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AOSTRACT 
.rt "'~"'M 1hr rn ti thod11 oí Rung~Kutu1,Adams-Bashforth nnd 

... b sppro:xh11nrln¡; thc 11<>lution of n first ordcr ini1ial valuc prob-
1"11 w.I I~ Sumrruv mollnxl fo r 11pprOJ(inu\lmg 1hc .901ution for a closs of 

,.. __, lnltllll vllluo ¡1roblcmz1 Mothcmohcc lS usOO to derive i;omc of 
'T thn Nfnm¡ilu L"ljUnt lona, nnd piel thc !k»lutions. 

\btr. ~ ff1U•tlo1UJ do no~ hnvc axpliciL solutions. Evcn if n differential 
11n•;;i U. u aphcit toh1tlon, ~ho 30lu tlon may be so complicated thnt it is useless 

~ .. anJ, .. ,. ct1.11 lry to fine! Bn npproximntion to 1he solution of a single 
• •11h 11..11 lnit.lnl condltion. Ll\lcr, wc will invest.igate numerical 

• 1hlfll i:it to • ol 01dh11uy dlffor ntlnl cquntions. F'or example, suppose we are 
' "u .l b.'11 c::t*r LWtW \'f\h10 problum 

{ u' = /(1,y) , 

u(•) e ¡,,¡, 
(O.!) 

11 !lit 1rJ01 • < t O Although wc may not be able to obt.ain a formula far the 
"'1h1t 1·n 1i """'C&ll tul>dlvltlo tho lntcrvo.I M 

n to < L1 <· ·· <LN=b 

111 •! lrJ ID "' ~Ulrimntc \11\ IUCI Yn to t" for 11 = 1. ... , . lnstcad of a formula 
Yf1 w•JI ".. "'"""'°111d.rn;i,1km to thc l!OlutK>n of (O.!) n.~presscd as a tlable of the Y11 's 

111 •r-un ti L~ f., " By gu1phl11g thc 1nblc wc cnn \•isuafüe thc solution. 
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Onr u f 1h1• 1111t i11 ~ b In 1hL~ p31""1 l~ to ~I 111n ch• mrt) Í fiu11~i\o- Ku1t4 
dh11Ui-- OMh forl h hlld OullniC.h· 1 ·r .. .,,., 11111\Hf\l thr lutlon of rt ru ~ 

'1o1r1 lnhl 1 ' 1011 probl~m. and tl...- Nu1n ·rov n.Mhod for npptoX1m tlng tt,. 
JuUMl for 11 rh nf !il'{'t)ll•l·ordr:t hnr-.u 11111!.al valur prnhkin." Th("ol.(' t'Omplicat,,.J 
"1J:Pl 1lhU\!4 Oi't'(l 1Kl11w 1 t 1lfl4f laoo. ~ J t htd tr:l! n .,...,.. lX"f',m h~· rn1ult'4-n 
•.im¡>h·r llWI hodli oí 1n1 111~nc.S =-P9ro:otn1Uons to tui lnn .. 10 dlíf··r~nt lnl 1"lulU 
Tbr .. 1111ph~t o í nll 1~ ~ht' Eulrf mdhod, •hkh ""' 1S1 rlbc tn 1l n 1 111.- nt'Sl 

•1111¡1h"N1 114 th1• lh•un 11111thod. •hk"h b' dcn\"'-d f101n 1h1• Euler m thod In t k>n 2 
'Cl1t'n 3114 d1wo11..itl l.o lhe Ruoi h'.uu_. mrthod tum ,J di. u: ""1h,. f'íf'OI tuw.ty. 

~J ... , wu h 11 rompl11l.t• proof in thir.l e !<l' of Euk-r•s md hml 'rh1• devdo¡nnrnt ro11t1n1~ 
1th 1h1• p1t·'-t•nt11t km uf tlw muhL .. t•·p Ql" thocl" o f 11!1w nnd Atlnm, .. B1t.,hín1th iD 

~ ... tlun á. Th1• rX lrt1poll\tton &t hniqu• r Ouhn h· 1rwr IUI' ¡m-···nl•"fl IU s.. taaG. 
l h1-..t• ruul ni h111 t!Olutlc>n m..thioc4 eVIUlabl• lh ODE 1u1• rlU.C-u,. .J In 5'Tl1011 i \\r 

nUIJllllt• lilt'lll hrh•fly, IUld tlwn tn tton •~ 1 xphun 1 hr• dl°ll\iltt of ho\\ thr f uki 

H1 Ull 1rnd n1111w• l\ ut lh m..chod.~ ~f 1mplr·mrmrd 111 ODE In SN-11011 !I V.T rt~ u. 
\ln1f11·11111r1r11't1 h1dh~l11 num~·nr11I krr t.1>Solvo ,\ hrh•f 11i"'ru"' Ion uf 1mf'bn1 
ni• thodM nnd t111il' t'(¡t1111tu1~ JH1 ··111.-d an Uan 1CJ whh ~111bll ty Jlt•· rftl~ 111 
tion 11 Atht¡)lh'1• t!Lt•p ii., ~ trC"11'..d an tlOU 1:.'! 111 '('11 11 13 WC" pr1 ..-ot 1br 

dwol.\' 111al M 11f111•111111 kn l11\plrm1·ntAlaon of Uir•. \unr•rov 11w1hod for 1h1' num•·ncal 
1111( IU11on of M'('011fl ()r(IM thlkf1·nt1AI rquAt ID of 1hr- forn1 y11 /(1)11 i g(tl Finalty 
m S." 1ln1tH H 11ml IS "l' "hO'A· t.o.· tb. 1tl 111!1m111 r-1111 ¡,.. 1• 1~inrf1"(l lo "P.tf'I ol 
d1Jl1·11·n1h1l 11¡1111111111<1 

ODE ¡" /\ C'IJ L11pn•h1111<1h'1· ¡\fnd1r111nhCA ~' "·nt h·U f r 11 t 11dt•IU n.n<l hl. .. '1UCI 1 

1 ordmriry difh1rn11L\11I t'<IUl\Uoru lt C'41l Jound ~I 
hLLp://nw.th.cl uh rdu odr/ htmldots/nl'wodr htm 

Tlw tnmplt·t t, do umt'ntntk>n for thls pr.r:.bJtr ('l\ll lx· found In l'11i.'O fo11n." M 
hltp:f/ml'th 1 uh rdu/ odr/3x/1rf/ n·fluin 

l>"m11, 11.'! f• h •pNlt':<l lmkrd docun..n1 and ..... ~ond, M r1 N:"I «f JX)fll.'IC't1¡1t fa. .. ., 
01t.11lllt• for prl 11~ i 11g. IL ln rK)t n U)" lo undr1q11nd ,\fothcmnllr/J o r oct to'""" 

tlu~ J>nJl1•1 fd111lm111nt /r11 tot;Nh•·r •·1th OOE au,... \l"•'<I 10 d"rl\"f' f!IUl1i<' uf thr rl"" 'l 

.-o¡ri tri 1w1 íunu 1111 oí t h{I toinpu1~1hor Mld p:odu 1)11 of th•· ¡>lot~ 

'f']¡ 

ltw b1h•11 11111thod 1~ 'h' "•mpl t nwt.bod w.rd t'l f111d nu1nrrk11I ,_¡J111lgn.• tn dd
frPSi 1ulnJ 1't111111\011'i In !lr11.- of thr f¡v 1 11 tJ. rrurl)' \L.ou"ll in (lrMllrr-, •l' 1'!. 

~, .. 1urlv it h1'flHl'K' il ..... ,, "-'" fllOI'~ "°" nJll" c-om11luitt .... l 11111hutl111 "llC:h 1t..c-
Jh11111:,.. I\ 111 l l\ 111,.lhtHI lhl\1 .,,. 11h.UI "ttid\ la Sni hnn .J 
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bod can lW' roxplalnffi as íollow5. 'fhe objocth·e is to construct an 
ibr luholl oí th<' 1nh1al \"O.lu<' problem (O. l ) fo r o S t S b. We 

t11nul • <: 1 b lnto rqual !JUbintCf\"Bls 

••• f., 

o to < t1 < <IN b, 

.,jlf.tl ihr stcp sli.e Lct us first suppose thal (0.1) has a 
umi• tu bt• tw1cc diffcrentiable. We need the finite Taylor 

, (11 - lo)" "(' ) 
11) • •l •ol 1 (11 •olv (•o)+ --2-Y "' (1.2) 

~l'f"I' f,1 l~nJ,(0 1 ), wl"'tO.llT('\\' rllC ( i.2)a.s 

..... 
"' 

h' " ) y(lo) + h / (lo.flO) + 2 V ({o · (1.3) 

'"'" 1111111l>t·r 11 .... 'j thlUI l. 1hc quantity h'- ls eren smallcr. Therefore, 
~I(' t'i'llllllll ~· 

y( l1 )" y(lo ) + h /(lo.!/!Jl· (1.4) 

t• of (O 1) 111 u(to) ~· \\'{'can u.se this M the starting point 
mrucnl n1Jprox1mo.1 1on-. (r,,). by taking )ó = y0 . However there 

t11 1 'ir otlwr innrcura.ci wh1ch suggest a more general approach, 
,, }Q, nnt 111'< t~,.u. r1ly l'Qual to !IO· Let us now define Y1 by 

1·1 1; + h / (to . 1;¡. (1.5) 

th..1 thr 11olutlon of (O. l} annot be easilr or cxplicitly found. In 
.. 11h IU<"°lt dlfít•rt>t1tll\I ('((U&tK>ns (The fonction fin (0.1) must 

'º tJP.· 1111 lo hntl 1\ 11Ymbolic l'!Olut1on of (O. l ): evcn then ingenious 
m ...... rrqultl'<I lU find thc solu t1on .) AJthough we do not know 
't1 riu.:unnh• vn.hll' l 1 f'urthcrmore. 1f 'A'e put 

r, r1 h / (1 1, 1·,¡ . 

' } 1 In IM' 11 11•A.'1()11nhlr approxmun1on oí y(t1). ~ l ore generally, we 

(1.6) 

Tlti· Eull'r mN hod or tangeni. me thod consisls of approx· 
10 (O 1) Ji, IDf't\I\."- oí (1.6), which we call 1he Euler method 
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y(t) 

y, 
Y1 ___ ... 

~ 
" 

Thc Euler mcthod approximation 

The above picture shows the geometry of the Euler method. From (0.1 ) we know 
the point (to, Yo) and the slope of the tangent line to t he solution curve at (t0 , Y0) , 

namely / (to, Y0 ). Thus the tangent line is the graph of 

t ~ Yo + (t - to) f (to, Yo)-

We can obtain an approximation Y1 to y(t1) by moving along this tangent line until t 
rea.ches t1 ; then Yo+ (t 1 - to )f(to , Yo) = Y1, say. Once Y1 is determined , we can com· 
pute f(ti. Y1), which is an approximation to / (t1,y(ti)) , which in turn approximates 
the slope of the tangent line to the actual solution at t 1 . Continuing in this way, we 
obtain a broken line which approximates the solution curve. 

To see how the Eulcr Method works, we use it to approximate the solution to a 
simple first order linear equation. 

Example 1.1. Use the Euler method to find an approximate svlution to the initial 
value problem 

{ 
y'=y+ l, 

y(O) = O, 
(1.7) 

for O ~ t ~ 1. Use step size h = O. l and compare the approximation with the exact 
solution. 

Solution. The Euler method formula (1.6) for the initial value problem (1.7) with 
stcp size h = 0. 1 becomes 

Y.,+1 = Y" + O.l (Y,, + l ). 

for O:$ n :$ N - L The interval O:$ t :$ 1 is d ivided into lO equal pieces, so N = 10. 
\Ve are given Yo = O; theu Y1 = Yo + O.I(Yo + 1) =O. l and 

Y2 = Y1 + O.l (Yi + l ) = 0.1 + 0.1(1. l) = 0.21. 
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Contiinuing in this way, we get t!he fi.pst t'li:r.ee c0lumas in t he following taible: 

tn Y. Yexac~(tn) 
©.© ©.O ©.O 

1 0.1 ©.l ©.1©517 
©.2 ©.2'1 ©.22140 
©.3 ©.331 ©.34986 
©.4 ©.4641 ©.49ru82 
©.5 0.6111©5© ©.64872 

6 ©.6 ©.77156 0.82212 
©.7 0.94871 l.©13~5 

0.8 1.14359 1.22554 
9 ©.9 l.35·695 1.45960 

1© 1.0 1.5937© 1.71828 

Since y'= y+ 1 is a first order 14-neair differentiai! equaticm, the exact s0luti0n 0f (1.7) 
is ensiiy found to be 

Yexaedt ) =et - l. 

'Ilhen Yexact(O.l) = eO.l-I ::::::: (!l.]©5 ~ 7, Yexact~©.2) = e0·2- 1 ~ 0.2214©, a:FLcl s0 forth. 
\i'alues for the e:rnct solution ar.e shown ~R the fou!lth Golumn. 

In the followiag plot we c0mpa.re the exact s0lution 0f (1.7) with the appr:0*ir.nate 
soluliion obtained by !ihe E11ier metiAocl. 

y(t) 

º·' 
The exact s0luti0n of y' =y + 1, 

't 
y~O~ =O and 

an appT0x·imate s0luti0n found Dy the Eluler metih0d 

The difference \Y10 - y~tio)1 is app:r.ox,imatel'y ©. ~2. a.n ex;rnr 0f less tiA-an ten pex;cent, 
which can be considered reasonab'le. We sha11\ see tlhat m0re sophisticatecl methocls 
such as the Heun methocl and the RuRge-Kutta methocl give mue& better :r.esu•lts • 

Ne:ic;t !et us consider a cli.fferentia:l equati00 f©r wliich it is impossitle to fi.ncl the 
solutiion , at least by elementar.y tec::hniq1:1es. 
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E xample 1.2 Use the Euler method to find an approximate solution to the initial 
value problem 

{ 
y' = 5 - t2y3, 

y(O) = O, 
(1.8) 

/or O ~ t ~ l . Use step sizes h = 0.1 and h = 0.01 and compare the re.sults. 

Solution. The Euler mcthod formula ( 1.6) Cor the initial value problem ( 1.8) with 
step size h is 

Yn+l = Yn + h(5 - t?,Y!) (1.9) 

Taking h = 0.01 and then h = 0.001 in (1.9} gives us the following table: 

t Yn (h = 0.1) Y. (h = 0.01) 
o.o o.o o.o 
0. 1 0.50000 0.49998 
0.2 0.99987 0.99886 
0.3 l.49588 l.48647 
0.4 l.96575 l.92540 
0.5 2.34422 2.24190 
0.6 2.52216 2.36963 
0.7 2.44457 2.32246 
0.8 2.22875 2.18041 
0.9 2.02021 2.01484 
LO l.85237 l.86018 

Here is a plot which shows the d ifferences in t he approximations obtained with t he 
different step sizes: 

-------.,..,.-----.,..,---,,'"'·•--.,-, .,-, --.,.-, I 

Approximate solutions to y' = 5 - t 2 y3 , y(O) = O 
found by the Euler method wit h step sizcs 0.1 and O.O! 

Finally, we give an a lternate derivation of t hc Euler method formula ( 1.6). Suppose 
that we havc an exact solution y = z(t) of t he initial value problem (0.1). T hen if we 
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integrate z'(t) from tn to tn+l we obtain 

¡'"+' 1'"+' z'(t)dt ~ f(t, z(t))dt, 
tn t., 

which can be rewritten as 

¡'"+' 
z(tn+<l ~ z(tn) + '" f(t,z(t))dt. (1.10) 

Consider t he graph of the function ti----+ f(t, z(t)). The integral on the right hand 
side of (1.10) equals the area under this graph from tn to tn+1, as indicated by the 
following picture: 

f(t,z(t)) 

f(t.,z(l.J) 

Integral derivation of the Euler method 

We can approx:imate the actual a.rea under the graph by the area of the shaded 
rectangle, whose area is 

f(tn, z(tn))(tn+I - t.). 

From (1.10) we obtain the approx:imation 

* •+<) "'*•) + J(t.,z(t.))(tn+< -t.)~ z(tn) + f(t.,z(tn))h. (1.11) 

In (l.11 ) we replace z(tn} by Yn and z(tn+d by Yn+l· In this way we obtain 

Yn+< ~Y.+ h f(t., Y.) , 

which is t he same as the Euler method formula {1.6). 

2 The Heun Method 

As a first attempt to obtain an improvement of the Euler method formula {1.6) , !et 
us replace f(tn, Yn) with the average of f(tn, Yn) and f(tn+J, Yn+i); this leads to the 
formula 

(2.12) 
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Unfortunately, Yn+l occurs on both sides of (2.12), so that wecannot obtain it without 
solving the equation for Yn+ i ; this may be difficult. Fortunately, we already have an 
approximation far Yn+ 1 , namely t he value 

Y. + hf(t., Y. ) 

from the Euler method formula (1.6). Let us substitute Yn + h f(tn, Yn) far t he Yn+l 
occurring on the right hand side of (2.12}. The result is 

T he H e un2 method or improved E ule r m ethod consists of approximating the 
solution to 

{ 
y'= f(t , y), 

y(a) =yo, 

by means of (2.13) , which we call the Heun method formula. 

(2.14) 

The Heun method is an example of a predictor-corrector method. The Euler 
method is used to "predict" a value for Yn+1; t his value is then used in (2.13) to 
obtain a better (or "more correct") approximation. 

Example 2 .1. Use the Heun method to find an approximate solution to the initial 
value problem 

{ 
y' = 5 - t2y3, 

y(O) = O, 
(2.15) 

/or O :s; t :s; l. Use step size h = 0.1. Compare the Heun method approximation with 
the Euler method approximation. 

Solut ion. Let / (t, Y ) = 5 - t2Y 3 . Since the Euler method approximation to Yn+I is 
Yn + h/(t", Yn ) = Y,, + h(5 - t;; v,:), we compute 

f(t•+" Y,,+ hf(t,,, Y,,)) = f(t. + h, Y" + h (5 - t~Y_;)) 

= 5 - (t. + h) 2 (Y. + h(5 - t~Y,;'))3 . 

We also havc /(t,., Yn) = 5 - t; v:. Thus the Heun method formula (2.13) becomes 

Y•+• = Y. + ~ (10 - t~Y,;' - (t. + h)2 (Y. + h(5 - t~ Y,~JJ') (2. 16) 

We obtain Y1 = (h/2)(10 - h5 ( l 25)) , and so forth. Taking h = 0.1 in (2.16) gives 
us the last column in the fo!lowing table. The middle column is computed using the 

2Karl Hcun (1859- 1929). Gcrman rnathcmatician. 
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Euler method fo11mula ( il. 6 ~ . 

t Yn (Euler) Yn (Heun) 
o.o O.© o.o 
0.1 ©.5©©00 0.49994 
©.2 0.99987 0.99788 
0.3 1.49588 1.48089 
0.4 1.96575 l.9©68© 
0.5 2.34422 2 . 2000~ 

0.6 2.52216 2.30745 
0.7 2.44457 2.26215 
0.8 2.22875 2.14©1 6 
0.9 2.02021 1.99622 
1.0 1.85236 1.85650 

The data in this table can be visua.lized by mea ns 0f the pl0t 0el0w . 

..-~--, •. ~,~--, •• ,~~ ••. ,,~-. ••.• ~~o;-, l 

Comparison of approximate salutions to y' = 5 - t2y3 y(01 = O, 

found by the Euler and Heun mellhods with step size 0.1 

3 The Runge-Kutta Method 

The Runge3-Kutta4 meth0d selected for ~his paper is an imprnvement of both the 
Euler method formula (1.6) and the Heun meth0d formula (2 .13) that involves a 
weighted average of four values of f(t, y) taken at different p0ints in the interval 
t11 ~ t ~ t·n+ l · 

In order to motivate tlhis, we first refo11mulate the Euler and Heun mebhods in a 
common format which can be generalized. The notations O(h2 ), resp. O(h3 ), indicate 
terms which are proporti0nal t0 h2 , resp. h3 , plus higher p0wers ©Í h. 

3Carl David Tolmé Runge (1856-1927). Applied Mathematics Professor at GOttingen. Runge 
devisOO his numerical method about 1895. 

4 ~fartin Wilhe\m Kutla (1867-1944). GeDman applied mathematician who made important c0n· 
t ributions to acrodynamics. Kiutta extended Runge's method in 1901 



520 Michael J. Mezzino, Jr. 

The Euler method can be reformulated as the problem of writing 

Yn+I - Yn = ko 

where ko is chosen so that so that ko = hy1(tn) + O(h2 ) , the first-order Taylor ap
proximation of y(tn + h) - y(tn)- The simplest choice is ko = hf(t11 , Yn ) as defined in 
the Euler method. 

The Heun method can be reformulated as the problem of writing 

where ko = hf(t"' Y11 ), k 1 = hf(t11 + o:oh, Yn + fJoko) ancl where the constants 
0:0,.Bo,;o, / 1 are chosen so that /oko + ')'1 k1 = hy'(t11 ) + (h2/2)y11(tn) + O(h3), the 
second-order Taylor approximation of y(t11 + h) - y(t11 ). 

Example 3.1. Find all possible choices of the constants 0:0,,60, / o, / ¡ . 

Solution Using the subscript notation for part ial derivatives, we write the Taylor 
expansion of y(tn + h) - y(t11 ): 

hy'(t") + (h2/ 2)y"(t") = hj(t" , Y") + (h2/2)(!,(t",Y") + (f J,)(t., Y,,))+ O(h3). 

Using the Taylor formula in two variables, we have 

'Yo ko +'Y1 k , = bo + 11)hf(tn, Y") +-r1<>oh2 f,(t" , Y") +11iJo h2(f J, )(t,,, Yn) + O(li'). 

These will agree to within O(h3 ) if and only if 

1'0+1'1 = l , )'¡O'Q = l / 2, »f3o = 1/ 2 

This implies that a0 = {30 = 1/2/1 , hence a one-parameter family of solut ions which 
can be written 

/o = 1 - 11,ao=f3o= 1/211 • 
In particular this is satisfied by the symmetric choice/o = ¡ 1 = 1/2,a0 = 1,/30 = l 

lending to t he Heun method 

Yn+ I - Y,, = (h/2)J(t., Y")+ (h/2) f (tn + h, y" + hf(I.", Yn)). 

Another choice is /o = Ü,')'1 = l,a0 = 1/ 2,/30 = 1/2 which leads to the second-order 
difference scheme 

Y..+1 - Y. = hf(t. + (h/ 2), Y,, + (h/2)f(t", Y")). 

Similarly one can define difference schemes based on the t hird-order or fourth
order Taylor approximations, and so forth. T he Runge-Kutta scheme of a rder four is 
formulated as t he problem of writing 
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where 

so tihat we have 

ko ~ hf(tn, Y.) 

k1 = h f(tn +©:oh, Yn + /Joko) 

k, ~ hj(tn+«1h,Y.+/31k1) 

kJ = hf(tn + 0:2h, Yii + fhk2) 

h2 h3 h4 
1'0 ko + ')' ¡ k1 + 1'2 k1 + /3 kJ = hy'(tn) + 2y"(tn) + 5Y"'('tn) + 24Y'"'(tn) + O(h5). 

(3.17) 
In order to find t he ten constants (o:o, ... , ¡3) we match the c0rresponding terms 

in trhe T.aylor e:xipansions 0f b0t:h sicles 0f (3.17). Using the subscript n0tati0n for 
partial derivatives, the rigbt side can be exp>anclecl by using the chain rule applied t0 
the differential equation y'= f(t,y) Thus 

y"~ f.+ f J,,, Y111 =fu+ 2ffty -!' ft/y + f 2 fvv +JI; 

with a corresponding expression for y1111 , inv0lving the ¡;iartial clerivatives of or.8.ers one, 
two and three. The left side 0f (3.17) can be expa:nclecl, by using tRe Ta.ylor formula 
in two variables, applied t© eacR of k1,k2,k3. In this way 0ne o©tains a formula 
involving f and t:he part:ial del'iilfafilves !ti fy, ftti . . , fyyy a: tata:! 0f ten terms; (3.17) 
vhen yields ten siRlultaneous equations for the ten constants ( o:o, . , 1'J). There is 
no unique soluti0n of t!his system, b.ut the classical Runge-Kutta meth0d ch00ses 0ne 
which is perhaps tihe simplest. Th.is is clefi.ned by 

where 

•1n ~ f(t., Y.), 

a2n = J(tn + ~,Yn + ~a1n), 

asn = J(tn+~,Yn+~a2n) , 

a4n = f(tn + h, Yn + ha3n)· 

(3.18) 

We cal\ (3. 18) the Runge-Kutta method formula.. It ma.y be sh0wn that in 
case f(t, y) depends on!y on t, then bhe Runge-I<utta formula (3. ]8) reduces t© the 
familiar Simpson 's rule for approximating an integra! by the integral of a Ciluaclratic 
polynomia\. Therefore we can assert that (3 .18) is a generalization 0f Sirnps0n's rule. 



522 Michael J. Mezzino, J r. 

The Runge-Kutta me thod is significantly more complicated than the Euler and 
Heun methods and is considerably more accurate. Computers can easily handle this 
increased complexity. 

Mathematica contains a package which will produce the systems of equations 
for any Runge-Kutta scheme. It is called " Butcher.m" and i t can be íound in the 
"NumericalMath" directory . For example, to produce the system of 10 equations 
referenced above (sce [Butcher]), evaluate 

<<NumericalMath 'Butche r ' 
RungeKutta OrderConditions [ 4 , 4] 

Example 3 .2. Use the Runge-Kutta method to find an approximate solution to the 
initial value problem 

{ 
y' = 10( 1 - t2y3 + 2t4y3), 

y(O) = O, 
(3.19) 

for O $ t :S l. Use step size h = O. l . Compare the Runge-Kutta method approximation 
with the E11.ler and He11.n method approximations. 

Solution. Let f(t , y) = 10(1 - t2y3 + 2t4y3). We compute 

Hence 

ª" = /(0, 0) = 10, 

a20 = /(0.05, 0.05 X 10) = 9.99688, 

a30 = /(0.05, 0.05 X 9.99688) = 9.99688, 

a 40 = /(0.1, 0.1 X 9.99688) = 9.90109. 

Y1 = 0.0166667(aio + 2a20 + 2a30 + a40) = 0.998144. 

Continuing in t his way we get t he last column in t hc following table. Similar calcula~ 
tions using the Euler and Heun method formulas yield the second and third columns. 

'· Yn (Eulec) Yn (Heun) Yn (Runge-Kutta) 
o.o o.o o.o o.o 
0.1 !.O 0.99505 0.99814 
0.2 1.99010 1.83994 1.90323 
0.3 2.68744 1.99998 2.27305 
0.4 2.09780 1.80606 2.08513 
0.5 1.85703 1.64398 1.85736 
0.6 1.65626 1.54332 1.70104 
0.7 1.60945 1.50988 1.61893 
0.8 1.56762 1.56258 1.61459 
0.9 1.68005 1.75588 1.72850 

10 LO 1.95025 2.3393 1 2. 19565 

Visualization of the data in this t able is provided by the plot bclow. 



NumePical Solutfons Qf Ordina.ry DifferentJial Equatfons 523 

Approximaliing so!uti0ns t0 
y' = 10(1 - t 2 y3 + 2t4 y 3 , y(O) = O 

Thin=Euler, Dashed=Pleun, Thick=Runge-Kutta 

4 Numerical Errors and StabHity 

N umerical Errers 

'A common way to classify met:h0ds is t;0 give their 0Hier 0f accuracy. This order is 
associated with truncati0n error as defined by the f>articular meth0cd ancl. the Tayl0r 
expansion of the solut i0n y( t). Tayl0r 's tiheerem states that if y( t) has k + 1 c0ntinu0us 
dcrivat.ives on the interval to - ó < t < to + ó, then 

y"(t ) y<•l fto) k 
y(t) = y(to) + y'(to)(t - to)+ Tift - to)'+···+ -k-! -(t - to) +TE, 

where to - ó < t < t0 + ó. Mere the Taylor remainder TE is ca!lled the local 
t runcation error; it is defined by 

TE= y<'+'l(ry¡ (t-t )"'1 
(k + l)! o ' 

where t0 - 6 :::;. r¡ $. t0 + ó. If ti = t0 + h, then we may wPite 

TE= y<'+'l l ry) h'+i 
(k + l)! ' 

and we say that the 10cal truncat:ion errnr is prnportional t© hk+t. When this oceurs, 
we say that t he method is of arder k. The reason for defining it Phis way is because 
tlhe global truncation error 

GT E= Jy(t,) - Y(t,)J 

is asymptotically proporti0nal t0 one l0wer p0wer of h when h tencl.s te zero. Here we 
use y for the t rue solut ion and Y fo r the apprnximate solution. In order to discuss 
the error analysis , we introcl.uce tibe big-0 notation. 



524 J\1Iid 1ael J . .Mezzino, J r. 

Defin ition . Suppose that f(h),g(h) are functions defined in sorne interval O< h < a 
with g(h) >O. Then we write 

f(h) = O(g(li)), t - O 

prollided t.hat there exist constants M > O,ó > O so that lf (h)I :S /1,1fg(h) whenever 
0< h < li. 

For example sin{h) = O(h), h ---+ O, but sin(h) :f:. O(h2 ) , t - O. In many cases we 
will omit the quantifier h - O when it is obvious from the context. 

This may be applied to t he d iscussion of error analysis of the various schemes 
introduced in t his papcr. Typically a given scheme (Euler, Runge-Kutta, etc) will 
satisf}• a pair of stat.ements of the form 

TE = O(h'+ 1 ) and G T E =O(h') h-0 

for a certain value of k. 
To see how this analysis is done, Jet us consider the Euler method. Using Taylor's 

theorem, 

y(t,,+1) = y(t,,) + hy'(t,,) +~y"(~) (4.20) 

for somc r¡ E [tn, t,.+ 1 ]. To analyze the error in the Euler method, we state thc Euler 
method in terms of t he approximate solution Y by 

(n = O,l, ... ,N- 1) 

and subtract this equation from equation (4.20) to obtain 

y(t"+i)- Y"+' = y(t,,)- Y,, + h(/(t",y(t.,, ))-J(t,,, Y,, ))+ ~y"(~). (4.21) 

T he error in Yn+I consists of two parts: (1) the local truncation error TE introduced 
at step tn+ 1 and (2) t he p ropagated error 

y(t,,)-Y,, + h(/(t",y(t,,)) - J (t" , Y")). 

The propagatecl error can be simplilled by applying the mean value t hcorcm to /(t, z), 
considered as a function of z: 

f(t,,,y(t,,)) - f(t,,, Y,,)= a¡~:·~) {y(t") - Y,,) 

whcre { is between y(tn) and Y,.. We let ln = y(t.,)- Y,. , and use the above to rewrite 
equation (4.21), obtaining 

- ( 1+h8/(t" 'º) + h2y"(ry) 
lri+l - Bz (n 2 · (4.22) 

These computations yicld a general error analysis fa r the Eulcr mcthod far t.hc initial 
\'aluc problem as stat.ed in t he following thcorcm. 
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Theorem 4.1. Assume 

lªf(t,z)I © < ]( = sup ----¡¡;- < oo . (4.23) 

where the supremum is taken over (t, z) of the form z = y(t) with to :S t :S b. Then 
the Euler method solution (Yn) satisfies the error bound 

(
e(b-to}K 1) 

ly(t,,) - Y,,I Só e<•-<o)Kly(to) - Y.ol + h ~ su~ ly"(t)I, 
to:5C:5b 

(4.24) 

for ali n with to :S tn :S b. 

Proof.T he pro0f can !!>e acc0m~lished by mat.hematical induction on the sequence of 
numbers t: 11 , n = O, 1 ... , N. Fr0m e~uation (4 .22) we have 

l<,,+11 s; Al<,,I + B (n = ©, 1, .. .,N - 1), (4.25) 

where A= 1 + hK,B = h2M/2 and M = SUJ!>to:5!:5b ly11 (t)I. We f)T0J!>OSe t.o show that 

l<,, I s; l<olA" + A~ 1 (A" - 1) (n = 0,1. ,N). (4.26) 

Clearl;; (4.26) holds for the value n = ©. Assuming its trubh for the valh1e n = m, 
ha ve 

l<m+il Só Al<ml + B 
B 

Só A(l<olAm + J!=l(Am -1)) + B 

= l<olAm+l + A~ 1 (Am+l - 1), 

which proves (4.26) for the value n = m + l, and hence for ali n h>y mathemat.ical 
inducbion. To obtain the conclusion (4.23) we apply this with A= l+hK, B == h2 M/2 
nnd taking note of the inequality 1 + x :S e" to write 

h2 M/2 
l<nl Só l<ol(l + h/()" + ~((1 + hf()" -1) 

s; l<olehnK + ~~ (e"hK - 1) 

:S \Eo]éh-tu)K + ~~: ( e (b-tu) K _ l) . 

Making the identificabi0n En= y(t,.) - Yn completes bhe proof • 
When Yo= y(to) (as is comm0nly bhe case), (4.24) can be written 

ly(t,,) - Y,,¡ s; ch, t0 :St,.:::;b , 
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where e is a constant . Therefore we say that t he Euler method is an arder one or first 
a rder method. \i\' hen h is halved, t he error is halved. Also, t he Euler method is said 
to converge wit h arder l. In general, if we have 

ly(t,.) - Y,, [ $ c h', 

t hen we say that the method is an arder k method or is convergent with a rder k. To 
see what t his means, let us consider an example. 

E xample 4 .1. fllustrate the erro1· bound (4.23) for the equation 

y' = 4t , 

whose e:r:act soh1lion is y (t) = 2t2 • 

Solut ion. T he error formula ( 4.22) becomes 

Using induct ion, we get 

y(O) ~ O 

i::o = 0. 

é11 = n h2, n ~ O. 

Since n h = t 11 , 

• 
In t he above example we see that far each t,11 t he error of approximation in the Euler 
method at t., is proportiona l to h. T he local t runcation error TE is proport ional to 
h2 , but t he cumulative effect of these errors is a total error proportiona l to h. T he 
following table summarizes the orders of the methods in ODE for the other approxi
mation methods which occur in this paper. T he methods of Milne, Adams-Bashforth 
and Bulirsch-Stoer in add ition to an implicit Ru nge-Kutta method will be discussed 
in later sections. In ODE, RungeKutta4 is t he classical Runge-Kut ta method defined 
in Section (3) and Runge Kutta45 is the Runge-Kutta-Fehlberg method . 

Method arder 
Eul e r 1 

Secon dOrde rEule r 2 
He un 2 

Impli c i tRu nge Kutta 3 
Runge Kutta4 4 

RungeKutta 45 4(5) 
Mil ne 4 

Adams Bashfo rth 
BulirschSt oer variable 

NDSo lve unknown 
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Example 4.2 Consider the initial value problem 

{ 
y' ~ t'y, 

y~O~ ~ 1 

Pind the exact solution at t = 1. Then use the Euler method with 

h E {1/8, 1/16, 1/32, 1/64, 1/128, 1/256, 1/512}. 

Create a table showing the absolute errors corresponding to the various step sizes. 

Solution. First we c0mpute the exact s0luti0n at 1.0 and call it exact. 

exa c t = ODE[{ y' ==t A2 y,y[0]==1},y,t, 
Form->Explicit,Method->SeparableJ /. t - > 1. O 

Then we use 

TableForm[Table [ {1/rk, diff = exact-Last (Last ( 
ODE ( {y' ==t A2 y , y (O] ==1} , y , {t , O, 1} , Method->Euler, 
Numeric alOutput->True, StepSize->l/2Ak]]] , 
d i ff / (1/r k ) ) , {k, 3 , 9}], TableHeadings-> 
{Nene , { "Stepsize", "Error", "Error/Stepsize"}}] 

and obtain 

St.epsize Error/Ste.psize 
l 

0.0922455 o. ?37964 

16 0.0490388 o. 784622 

32 0.0253 175 0.8 10159 

64 0.0128679 0 . 823544 

128 0.0064875 0.8304 

256 0.0032573 0.833869 

5 12 0.00163206 o. 835615 

Note t hat the last column is approx imately a constant , which is what the the0ry 
pred icts for this method. 
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Stability 

The result of the previous subsection may be paraphrased in the language of stability. 
A numerical method is said to be s table i f for any firsli-order differential equation 
y'= / (t , y) and far any t: > O, there exists a {J > O so that the sequence of numerical 
approxirnations Yn satisfy IYn - y(tn) I < t: for n = 1, 2, ... , N whenever the step size 
h < ó. To illustrate this, if a numerical method satisfies an inequality of t he form 
IYn - y(tn)I < chk then we may take ó = (f/c)1fk in the definition of stability. Far 
example in the Euler mcthod we have k = 1, thus ó =e/e 

This notion of stability is qualitative, a nd does not provide a numerical criterion 
to differentiate between the various numerical methods. Later in section 11 we will 
develop the notion of absolute s ta bility in order to study stability in more detail. 

5 M ultistep Methods 

The Euler, Heun and Runge-Kutta methods belong to the class of single step nu
merical integration methods. This mea ns that only t he information at step n is used 
to compute the estimate at step n + L There are other methods which use two or 
more previous data points to compute the estimate at t he next data point. These 
are called multis tep metho ds and they are frequently used to introduce the class 
of predictor·corrector me thods . ODE includes two of t he most familiar multistcp 
me1hods, the Milne5 and the Adams6-Bashforth/ Adams·~loulton methods, where the 
latter is simply called t he Adams·Bashforth method. Here we discuss the details of 
both the ~lilne method and the Adams· Bashforth method. Like the Runge-Kutta 
schemes, t here exists a complete sequence of multistep methods depending on the 
number of points used to generate the interpolating polynomials. In this paper , wc 
have chosen the fourth·order vers ions of the ?vlilne and Adams-Bashforth methods 
so that comparisons can be made with other methods. Others can be derived in a 
s imilar fashion. 

As in thc previous sections, the problem is to find a numerical approximat ion to 
t he solution of t he initial· value problem 

y' = f(t,y), y(to) =Yo. (5.27) 

The Milne Method 

The fourth-order Milnc method nceds four consecutive uniformly spaced data points 
to estimate the ncxt point on the solution graph. We bcgin by computing the ap
proximate values of thc solut ion at equally spaced points t 1, t2 , t3 , far example by thc 
Runge-Kutla method. T he Milnc method can then be used to find un approximalc 

SEdward Arthur Milnc ( 1896-1950). English Astronomcr. Studicd thc atmosphcrcs of stnrs. 
Dcvdoped a ncw form of rclativity callcd kincmatic rclativ1ty, an altcrnl\livc to Eim1tcin's gcncrnl 
thcory of rclat1vity. 

6John Couch Adnms (1819- 1892). Euglish Astronomcr. OISCOvcr of thc planct Ncptunc. 
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value fo r y(t.1) as follows. In order to describe the lvlilne method for computing Y11+1 
in general , we assume given the points 

{ (tn - J, Yn- J}, (<n - 2' Yn - 2), (t,, _¡, Yn-1), (t. , y,,) ), 

whcre tn - k = tn - k - 1 + h. 
Now if we had a.n exact solution of (5. 27) , we cou ld write 

1'"-' y(tu+1) = y(tn - 3) + t,, _J y'(s)ds (5.28) 

Since y(lr1 - 2), y(f 11 _ ¡), y(tn) are known (approximately) , we can compute thc deriva
livcs y~_ 2 ,y~_ 1 ,y~ (approximately) from (5.27). Now we approximate the function 
t __. y'(t) by a qundrntic polynomia l passing through the three points (tn-2. y~_ 2 ), 
Un-l·Y~- 1 ),( f,11Y~) . This can be done in a unique way. We substitute this poly
nominl into the integral in (5.28) and substitute t he a pproximate value ofy11 _ 3 into 
{5.28) to obtain an approximation for y(tu+il· 

lnstead of giv ing a symbo lic derivation of the necessary formu la (5.29) below, we 
will use Alatliema tica to obtain this. {The letter A below denotes the approximate 
value of thc integral in (5 .28) when we use t he quadratic polynomial approximation). 

Mad1ematica allows us to perform this derivation using the following commands1 

where wc set ypn = y;,, and ypnmk = y;, _k. 
First we define t he system of equations which leads to t hc quadrat.ic passing 

through the last t hrec points. 

systeml = {al (tn - 2h) A2 + bl (tn - 2h) + el == ypnm2 , 
a l (t n - h) A2 + bl (tn - h ) + e l == ypnml , 
a l t nA2 + bl t n + el == ypn} 

eoeffs l = Flatte n [Sol ve [sys teml , ( a l , bl , e l } ]] 
parabolal = a l tA2 + bl t + e l /. eoe f fs l // Simplify 

{\Ve suppress the output .) Next we integrate this quad ratic on the intcrval tn - 3h:::; 
l ~ ln +h: 

A= lntegrate [parabol a l , {t, tn - 3h , tn + h) ] // Simplify 

4 h C2 ypn - ypnml + 2 ypnm2l 

Thcrcíore. the p redicted value is 

Yn+ l ,p = Yn -3 +A= Yn - 3 + T(2Y~-2 - Y~-1 + 2y:J. (5 .29) 
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Nc.xt we insert t his valuc into the differential equation (5.27) to produce a bettcr 
approximation to the derivativc at ln+ l · 

Finally, we fit another quadratic to the point.s (tn-1, lf.i_¡}, (tn, lf.i), (tn+1, y;1+i), inte
grate to get B and then add B to Yn-1 to give Yn+I (corrected). Again, Mathematica 
allows us to perform this derivation using the following commands. 

sy!ltem2 = {a2 (tn - h) "' 2 + b2 (tn - h) + c2 == ypnml , 
a2 tn "' 2 + b2 tn + c2 == ypn , 
a2 (tn + h) "' 2 + b2 (tn + h) + c2 == ypnp l } 

coeffs2 = Flatten[Solvefsystem2 , {a2 , b2 , c2}J] 
parabola2 = a2 t "' 2 + b2 t + c2 I. coeffs2 / / Simplify 

T hen wc integrate it on thc interva l [tn - h, t., + h]. 

B = Integrate[parabol a2 , {t , tn - h , tn + h)] // Simplify 

h 14 ypn • ypnml • ypnpl) 

Therefore, thc corrected volue is 

Yn+I = Yn - 1 + 8 = Yn- 1 + ~(Y~- 1 + 4 Y~+ Y~+ 1 )· (5.30) 

Equations 5.29 and 5.30 constitute t.he fou rth-order r.. lil ne prediclOr-corrcclor melhod 
implemcnted in ODE as Mathod->Milne. Normally, a multistcp mcthod rcquircs a 
different technique to tcrminate l he integration, since the final step sizc is frequcntly 
d1fferem from h. Aga in , t hc Runge- Kutta met.hod can be used to takc the lasl stcp. 
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y'H ], 

yHL 

tn-3 tVJ - 2 tVJ- 1 tr.i t.n+l 

yn -t= l ,p • 

yn+J 

tn-3 tn-2 t.VJ-1 tn t.VJ+l 

T he gr.aph 0fy1 = f~'t ,yo) on tille interval \tn-3,tn+i], 
and ~he appr0ximate s0\utli0n found by the 

M.ilne metlh0d 

Example 5.1. Solve the initio.I. vo.lue problem 

{ 
y'=l+t-4y2, 

y~@)= 1 

by the Runge-Kutto. o.nd Milne methods and simultaneously plot the two appr.oxima
tions. 

Solution. We use 

Show[ 

{ListPlot[RungeKutta4[1 + t - 4y"2,{0,l},0.1,100][t,y], 
PlotJoined->True, IDispiayFunct~on->I•dentity]}, 

ListPlot[Milne[l + t - 4y"2,{0,1},0.1,100] [t,y], 
PlotJoined->True, ElisplayFunction->Identity], 
DisplayFunction->$ElispiayFunction~; 
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C-Omparison of approximate solutions to y' = J + 1 - 4y2, y(O) = J 
found by thc Rungc-Kuna and Milnc methods with s tcp size 0. 1 

This examplc shows the inherent instability of the f\ lilnc method. 

The Adams-Bashforth Method 

The founh-order Admns-Dashforth mcthod represcnts a significant cnhanccment over 
thc i\lilne mcLhod duc to its inbcrcnt improvement in stability. lt. also needs four 
C'onsecutive uniformly spaccd data points to estimate the next point on the solut.ion 
graph but these points are used to perform a diffcrcnt interpolation. Again we assumc 
that the initial valuc is givcn by y(t0 ) = Yo and that we obtain t hrce additional point.s, 
(for example by the Runge-Kutta method) befare the Adams-Bashforth rncthod can 
be used. So wc assu me givcn thc four points 

{ (t,,_3, Yn- J), (t,,_,, Yn-2), (tn-1, Yn-1), (1,, , y,, )), 

where ln-k = t "-k- I + h. Wc bcgin by wrlting 

¡'"'' y(t,,+ 1) = y(t,,) + y'(s)ds ,_ (5.Jl) 

Since y(tn- 3), y(tn- 2), y(t,._¡ ), y(tn ) are known (approximately) , we can compute t hc 
derivatiW!S y'(tn - 3), y'(t.>1- 2)1 y'(tn-1), y'(tn) (approximately) from (5.27). Now we fü 
a cubic polynomial through the rour point.s 

{ (1 ,,_,, y;,_,), (1.,,_,, y~_,), (t,,- 1, Y~-1). (t,, ' y~) } . 

This can be done in a unique way. Having obtained this polynomial, wc integra.le to 
gct an arca, say A, and thcn add A to Yn to giv Yn+l.p (predicted) 

Yn+l.p = Yn + A = y,. + ~(55y~ - 59y~- I + 3iy~-:t - 9y~_3) . (5.32) 
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Next we insert this vnlue into tihe differential equation as before to pr.0duce a liletter 
npproximo.t:.ion to bhe det1ivati;ve at tn+I · 

Y~+I == f(tn+1,Yn+1,p)· 

Finnlly, we fit another cubic tluiough t he points 

{ (t"_" Y~-2), (t"-1' y;,_¡), (t", Y~), (t"+1, Y~+1) ), 

integrnte to get a new area, say B, ar:id then add B to Yn to give Yn+I (corr-eetecl) 

Yn+ I == Yn - 1 + B == Yn-1 + ~(19y;1 - Sy~-1 + v:,-2 + ~y~_3)· (5.33) 

EquaLions 5.32 Rnd 5.33 define ti-he well k,nown fou nth-order Adams-Bash·forth/ 
Adums-t"'Ioulton predictor-c0t1r.eetor melihocl implemented in 0IDE as 
Method->AdamsBashforth. A•gain, !J'he Runge-Kutta mebhed caH be l!lseC!I ~0 sta.nt 
llhis method as well as liake the !ast step, if neeessar,y. 

Example 5.2 Salve the initial value problem 

{ 
y'== 1 + t - 4y2 , 

y(©)= [ 

by the Runge-Kutta and Adams-Bashforth methods and simultaneously plot the two 
approximations. 

Solution. We use 

Show[ 
{ListPlot(RungeKutta4[1 + t - 4yA2,[0,1},0.1,100][t,y], 
PlotJoined->True, E>isplayFunct.i:on->I•dentity]}, 
ListPlot[AdamsBashforth(l + t - 4yA2,{0,l},0 1,100] [t,y], 
PlotJoined->True, IDisp!layFuncti,on->ldentity] , 
DisplayFunction->$ElispiayFunct.i:on]; 

"r 

... 
Comparison oí upprox·imute solutions to y'= l + l - 4y2 , y~O) = 1, 

found by thc llunge-I<uUu and the Adams-Ba.shíorth methods with step size 0.1 
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In geners.I , when comparing methods oí comparable order , the multistep mcth
ods are more efficient than t he single step methods, especially whcn high accuracy is 
desired. For example, for t he fou rth-order methods previous\y discussed , t he Adams
Bashfort h method requircs only two evaluat ions of the derivative y' = f(l , y) to 
compute the next solution est imate whereas the Runge-Kutt a mel..hod needs fou r 
eva\uations . This assumes t hat the previous evaluations have becn stored for fu
t ure use. Therefore t he Adams-Bashforth method achieves t he same accuracy as the 
Runge-K utta method in roughly one half the number of function evaluations . Also, 
Yn+ 1 in t he predic1·or-corrector pro<;css just described receives its maja r contribut ion 
from the corrector equation. Howcver, there is a st rong desire to continue iterating 
with thc corrector equation inside each marching step, thereby complctely climinating 
t he effeet oí t he predictor. Experience shows t hat very lit tle is ga ined by cloing this 
and in fact , a lt hough thc corrected sequence converges, it does not converge to t he 
true solution. Consult any numerical analysis book far additional details conccrning 
multistep met hods (see [Acton) or [HamJ). 

6 Extrapola tion Techniques 

In both the Runge-Kutta and predictor-corrector schcmes a basic step s ize h is chosen 
and used for as long as it givcs satis factory rcsults. It may be adjusted from time 
to time, but it usually remains constant for long runs. In theory, t he solution to thc 
appro.ximate difference equat ion converges to Lhe t rue solution as h goes to zero, but 
h is never a llowed lo go to zero. Extrapola t ion is bascd on comput ing a limit on h aL 
each slep. Simply put, wc do a quadrnt ure on y' bctween to and t 1 (a distance of h) 
first us ing a one-stcp quadrature to get Yl.I · Then we do this quadrature again using 
t he rule twice, after dividing h into two cqual regions, producing a second estimate 
Y1.2. T hen we compute a third estimate Y1 .J by using quadrature four times on a step 
size oí h / 4. Then, when enough estima.tes are available, we cxt rapolate to estimat.e 
what Y1 .oo woutd have been if h had been permitted to go to zero and we use t his 
\'8.lue as our final y1 . Then we begin the process over again at t 1. 

The Bulirsch-Stoer Algorit h m 

Thc Bulirsch-Stoer a!gorithm always uses an cven subdivis ion of h, which we call k. 
Thercfore 

k = ~· 
far 1 = 1, 2 .. The fundamental substep is a linear e.xtrapola t ion of y from t to 
t + 2k . an int erval of length 2k, using t he s lope a t thc midpoint t + k. Prom t hc figure 
on pagc ?? , observe t hal t he first stcp is an Eulcr step. 

Nf'xt wc insert this cstimate into the diffcrcntia l cquation to get a slopc and t hcn use 



Numerical Solutions oí Ordinary Differential Equatíons 535 

this stope together with the previous va!ue of y to compute a new estimate. 

Y2 = Yo+ 2ky~::::} y;. 

We interteave t hese steps until we reach the endpoint, where we compute a final ending 
step y.11 and then average the last two estimates to give the final value for y at to+ h. 

Yt1J = Y3 + ky~, y(to +h) = Y•I ~Yt1J. 

A complete fourth-order Bulirsch-Stoer step (k = h/4) is given by 

(O) y, =Yo+ kyb::::} y;, 

(1) y, = Yo+ 2ky.~::::} y~, 

(2) y, = y¡+ 2ky~::::} yJ, 

(3) y, = Y2 + 2kyJ::::} y~, 

(4) Yt1/ = Y3 + ky~, 

y(t+h) = Y<~Y<J. 

Bulirsch-Stoer basic integration step. Each line bears the 
number of the nbscissn írom which it~<> s\ope was derived. 

lt. is clear that. each Bulirsch-Stoer step is much more complicated than any Runge
l{utta or predictor-corrector step, and it requires more evaluations of the differential 
cquation. Its primary advantage is that it permits large integration steps, far exam
plc, two steps pcr pcriod of the cosine function. If, however , we are interested in 
ti modernte numbcr of intermediate values, tihen tibe advantage is net so dear (see 
[StoBull). 

Example 6.L Salve the initial value problem 

{ 
y'+ t cos(3t)2y = t cos(t) , 

y(O) = O 
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over the interval O $ /, $ 20 by the Runge·Kutta method (h = 0.3), Bulirsch·Stoer 
method (h = 0.3) and NDSolve and simultaneously plot tl1e three approximations. 

Solution. We use 

sol= ODE[(y' + t Cos [ 3 t ] ~2 y== t Cos[t], y[OJ==O), 

y , {t , O, 20 ) , Meth od->NDSolve,MaxSteps->2000, 
P lotSolutio n-> ( {t, O, 20 ) , PlotPoints->100) ] ; 
Show({ListPlot [ RungeKutta4{t Cos(t) - t Cos[3 t]A2 y, 
{O , 0} , O. 3, 66 ) [t , y ) , PlotJoined->True, 
PlotStyle-> {GrayLevel [, 7)}, DisplayFunction->Identity), 
ListPlot [BulirschStoer [ t Cos [t] - t Ces (3 t] A2 y, 
{O , O) , O. 3 , 66, 4) [t, y], PlotJoined->True , 
PlotStyle-> {GrayLevel (. 4] , AbsoluteDashing [ { 6 , 6)]) , 
DisplayFunction->Identity] , 
Plot (Evaluate (y/. sol] , {t , O, 20) , OisplayFunction->Identity]) , 
DisplayFunction->$DisplayFunction] ; 

' 
Comparison of approxima.t.c solutions to y'+ t C0-'(3t)2y = t cos(t ), y(O) = o, 

found by NDSolve, thc Rungc-.Kutta method with stcp sizc 0.3 and 
t l1c Bulirsch-Stocr mcthod of order 4 w1th step sizc 0.3 

T his grnph rcflects the strength of the Bulirsch-Stoer method whcn the stcp sizc is 
large. \Ve scc that thc fourth-ordcr Runge-K utta method evcntually diverges from thc 
true solution while the Bulirsch-Stocr method cont inues to t rack the solution quite 
closely. 

7 Solv ing D ifferentiaJ Equations 
umerically wit h ODE 

In this scclion wc cxplttin how to use ODE to salve first arder diffcrcntia l equations 
numcrically (sce JCM P) for n complete cliscussion of ODE). Any of thc following 
opt1ons can be uscd: 
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Method -> Euler 
Method -> RungeKutta4 
Method -> Milne 
Method -> ImplicitRungeKutta 
Method -> SecondOrderEuler 

Method -> Heun 
Method -> RungeKutta45 
Method -> NDSolve 
Method -> AdamsBashforth 
Method -> BulirschStoer 

With the exception of NDSolve (which is e)('pla.ined in Section 9), ali 0f the a00ve 
com mands fo llow the same patterin: 

oo~~~iiofd~8>~e\nhio~~ºs~~p/i~~~>~tiz~ r} ' 
Thc dcfoult step size is 0.1. Any numeriica! apprnximation found with OIDE can te 
ploLtcd using t he opbion Plotsolution. When plotting, it is frequently useful t0 
suppress the numerical output ©y using the option 
NumericalOutput->None. 

Exnmple 7.1. Use OE>E with the option Method->Euier to find a numerical ap
¡iroximation to the solution of the initial value problem 

{ 
y'+ y= -y', 

y(O) = 1 

OUCI' the mterva/ O S t S l. Use 5 steps. Also plot the solutfon. 

Solution. We use 

OOE((y ' +y== -y"3,y[0] == l],y, {t,0,1], 
Method->Euler, StepSize->0 2, 
PlotSolution-> { {t, O, 1}}] 

to obtain 

t [0 , 1 . 1.10 . 2,0.6), \0 .4,0.13 68), !0 .6,0.332712), (0.8,0.258848\, {l., 0.203·609}) 

nnd the graph 

Approximate solution to y'+ y= -y3 , y(O) =O 
found by t:he Eu!er metihod 
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Ln Example 7.1 any of thc mcthods listed on page 537 can be substituted fa r Euler. 
F'urthermore, the option Method->AllNume ri c a l can be used to plot. a ll of the 
approximations, onc after l.\llOthcr. 

Exarnple 7 .2 Use ODE with the option Meth od- >Al lNumerical to find and 1'lot 
numencal approximations to the solution o/ the mitial ualue problem 

{ 
y' _ y = eS.in(S11), 

y(O) = 1 

01·tr the mtl'.roal - 1 $ t $ l. Use step sue 0.02 . 

Solution. We use 

ODE({y ' - y == E · {sSin(Sy]) , y(OJ == l) ,y, (t,-1,l), 

Method->AllNumerical , 
StepSiz.e->0. 02, NumericalOutput->None , 
PlotSolution-> ( {t, -1, 1} } J 

Eulcr He un 

Rungc-Kutta Rungc-Kutta {45) 

lmplicit Runge- l<ut.La Sttond Ord<'r Euler 
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_l¿_lL 
Mil ne Adams-Bashforth 

JL_j¿ 
Bulirsch-Stoer NDSolve 

From thesc plot.s it is clear that sorne numerical methods are better than others. 
lnsidc of Matl1cmatica the best method to use is NDSolve , as will be explained in 
St'ftion 9. The Euler and Heun metbods are too primitive to be of much practica! 
u~ The best all-around method is Runge-Kutta. The Milne and Adams -Bashforth 
mtthods ruc cxamples of multistep predictor-corrector methods. The Milne method 
is included only fa r historical reasons; in practice it gives bad results. The Adams
BMhforth method provides the same accuracy as the Runge-Kutta method at twice 
the spced 

Thc reader is inv ited to cxperiment with the methods listed on page 537. 

8 ODE 's Implementation of 
Numerical Methods7 

In thi.s S<.'Ction ·we give the details of how ODE finds approximate solutions using the 
Eulc.r, He.un and RungeK utta methocls. 

Th Euler Method vía ODE 

We fir~t describe a /\fatlicmatica miniprogram called Euler which implements the 
Euler mcthod, specifica..lly formula ( 1.6). This routine is called by ODE with the option 
Method->Euler, but it can also be used independently of OOE. 

\\'e n('ll..'(Í two Matllcmatica functions , Module and NestList, described below. 
\Vr first define a funclion emstep of six variables as follows: 

7Th• wo:t.ion cont.a.uu technicnl J\ofathcmtllica dctnils on how oot: works. lt is nol nceded to use 
CllC i!OW'C!'Ou. tM readcr 111 cncourngcd to explore it bccnusc it oonta.ms uscful lnformation about 
programm1ng tcdiniqum m Afntlrnm!ll ica. 
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emst e p (f_ , ( t _ ,y_ ) , (tn_, yn_ } , h _ ) : = 

Modul e [ { f n) , 
fn = f /. ( t - >tn , y->yn) ; 

{ t n + h ,yn + h fn}] 

The arguments of e mstep are f _, t _, y_ , t n_, yn_ a nd h_; we separa.le somc of 
t hem with braces in order to keep track of them. In t he defin ition of ems tep we 
use Module with one local variable fn and two /\!athematica commancls. T he firsl 
command is 

fn = f /. { t ->tn , y ->yn); 

Hcrc fn is the samc as t hc exprcssion f , but with t replaccd by tn and y replaced 
by yn. The second comm1rnd in thc module is 

{tn + h , yn + h f n) 

lt does nothing more t.han compute the ordcrcd pair {tn + h , yn + h fn) . 
:\ext we define A1fothcm11lict1 Íllnction Euler that makes use of emstep: 

Euler {f_ , {tO_ , yO_ } , h_, ste ps_ ] [t_, y _ ]:= 

NestList [e mstep [ f , {t , y),#, h) & , {tO , yO} , steps ) 

Note that Euler is a function of thc scven variables 

f , to , yO , h , steps , t , y 

The command NestList is usefu l for constructing a table of valucs of thc rcsult of 
rcpeated applicaLion of u funct ion to un cxpression. Specifically 

NestLi st [g, e xpr , n ) 

gin~ a list of t he results of applying g to e xpr O t hrough n times. For t he command 
Euler we use 

steps for n 

{tO, y O) f or expr 

e ms tep [ f , ( t, y ), # , h)& f or g 

Hcre emstep [ f, t, y , # , h) & is Matllematica 's abbreviation for the function that 
a.ssigns lhe ,·aluc e mstep [ f , 1 t , y ), {tO, yO) , h) to the ordered pair {tO, yO ) . 

Thc following cxample demonstrates the use of the comrnand Eu ler . 

Exam ple 8.1. Use the command Euler to find a numencal appro:mnatwn to the 
solut1on o/ the initial value problem 

{ 
y'= cos(15ty), 

y(O) = 1 

Ot'CT the mlenial O $; l. $; 1. Use step si.zc h == 0. 1. 
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Solution. We use 

exO=Euler[Cos(lS t y], {0,l},0.1,lOJ [t,y] 

which results in 

(10 , 11, 10.1 , l . 1 1, (0.2,l.09209), (0.3,0.992993), 
1o. 4, o. 9688 '1 3 i, ¡o. 5 , i. 05199 ¡, ¡o. 6, i. o~ 991 ¡, 
10. 7,0.949935 ), [0.8,0.86'1659!, (0.9,0.806582¡, (1.0, o. 79593)) 

'il'hc command 

TableForm [ex O] 

prlnts this informattion in v. nice tabular forim: 

o . o 1.0 
0 . 1 1.1 
0 . 2 1.09209 
0.3 0 . 992 993 
0 .4 0 .968843 
0.5 1. 05199 
0 .6 1.04991 
o., o. 949935 
0.8 0.8 64659 
0.9 0.80 6582 
1. 0 0.795 93 

Thc solut.ion exO can be plotted via tihe command LietPl!ot . This c0mmand is 
írequently used íor plotting datta as points. The option P (L-otJo:ined->True. c1r.aws 
line segments to connect the points. Here we use 

ListP lot {ex O, P lotJo:ined->True] ; 

to gct 

A beu.c.r approximation is obtained if we ta.ke h = 0.01 and do JJ©O stel!>S. L..et us s&ip 
ovor printing out the numer.ical da.ta and do the plot directly: 
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ListPlot {Euler[Cos[lS t y J ,(0 , 1) ,0.01 , 100] [t,y], 
PlotJoined->True] ; 

The H eun and Runge-Kutta Methods v ia ODE 

ThcrC' is n more co111plic11tcd mir!iprogram fo r solving a diffo:rent.inl equation nmneri~ 

ca.lly using tllf! Heun rnethod : 
Heun [f_ , {tO_ , yO_ }, h _ , s t eps_ ) [t_ , y _ ) := 

NestList [iems t e p [ f, {t, y},#,h]&, {tO , yO ) ,step s] 

Herc iemstep iLernLes for He un i11 t he sa me way t hat emstep iternLes for Eule r . 
T he clefinition is as follows. 

iemstep[f_ , (t_ , y _ } , {tn_ , yn_ },h_ ] := 
Mo dule [ { kl, k2} , 
kl = f / {t->tn , y->yn}; 
k2 = f /. {t->tn + h , y->yn + h k l ); 
{tn + h , yn +h (kl + k2)/2 )] 

lt s hould be clen r thnt t his is t he Ma t /1enmtica impleme!H.at.ion of (2. 13). Mere is thc 
corresponding progrum w;ing Llic Runge-l<ut,ta method: 

RungeKutta4 (f_ , {tO_ , yO_ ), h _ , steps_ ] {t _ , y _ ] := 
NestList [rkmstep ( f, ( t, y ),#, h ] &, {tO, yO}, steps] 

T he ana.log of e mstep for RungeKutta4 is given by 
rk.rnstep[f_ , {t _ , y_ ), (tn_ , yn_ ) , h _ ) 

Module[{kl, k2, k3 , k4}, 
kl f / . {t->tn , y ->yn) ; 
k2 f / . (t->tn + h /2, y->yn + h kl/2); 
k3 = f /. {t->tn + h/2 , y->yn + h k2/2) ; 
k4 = f / (t->tn + h , y ->y n + h k3) ; 
{tn + h , yn +h {kl + 2 k2 + 2 k3 + k4)/6)J 
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'T'his is Lhe fi'fathemat ica version of (3.18). 

Exomple 8.2 Solve tite initial value problem 

{ 
y1 = 1 - t + 4y, 

y(O~ = 1 

us111g the commands Euler, Heun and RungeKutta4 and simultaneously pfot the 
1/11-cc approxrmntions. 

Solution. Wc use 

Show[ 

{ListP lot[Euler[l - t + 4y,{0,1),0.l,10J[t,y], 
PlotJoined->True, DisplayFunction->IdentityJ, 
ListPlot[Heun[l - t + 4y,{O,l},0.1,10][t,y], 
PlotJoine d->True, DisplayFunction->Identity], 
ListPlot[RungeKutta4[1 - t + 4y,{0,1},0.l,10][t,y], 
PlotJoined->True, DisplayFunction->Identity]), 
Oispl11yFunction->$DisplayFunction]; 

to gol 

9 sing NDSolve 

NDSolve is i\JatJiema~ ica 's bu ilt- in numerical different ial equations s0lver. Alt h0ugh 
VC' ry powerful , thcre is !ititle documentat ion (n.t the present time) OFI h0w it w0rks. 
lt i.s known, howcvcr, tihn.L NDSolve uses t he Adams pred ictor-C0rrect0r meth0d t0 
handle nonstiff problems nnd the backwards different iation formula ~or Gea.r meth0d) 
for stafl problcms. St.iffness occurs in a problem where there a re two or m0r.e very 
clifforcnt scales of the independent vn.riable on which t he dependent variatles a.re 
chtmging. Stiff problems o.rise in severa\ fields of science, most nota.bly in the tihe0ry 
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oí chemical kinetics, where, imy, one part oí a reaction occurs in a fcw milliseconds 
while the remninder takes hours to complete. Many popu lar a.lgorit hms cxhibit. an 
e."l:treme numcricul ins tability which is not connected with any instability oí the initia! 
va lue problem. 

NDSol ve returns its solutions as I nterpol a tingFu nction objects, which con
sist oí interna! Ml1tlwmatic11 representations as piecewise cubic polynomials. Alt hough 
it is possible to use Mathematica 's commands InputForm and Fu l lForm to view 
an Interpola.tingFunction object, it is not usually useful to do so. 

ODE can cull NDSolve using the opt.ion Meth od->NDSolve . 

Example 9.1. Use ODE with l/1e option Method->NDSol ve to firzd a numerical 
approx1malio11 l.o the solution o/ tite initial ualue pl"oblem 

{ 
y'= y + 1, 

y(O) =O, 
(9.34) 

/ or O S t S l. Use step 8iz.e 11 = O. l and compare the approximation with the exact 
solution. 

Solution. To get the exact so!ution we define a Marhematic8 function f by 

f[t_ ) = ODE [{y ' == y + l, y[ O) = = OJ, y , {t,0,1 } , 
Method->FirstOrderLi nea.r , Form->Expl ici t] 

and to gc1. t he NDSol ve-generated solution we define another MntJumw.tica fuuction 
g by 

g [t_ ) = ODE [ {y' == y+ l , y [ O) = = O) , y , [t , 0 , 1 ), 
He t hod- >NDSol ve, Form->Explicit ] 

(note lhat in bot h oí t hese defini tions we have used = and not =: ). The following com
me.nd gencrntes u table of vnlues compe.ring the exact solution with thc approximotc 
solution: 

Table( (f (xx] , g[xx ] } , {xx, O, 1 , 0 .1 )] //TableForm 

to gct 

o 
0.10 5111 
o. 221 ~ 0] 
0.349859 
0. 0182 5 
0.648 721 
0.822119 
1.0137!> 
1.22554 
l."596 
1. 71828 

o. 
0.105171 
o .221 qo 1 
O.H986 
o. 4 9 18 26 
o. 6 4872] 
0 .822121 
1.01 )75 
J.225 5 4 
1. 45 961 
1.71829 
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Thw thc solution gcnerated by NDSolve is indeed very close to the exact solut ion • 

The output of NDSolve is best understood by plotting it. \Ve can consider an 
InterpolatinqFunction object to be a pseudo function; as such it can be plotted 
In much thc same way that .Matliematica plots an ordinary function. Furthermore, al-
gebro.lc opcrations as wcll as differentiation can be performed on InterpolatinqFunction 
objccta, and thc resu lt.s oí these operations can be plotted. 

Exrunple 9.2. Uae ODE with the options Mathod->NDSolve and 
PlotSolut ion to plot the approximate solution lo the initial vaJue problem 

{ 
yy' = tsin(t), 

y(O) = 1 

Solution . \Ve use 

OOE( (y y ' • • t Sin(tJ, y(O] == 1},y,{t,0 , 4.6}, 
)Mthod->N'DSolve, PlotSolution->{ {t, O, 4. 6}}] 

togH thc plot 
y(I) 

Approximate solut ion to yy' = t sin(t) , y(O) = 1, 
fou nd by NDSolve 

1'hcte a.n.? 9"\oe.ral options that. control how NDSolve approximates the solution to 
1u1 initial ,...Jue proble.m. MaxSteps limits t.he number of steps fa r each calculation. 
With M.&.xSt•p•->n, the maximum number of steps taken is n . The default limitation 
is 500 slt'Jll5. Tbis limit can be cffectively removed with MaxSteps->Infinity. 

For n:arnpk-. to solve t.he init.ial vnluc problcm y1 = tsin(t2), y(O) = 1 on the 
int1•n'al O ~ I ~ 15. we must increase t he number of steps NDSolve will use by 
t•ntt"rm¡t 

ODt((y ' •• y Sin (t " 2J,y(O] == 1) ,y,{ t ,0, 15), 
Mltthod->NDSolve , M&xSt•p•->1000} 
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Ln general, Mlll;/Jematicv. uses t hree lenns to cont rol t hc value of npproximst.e nu
mcrical results. WorkingPrecisio n is simply the number of digit.s used in t h<: nrith· 
metic. T he defoult WorkingPrecision is definecl by $MachinePrecisio n , typi
callr 16 on modern computen;. PrecisionGoal defines t he total number of corrcct 
significam digit;s, nlso related to t he relative error in t be calculntion. AccuracyGoal 
defines lhe number of correct significant digits to t he right of the decimal point, a lso 
related LO Lhe absolute error in t he calculation. NDSolve uses the following defauh.s: 

Wo r kingPrecision - > 16 
PrecisionGoa l 
AccuracyGoal 

-> Automat i c 
-> Automatic 

Here, A.u torna tic means 10 d igits lcss than WorkingPrecision or 6 decimal d igiLs 
on most computers. With PrecisionGoal->Automatic and 
Accu r acyGoal - >Automatic, convcrgence is determined by t he fi rst one to be snL· 
isfied. To insist on u part icular convcrgence criterion, say PrecisionGoal, simply 
sel Ac curacyGoal-> Infinity. To perform calculations at a highcr levcl, say n, 
we normally begin wit h WorkingPrecision->2n , 
PrecisionGoal ->n+2 1md AccuracyGoal->n+2 a nd Lhen experiment until wc 
a.re satisfied with the rcsult. 

For exumple, we know t ha t the cxact solution 1.0 the initia! va luc problem y' = y, 
y(O) = l is y = e1. lf we evul uote 

f [t_ ] = OOE[ {y' == y,y[O] == l ] , y , {t , 0 , 1], 
Method->NDSolve, Form- >Explicit) 

we can use 

N{f{l].10] 

to obtain a 10 digit. approx imation to t he solution as 

2. 118289889 

Howcvcr. t hc correct 10 digit approximation is 

2. 718281828 

Tu obtain a more precise solution, we can cnter 

g{t_ J = ODE[(y' = ::::1 y ,y (OJ == 1) , y , {t , 0 , 1} , Hethod->NDSolve, 
Wo rkingPrecision->25, AccuracyGoal-> 12 , Precisio nGoal-> 12 , 
Fo rin- >Explicit]; 

Then whcn we cntcr g [ l ] we get t hc vnluc of e with 25 digi ts of prccision: 

2.118281828411414!11!1,1693597 
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10 Implicit Methods and Stiff Equations 

¡111 hi~ ~'C t 11111 Wl' discuss a clnss of mothods which attempts to solve ccrt.a iu instability 

¡iroblt•m$ 

lmpli it l\lethods 

fü•rnll thal tht' fo rmula 

\ ~;1 - \'., + ~(/(t,, Y,,) + /(tn+I• \'.,.¡)), 

iN.J to introduce tht' lleun mcthod, hnd Y,1 +1 011 both sides of the equation. This 
t"qt1ntion 1mplicilly defines Y11 + 1 a ud in general , t.his presents a difficult problem. ff 
"'' 1hilmt' " 1ww funct ion g by 

g(u) = Y, + ~(/(t,., Y,) + /(t,+ 1• u)). 

tlll'n wi• can nttempt to find t hc next cstimate Y11 +1 by finding a fixed point of g. 
Thl\t L". wt: "«'ka point ti such that g(ü) = ü. Alt hough severa\ methods can be used 
(from ~implt.' brack('t ing methods to Newton 's mcthod) a simple iteration is usually 
~ 11ffi d~·nt ThlL'i if we define 

and lct 
/¡ 

u1+1 = g(11,) = Y, + 2(f(t.., Y, )+ f(t,+1• u,)), 

lht'n the '."tability of implidt met.hods yields 

provided t hat 

~ \ªf(t ,y)\ < l. 
2 oy (10.35) 

Cond1tton 10.35 Is equivalcnt to 
ig'(u) i < 1, 

1\. ufficM-nt condttion fo r thc scqucncc o f iterates u, to converge to a uniquc fixed point 
of g 

'fhr p1mc1pal ndvantagcof al\ implicit methods is that they can be made absolut.ely 
.!lt.,b\1·. which 9.1ill I><' defincd n11d discusscd in Section 11 . The principal disadvantage 
l'I thr ad<kd rompu tationnl dcmands rcsulting from a required iteration at each step. 
1·h1· numbt r of 1t<'rat1ons uscU to approximate a root off is dctermincd by thc error 
tolN&nt'' and thl" mrucimum uumbcr of itcrations normally requircd to makc the 
nwthod di t 1min1st1c 
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Other algorit,hms also have implicit íorms. For example. a t hird-ordcr implicit 
Runge-Kut.ta metbod has been implemented in ODE. lt is defincd by 

k¡ = f(t,.,y.,) , 

k, = +.+m .y .. +m(k1+k2)). 
k3 = f( t .. + h , Yn + h k2), 

/¡ 
!/u+l = 1/n + {j(k¡ + •lk2 + k3}, 

fa r n = O, . . , N - 1, whcre t., = fo + n 11. The quantity k2 is computed by iternting 
the sccond cqun!;ion 11ntil 

llk2- k2ll2 = J ~ ( k,(i) - k2(i) )' < '· 
;; f.-; n111.,{lk1(i)l,lko(i)i ,J} 

where n is equn l to Lhe number of equat.ions and l is t.he desired Tolerance wit.h 
a dcfnuh value of 10- ri. To restrict the number of iterations, a mn..ximmn numbcr of 
itcrations is dcfi ncd by ODEMa xSteps wiLh a defoult vnlue of 500. Since this meLhocl 
is absolutely s t nble, it. is parl:icularly well s uited to sliff syst.em.s of 1...>quat.ious, for 
exnmplc, likc t.hose norrnally found in biochemical kinet ics. 

Stiff Equations 

Thc LCrm s tiff applics to cl iffcrential cquations in which t.here are two o r moro vcry 
diffcrcnt sca lcs of the indcpende nt variable on which t hc de penden!. varittblcs src 
cha nging. Por example, consider the second arder equatio n 

y" = IOOy, 

with general solut.ion 
y = C1e- 1oc + C2e1oc 

for arbitrary constnnts C1 m1d C2. lí the init.inl cond it ions a re 

y(O) = 1 ond y'(O} = -10, 

t hen the t rue solut io11 is y = e- 101 • Ali numcrical intcgration mct.hods wou ld st1.1rt. 
off clecaying ns e- 101, bu t: cvcry oxplicit mct.hod will explode as t becomcs Jorge. This 
occurs bccausc o ur 1111rncrical a pp ro:..:inm l ion is p rccisc.ly thAt, an npproxim111 ion to 

thc true solution. T hcrcforc wlrnt wc nctually observe is 
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Although tnking a very small s tcp size will ma.ke ! small , eventually t he second term 
!)f'(Ollll'fi dominant íor cxplicit mcthods. Also, increa.sing the precision at which the 
rnlrulauons are pcrformcd will only dclny thc effcct of t hc second term . 

Although stiffncs.s is usually nssociated with highcr arder or syst.ems of di fferent ial 
N¡uo11011 .. '1, the round--off error charactcristics of a particular numcrical method applied 
to " 11 t1ff ll)'!item can be prcdicted by cxamining t hc round-off error produced when 
the mt' t hod is npplicd to thc test in itial vu lue problem 

{ 
y' = Ay, 

y(O) = Yo 

whrrt' \ t"i a nC'gauvc rea l numbcr. Thc following example illust rates the effect ive use 
0 ( irnphcn mNhods fa r a st iff equntion by applying a suite of numerica l integration 
l1'('hniquei 10 thc test cquation. 

Exrunple 10.L Describe gravhically the behavior of ali numerical approximations 
10 thr ~olut 1on of the mihal value problem 

{ 
y' = - IOOy , 

y(O) = 1/ 3 

01u thr mttn'<ll O :5 I ~ 1 using a step size o/ 0.05 . 

'olut. io n. \\'e use 

ODE ( ( y ' ••- lOOy , y (O ] ==== 1 /3) , y , {t , O, 1) , Method ->AllNumerical , 
StepS.a.xe->0 . 05 , PlotSol ution-> { {t , O, 1}} ) ....... ? Mr Ll 

Eulcr Heun 

L_ll_J_ 
Rungo- Kuttn Ru nge-Kutta (45) 
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~Ll 
Implicit. n.unge-I<ut.ta Sccond Ordcr Eulcr 

LlLl 
Milnc Adams-Bashforth 

H L 
Bulirsch-Stoer NDSolve 

NO Sol ve also uses nn implicit tcchniquc to soh·c this equation. Hcncc, wc scc 
that the stabilii.y of implicit mcthods, in general , causes them to be thc proccdures 
of choice for stiff cqunLio11s. Wc make this stac.ement ¡>recise in the next soction. 

11 Absolute Stability 

As we ha ve secn in S t.ion t O, significant numericaJ difficultics occur whcn wc a.p
proximaU> th solution of 1.\ d iffcrentia l cquation which rontams tcrms of th fonn 
r-\I, where ..\ is a cornpl munbcr with negative real pan. Allhough tcrm.s líkt' thcsc 
dccay to 7.(!J'O, round-off error tcncls to conccal the decay. The problcm is pnrt1cularly 
Sl'rious whcn th(' solut ion contains a stcady s tatc tcrm, beca use the numcrical mcthod 
w1ll S('('k thc stcacly slatc tcrm while thc round-offcrror associa.100 with thc dcca.ying 
exponc.>ntial can dominl\tP und produce lll('aninglcs."i r('!'tulL" 

Problcms uwo lving rnpid ly dccuying tran.'i1cnt l'iOluttons ()('('Ur noturnlly in tll(' 
.,tud\· of darnpcd springs, cont.rol syst.cms and in biodK"m1C"aJ kmct1cs, juM to lllllllC' o 
fow The a('('t·pted way lo les!. a mcthod's ab1li1y to dcaJ •·11h an cquauon i.'t lo op¡>ly 
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lt to th<' impl<' test inltin l vnlue problcm 

{ 
y'= !.y, 

y(O) = Yo, 
(11.36) 

wher<' .\ 1.5 nrgat1ve real number. To understnnd how we might perform a stability 
aualysi.!I for a ¡>articular method, let us consider the Euler method applied to the test 
in¡tilll vnluc problcrn . lf wc lct h = (b - a)/N a nd tk =a+ kh, for k = O, 1, ... , N, 
thrn ( 11 Jt.i) implics tha.t 

Y'+ , = (! + h !.)Y., 

fo r k O, l, • ,N - l. By induction we have 

incr the <'XftCI solution of ( 11 .36) is ass umed to be 

y(t) =Yo•", 

th<' abeolut(" error is 

ly( t,.) - Y, ¡= le'" - (! + h !.)'I IYol 

and thc accunu:y is dctcrmined by how well the term l + h >. approximates 

e"= 1 +h>.+ (h!.)' + · 
2! 

lf Wt' introduce a rounding error in the initial condit ion far the Euler method, 

Yo=Yo+óo 

thtn at t~ A: 1h stcp thc rou nding error becomes 

Ob\·to~ly ..,,,. want ( l + Jt .\)k < 1, otherwise the error increases. Observe that if 
,\ > O. t~ 10lution y(t) grows cxponent.ia. lly a.nd since (1 + h ,\) <eh\ the rounding 
mor ma~ not be serio us. For equntions, ,\ < O so y(t) is decaying exponentially; any 
growth m roundmg error cvcnt.un.lly do minates the approximat.ion. 

Thr !fUuat1on is similM for thc ot.her met.hods. In general, whenever we apply a 
mt'thod to th~ t<"'il milis\ vnluc problcm, we get 

Y,., = S(lo .\)Y,. 

for t:'<l\Olpk. for the Eulc.r mcthod we hn\'C 5{11,\) = l + li,\, for the Heun method 
w1• h.w"" (h \) 1 + h>. + {11>.)2 / 2! and for the Runge-Kutta mcthod we have 

(h !.) = 1 + ¡,¡. + (h >.)' + (h .1)3 + (h !.)'. 
2! 3! 4! 
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Note that in ench cuse, t he order of thc mcthod defines thc function S. 
For mult istep met.hods, Jike t he i\•lilne and Adam.s-Be.shforth met.hods, t.he funct.ion 

S becomes 

where the rcsult of npplying t he method to the t.est equation is of t.hc form 

when! k = m - 1,. , N - L. To describe t he runount. of st.ep sizo rcduct.ion ncc<lcd 
for a particular mct.hod to be used on a problem, we need thc following definition. 

Definirio11. The region R o f a bsolute stability for- a single step melh0tl rs dc/it1ed 
by 

R. = {h-IE el IS(h-'JI < 1 ). 

and for- o m11lt1slep mel.hod by 

R = {/,,\ E C l iild < 1 /or ali root.s jJ, o/ S(,.hÁ) = 0) . 

For cxnmplc, t he region of absolute stnbility for thc Eule.r met.hod is t he circlc in Lhc 
complex pin ne of radius l t\nd ccntercd a t. - 1: 

C{'ncrally, nu mcrical rnct.hods can be applicd to sliff cquat.ions only if /¡)., is in 
thc rcgion of absolut.c stnbility, which for u given problem places o. rcst.riction on 1 he 
si1.c of h and usuolly forces rnany smull steps to be takcn as thc upproximation b 
romputed. Since t he region of ubsolutc stnbility oí a mcthod is gcnerally the criticul 
factor in producing nccurutc solutions to stiff cquations, spccial numcricnl mcthods 
ha\·c lx-c>n dcvclopC'd wit.h ns lurgc n rcgion oí absolutc stability as possiblc. This lends 
to Llll.' following clcíin ition 

D~flnition. 11 numerw1l method is smd to be A-stable 1/ 1ts reg1011 o/ absolut.c sla· 
bdJly conlams thc lrnlf-plane {hA E C j Re(h,\) <O}. 

Applying a similu.r unoly!:i is to thc implicit. Euler mclhod, we sec that the ro11nding 
error &l th k 1 h step beco mes 

Ó1i;= __ ._,_ 

(1 - hÁ)' 

Rnd lhc rounding error gocs to zcro cvcn as h - oo. Thcreforc, t his mcthod is A
~tnbl<' Thc implicit. Rungc-1\uttn method incluclcd in ODE i._.; n Lhird ord r accuratc 
A·stnblt' mcthod nnd it is wcll suiLcd to solving st1ff equalioru;. In general, implicit. 
mcthod.s are A-st11blc oud somc sophisticn 1 implic1t mulostcp m ·lhOd'i have bl'Cn 
dcv•lop<'d (S«> jGcu,J). 
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12 Adaptive Step Size and Error Control 

All rnodcrn numericnl differential equat ion solvers exert sorne adaptive e0ntrnl 0ver 
thoir own progress, mnking frcc¡ uent adjustments to the step size. To see why the step 
slzc nce<ls to be ndjustcd, Jet us consider a simple example using the Euler meth0cl. 

Exnmple 12.1. Use tite Euler method to find a11 approximate solution to 

{ 
y'= -100y, 

y(O) = 1/3 
(12.37) 

ovcr the mtenml O ~ t. ~ 1 using step size h = 0.2. Compare the approximate solutfon 
wdli lht uoct soltition. 

Solution. First Jet us note tihnt tibe exact s0lution 0f (12.37) is given by 

con~ucntly !lu:aei(t) is very nea11ly 0 for t 2 0.1. However , the Euler meth0d gi-ves 
vory differc.nt rcsu lts. The Euler metíh0d fo rimula for (12.37) is easy t0 find: 

Yu+I = Yn + (0.2)( - lOOy.) = -19y •. (12.38) 

Using {12.38), we construct the following t able: 

n t,. Y,. y,.~,(t.) 
O.© .333 .333 
0.2 -6.33 6.8710- 10 

0.4 120 o 
©.6 - 2290 o 
©.8 43400 
LO - 825000 

So thc approx.imntc solutiion obtnined from the Eu ler method is very bad. Instead 0f 
tcnding to O. thc )' n ·s osci\lute bct;ween posiLhie nnd negative val ucs whose a.bsolute 
vnluc ~ mpidly incrcosing. Mere is t he plot obtained with t he command 

OOE((y ' a. -lOOy,y(O] == 1/3),y,(t,0,l} , 

Method->Euler, StepSize->O. 2, 
PlotSolution-> ( { t, O, 1}, PlotRange->All)] 
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y(I ) 

Eule:r np proxim11Llo11 Lo y' = - IOOy, y(O) = 1/3 
plottcd ow.r 1 he int.crvul O < t. < 1 wir.hout ndn pt.i vc step contro l 

Of rourS<>. bc.' ttcr rcsu lt s nro obLnim.'CJ with smnllcr stcp size or witJi 11 more so
phi.sut·atcd t('C.hniquo SllC'h US J1.1111go- l(uLtn. lfoWC\'Cr, in this SCCLiOn WC explore (1 

d1fforC'nt tcdmiqul', tlrnt of od apt.ivo s t.ep s ize . Adnpti\'e stcp sizc control in ODE is 
.\t·t1\1Ut>d lL .. ing thC' optiou VariableStepSize->True. In acldi tion t.o this option . 
~·n·rnl otlwr o¡H ions c n11 offcct. t.hc O\'Crnll outcomc. StepSize set:, t.hc initi11l SIC' J> 
'-17t'. M.a.xStepSize st ts 1hL" 1n1i x illllll ll vn luc for thf' Sl p sizc and Tolerance clcfinL'S 
tlu.' mru:imum nllownb lc 1·elu t.ivc erro r nt cnch uitegrnt ion stcp. 

). l~t of the mrthods l11 ODE 11sc n lcchniquc.• cn llcd step d o ub ling , whcn using 
tht• opt10n Varia.bleStepSize->True. Ench stcp i.s takcn tw icc, once ns l l full 
<il<'p. thl'n a..., two lutlf s l cp~. T hcn Lhc two e:stimalcs arC' co rnparcd to thc to lrrnntc 
dl'hnt'd by Tolerance . lf 1.hc relnt.i vc differcnce is greatcr thnn thc to lcronce, thcn 
thr ~u.•p siic is hulvcd o.nd t.hc proccss is bcgun again H d ie re lnt.ivc difforenct.• is 
sistnifican1ly Mno llc r t. lmn \.hu t.olc rnnc<', lhcn thc stcp siz.e is doub lcd ~ r the ncxt. 
1tt'rouon 

Quit<' oÍlt'n VariahleSt•pSi.r.e->True will produce an oc-c urntc so lut1on, cv n 
for 1\ ~l1ff cqunuo n s ud1 ll.'l y' - - IOOy , but Lh pricc is u rcquircmcnl. fo r mnny smnll 
'.'; <'J"ll'I Th~ srnoll s t.epi; urc nut.0111 a1.i cn lly crcn tcd by ,\ fAf/1('m11ric11, so in gene ral 11 
will tftkC' longcr for ODE to Holvc 11 problcm with Varia.bleStepSi ze-> True t.hnn 
1t would w1th 
Va r i&bleStepSi ze->False. 

E xamplc 12.2 Use th c Eufer 111etJ1od to find an oppronm.atc so futz on to (12.37) 
otcr lhc mlcn•al O :5 1 :5 1 usmg <111 adaptiue slcp s1.:~ control 

o lulio n. \\"r USC' 

ODE{(y' == -lOOy ,y [O] .,., 1 /3),y, (t,0 , 1) , H.et.hod->Euler, 
Vari&bleStepSi ze->True , S tepS ize->0. 2. Tolerance->O. 05 , 
PlotSolution-> ¡ ( t, O, 1) , PlotRange ->IUl ) l 
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lo obtnln lhc ploL 

y(t) 

Euler npprox imation to y' = - lOOy, y (O) = 1/ 3 
plot.ted over t he interval O < t < l with adaptive step contrnl 

using a tolerance of 0.05 

Tht~ tht> option Variabl e Ste pSize - >True causes ODE to find a much m0re accu
mtt• !iOhmon. Even more accura.te results would be obtained by set t ing Tolerance 
nl'IUl'r lo i ls dcfault va lue of 0.0000'1 • 

Adapti\-c stcp size conbrol is more difficult to implement in multistep methods such 
1\s t hf' H.ilne mcthod and bhe Adams Bashfo rth method. These meth0cls clerive 
11omc oí thcir simplicit.y by assuming a uniform step size over the interval 0f inter
polation. \\'henever thi~ assumption changes, new points within t he interval ailready 
t'overed must be computed. Two met:ihods are typically used . Either interp0lation 
L'I u~ 'º gencrate intermedia.te points or the method is restarted at the appropri-
1\tc new sta.rLing point. using Runge Kutt a 4 or sorne other single step method. ODE 
ndopts lall.er 1.«:.hniquc far ali multistep methods. 

For cxlTapola tion techniques such as the BulirschStoer method , estima.tes 0Í 

thc solulion can be gencrated by changing the arder of the method , where the orders 
1u c dcfincd by ~ 2,.1 , 6, 8, 12, 16, 24, 32, 48, 64 , 96}. lf the estima tes computed fo r 0rders 
ri l and n lcad to an acceptable tolerance, t hen the final value is returnecl . If t he 
nuu:lmum order is rc!\ched, then the step size is halved and the process is star.ted 

º""' 
futa.U~·. 1mplicit. mothods such as the I mplicitRungeKutta mebhod iterate at 

Nch h:-p unt il thc t.olenmce is achieved. Because of th is, t hese meth0ds requ ire 
1\1\QCiho·r cont rol p¡uamcter cal!ed ODE.M.axsteps , set to a defa.u lt value of 500. Ob
\· 1ot1..<il~. Tolerance nnd ODEMaxSteps affect each other and sorne prot>lems may 
rt•qum:· ft IMgt"r \'l\h1e fo r OOEMaxSteps. 
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13 The Numerov Method 

l_n this section we derivo t\ methocl far finding a numerical solution Lo a sccond order 
linear differential equation.witb no first derivntive prese.nt, writtcn as 

y" = f(t )y + 9(1). 

This t:ype of equntion occurs frcquently in scicntific and cnginccring o.pplicntions. 
The method we describe (found by B. umcrov in 1933. scc jHarj, p.142) is popular 
bccau.se of i1s simplicity and spced. 

To d rh-e the Numorov mcthod we need the fi llowing íact. 

Lemma 13. J. Supposc y is a sofotiori o/ tite sccond ordcr drffcrenttal eq11atro11 

y" = f(t )y + g(t). 

( 11' ) út .:(t) = 1 - T2/(t.) y(t.). whcrc Ji is some numbcr; t.hen for h - O 

:(t + h) + :(t. - 11) - (2 + h'!.(I) ) : (1) 

l - 12/(t) 

Ji 'l 
= 12(9(1 + 11 ) + g(t - 11 ) + lOg(tl) + 0(113). 

Proof.The Thylor c:x ponsion of y(r ± h) is 

112 fi l 
y(t ± 11) = y(t ) ± h y'( t ) + 2y"(t) ± 5Y"'(t) 

\\"e add y(t + h) nnd y(t. - !1 ) to obluin 

h'' 
y(I + 11 ) + y(t - 11 ) = 2y(t) + 112y"(t) + l2yl' l(1) O(h' ). 

imilnrly 
y"(t + h) + 11"(1 - h) = 2y"(t) + h2yl' l(t ) + O (h'). 

so that 
h2yl·•l(t ) = y"(t + 11) + y"(I - 11) - 2y"(t ) + O(h3). 

F'tom (13 -11 ) and (13.112) wc obtain 

(13.39) 

(13.'10) 

(13.'ll ) 

(13..12) 

h' 
y(t + 11) + y(t - 11 ) - 2y(I) = l2(y"(t + h) y"(t - 11) + IOy"(I)} (13.43) 

+ 0(113 ) . (13..1·1) 
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Now aaumc that ( 13.39) holds. From (13.44) wc obtain 

h' 
u(t + h) + u(t - h) - 2y(<) = 12(!(1 + h )y(t + h) + 9(t + h) + f (t - h)y(t - h) 

+ 9(t - h) + Wf(t)y(t) + l09(t) + O(h3 ). 

or 

h' 
= l2(9(1 + h) + g(t - h) + 109(1) + 12/(t)y(t)) + O(h'). (13.45) 

Th1·11 •1.' can rrwritc ( 13.45) as 

:(1 h) + :(1 - h) - 2:(1) + 0(113¡ 

h' ( ( h2 )_, ) = l2 g(I + h) + g(t - h) + IOg(t) + 12 1 - i2f(t) z(t) . 

írum wh1ch ""t' gct ( 13.40) • 
Th" Numerov method finds a numerical approximation to the solution of the 

•r,10<1 ordrr lrnC'ar initial valuc problem 

{ 
y" = f(t )y + g(t) , 

y(a) = Yo, y'(o) = Y1 
(13.46) 

nn rm IOl('t'\"ILI n < t < b To derive thc iteration scherue far t he Numerov method, 
11.T rHV"rl a dlSCrNC' v rsion of Lcmma 13. l . To this end, \et h be a small positive 
1111ml:M-r \\'r c;ubdi,•iclc t.hc intcrval a < t < b as a = t0 < t1 < · · · < lN = b, whcre 
t1;i 11 h for J = I, .. , n . Lel. 

,,, ! (<.) 
W11 = --h-,--. 

l - 12f(t.) 

( 13.47) 

Tlwn to a.nd : 1 t\f(' givcn by 

io • (l ~f(lo)) l'o nnd : 1 = (1 - ~f(<1 )) (l'o+h Y,). (13.48) 

Fwm ( 'J l~l •"l" Rl"l 

h' 
'• + 12(9(1 • .,) + l09(t.+i) + g(t,. )). ( 13.49) 
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Wc can use (13.48) nnd (13.tl9) to determine =-n íor n = 2,3. 
)"'n for n = 2. 3,. . by 

Finn.lly, wc d umninc 

( 
h' ) _ , 

)~, = 1 - 12f(t.) z,,. 

Thc ,\lothcmerica implement11Lion of ( 13.47)-(13.50} is as íollows: 

Numerov ( f _ , g_ , ( tO_ , YO_ , Yl_ } , h_, steps_ J [t_, y _ ) 
Module ( ( tt, ff, gg, zO , zl , tmp, z , zsol) , 

ff [ tt_ ,n_ ] := f /. t - > tt + n h ; 

gg[tt_ ,n_ ] : = g /. t -> tt + n h; 
zO"" YO (l - (h " 2/12)ff{t0 , 0]) ; 
zl = (1 - (h" 2/12)ff(t0 , l)) (YO+ h Yl); 
tmp = Table[(l , 1 /(( 1 - (h " 2/12)ff(t0,k))) ) , 

(k , O, step.s) l ; 
zsol = NestList{nm.step [ff,gg, (t,z) , #,h) &, 

{tú, zO , zl), steps] ; 
Simplify [Ma p(Orop{I , (3} )¡ , z sol) tmp)] 

nm.atep ( f _ , g_ , { t _ , z_ ) , ( tn_ , z n_, znpl _ ), h_ ] : = 
Module 1 ( wnpl) , 

vnpl "' h " 2 f ( tn ,1 ) / (1 - (h " 2/12)f[tn,l]) ; 

( t n + h , znpl, ( 2+vnpl ) znpl - zn + 
(h '" 2/12)(g(tn,2 ] + lOg[tn , l} + g(tn,0)))] 

Lct U5, S<.'C' how t.hc Numc rov mcthod \\'Orks in prncli 

(13.50) 

Exomple 13.l. Use Oie N11111crou method to/inda num~ncal a11pronmation to thc 
Jttond ordcr rml1a/ 1m/11e prnblem 

{ 
y" = - tly + 1, 

y(O) = l . y'(O) =O. 

o luLiou. \\'e u!>t' 

OOE(l y '' :: - t '" 3 y + 1, y[ O) ... l,y ' (0) •u: O} , y , (t,0 ,10 ) , 
Method->Numerov, StepSiza->0 . 05, Numerica.lOutput->Nona, 
PlotSolution -> { {t, O, 10})] 

or 

LJ.s tPlotfN'urnerov/-t '" 3 , 1 , ( 0,1 ,0 ) , 0 05 ,200)(t , y] , 
PlotJoi.ned->True] 

to obtrun thc plo1 
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Numerov o.pproximation to 

y11 = - t3y + 1, y~O) = l. y'(O) =O 

Althou11:h tht' $bo\'e plot cun als0 be oOtained using NDSolve , for examr>le using 

ODE ( (y" == -t " 3 y+ 1,y[O] == 1,y' [O ] == O) , y , {t,0,10), 
Method->NDSol ve, MaxSteps->2000, NumericalOutput->None, 
PlotSolut.ion- > ( ( t, O, 10}, PlotPoints->400}] 

Numarov is faster. 

14 S stems of Ordinary Differential Equations 

So f1u the differentiel cqmlbions we have discussed have involved on\y 0ne unkn0wn 
funct1on in many sp plications, however, there is more than one unkn0wn fuacti0a 
1md morl' ihan one equution. A system of first-order differential equ.ations is 
.,.,,r\btrn in thc fonn 

\ 

~l¡ = F1(l,xi, 

dx,. ( Tt = Fn t,X¡, 

(14.51) 

.. ,x,.) , 

. ,x ,. ). 

Thc indt'pcndent \'IU'inblc is t., and the unknown functions are x 1 (t ),. ,xn(t). Tfie 
funttiom F1. , Fn a.re ussumed to be given. A solu t ion of (14.5'1) c0nsists of a 
t.:t>lkchoo of dillercntinble funcbions {x 1 (t), ... ,x., (t)} that satisfy the system (14 .M) 
fGH ali ~-a.lues of t in sorne intlervnl a < t < b. 

\\'(' tna)' al., spcn.k of an initial va lue problem corresponding to a systern 0f 
dilfon:•n1W tqUMwns. Such nn ini binl vnluc problcm consists of a systlem of tihe forrn 
lM M ) IO,.<"thcr wit.h n inibinl condit.ions 

>1(1.o) = X1 .x1(!0) = X,, .. . ,x,(lo) =X,. (14.52) 
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for sorne to satis íying a < t0 < b. 
lt is useJul t.o abbreviutc {14.51) a.nd ( 1'1.52) LO 

x'(t )= F (t , x ) (14.53) 

and 
x(to) = X, (14.54) 

whcre 

x = (xi ) , F = ( F, ) ' 

x ,, Fn 

and X = ( ~' ) . 
);,. 

\Ve can thlnk of X 1.\.8 o. point or v tor in th space R" of rt-t.upl of real numbers, 
and t - x{t) ns n vcctor-vnlucd function or (pn.romelrized) curve in R" . T h vcct.or 
not&t1on m (1.J.53) 1rnd (14.5'\) conto.ins no new mathematics: howcv r, iL is n very 
con\'e nicnt abbrcvint.ion. 

An 1mpor1 ant observa.Lion is t lrnt n highcr-order single differ ntinl e<¡untion 611 
be \li:ntten in LCrms of first-order systems. Thc following cxamplc: illuslrntcs thc 
proccdurc 

Example 14 . L Show lhat. the seco11d-ordcr cqual1on 

y" + p(t)y'(t) + q(t )y(t ) = r(t) 

can ~ u:nttrn tM c1 .w~tem of t.wo first-order diffcrt.nt1al equofrons. 

o lution. By writing :z: 1 (t.) = y(t) and :t2(t) = y'(t), wc convcrt. (ld .55) lo th · sy~u.·m 

{ 
'~1' = x 2(t), 

dx'l dt = - v(t)x2(t) - q(t)z1(t ).,. r(t). 
(H.56) 

lcarly, {14.56) is a spct:ltd cose oí (1'1 .5 1) (with n = 2) by takmg 

a nd F2(t, x 1.x,) = -p(t )r 2 -q(t)r1 + r(t) • 
:.Olorc gencrally, an 11111-ordcr diffcrcnt.inl e<¡unt.ion g 1\1.'S rl5C ton first.-or<lcr <llU rcntrnl 
cqual1ons 

Example ltl.2 Wrilc y111 + y"+y1 +y = Oa.sasy.dcmojth:rufirst-ord rd1ffcrcntial 
cquaiion..f. 

olulion. \Ve put. .r1 = y, x2 = y', nnd x3 = y11 Th~ yu~ld.5 thr Byst 111 

• 



.\'urMnclll Solutloru of Orcll11My D1ffcll'11t1al E:qwttions 561 

On«- rould also C'OrUJidrr more' gcncral 8y8tc11~ oí h19h~r--ordcrd1ffcrentia l cqtmtions. 
Jluwf•v.:-r, an~ uch 1')1Jtrm con be subsumcd undcr thc íorma.Jism of 6 first..order 
•)·11t<'m b\· drfim113 new functlo11s ns th(' derivnth·cs oí the original íunct.ions, just. 
N In thr aben ..... exam¡Jle of R single sccond-order equation. Tbe following example 
UIU'ltrot thi.s pomt. 

Exnmplc 14.3. Show that the !tco11d-order- .sy3tem 

{ 
YÍ'(I) = 3y, (I) + f.(t) +4!1'l(I), 

y!j(I) Jy, (1) + 4y;(t) + 5!1'l(I) 

'olutlon. \\~ simply define 

I¡ • y1, 

111d rvmpute th(' derivativas to obtuin ¡ x ; = x2, 

x2 = 3x1 + x2 + 4:r3, 

xJ = X,¡ , 

x'1 = 3x1 + 1lx2 + 5:r3 

x,. = y'l , 

Thrn ( l I S~J l! th<' first-ordcr syst.cm cquivalcnt to {14.57) 

15 umerical Solutions of 

(14.57) 

( l4 .58) 

• 

tems of Ordinary Differential Equations 

f~1rl"' • d~m.M:-d nmncricul mrthods for solving initial value problcms associated 
w1th hr t-or<k-r d1ffrrcntinl C'<¡1111tio11!J. ~lost such mcthods can be extended to systcms 
11( hr t-0rdrr d1ffl'rt'ntin.I cqulltions more or lcss automatically. T hc trick is to use 
\·rftot imt~ wJ oí i;<"l' lnrs. Far C'Xl\mpll', ~upposc wc ate giYC'n a first--orclcr init.ial 
'"tu.~ prulik-tn 

{ 
y'(!) f(t, y). 

y(to) Yo. 
(15.59) 

wtw-r"' naa r ) (t) nnd (t , y) - · í(t, y) are ,·cctor·valued funct ions and Yo is a 
\·1·rtor h UUt.' lhat wc cnn writc out thl'SC objccts in ternlS of lhcir componcnls: ¡ l' 

~ t ' 

(y,(I) .... y"(!)). 

(¡,(1. (y, (1), . y"(!))) . . f "(1. (y, (t). . y"(!))))' 

(u,(10). , y"(tol) 

(15.60) 
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But usunJly (15.60) is more of o hindro.ncc than s hclp far understonding lh thcory; 
the compact notn!,ion uslng y(t.), í(t , y) and \10 is beuer f coursc, whcn s¡x..oe:ifü: 
systcms are solved c:omponents must eve.ntually be inscrtcd , nlthough it is bcst to 
kecp che compltct boldfocc notaltion ns long ns ~1b\e in thc solu!lon proccss. Sincc 
boldface 1 1 t.ers uro u sed to deno te vectors a.nd " tor-\'nlucd íunct.ions, n great. dcal 
of che theory g iven in t he cnrl ier sect.ions can be g ne ralized to systcms slmply by 
rcplncing approprint.c nonboldfoce letLers by boldfocc lettcrs. Notic thot. l nnd to n.rt' 

never boldfnce. 

f o r example, Lhe E11ler met.hod fo r systems can be cxploined ns follows. Ju~t M 
with its single-e<¡uation c:o11ntcrpart, the objective is to con:.truct un upproximntlon 
to the solution of t ho init ial v1.due problem (15.59) far a ~ t !S: b. Wc div\d thc 
mte rmJ a S t ~ b int.o equol subintervnls: 

rt = t.o < t 1 < · · · < t,... = b. 

whcrc h = tk .+ 1 - 11: is t ho i; t.e p s ize . The g nc.raliwtion to syst.cms oí Lhc Eulc r 
met hod form u la (1.G) is jusL 

(15.61 ) 

when.• each Y ,,. is n vccl or. 

E xa.m p le 15 .1. Find ri 11.m11crical a11proTmiat1on to the solut1on o/ tJ1e unl ial 110/ue 
probltm 

{ 
x' = y s in(t), 

y' = - xcos(t), 

x(O} = 1, 

y(O} = O 

Ol'tr lhe mtcnJC1l OS t, S: 10 wilh st c11 si.:c Ji = 1.0. U&e the Eulcr 111ct11ocf_ 

(1 5.62) 

o luLio n . \\iri te Y,,. = (Yko . Yki); t.he Eulcr mcthod formula (15.6 1) for t hc inillnl 
\'nJuc problcm ( 15.62) with s tep sizc Ji = 1.0 becomcs 

for O n < N - l. T ho intcrvol O S: L ~ 10 is di\'idcd mto 10 cquol pi , so '• 10. 
We rue gi' n Y0 = ( l , O); t hcn 

Y, = Yo + L0/(0. (1,0}) = (1.0} + (0.- 1) = (1, I}, 

~lt ·~ 11<>1 unt1l t ho bcg111ni11g of lho 1 .. ~nt1cth o;nhH) 1~ • "OC\Of'J ~·n l r('f)ll\CO h•!.11 o r 
compcm~na 1n thc mnthu11iritlr nl Hlc rMurc The dn\•mg r,.-u ·~ ,...,..IOI' lllllll)'J.111 1U1 formuh11od by 
G1MJ. ~ jC'1ov.·c)). In Mnr'1cmri1 ic11" •ttlo r 111" lun 
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11ml ao forch Wc ob1nJn t.hc íollowlng tablo: 

o (1.0,0) 
(!.O - 1.0) 
(O. l586, - 1.5403) 
(- 1.2420. - 1.4743) 
(- IA50l2, - 2.70•10) 
(0.5962, - 3.65l8) 
(4.098 l , - 3.8210) 

7 (5.1657,-7.7558) 
8 (0.07025, - 11.6502) 
9 (- 11.4560, - 11.6400) 
10 (- 16.2531, -22.0780) 

1'111.1 fi rtil plol below is the phnse plot of ~he data given by this table. If we had used 
1111t11p 'lltc of 0.01, wc woulcl hsve obtsinecl the second plot. 

, ' 

Ph ... ploL or (15.62) 
w1th stcp sizc 1.0 

Phase plot of (15.62) 
with step size 0 .01 

In thr ncxt cxtunplc, wc compl\re the phase portraits produced by the various 
llunwrlcal mcthocb. 

Exnmplc 16.l. Use ODE with the optio11 Method->AllNumerical to solve nu
menmll11 lht tnthal ooilJc problem 

{ •' = y, 

y' + x = - sin(:i;2 + t2), 

• (O) = 1 

y(O) = O 

01•rr lht mlcn'11-'ll" _ I $ 271" 1111ing step s1.ze 0.02. Drow the phase portraits. 

So\utlon. Wt wic 
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ODE!lx ' •• y , y ' + x •• - Sin(x - 2 + t .. 2), x( OJ •• l , y( OJ •• 0). 

(x , y) • {t , - Pi , 2Pi), 
""9thod->Al1Numerical, ODETrace·->False , 
NumericalOutput- >None , Ste·psixe->O . 2 , 
Plot.Phaae-> ( (t , - Pi, 2Pi))) 

to obtam 1 he fo llowlug phn.sc po rlnUt.'i 

811 lor llcun 

!11 11 1,.,;C'- l{utl/l Rungl· J\utto (·15) 

l rnpllcl l llungt'-- KullB nd~r dl" t Eulrr 
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Miluo Adams-Bashfor.th 

Bulirsch-Stoer NDSolve 

NOSclve is thc best.; the runner-up is AdamsBashforth. 

olvi.ng Higher-Order Equations Numerically Using ODE 
HOSclve and a.JI of ODE's numerical solvers except. Numerov can find a numeriiea.·l 
ftt1l11Uoa to A difforent in.1 equl\tion of any order. Before a numerica\ solver begins t.ts 
\11\'lrk, lhe comme.nd Tranaformation->ConvertToSystem is callecl t0 c0nver.t 
thl' th.lfestnlllll cquat.ion to n system. T he conversion can be done eibher aiut0ma.tieail'\y 
ar mon exphcl1ly uslng Convert'lloSystem. We i\lustrate the two ~r.0ceclur.es: 

E.x11mplc ló.3. Use the Elder method with step size 0.1 to solve the second-er.der 
11Uh1Jl ~clo< problam 

{ 
x" +x'z= l, 

x(l) = O, x'(l) = O. 

f'111d ll'it phfJ.fc 1Kol of the sol1't ion ovcr the interval O::; t::; 10. 

h1t k>n. Thc sunplcst, commnnd to use is 

OClltl x '' + x ' x •• l,x(ll := O,x ' [l] == O),x,{t,0,10}, 
Mot thod- >Euhr , PlotPhaae-> { { t , O, 10}) l; 

11'.o:!'llf' (1)mplintied comrnnnd thnt. l\ccomplishes the same t hing is 



566 Micha.el J . .\fexamo, Jr 

ODE[ODE((x'' + x' x •• l , x(l] •• O, x ' (l) •• 0),x,t, 
T r ansfo rma tion->Convert ToSy • tem, 
Tra.nsformati onVariable->w] , {wl , w2) , (t, 0 , 10), 
~ethod-> Euler , PlotPhaae-> ( 1 t , O, 1 0)) J; 

Using either commund, we got thc plot 
x' 

E11lcr 1neLhod:;olulion oí r''+r'r = I , 
.r( l ) ..., O, :r'(l ) O plottod O\"f;>r O ~ l _ 

Recommendations 

In cb-ing, 11 M.'<'ms 11ppropril~Lc to givc sorn<.' recorruneodo.tious on mct.hods to Ub(' 
íor !'.Oh1mg n g(•nc:rn l problom. In general, NDSolve is lO be uscd for nll Olll'l1l'ritlll 

soluuons. lt is fosL nnd nccurntc. lt includ~ o dynrunic ntljustmcnt of 1>t psl;r,(' 
dcu•rminOO by singlo 1:1top error cstimntcs and it w.es effidcnt n.lgorithms for both 
non- t1ff and stiff systoms. Th • oth r algorithms have bren 1ncludccl for podngogi ni 
Tl'850ns. sm they clcsi;ribo Lh g nera l ronccplS used m NDSolve. Ali of tht• mrt hod11 
""'! htt.''t' di.scu.sscd convcrg in t.he sen.se t lmt t h lrum:al1on error goes t.o w ro wit h 
thc step si1.('. llowcvor, t.hc M\1110 mC"thod Is unsttt.b~ for sorne.• dlffurr n1ial C(11111Lio 11.'I, 

mftking 11 lcss deslniblo to us . lt. is md udcd for historical r uso1tS and bocou. • 1Ld 

dermuion is ClLSior to undorstnnd. Onc woy to ratc tht" 1cmaimng mcthods is t.o nJ)1>1Y 
t hcm lo o \"ruicty f probloms nncl compare thc comput{'r tune uscd 0-nd thr rcsulL'i 
G1n·n a particulur rnut.hod, Lhcr ui probobly a !'lpcttal probkm snd 8 st.cp siz íor 
" 'h1ch 1his mcthod Is bot.L r Llm.n nll o thers. Therdor(', a. superior mcthod cM be 
tx>uer thttn othcrs far o el~-' of probl m.,. but not ~ily bcst for nny pnrtlculn.r 
problem 

lf lh(' crquat.ion i~ a1.lfr, t.h n un impli IL m thod Mould be u:;cd. 111.'r t llC' dcslrcd 
&ceutBC)' will clctcrmln t.ho mcthod, but ín g f)(!rtJ. 1mplic11 multmtcp m('thod11 ore 
commonl'• ui;ecl. Sincc no such mcthod currcntl)· in ODE, th(I ba;t. choin:" will be 
tmpll.citRunqeKutta. F'or no ns l1ff cqunllon.t. lht-d«.u.1on ¡,. normolly modc baM'tl 
on th(· rompl('xity oí t.ho funcllons bcmg cvnluBLcrl U tht- funt lion.1 t\r<' rrlnt1vrly Nirn· 
pk-, thrn Bulin c h Stoer will be lhr nlOfll rffintnt . • ·luJ,. lhr Ad&nl11Be11hforth 
pr00t(lOH'1)Trf<'l.Or 111othod Is ítwornd wh n th<- f"\-a.lw.uon of lh íunr uon!t 111 ('Ompll· 
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rAtn l Thr o( Run.gl'-K uttn mcthods are normally rcstrict.ed to find ing starting 
uul pil*llbl~· t-ndmg \1\luce for multlstcp and cxtrapolation methods, o r to problems 
whrft" ,h.- funcuon ~ easy to cvn lu!\tc ond thc occuracy needed is small, about 10- 4 . 
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