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Introduction 

h 111 rorumou 111 difforcntial cqua t.ions com ses to obtain explicit solutions to a second-orde r 

or lu~lwr nlrr hut'nr thffcrc111i11l eq1111tio11 ouly if thc equa tion has const a n! coefficient s or 

hn.~ foirly 111111plr polynomi11I cocfficicnts. Wc shnll explore how t he t e<:hniques of solu tions of 

~ud1 11roblr m .. <'nn ])(' rx1rmkd to solvc cxplicit lr c('rtniu cqmu ious wit h fairly co1uplica t.cd 

rO<'fllr1r111 íuncooub Iu particular, wc chnrnctcrize those secoud- nud third-order linear 

t'<¡11ntlo11~ wluch ca.u be convcrtcd, viu a '11011si11gular' trnnsforma tion of t hc indcpcn<lcnt 

mrinblr. mto (!} a n ('quation with coust nut cocfllcient s, (2) au cquatiou with polynominl 

rnrílicieuts. or (3) an cqua11ou with ccrtnin spccificd coefficients. i\ loreovcr, our rcsul ts will 
~hoy. l1ow lo detm11111t' tlic ncccssary \"f\rinblc t rnnsforrnnt ion. lí an equatiou is not in l h<' 

1iro1>rr form for COU\"l'r51on to onc of t hesc forms, t.hc u 11n ' integrnting factor' 1118.}' be used to 

C011\'l'rt thc g1\"l'n equaho11 hito thc propcr fonu, the n thc cquntion may be trnns formcd vi11 
11111111pro¡mntc \'nnablc subsl itutio 11. Wc sl1ow l1ow to fi11d sud1 i11tegrnting factors to co11vert 

1111 t'<1unt1011 mto onr with ro11sto11t cocfficic11ts. Alns. i111cgrofi11g foctors for t bc othcr two 

~'Y tnr11l• •'1-' ,..._,...,, hm:'M" diff<'r<'nt lnl C(LlJnl io n . Eutrr cqun1 1011~. i11dr1>Cndrnt mrinbl<' 
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cases are not easy to come by, and so in t hese cases, integrating facto rs must be found on a 
case-by-case basis. Such results can then be used to recognize when a variable trnnsformation 

wil l com1ert one problem into another. Once a problem is transformed into another, \'8.fious 

conclus ions may be drawn. For example, in sorne cases, the original ec¡uation may be soh'ed 

explici t ly, while in other cases, information about asymptot ic behavior for one eq uation a1 

infinity or near a singular point may be carried over to anothcr equation, providing auother 

tool for analysis of equat ions. Sorne results a.long these li nes fe r second-order cquotions 11.f't' 

present.ed in exercises in [l /, but the general t heory of independent variable transformations 
is not presented. Vat"lable tro.nsformations are used extensively in [2], but, ognin , o genen1.I 

throry of variable tro.nsformations is not presented. F'iually, much tlieor.}' of Diffcrcntial 

Equarions is presented in [3/, but we present our results in a for rn accessiblc to odvnuced 

undergraduat.es. These tools can be developed so that the appropri a te trnusforma t. ion~ are 

obtained wíth a method similar in difficulty to finding intcgrating factors for first ordcr hncat 

equations. and so the rnys tery is removed from the process of fi nding a suitablr \'nrinblt> 

transformation. F'iua lly, t he work of Ri tt ami Kaplansky implies resul ts relatcd to tliose 

presente<l bere, iu a more abstrnct algcbraic fo rm . We generate closed-form solucuoull 10 

equat ions iu a clnss of equations that is not often explorcd in this mamier. Our sol ut ions can 

be uscd in the dcscription of various physical phenomena , ns we will discuss in thc future 

2 Transforming Into a Constant Coefficient Equation 

In this section we give necessary and sufficient conditions fo r o.n cquntion of tite form 

P(t)y" + Q(t )y' + R(t )y ~ G(t) (1) 

10 be transformable to a constant.-coefficient equation via a ' uonsingular' trnnsfornmt.ion of 

the independent variable. T hen we t rcat third arder equations a nd iudicnte the general a1>­

pronch fo r higher order equntions . Simi lar npproaches can be taken for syste1ns of <•qunl ion.~, 

but for fi rst-ord er systems, the results nre not as promisi ng. Let us begin by noting !.lmt onc 

classical example of n variable tro.nsformation of the type we cousider is the cnse of Eulcr 

cquations: An equation of the form 

t 2 y" + a:t.y' + {Jy = g(t ) (2) 

can be convert ed into n coustnnt-coeffi cient equat io11 b)• the t ransformation t = e", or 

cc¡u1vnll'11tly .. 1· = lu (t ): Ju this cuse, (2) is t. ransformcd mto t he equa tio11 

~ + (n - ! )~ + .ly = g{t.''"). (3) 

Tl1c· solutiou of (3) is obtai11ed by tlie us1ml ructl1od)'. for cqua1ions with coustant cocf· 
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fic1onts, nnd t he solution is ti rnnformecl back into a solu ti011 of (2) by replacing x wit h ln(t.). 

Wo shnll geucrnliie trhis process , and show h0w to tell when a n equation can be t.runsfonned 

int o n conslnnt cocfficient. equnti0n. The fundamental tiheorem is the following. 

Theorom 2.1 Thc cquation (1) can be trnnsformed into a constant coefficient equatiou iff 

lt is cquivnlont to nn equation of lihe form 

nrj/¡/' + (b(r/>') 2 - ur/>")y' + c(rj/}3y = g. 

whcrc tJ¡ \s ll t.wice-difforentiablc functiou wi th ef/ #- O, and wherc ci. b a11d e are constrants 

Morcovor. in this cnse, ohc variable transformat ioii :~ = <P(t.) converts cqunt. io11 (i!) (0r (!)) 

into ~he constaut coefficicnt equation 

Proof T hc trnusformaLion :e = rj¡(t) yie!ds t.he followillg: 

nnd 

II'o¡¡clhcr, tliesc rcsulls produce 

~=~~ =~r/>' 

~ - !!..~r/>' + 0J!.,j/' 
di. ~ - clt cfa; dx 

= .!!._~<// + 0!_ 1'" 
dx di. drc 

= -/k~rJ>'rj/ + ~t/>" 
=~(r/>')2+'.!:!!.<i/' 

dx 2 dx 

~=~}__ 
d:~ clt rji' 

!!j¿= ~-~r/>" 
¡{:¡;2 (1>')2 

f,lJ - !ftf f. 
~ ------wr-

110 1.h11t soh1t 1011s o f ( 1) must snbisfy 

(5) 

113 



Substitutions of t11e Independent Variable 

which becomes (on multiplying by (<f/) 3 ) 

a[<'<!.!!_ - ':!!,¡,"] + b [':!!(,¡,')'] + o(o')'y = 9 dt2 dx dt 

and gives 

a<t>'~ + (b(<l>1)2 - a,P")~ + c(<l>1)3y = 9 

thus showing (1) is equivalent to (4). 

To complete the proof, start with (4) n.nd reverse the substitutions until (5) is obLained. 

QED 

One may note that the Euler equation (2) is not in the form (4). Whnt is 11ccded is an 
"integration factor". In particular, if we Jet 11(t) = 1-3 and multiply (2) byµ , wc scc thnt 

the Euler equation is equivalent to the equation 

1-1!111 + ar-2.r/ + f) t-:.iy = ,-Jg(r ). 

wh ich is iu t.hc fonu ('I) with <P(t) = ln(I): 

Example 2.1 To solvc the cquation 

welet :z:=sin(t). Then 

nnd 

cos(t)y" + sin(t)y' - cos3 (t )y =O, 

i¡ = cos(t)~ 

cf2y 2 d2y dy 
dtJ = cos (t) d.x2 - si u(t);¡;; 

so the givcn equatiou is trausformcd into 

., [d'y l cos· (t) ;¡;:¡ - y =O, 

or. eq uivnleutly. !!.__1 2~ - y= O. Thus 
( '.¡; · 

y(t) = C1e~ln( 1 ) + C2e-•i11 (1) 

is 1 hC' geucrnl solutiou of the gJvcu cquat io11. 

Exnmple 2.2 TJ1(' 1·q1111t,ior1 
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cfllmOt b(' m msfonned inlo 1\ cons tan! coeftkient equatiou. Suppose, on the contrary. tho.t 

r • Q(t) 1s a transfonnation which converts the given equ o. t iou into one with const1111t 

codlicieuls Then the giveu equlltiou is equivnlent toan equation of thc form (4): 

nd/y" + (b(l/>')2 - wb")y' + c(di' )3 y = g. 

Thu~ nnv solutton of 1hc giYcn cquation must sat.isfy 

[b(o') 2 - ao") cos(t)y',... [c(<t>' )3 cos{ t ) - a1D 1 cosJ (t)]y = cos ft )g (t ) - o' f (t ). 

h follow11 that b(o')2 - aó " = c(til' )2 - 11 cos2{t) = O n11d so 

ao' 
t10" = b(ó')2. c(ó' )2 = ncos2(1} nnd y (t ) = cos{t)/(I). 

Dm tl1 l'M' co11d111011!. nrc incompl.Hible: T hc fir st two yicld 

' Jf' '"() b ' O (t) = - cos( I} awl ¡¡¡ 1 = - cos · (t ) 
e r 

\ u 11 1·ou,11lt·r i1 1l urd-oal('r ~'quntio11 

l'(l)y"' + Q(t)y" + R(t)y' + S(t )y = G(I). 

\\'{' lmw n su111lar tlworcm 10 the sccond-ordcr case. We leo,•e the proof to thc reader . 

Thcorcm 2.2 Equat1on (6) mo.y be transformed int o a constnm roeffi cien1 eq unt.ion, 

dl y t12y tly 
tlJ;¡;:J + t12;¡;;z + 01 d.;; + aoy = 11(.c). 

\'In thc 1rnn.:1forma11011 r = Q( t), iff it is equivalen! to tbe equntiou 

(6) 

'"' '' " " [ '' "' '" (o")' ] ' ' ·• n101J +[ni(O) -3'13ójy + c11(,P) - 11 :J</> - n20 <1> + 303--o;- y -a0(ó )y=ho <J¡. 

For highn order t-q1mt io11s , sindlnr thcorems ma~· Ue de\·eloped by assuming a trnns­

f01 mntiou ton co11~ 1 an1 coeílicien! cquntiou cxists , but ít is not clear how to fi nd a geueral 

IJHltt' rn . fl mt "' one uut:.I considcr c;1ch ordcr separatcly. A useful necessary condit.lou mny 

IH' l'l lfl!t•d , hO\\f\\'r. nnd this rcsu lt is cnsi lr olitnilled by gcucrnlizing the proceeding rcsu lt.s. 

Thcorcm 2.3 lf tll<' rquntion 

l',. (t )y< "J + · · + l',(t)y' + l'o(t )y = G(t) (7) 

t nu h<' trnn .. fornwd 11110 one with coust.aut cocfficicut s Yin the 1rnnsforma1io11 .1: = f/i( f ). theu 

11 1 ~ l'11111ml1·111 lo a111-q11a11011 in w\iich tli t' kad coe ílic ienl i ~ n coustaut mu lti plc of </J' uud 

! lit> t'01·flitwu1 011 11 '" ll ron <i tnnl 111 11h ipll' o f {d>')".._ 1. 

11 5 
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Even though an 11 1h arder differential equation can be transformed iuto a first-order 

system of n differential equations, there is no general result obtainab!e by our appron.ch 1ha1 

gives necessary nnd sufficient conditions for ali higher orders. The following thcorem shows 
lirnits of our previous methods a.s applied to systems. 

Theorem 2.4 Let x'(t) = A{t)x(t) + b (t) be a given systcm with continuous nonconstant 

coefficient mfll.rix A(t). This system can be transformed . via the trausformat1011 T = 0(1) , 

into one with constant coefficient matrix B, 

iff it is equivalent to 

x'(t) ~ ~'(t)Bx(t) + ~'(t )c(~(I )). 

tvloreover, in t/Jis cnsc, A(t) = rj/(t)B and b = <P'c o tfi. 

(8) 

Proof Vú• lea.ve t.o tht· render the verificatio11 of sufficienc,\· of the co11ditio11, ami show 0111) 

its necessi ty. As.sume x'(I.) = A{t )x(f ) + b (f) can be mmsformed i11to the systcm (8) by 1hr 
. . . dx (I) , d(x o•-1)(T) . 

\"8.rmblC' t rn11sfornrnt1ou T = <P(f.). Then , smce --¡¡¡-- = Q (t )--d-,--. 11. follows thnt 

x'(I) ~ ~'(t ) c(ó(t)) - o'(t)Bx(I), 

for evcry solut.ion x of thc giveu system. To sce that A(t) = <il(t.)B and b = tf/co4>, sublrnc1 

the two equivalent equations t.o see that cvery solution of the given system must sntisl)• 

(A(t) - ~'(t )B)x ( I. ) ~ (~'(t)) c(o\(t)) - b (I). 

Now !et x = X c + x 1, be the genernl sol11tio11 of the original system, where Xc is the gcnernl 

solution of f.he correspouding homogr ueous systern , a nd Xp is a fixcd solution of thc gh-cn 

system. Thcn we lu:we 

(A(I) - d/(l i8ix,. ~ b (I) - (o'(l))c(o(I)) - (A(I) - o'(t )B) x ,,. 

T his fact , nloug with the foc t. that any multiple of a solu tion of th e corrcspo11di11g homo­

gcncous systcm is agai 11 a solution y iclds b(t ) - (ip'(t))c(q!¡( t )) - (A(t ) - 4>'{t)B)x1, = O. 
Thcn thc fact t.l1at, {A(t) - q,1(t)B)xc = O y ields (A(t ) -ó'(t )B)X = O fo r any fundamental 

111atrix X of t he corresponding homogencous systcrn . Since sucl1 fundamental matrices nre 

iu,·crt iblc, il fol!ows thnt A(t) = <P'(t.)B , as clairucd . Out the11 it fo llows that b = tP'c oQ, 

nnd so we are done. QED 

Example 2.3 Cousidrr t.hc (2 x 2) srstcm x '( t ) = A(t)x (t ) wl1cre 

A(r) ~ [; : J 
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Thi~ ystem cannot be trnnsformcd into onc with constnut coefficients vin u variable 

t ro. n~formntion oí t hc typc Y.(' luwc bccn considering because t he re is no pnir (t/i, 8 ) where 

"\o; 8 fonction of one variable, 8 ia 11 constunt matrix. and A(t) = o '(t)B. Note t hnt it 

111 p()lj.lj1blc for a sy-;tem 10 be trnnsfor med into onc wi t h const o.nl coefficients by met hods 

olhrr thiu1 our variable tra.n.,fom u1t ion . To sec t his , t rans fom1 Examp le 2 .1 into a system 

l\ lld 1enliir. u~in~ T heorem '..! •I t lmt no T = ~( t ) can produce a cons talll coefficient system; 

!n!Jh.'fHI, ot hcr mNhods art' 11 r1·dccl . Tb is further dcmonstrates t he hmna u ons of npply rng 

our mcthods to ~IY?ottem !'>. 

3 'I'ran fo rming Jnto a Polynomial Coeffic ient Equat ion 

In th i11 ~t·rt1on we gencrnlin• tlu· resultr. of tli e prcceding scc1ion to t he Cabe tha t ouc wis hes 

to ronvert ('qu&uor~ to a gin'n ~ ·quntiou with poly nom ial coefficie11t1S. This may be dcsirable , 

lwcnu~ for rqun11011~ vm l1 pol~·uoru in ! coeffi cient s. powe1 series solu t ions a re readi ly avuil­

nb!1· nnd 1 h1~ i,i.111lcad 10 M'll("' sol1 1t io11s, though noi power ~rics solu t ions , for cquntio11s 

wl 11rh prrv1t11hh hnH· 1101 lw(•u ~olvcd . T he ma ill thcore n1 of t lus sect1on 1s t he fol!owiug. 

T l1oor m 3. l Th<' cqua110t1 ( 1) can be tranformed into an cquation of t ite forui 

(t ª''') ¡/' + (f:o.1) Y+ (t c,x' ) Y= g(r), 
t .o l .. o ~=o 

(9) 

\'Íh thc vtmable transformat ion ;x = tfi{t) , iff ( l ) is equiva \cnt to the equation 

(t • •• ' (1)) ó ' (1)11" + (t b, .• '.(t)(o' (t))' - t a,ó' (t)o"(t)) y' 
i O h "O k•O 

+ (t c..qi(t)(~'(t )) ') y= (o'(t))3g(o(t)). (10) 
~·=O 

Exnmplc 3. l To !'Oh't' the t•quntiou 

(1+11·1arctan{t)y" + (1 + t2)(1 + 2t arctan(t))y' + arctnu(r)y =O, 

W1' fi rsl d1\1clf' Ir.· ( 1 +1 2 )-1, 1lu·11 11ot c 1110.t t he resultins cqun!ion is equivalen! 10 t lie cqua t.ioii 

•«l•'(<lu", [(<b' (t)J' - o( t )~"(t ) [y'-.- o(t)(ó'(t))'y =o. 

wl1rrr t;)(t) ""'&rc"tan(r) Thus tl us vnriablc t rnnsfon11nt1011 yields the cquat1011 

rl2y dy 
.l";¡;i + ([;; + J·y = o. 

11 7 
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which has the power ser ies solution 

y= l:•" (x -1 )". 
n = O 

where the coefticients satisfy the recurrence relatious 

(n + 1)20.,+1 + ª" + ªn-1 
ª"+2 = (n + l )( n -r 2) 

aa + ni 
a2= --2-. 

Thus thc solutiou oíl.he original equation is given by 

y(t) = ¿a,,(arctan(t)- 1)" . 
n=O 

Example 3.2 Tite equu11io t1 
y11 -y'+ (e 21 - I )y =O, 

when multiplied by é!I, cnu he secn to be in the form (10)1 using rp(t) = e' : 

(o(tJJ'1'(1i11" - (o(tll'o'(•Jy' + ,,.,,,,, - 1)(o'Uil'" =o. 

According to thc theorem. then, thc vnriable iransformat ion x = e1 = tP(t ) converls thc 
given cquation into a Besscl equation of arder I: 

x2~+(x2 -I)y=O. 
dx 2 

Let J1 nud Y¡ be the Bcsscl funct ions of the first nnd second kinds, respectively. Thcn !h<' 
geueral solut.ion of the given ec¡uation is given by 

4 Transforming Into an Equation W it h Cer ta in Speci­
fied Coeffi cients 

/11 t/1is seclion. we nssume 11/w solut.iom; of o giveu cquo.tiou, 

p(:t)y" + r¡(J:)y' + r(x)y = 9(x). (11 ) 

k11owr1 , a1 1d dm1 ·11c!f'ri;:1' 1!1ost• c111mt. io11s \1•!1id 1 111ny be tr11 11 1>foni1cd 11ito ( 11 ) \' in 11 

11011si11gulnr vnri11bl1· !n111sfurn1/\f.io11 . (lf r.hc solufinu" of ( 11 ) nn • llol kuowu , lm1 nri · lwll(' r 
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un<ll•rstood 1han sohitloni; oí some other cquations. our approach will show how to study 

pro¡icrt1 of lcss wcll-understood cquations.) 

T hcorn1n ..¡ . 1 Equntion \ l ) can be transformed into cquation ( J I ) vm the variable trnns­

fornu111011 z = d:ilt) 1ff it is equivalem t o the equation 

Proof \\'e prO\'t' tlml thc fonc tio11 <f> nnd its iuvcrse couvcrt. betwec11 cc1unfions ( 11} nud ( 12). 

Tl1ru thc th('On:>m follow" 1m111cdillluly. tf ·y satisfies ( 11 ) . t hcn du• varinblt" t.n:11 1sfon11 ut.io11 

1 .. r;i(I ) y1t•lcl:-. 

• (o'(t )l3g(o(I)) 

On thl' c.:>thet hand , 1f a fu11ctio 11 y satisfics (12). then wc let .r = <il( t) again, t,o ~ee t h1.1t 

¡1(J)~ •q{r'~ +i-(r) r¡ 
fl..rl dr . 

P(O(I [ J'y ó"( I) d11] q (~(I )) dy - Wliii' di' - d7\i) rli +--¡.¡¡¡ rli + ··10(1))y 

l [ ' d'l.y . dy l • WI•))' Plo(t))ó (l)iii' + (q(o(t))(ol'(I) )' - vló(t))o"(•l) rli + ,lo(l))(ql'(I ))'" 

• (<>'(11)), (lo'(t))3glo(t)) ) 

9¡.z ). 

T trn, tht' ÍUIM"l km u l'llso :;nti <:: fic s ( l l ). n~ claiuicd. QED 

119 
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Example 4 .1 Consider ~he equation 

_ _!_ ~ + [' '" (i) - 2] (_!_) '!!! - _!_ cos (!)y~ O. t2 dt2 t t 3 dt ¡6 t 

Lct.ting I = t?{ t) = f , we :;ec tha t t he given equat ion is equivalent to 

cfl y dy 
J;z + sin(x) dx T cos(x )y =O, 

which has annlytic coeffickn1s, and so has as its general solutiou 

where !11 aud 112 a re a.ua l.1'1ic Thus t hc gene ral solution of the gi\'cu t'qw1t.ion i-; gi\'t.>11 IJ) 

y(t ) = c1y1 (7) +c2u2 (f ). 

a 11d is a na ly t ic exccpt a1 Zl'W . 

5 Integrating Factors 

In t lns sect ion. we tel l how t.o fiud a.u intcgrnt ing factor. if one exists, whu:h will couverl an 

cqua1Lo 11 o í the fo nn ( 1) {m more genern!!y, ( 7)) int o a canonical fo rm for tra.11sfor111a1 1on 

into constanl coeffic- ients. 

The ore m 5.1 G iveu a u t'qu11ti o11 of the fo rrn (I ). t here exis1.s a func11011 µ wh icl1, w'1eu 

rnuh1phcd hy ( ! ) .v ields n11 c·q uutiou of t he fo rm ( 1) , wnh a = \ nud t: r O, iff t hcrc are 

constam ~ b aud e :;ud1 t.ln1( 

g, bR l' p:_I'·' ( R' 3RP' ) ((/ + /'')=- - - - --­
cP 2 R cPl cP'l 

In Lhi:; case. tlw iut egra!ing fa ctor t' is gi\'Cll by 

Jl =g, 

P ro o f 1t i:-. ensy to ~1 ·1· ! lm! a fu uction 11 1:; nu ml c·i:;r .u m~ ÍR<lor fm ( J) iff for ~1111· fuur llon 

o. a mi fot 1>01111• co11s tn 11t s 11nwl 1. \W lim t• 

¡,(> = cJ,' JIQ = /1(c'l.! t:1" n111I 11/l = r (o') ' 
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Sub.olt1t ut111g 11P for a/ in t lw sccond two of these ec¡uatious gives llS relationships between 

¡i, Pn.nd Q 
µQ = b¡i'1P2 - ¡t'P - ¡1P1 nnd ¡1R = c¡13?3 

Tlll' !lt'Cond of th~ equations nmy be solved for ¡1 , o.ud substitutioo into thc first yields the 

romht1m111 rcqum'<I for cxi.!itcncc of 11. QED 

Tlu.' condition g1vcu lwn• is tcdious to check. so the bc:>t way to use this theorem 

•- to compuh· 11 nnd mult 1ply by it, to see i f it works, i.c., does the resulting equation 
irn11~form lnto onc with constnnt cocfficicnts by thc npproprin1c iransforrnatiou? lf so th1m 

t)11' tro!l'1format101110 (5) is o! c-oursc poi;sible, und otherwise, it i!i unpossible. 

Tht• following oorollnry geuernlizes 1.hc preccdiug theoretn to the higher ordcr case, but 
t11(11.¡11 doc .. 1t01 gn't' a churnc-tcrizntiou. 

orollnry ~. I lf an mtegrnt iug foctor for (7) exist.s. it is give11 b~· 

.. ~ 
~1 = v~· 

Y>'lwrr e ia i,ornc constaut. 

Exomple 5. 1 To sol\'e Lhe 1..'Cjue.tiou 

Wt' lct 

1/' + (121 + 8 - ~)y'+ (36t2 + 48t + 16) y= O, 
t + ij 

1 ) f361' + 481 + 16 1 (G ) 
11, t =y e = Jc t + •I . 

\\'¡• f\<{,§11111r C' = 1 for CO!l\'f'lli(>nCC, so w{' mult.iply thc origmnl equat1011 by 11(1) = Gt + il , f.o 
olitnm thc cqwmon 

(61 + l)y" + (2(61. + 4)2 - G) y' + (61 H )3y = O 

We could chttk 10 <:('(' thDI tlw. is in t.hc form (4) , but '''C just proceed as if the approprinte 

1ulM!t ltul1011 •111 •'Ork 1f it dol'S, the11 wc nre done, and othcrwise, nothing will work . Thus 

Wt' l!lt .r • 311 • tt. 80 t}ml 

~dt11 =(6t+ l )~111,y,' nnrl ~ =(61+ ·1 )'lt!:J!+6~. 
.. dt2 dx2 dx 

Sul>"tt1t11t111JC 11110 1llt' origino! cqtrntion yiclds 

. [1Py dy l ((if + •l)J ;-¡;a+ 2;¡; + !I =o. 
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or, cquivalent ly, 

Substitutions of rhe lndepcndcnt Varinb/c 

cl2y ,,dy 0 
d:L'l +-~+y= . 

Thus the genernl solutio11 of the original equation is given by 

y(t) = Cie-311 - 41 + C2 (3t 2 + .11) e- 3r'-·11 . 

Example 5.2 Considcr t he equntion 

d2y dy 
d(i + (Bt- l)dt + 16t2 y =o. 

We wou ld !ike to find 0 11 inte¡,rrating factor far this cquation , so we Jet ¡J.(t) = J'iif. = 7 
where r is 1.0 be detemdned. r-.1Jult.iplicnttÍo11 of thc givcn C<¡uatio n by ¡1 yiekls 

4f d2 y (32t2 1lf) dy (4t)3 
¡t.dt2+ ¡e -7<: di+ Je 11=0. 

so the 011Jy possible rrunsformntiou qi to converL it mio /\ cons tnnt coc.Ricicnt e<¡URt1011 

s.ntisfie:. ¡p' (I) = ~· Ju tliis a 1sc, we c hoose :e = ~t2 , so 1hnt tlw g1ven equution tri111sfott11\ 

into 

( ,,, )" ["'" [ 1 1 l dy l = Jc cJx2 + Jc 16t2 + 2 - 16t ~ + cy ' 

so that it ii; clear t.hn t t.l1c givc11 equat.ion cannot be transfonned int o onc wit li corlllll\lll 

cocfficicnt s. Nol:c t.hat 1f wc mo<lify t.hc cqu ntion ns fo llows, thcn rh proccdurc n.IJO\'t 
co1wcr1s it in r.o n co11stuJ1t, coeffi cient. cquution : 

,(ly ( ¡),/y ' ---;; + St - - - + ltit y= O. 
1/t· I dt 

6 Asymptotic Behavior of Solutions 

\\ 'l' cm1 u~c t.he Lrnusformut ions clcvclopc<l in thc prcceding scctioni. to n11uly:.c thc b1•hn\'ll)f 

oí sol u11011s nt. i11fiuit.y 01 ucur n si 11gulur point . In tlus sccuon, Wl' givc sornl' l'Xnrnpl~ ol 
how this c:un lic doiw hr trn11sfor111 in¡:; uu cqunt1011 into ouc wit.h co11st.1111l coeffi cicnt" or 

11110 o nc with poly110111111I cocffidcut s. To bcgin wllh . considcr 1111 ('(¡ 11 11 tio11 of thc forin ( I} 

whrre thC' nuu1ln~ rs " · ú aud e nrc nll positivc. aud ,~!!_ dJ(I) =oc. Thc solutionh of :md1 
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an l'<IURtion trllll lo uro 11' t - • becausc it may be transformcd into a.n equation with 

nll poe\tL\ I' con~l•nt C"oeffirn·uts, end (scc (!!) such a consta.ni cocfficient equntion has thc 

pm¡wrl,. thot all 1 1 ~ M>h11 10ns tcnd to zcro as x - oo. 

Exnmplc 6.1 Tht> 110lut11111.-; Or thl' cq11atio11 

y" t l2e1 - l)y1 + 3e21 y =O 

ali 111,proorh :r_, ro ru; 1 • '\. 1.wrnnsc rnultiplico t iou by e.1 y1elds an cqui"alent, cqu1ttion of 

th•· fo rm f n wn h JX>l>itiw r1. b 1111d t (nn 111 ely a = l . b = 2 ande= 31. and ó( t) = e.1• 

:-.In.,., m.i.11lhat 1fo p;1\ t•1 1 l'<J llUti011 is of t.he forn1 

.2 tf2y . . dy ' -
.1 rl.(i r .rp(.1)-;¡:;..,... q(.i).11 - O 

wl11·rl' t lw fuuruo11~ 11 und r¡ ;11•· A.11nlytic, thcu the 1 oob of tlie corre~ponding md1cwl i:qrwtum 

1k~ntw tlw quithrn.rn·r bdu1nor of rhc solut ions near zcro \\'e u:.c thi:,; rn thc followi ug 

l'X!\Jll j!h' 

fo~immplc 6.'.! Thr r.:1uot1nt1 

111 ".(l)ros{t)y'' ¡. !)1112(1)[ 1 + siu (t) - sin2(t)Jy' - ~cos3 (t)y = O 

r11 11. li.v out mHhod.!i. he trau•j formcd into tbc cquntion 

2</2y 2dy 2 
.r ;¡:;3+.r ~ + 911 =0. 

11"111~ lhr ftafüfonnation J - siu(t ). Thc correspouding iudicial equatiou is 

,.2 - ,. ¡. § =o. 

1111d ll !I root .. &It ~ aml ~ l'hu!), nenr zcrns of thc sinr funct1on. the solutious of t.hc givf'H 
t'f1Unt1u11 arr o' tl1" fot111 

Jll =C1\~[ ! + 11i(~iu ( t ))]+C2\~[1-a2(~111(t))], 
wlu•1 r 111 1\1 a:i a11 a111lly11 · fmi<·!ioas which nrc iero at tht> on¡nn T hus 11cur zcros of tht• 

"lllt' fu111 t 1 iJ,,. "'°lu11oni- R."Ymptot icn lly nppronch n linear combinat1011 of the cuüe root 
uf 1h1• "111• •1nchn11 f\Jtcl 11 ~ "flll llf(' , 
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