un'Íqm:l-y determiru~d &y thetr T11tte µoly· 

llOll!U//s. 

Open Problem 6.6. Fmd more corist1-uctions tlrnr produce n umsomurplnc mahv11ls thut 

IWl!I' 1!1t: smne Tutl.e poly1wmial. 

Tlw particular evaluation of the Tutte polynomia.l iu Equation (5) arises so frer¡ueut ly 

that ít is ::;ingled out. The charucteristic polynomial of a mat.roid M is defined by 

Thus. up t.o a power of ;¡ ·, the characteristic polynomial p(M ;x) is a generaliza.tiou of th ~ 

chroiuatic polyHomia! of a graph. 

Th(' chromatir polynomial of a graph has the following simple property: the first so 
mau.'· positivt- integers an-· roots of the chromatic polynomial and then there is never auother 

¡iositivE' iJLteger root of d1í,; polynomial. This is simply because if G caimot Le colore<l with 

J.: color;;. t.hen G cauno!. b" colored wit h k - ! colors. Oue can show that matroids tlmt 

an' represeut.able o ver G F( q) ha ve an analogous property wit.h respect to powers of r¡: t.hr 

first so lllOH~' pmwrs of 1¡ a re roots of t.he cbarocteristic polynomial and then t.herc ar1~ no 

rnore powers. of q t.hat arr roots of this po!ynomial T hus, in analOgJ' with t.he cli ronmtir 

11111ulwr of a graph, t.lw ::rnw.llest. int.eger ~· which is 1101 a root of the ch ro1111.1t ic m1111lw1 

(Pq111v;l[puf.l.\·. the s1 u11ile:>t iut cger J.: sucli that the graph c1w be colo1ecl with k co]oi~ ), 11'(· 

1!di1u· tl1f' c:1itir<1I expm1e11t of a geo1ndry that is repre.entablP ove1· GF(q) (We coulJ clcfitn· 

r!w 1·1 itical Pxpmu• 11t. of ;1 mat.roicl in gP1u·rn! but thc critirnl f'Xpo11ent d1-pc11ds 011ly 011 thl' 

s i1uplifkatio11 of tlw umt ruid. TliNl'ÍOl '<' tlil' thf'on· of n1 t 1cal expOlll'l11 S g1·11crnll.v fotu~1-. 

uu¡.:1 ·rnw·niPs.) 
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Ocftnition 6.7. Jl .!smne tlwt Mis a 9eomet111 that is represe11table over GF(q). The critica! 

1.x1,011cut of M ovcr GF(q) i.s the least posit-ive integer k S'UCll Oia t p (M:q") 'f:. O. 

The following thcorem of Crapo a nd Rota [23] begins to hint a t the importance of thc 

rn t1 rnl cxpo11cut 

T hcorcm 6.8. :lssume that lh e 1m1/.:-m yeo mct.ry J\1/ 1s representable on:r GF'(<¡ ) tmd hu.~ 

rutiwl cJ1n.m e11t e ooer GF (1¡). For any 11 2: m and ar1y e111bedd1119 of .\/ m PG (11 - l , r¡ ). 
tlu! /e11sl f'odunensw11 of a subs¡¡a ce of PG(n - l , q) disjoirlf from M is c. 

l1 ii. !>\nkmg thnt !bis codimc usion <loes uot d epeud ou the e 111beddi 11g or eve11 the 

du11 r11~10H i11 which the m utroid is e mbedded! One ca n s how from this tlrnt the crit.ic;al 

i·x¡io11(•11t i ~ nl...o llir smallest 11umbcr of subgcomet.rics of AG (11 - l.q) iuto w h icl1 A/ cn 11 b e 

11111w1orlt'd Thw., the ('i n Conjectme 5.11 is t,he crit ica [ expouent of M . 

Tl11• r11t1ra.l l•xpo11e111 provides a ucw perspccth·e 011 n munber of \'en · irnportmit prob

l1·111 .. h u 111-;t1mce. le1 b1.b2 .... b,. b e a basis of PG(11 - l.<¡ \ and \e1 r.:~ lw tite muon o! 

ull flut., s pn1111(>d h.\ ~· clcmeut s 1111 io11g L1,b2 .... L11 • thut is 

El = u cl({b.,, b., .... b.,} ), 

fü•mlt•1 .. familiar with thC' thcory of lillenr codes will recoguizc that the points ill E;, con e

'POnd tlw \"e<: tors that cau not be i11 any linear code of weight /.: + 1 or more. h fol!ows from 

T ht'ol-l'm G.8 that 1>0lvi ng the fuudamental problem o f lillenr coding thcory is equivulc ut 

to tlf'h'1mi11i11g the criticnl exponent of the restriction of PG(u - l.q) to El .. {See [24].) 
Tl11 1< ~11sgt>:; t :. 1lu• way iu which the ;'critica] proble m'' of matroid theory can be used as a 

f1u1111•\1'01·k to unify ma11y importan! combi untoria] problems. The interested render should 

rn111<11lt Kong (36J for more o n th is ino.jor topic 

7 Con el usion 

165 

Thb mtroduclion 10 matroid thcory addresscs on!y a vcry small number of thc more immc

din11•ll' ncrN1ble r~uhs iu o smnll subset. of t hc many focet s of this field . lt is hopee! tlmt 

rlu's1• «napshob ofSt'lected tapies givc you atas te for this subject that emices you to purs\l(' 

!ht• 1hf"On of matroicb fu rther. A111oug the manr topics t hat awnit you nrf> the f11ndo!lle11tnl 

m1d po1n·1fu[ o¡>era11011 of duality i'!O], nmps b ctwccu w ntroids (st rong mnps, wenk n1ops. 

ro111np, ) [:i:t :~1 1. ro11~1ruc t io11 !-i [21. IO]. lmsb exd mugl' pi·opC'rtie:-. (32]. s trnct un• theor:v ami 

H 1111u·rr1nl\ [IO. 11 ]. thc spli11 r r !lworcm ami it s co11sC'qu1·11ccs [·IO. -11 ]. sub111odular fum:-

1111 11, [:1' 111¡. r111111wrn11011 ¡2:1. Ul . 17j. ~implicial complrx~ as.-.ocia t('{I wi tli matroid~ [fi l. 
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and the entire field of oriented matroids {7] with its strong connection with the theory 
of polytopes. We have also omitted the numerous applications, which include optimiza. 

tion [25] , transversal theory [18), coding theory [22, 2•1, 36, 46], different ial geometry /1, 27/, 

structura\ rigidity [28, 52 , 53], arrangements of hyperplanes 139/ , knot. theory and statistical 
physics [·17], and much more. In each of these arcas. many tantalizing open problcms remain 
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