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God niade the integers, the rest &re works of man. 

L . KRONECKER 

The concept of number, in thc first instance that of a natural number , belongs to 
the fundamentals of mathematics since its carliest manifestation a.s a component of human 
culture. When rcgarded as ordinalnumbcrs, natural numbers are abstracted from the process 

of counting. By way of a second abstraction, disrcgarding the arder of counting, natural 

numbers rcpresent the cardinalities of finite non·empty sets. Cardinal and ordinal numbers 

do not yet fall apart in the world of finite numbers, and this is not the only respe<:t in which 
natural numbers are fuudamcntaL 

The observation that counting can be inverted soon leads to the discovery of negative 

numbcrs, and thus to the ring of intcgers. lt seems to be a popular opinion that rings have 
to be commutative a.s long as numbers are in the focus of study. Our artide deals with this 
matter1 aud our first alln will be to show that the integers have a structural predisposition 
to non-connnuta.tivity, though in an embryonic sta.te, wa.iting to become unfolded. The 
following sections will be concerued with unfolding, paving a way that eventually borders 
on thc shores oí preseot rescarch. 
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1 The R ing Z 

Befare dealing with non-commutative entities , !et us have a closer took upan Z, the ring oí 

integers. Admittedly, this ring is commutative. But why at ali is Z a ring? 

The answer will direct our attention to module theory. Here is a quick formalization of 

counting. Forward and ba.ckward counting should be unique, so we consider a set Z with 

a bijection a: Z --+ Z. For any a E Z , counting one step forward leeds to the element 

o-(a). We assume Z to be connected, i. e. Z #= 0 , and there is no partition Z =A U B into 
11011-empty disjoint sets A,B invariant under o-. Let us call such a system (Z,u) a cycle. 
The structure of a cyc\e is easily determined. For a.ny natural number n there is a finite 

cycle Zn = {a1, .. . , a,i} with a(a¡) =a¡+¡ for i < n and u(a,..) = a 1. Furthermore, there is 

an infinite cycle Zo = { .. ,a-2,a- 1 , ao,a1,a2, .. } with o-(a¡) =U;+¡ for ali i E Z. 
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For cycles Z and Z' we define a homomorphism. f: Z --+ Z' as a map which respects 

counting, i. e. 

f(aa) ~ af(a) (! ) 

far ali a E Z. The conccpt of homomorphism applies to ali kinds of mathematical structures 

(groups, rings , partially ordcrcd sets , etc.). It simply means that the operations and relations 
that constitute t he structure are preserved. A bijective homomorphism is also called an 

isomorphism. Obviously, evcry cycle Z admits an isomorphism Z ~z,, for sornen E N:= 

{O, l , 2, . .. }. To have a convenient notation , let us fi.x an element O for any cycle Z11 , a.n<l 
denote o-"'(O) by rn for n!I m E z. (Note that a is invertible; so negative powers or <J are to 
be takcn as powers of the inverse 0' - 1 .) For the finite cycles Z11 , this leads toan overlap of 

notation such that O coincides with ali multiples of n. Wbile synonyms do not oppose logic, 

t his has the advantage that O' can be defined for ali cyc\es Z,, by the same rule O'(m) = m.+ l. 

For a cycle Z , let End(Z) denote thc set of homomorphisms Z ..... z. (Homomorphisms 
between thc samc object are also called endomorphisms.) Amazingly, End(Z) is again a 
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cyclc. Nrunely, there is a natural bijection 

End(Z) "'--<Z (2) 

which maps f E End(Z) to j(O). So the cycle structure of Z can be transported to End(Z). 
\Vhat is more, End(Z) is evell a group with composition of maps as group operntion: 

(! + g)(m) o= / (g(m)). (3) 

1 don't belicve in accident.s of nflture. But here is a case where map composition is commu
tative. So it is justified to denote the group operation of End(Z) by +. The attentive readcr 
will noticc that we have got the collection of cyclic groups Cn :== End(Z,..) in this way. 

Now a homomorphism betweeu groups is defined as a map J which respects the group 
opcrntion (say, +): 

/ (a + b) =/(a) + f (b). (4) 

This nutomatically implies j (O) = O for the neutral element O. So !et us define 

(5) 

for all n EN. The group operation on C,.. leads toan operation on z .. , namely (Vf,g E z .. ), 

(! + g)(m) o= /(m) + g(m). (6) 

Sincc C,. is abelian, this makes Z,. into an abelian group. Moreover, the composition of 
mape lcads to another operation miz .. : 

(/ · g)(m) o= /(g(m)). (7) 

So Zn becomes a ring with the idcntical mapas unity. Again, we encounter the "accident of 

uaturc" that the operation {7) is commutativel Among these rings, we find 'Lo = Z, our ring 
of integcrs, and its residue class rings Z,. = Z/nZ which are of basic importance in number 
thoory. 

So far, we ha"e shown that the riug Z emerges from the counting operation by a twofold 
applicntion of "End". We sha.11 see in a minute that endomorphism rings play a particular 
part in representation theory. Most of them are non-commutative. We conclude this section 
with the remark that the ring Z is distinguished among ali (not necessarily commutative) 
rlngi;. 

Proposltion l . For every ring R tl1ere. is a unique homomorphism J: Z - R. 

Note that a ring homomorphism is dcfined as a map f that preserves addition (4) and 
multiplication, a.nd the unit clcment, i. e. / (1) = l. 

99 
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2 Non-Commutative Arithmetics 

\Ve may ha\•e gota suspicion thnt commutativity of Z rcsu lts from a couple of accidents. To 

see more, Jet us try to classify finite abel ian groups up to isomorphism. For any such group 

A, Proposition l provides a unique homomorphism 

f' Z - End(A). (8) 

Th is means that for n E Z and a E A, therc is an element na := f(n) (a) subject to the 

following rules (m,n E Z1 a,bE A): 

n(a+b) =na +nb l 
(m+n)a=ma+na 

(mn)a = m(na) 

l ·a =a. 

(9) 

We say that Z operates on A such that A becomes a Z-module. More gcnerally, whc11 a 
homomorpbism (8) is given with Z replaced by a ring R, then (9) holds for m, n E R. Then 

A is said to be an R-module. We ca.11 an R-module M finitely 9eneroted if there are finitely 

many elements x 1, •• , x,i E M such that every x E A1 can be written in the form 

x= r¡X¡ + ··· +rnXn (10) 

with suitable r 1, . . . , r,. E R. In particular , evcry fin ite abelian group A is finitely generated 

as a Z-module. For a given prime p, let Ap denote the subgri,mp of ali x E A such that 

p"'x = O for sorne m E N. Theu there are finitely mnny primes Pi , . . , Pr such that every 

x E A has n unique reprcsentation 

X =X¡+· · +xr (11) 

with x, E Ap1 . We express this by saylng that A is a direct sum 

(12) 

of the subgroups Ap;. T his reduces our problem to the case oí a finite abelian group A with 

p"' A = O for sorne prime p. 

Sincc A is finitely gencrated, therc exists a surjective homomorphism 

p:Fo -+ A (13) 

with F0 free. i. e. F0 = A1 E9 ···®Ar, A; S!' C0 (the infi nitc cydic group). The kernel 

P1 := {x E Fo 1 p(x) =O} of pis again free. So we obtain a pair (~~) of finitely generated 
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free ubelii\ll group!I with F1 a ~ubgroup of Fo. aud p111 Fo C F1 Com·erselr , every such ¡mir 

givcs rise 10 8 fiuite abeliau group A with an epimorphism (13) haviug F1 as kernel. 

The pairs (~~) ca.u be interpre1ed as modules over the ring 

(14) 

1'hc c\cmeuts of A nre matrice~ (: :) with cntries in Z such that e is divisible by pm. 1\ pair 

(~~) with pmFo C F1 C Fo becomes t1 A-module vin ordinarr matrix multiplicatfon. The 
co1nlitio11 tlu.'11 F0 nnd F1 are free means that (~~)is t1 1\ -lattict:. i. e. a A-module that is free 

I\.~ n Z-modu\e \\'i1h t ("S)lf><'f to mult.iplication. A itsl'if it- a A-lat1ice. For this reaso11. ¡\is 

smd to Oe nu order There is oue indecomposable A-latticc. namely (~). which correspo11ds 

rn thí' nbelin11 gToup A= O. To get rid of that A-lall i<'t'. wc replact! A by th!' overorder 

1, = ( z ,,-•z) 
1 ¡/"Z l 

( l ó ) 

Proposlt ion 2 . l ·11 tu 1.•ur1111171!w;ni. thr·1~· i.~ rt nm .tu-rnn r·m-rl'spo11d1:1u·f' btl1N·n• fimt•· 

u/11/um 91uu¡11> .4 w1tlt ¡¡'" ,.¡ = ll rrnrl J\ ' · lultu;e8. Tite 1111Jeco111¡msa/1f• .\ 1-lurt1cei-; W't' 

(,~) l,,~zl· (,,'.',) ( 16) 

So thc pl'ohlcm to determine fi nítc Z.modulcs has turncd into a problem on lattices overa 

ring ¡\' which 15 certainly 1101H·o111mutat ivc. 

3 Curves and Orders 

A plnue nlgcbra1c curve C i~ n set of points (z, y) E !R2 satisfying a po!ynomin! cqunt iou 

f(r,IJ) = o F01 C'Xlllllplf', \p[ c(>u) be given by t.h(' polynmnial J ... (.c,y) = y2 - :r2m•l . 

111 E N. So c(O) L:.. n para bola. ami C(1) t.he '.'Jeil pnrnbola] For 111 ~ 1, the curvt' C¡, .. ) hru; 1l 

~111gulnt1t)' O! th<> 01igi11 O. A si11gularity can be regarded as a11 infinitesimal distortiou. To 

n'wnl it<; ~t ruc1111e. we may i11troducc a 1-axis perpendicular to the plnnc ami takc 1 = y/:r 

º' rm 111!1lilio11al eqnn1io11. Thí'll wc obtain a space curve C(m) such that the projcct io11 aloug 
rlw Hn:b v1t>ld~ a biject1011 be1 wee11 C¡,,,¡ and C (m ) except .e = O (where t is uudcfiue<l). 

l·'.xdud111g .r =O. rhe cun·c {\,..¡ is givcn by the equat iou t2 - .r2"'- 1 =O, whem:e C(mJ is 

uf rlw fonu C1,,._ 11 . So aftl'! 111 stcps, the si11gularity d i::>nppears. 

Thi:. so-cnllrd o-prvcess (JÍ desit1gulurizatio11 ca11 be iutcrpreted in trrms of riug: thcory. 

J.~·t R[.1·.¡1) dt'1101r 1hr rm¡; of 1101.vuommb f in two variable:.. .i:. y with renl corfficieut!>. \VC' 

1W ;\c1l clrtrm11IK'll lilt':m· lrn1\l h uíCrii m 1657 

101 
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!iave already seen in §1 that for sorne non-zero n E N. a formal ident.ification n =O turns 

z into a fin ite ring z .. = Z/nZ. Similarly, we may forro the ring O J := IR[x , y)/ /R/x , y) b~· 
stipulating ¡ = O. (Thus g, h E IR[x, y) have to be identified whenever g - h is a multipll' 

off.) Evcry point (:i:0 ,y0 ) on the curve C with equation f (x.y) =O gives rise to a ring 

homomorphism P: O¡ ~!!!: with P (g) := g(xo,yo). and vice versa. The cu rve C can tlm& 

hf' r ecovercd from the riug O¡ as the collection SpccO¡ of ring homomorphisms P, also 

called the spectrnm of () 1. ! 11 01bcr won.ls . the ring 01 is j ustan a lgebmic !>Ubstitute for the 

curve C. It s e lcments g E t:l / l'an be regarde<l as polynomial functions on C. Thcrc is ~ til! 

sorne ambiguity caused by tlie fact that C ca n also be given by the equatiou f (x,y) 2 =O. 

However. t.he ring (l 12 coutnin1'i tlic noH-zero elemeut / satisfying / 2 = O. As a fuuctiou 

on C, such an element vani shr>s identical !y. A cmnmu rnt ive r ing wit.hout d emeuls 11 .¡O 
satisfying a 2 = O is saíd to be reduced. 

To analyse C i11 the ucar of a singularity at O, we rep!acc !R[x, y/ by the ring q[J·,yJ: 
of power series ovcr e to gr1 1.he local ri11g a/ which describes t.he \·icin ity of o. \1ote thn1 

Spc·c i3 ¡ co11s1st.s of jns t Oll( ' p• >int . \Ve a!rcady defi ued ali orde1 1:1.~ a riug A whid1 ¡,. firutt•h 

gcueratc<l aHCI free as a .Z-m(ldule. The ring 61 .. , 1s free as a C[[:l']]- modu!P witb generntor¡. 

1 and y. There fore , it. cau lw regarded as an R -oníer with R := C/!:i;j). lt 1s 11 01 J111rd 

to show i hat t.here are exact l:v 1/l. + l indccomposable O f .. , -latt1ces (L c. finitc!y g('netatl'd 

H-frN• Ó¡ ... - mo<lules), up to Í!-Plllorphism. Oue siep of desingularizat.iou leads from Ó¡,., to 

tlie overordcr 6 / ... ' . By 1.l1i:-. p1·ocess , we loosejust one indccomposable a/ ... -!atticc, llfllllCly 

6¡,., itself, whil e t.he other i11d(~co11ipo~ables can be regarded as 61 ... , -lo.ttices. Procecding 

in this way, we eud up wit.li the regular ring 6 /o ~ C[[yJl. 

Virt.ually thc sam.c considcration applies to the uon-commutativc Z-order ( !·1). íly 

Proposit.iou 2, A has exac tly m ..j_ 1 indccomposables, and there is a series A = A,,, e 

A.,, _ 1 C · · C A1 C Ao of overordcrs ending with A0, a 11011-commut ativc regular order 

llere. a Z-order A is said to be reg1tlar if every A-Jat t ice is prn1ectwe, i. e. a d irect ~ummam.I 

of a free A-Jatticc A til 8 1\ . (For commutative C/x]-orders th is property sa.ys that th i: 

correspoudiug curve has 110 si ugular points.) Gcueraliziug re<lucc<l commutaLiVl' ri11g:. , 11·1· 

ca !l A semiprime if therc is no non-%ero g E A with 9h9 =O for all h E A. Now the cxistcncl' 

of a desingularizat.íon generalizes to 

Prop ositio n 3 (see f16I ). Eoer-y ,;·emi¡wim e Z-order lia.s ti n:9ula1· ovemnicr. 

111 r!1e following sectio11 , wc 11·i!I considcr orders A corre$po11di11g tosurfoces ii tst rad of cur\'CS 

For arbí trnry (Ji11u'11sio11s, tl1<•1-r is 1111 a11alogi1c o f a A-lntt ic:c cnllcd a Cohe11- /Lfu c1111lu¡¡ ll/ur/ule. 
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4 The Desingularization Quiver 2 

Thc curve si11gulari1ics considered in §3 be loug to t he classes A2 , A.1 • A6 • . among t he so

r11llcd :mriple singularities. T he other classes are A1 , A :i, A5, ... /J~. D5. D6, ... , E6 • E7, E8 , 

l\ccording 10 a pn11ern that arises in vnrious brnnches of mathematics. For cxamplc. t he 

clFL'IS Ed cou:sis1s of the siugularities (nt O) of the form 

f.,(z1, .. ,::,.)=::f+z~+zj+· .. +::~=0. (17) 

Tl1is class of singularities is intcrest.iug in severa! respects. For 11 = 3. equatiou (17) <lescribes 

n co1111>lex :surfact> s e C3 ' lt was k11own to invnriant t.heorists of the I 9th ccntury [13) that 

tlir symmctry group e of thc icosahe<lron is a homornorphic image of thc bmary 1cosaheciml 

9f'OUJJ é. 1\ group OÍ 2 X 2 IU8t.riCCS, SUCb that tbe CICllLClllS OÍ {; are rnappcd in pairS 

to •he demcnts of G. They foum! tht·cc C -i11vnria11t po)yuomill.ls <1> 12 . <1>20. <li:m E C [..t:.y] 

wh1ch gcnnl\lc 1hc ri11g c¡J:.y]t of G-invmiant pol.niomials iu C[:r. yj. Furthcnnore. these 

poln10111inl:-. nn· rf'h1tf'1l hv thf' <'quat i011 

1181 

wl11ch show~ 1hn1 Cjx. yJC: 1~ iso111orpliic to thc riug 0 13 (ove1 C) of u type El:J s11rface. 

Among all tlL{' rmgs 61 of au isolated surfacc singularity f =O. oul,\· Bh Jm¡.; the pro¡:>

<•r!,\' thn1 1l~ elcments ndmit n uuique factorizatiou into prime elements [3¡ .. The iutcrsect.iou 

o f rl1l' zero set /~ = 0 with t he sphere 5f.l = {::E C5 \ l.:1 = !} is topologicall.v equivale ut 

with thr i-dimensioual sphere 5 7, lmt its different ial structure differs from that of 5 7 . 

111 §3 \\'C npplied rhe a-process to singular curves lying 011 a regular surface. The same 

pl'OCl'$S lrnds to a desingularization of siiuplc surface s ingu\arities. After finit.ely many s teps 

11'(' obtnill a surjtttion ;r: X -- X of surfaccs with J( regular. Then ,,.-1(0) = u::1 /.,, 
with lincs L, which may be nssumed to iutersect trausversally. The desfoguladzatio11 gmph, 

¡:¡ivc11 hy thc vcrtices 1, ... m with mi edge Uetwcen different i aud j whcnc''Cr L,nJ.,1 # 0 , 

dl'l1•r111inc~ tht' lypl' of siugulnrity. For cxa111plc, the Jcsiugularizntiou graph of t.hc s urfacc 

S wi1l1 C<¡untiou ÍJ = O is of the form 

( 19) 

Tl1l1Lf' i~ a modnlf'-lhrorctic intf'rpretation of t his grnph. By the nbove. t he ring 6 h cnu 

lit• rq;nnled 1~ ":.ubnug ofCl[.z:.y]j. gtucra tc<l b~' thc iurnrinuts 11J 12.t{120 . <1>30. Asan 6h
uu11h1l1'. C[[.r.yJl clf'<"Ompo:-<·s iuto Ófa plus cight iuclecomposablc modules M, which cau be 

11l111•111 NI lt"''""' 1·- roll!'et1n11,. of ririow:.-) \\'PI<' •·nltr•I q1111•r1-.~ hy l' Gnbr1f'l (1970) who u~e<I thcm 10 
111t111k JU11l1l!'lll• lll l<lll"'l'nlfllU•U Chf'Or~· 
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associat.ed with the !ines L, o.nd thus with the nades of Es. Amazingly, 613 and 1\/1, .... M8 
form a complete set of iudecomposable Cohe n-Macaulay modules over 613 . F\Jrthcrmorc, tlic 

homomorphisms betweeu the /\1, can be read off from the desingularization graph. Namely, 

!et us cal\ a 11011-isomorphi sm M, _, MJ in"educible if it cannot be writtcu ns a non-trivial 

co1nposition 1,I, _, ffiM1.. _,Mi. Thc11 for difforcnt nodes i , j, there exists an incducible 

liomomorphism JI, - Af1 if 1rnd only if i aud j are co11 11ec1e<l by nn edge. 

For a widc class of riugs A (c. g., ordcrs), a concept of Coben-~facaulay modull' is 

nvni\able. Then the irreducible homomorphisms between indecomposnblc Cohcn-i\ lacaulo\ 

modules constitute an oricnted grnph A(A). For 1he ring 61 of n sim ple surfo.cc !<iiugulor11_1 

f =O. thf' arrows ill A(61 } o<·C"ur in pairs 1 := J· ami ihesc pnirs. e xcept thc one c01 111 C'r tPd 

with Ó¡. correspond lo thc ed¡,;es of thc desingularizntion graph. So ill dirncrn;iou two. the 

g rnph A(A) should providc a picture of a (possibl.v non-comnmtativc) "si ngulority '". 

Si uce R-orders l\ are fiuit.cly gcncrnted ovcr a com mutative ring R, thc coucep1 of 

1811latrc/ ~i n~tlarit.\· n rn \)(' geucraliz<>d to R-order;;. lf ai1 R-ordcr :\ lrns this prop1'rt\·. tlu•u 

A(.\ I loob likr 11 pie(;c of kuittiug. Far 1•acl1 vcrt1•x .\/ wlurb 1.~ 11011-projcctiw 11-. u.\ 

module. rhcre e xist:-. a 1mique vertcx TA/ sud1 1hat for cnch arrow .\' - .\! t!i<•r,, b n11 

ilrl"O\\. T.\/ - X ami \"i ce versn. The \"l'rti ces which an• BOi of thl' fonu Ti\I HJ"(' clunl tu tlw 

projcctivc modules nud are called 'injethve. ~o1 A(A ) is made up of meshes 

--------- \ ' ~ 
TAi ~ • --------- ,\! 

(20) 

Al~ 

with possiblf' multiplicities nmong the 1\1,. Th is importan! structurc, discovercd hy Ausl11u

dcr and Rciteu iu t.hc carly seveut ies, Íl:rnished with GaUricl's term for a graph wit!i nrrows. 

has Lecome wcll-kuow11 as the Aw;lawfo1·-Rciten t/UÍtJC1". ~ ! ore gcncrally. un oricn11..><l grnph 

Q with \"ertex set Q0 and a bijection r: Q0 ''.P ~Qo' '.J lending t.o a 111esh ;; truc!uri' 

as describe<.\ A!Jove is ealled a tmnslat:ion quiuc1·. Similar to Auslaudcr-Rcit cu quiwrs. thc 

\'ertices in '.P (resp. '.J) are calleJ projeetiue (resp. mjectwe). For lwo-c/1mc11.n01ial U-orders 1\ 

(i. e. those with dirn R = 2) , evcu tite projcctivc ami injccli\'f• \Wticcs iu A(A ) are comwc!ed 

b~· meshes . 

Propos ition 4. Ll'I A be u two-dimcnsio1wl R-onler dcscn/11119 <m 1110/rifed .~mgufanty. 

The11 A.(A) um be reganied as a tmnsl<itwri quiue1· w1th (In e11e.q¡wlu re <icji'ncrl b111rtum r. 

Thi:; holds si uce A11slaudcr-H1•iteu qnivcrs arC' in a M'H:o;e '"Two-di111l'llsiom1l"" ll.\" rn11r111s1 1f 

di111 ¡\ #: 2. the projcrtivl' V('rtices. i. ('. tlw tl irect ;;u rn11 m11d;,. oí.\ . g1 n' ti:--1• ro 1·!'ir"i•p11011-. 
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5 Non-Commutative Curves 

By 11 striking resuh of Buchwcitz, Greucl, Schreycr ['1). a nd l<nOrrer [l·l], the s im ple sin

g\1l11ri l ic-<. f =O cnu he chnracterized by t.he property t hat A(i3¡ ) is finit.e. By analogy, a 

11011-co1111nutafln' singulnrit.v, giYeu b.v a ring A. should be regarded as '·simple" if t.he num

hl•r of \"('TI ice:. i11 A(.\ ) is fi nitc. Ooc of thc hasic still unsolYcd problems in reprcsc11ta1iou 

throry 1s to dctc1111ine t hc orders A with t h is property (see [17]. p . 2. for one-d imensional 

orck-rs). Dcforc 11011-cmumutat ive singularities cau be t ackled. an understauding of regular 

rings 1\ is nceded. For o curv(', surfo.ce, o r highcr-dimeasional cornplex varicty X giveu by 
nu {IC¡untion f = O. icgulorit.v a l O s illlply 111cnns that t.he. ring 6¡ is isomorphic to a powe1 

M'ries ring C![.::1 ••••. :,.]]. t. Jodern n!gebrnic gcometry has brought. about 11 rcdefiuitiou of 

rcguharit.r with 110 explicit refcreuce 10 coord iuates : 1 .. . z., . nor to a base fiekl like C. In 

tl11s way. t hc geomctric behaviour of arbit.rary co111111111 ative rings cau be studie<l. 

l11d1't'd. our C'Oll~ideratmu~ i11 § 1 riele a round t hr spef!rum of Z. :'\a inPI.\·. Spec: Z c.ousist:

of rlu· 11up. l101110111oq1!1i:-.u1:- P1. Z - ó: '11'l. 1\·i1l1 µ pn111t· !l ,. 11·11)1 Z·¡/_.11 held i. aml /1, 

Z - O ~011 thAt rwn lio111m11r1rpb1s111 Z - · F mt<• ,, fii·ld F factor:- through . ..;o1w· lj. 

ur n ¡.) 111 1111 .. \ ' l!'W. tlw l! lf l•ger~ rnu be t"C'garde<J 11:- ""fum'llOIL~ ·· Oll SpecZ. ~amel~·. 

uon-zero 11 E Z w1th fnctoriwtion 

(21) 

mto 1mmcs p, 1s m1iquely detcn niued by its va lucs 11, at P1,, ami :::: ! nt P0. 

T he coucept of diu1c11sion nud rcgu!nrit.y can be defined for arbitrarr commuta t ive riugs. 

For i11stancc, lhe ring Z is 011c-diH1c11sio11al aud regular at a li points of it s spect rum. Fo1 

11011-con1111uta11ve rings. these coucepts nrc yet to be cla rified, at least for h igher d ime 11sions. 

A (11011-co1111n11ta11w) regular poiut corresponds to a ring of matrices over a ~kew-field (i. e. 

n "field" withou1 the cornmut.a tive lnw), whereas t.he r iug A of a regular curve al a po int. O 

look:-n.-.fnlJnw .. (d !IS]). 

[

V Al ······M) A ~ • < >. 
: · .... ,\/ 
\/ ... ...... \/ 

(22) 

lli'TI' 1 ·is a <hliCret(' valuatiou riag in a skew-field with maxium] ideal ,\/ . Discretc vnl11.a t io11s 

cnn lw gt'llNalized lo highcr dimensions a nd t l111s lcnd ton clnss of regular rings of typc A~ 
[19] Pn"-('nlk 11011-co1111m1! Ativr rcgulnr rings are a h ighly active field of research, wit.11 

mipoitnnt ccimnbutions mnJC' b.v Art it1 , Luszt ig. Stnfford. Tatl'. Van deu Bergli , ami maii~' 

ollit'r\ A dt'<"U~to11 of tho..-.r rcsul! s would go hcyoud thc scop{' of this n rtic!c. 

105 



106 Nun-Commutiflg Numbers and Puuctions 

Up to dimcnsioll t.wo, one can say that regularity is now well-understood. So Jet us cm

bark for a trip towards the ocean of singularities. Here even dimension zero offers an abun

dance of si ngularities. A simple singularity of dimension O is specified by a repn~se.11tat1011-
fi111te ring, that is, a ring A with only finitely many isomorphism classes of indecomposable 
A-mod ules such that every A-mod ule is a direct s um of finitely gencrat ed modules. (lt is 

known 1hat thls concept is left-right symmet ric .) For /(-orders J\ with J( a field (thesc are 

better known as K-algcbms) , the possible finite Auslander- Reit en quivers A(A) ha.ve been 

determined by lgusa, Todorov [7, 8] and Brenner /2]. Far two-dimeusional orders. an ex. 

ceptionul class according t.o Proposition 4, t hc correspouding problcrn was solvcd by Bcite11 

afül Vau den Bergli [18). 

Jusi aro1111d the millen nium , t.he finite Auslanclcr-Rci ten quivcrs bclm1ging to 0111'

climensional ordcrs Juive beeu characterized in a trilog_v of pnpcrs (9 . 10. 11 ) by 11 youug 

Japanese ma l hcmaticia11 , Osamu lyama. Beyo11cl t hat . \\·ith the mct hods clcveloped thcrc he 

wa,, nble to provc> A usla uder'!' couject.ure on fi11ite rcpre5entat iou dimc11sio11 of O-clime11sio11ul 

0nl<'I':-. .1 ;. ar1d Solm 11011 's s{·'cor1cl cm ijecture [5j m1 (-f111wr10 11:-. of l-di1ne11sio11al ordcr~ . A r_q>· 

ic11l Ausl11mle r-Hci1e11 qui ver of a Olle-di meusionnl C[[.tj]-order. A = r~C(l;r j, Cl[:r lJ , ~C[!2 ( 
Cl!:r1. xC([;r, .r<U• ) 

•'Cfl:r:: r 3q¡ .. ¡: Cll• 
is g1vc11 as follows. 

The encls are to be put. togetber wi th a twist.; so A(A) looks like a MObius strip. Takcn in 

itsclí, i. e. <1.s a 0-di llleas ional object. , thc si11gular point belougs t.o a 3 x 3 m11trix ri11g A 
O\'et the fielcl /\' = C((x)) of fractional power series. Thus A is u subriug of A , nml cvcrr 

J\-lu tt ice E general es a n J\-mo<lu le I< E. Since there is 011lr one indccomposablc 11-rnodulc 

S. up to iso1110rpl1i s111. we hnve J< E~ Sp(E) with a 11u1nber p(E) which is cu lled thc mlio1111/ 

m11k of E. Tl1t' Vf' t'!iccs of A.(A) are <lcpictcd by four t,vpes of s.v111bols: c. g. n. l . l' : A:a: A. 

uccordi11g !o tl1 L' rat.ioiml nu1ks 1;2::l: -I. Tl1C' 1111111bers 1.2.3 (rcsp. 11.2'.3') rcfl'r 10 tlll' 

projcct ivc (rcsp . illj('cliw) indccomposal>](•s. 

By J_,·anm·s cri tl'l'io r1. fü1ilc' Auslnudcr-lkit en q11 i\'CT,, of ordl'rs Mt' d111rnctrrizNI ,.,,t>ll 
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tmllv bv two conditious. (l) aud (11 ), formulated in tenus of laddcrs. For a vertex 1\1/ \et 

O(Ú) tienoto the middle term N/1 $ . $ M~ in the mesh (20) . For projective M we take 

thOllc M, with 1111 arrow i\·I, - · M and put ;1\11 :=O. Dually, o-CM) := M; e. · $ M; 
acr.ording to the arrows M - • .vr:. We extend iJ to direc\, sums ,·ia t?(M $N) = i?(i\;I)@t?(N) 

imd similarly for;. Now wc considcr homomorphisms f: M - N such that V.IV= M $ N' 

nud define¡\!' := ; N . For su it nble f trhis process Ca]) be repeared ancl lea<ls t.o 11 lnddw1 

1H'" _ ,,_ 1Vl 11 -- l1if 1 -- !\'! 

¡r \r ¡1· \1 
' ' N'" -- .N" -- N' -- N 

(23) 

lyumu's conditi011 (1) sny!> 1lmt for euch iujective vcrtex / , t.hc ladder oí l - · a-¡ cutis 

with rm nrrow iJP- P wi1l1 P projectivc, UJL<l t.hnt. tll(' {)- / ,(17- / )'.¡IJ-/)". (for a li /) 

cxha11st tho: whole collcc1,io11 of vrr1'ices. Conditio11 (11 ) stn tcs. rough!y speaking. \,)rni. there 

111\' t' 11ou¡:l1 fHOJCCllW vcn1r i>• Of cou:·sll. sud1 H roucl itiou h ucre~<;;i1 _, "1l!Cl' (l l triYial ly 

lit1ldi'i d thf'1t' n1t· nu prOJ••n 1v1· \'Cl"llC•'~ Ht all 

The 1cnd1•r mny check ('C1udit10l1 {! ) fo¡ tlw abo\'I' c:¡x)j -orde1 .\ . f ') l t·xawp lc'. Lh1·' 

!llTOW )' - ¡J - ¡• Jcads t.O ll lodder 

9QHj--TSk --l..'1'l --uv-ac -b--c-r--1' 

j 1 l l j l l l l 
kk'f - - 3'1/U - - ,J\ia- A2'C-,.. be --bE- d -- H _ ,. a 

whidi , nft cr 23 :.1cps. cnds with the arrow i--+ l. Similnrly, the ladders starting with r.l1e 

seaond resp. th ird iujec~ivr ven.ex end with the conespon<ling project.iw vertex after 29 
res¡). 39 sleps. 

For cnch mesl1 (20) in A(A) , thc relation p(M ) + p( ; M) = [;p(..\f,) holds. lf M 

is projcctivc {i!ljcc1 1,·c), thcn p(M) = &M (rcsp. = o- M). Therefore. p is sai<l to be 

flll uilditwc funct1011 011 A(A). For orders of <limension O or 2, a charac1erizntio11 oí fin ite 

Ausln11der-Re1tcn quh·crs can Oc given in terms of additive fuuc tions. Therefore, lyanrn's 

work lcd to the problcm (;12¡. 7A) whe~he1· such a charncterizat.ion is possible i11 dimension 

01111 . Lnst ycar. this qu€'stion co11ld Oc a11swercd iu the nffirmutive [20]. 

\.\le nlready meutioncd t,hat O-din1eusio11nl simple singularit ies admil a definition by 
11 1c1111s oí rcpre5r111ation·füli1c ríngs. The r1ow exist.ing co111binut orial description of fiuite 

Au~lnndcr ·Renen qui,·ers of 011e-dime11sio11a! orders A convcys u deep s1rnctural insight into 
1hc cmcgories of A- lnttice~ This suggests a onc-dimeusiomd analogne of represe11tntio11-

li11ir.c ring~ wluch prt>Cisely :-.pC'cilics (non-commutativc ) si mple c1irv(' siug;1dnrities. We mil 

!hcst• ring!-. fotlm-firutt Tl wir i\uslnmlcr-Jleiteu quiv(•rs are chnrnctrrizl'd n!> follows [2UI 
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Theorem. ;1 finit e t.raw;/a twn quiver satisfying lyama 's conditwn (JI) (enoug h pro1ectme1) 

occurs ns cm A usfrmde r· lle·lten qmver of a laUice-fimte nng if ar1d only if lf ad1m/.s an 

add1tne function with vahw.~ in the set of ;iaturol numbers. 

i\foch more could be said about non-commutativity. Bu t let us look back on our startmg 

point. Is cornmut.ativity of Z a happy accident? 1 think we preved just t.he opposite From 

a philosophical point of vie11·, accidents adhere to essentia!s. By Propositio11 1. the rmg Z i~ 

1nitial. Nrnnber theorists agree that Z is the most fundamenta! , a!so the "hardest" ring. lt is 

the essential ring in whi r.h ali accidenta! non-commutat.ive rings are rooted. !u othcr words, 

commutativity is the essem.: c~ . wb ereas non-commutative rings make up the emliellishment 

The reader who wauti; to know more about non-commutat.ive rings is thus well-o.dviscd to 

acquire a salid knowledge in cornmuto.tive algebra first (there are excellent textbooks, e. g., 
(6]). wh ich makes a suLseq uent study of nou-commutative rings ali the more enjoyable. 
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