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ADSTR.A CT 
ID\f'f'li" K"All rnng nnd i.pcctral 011c-dimcn:s1011a1 problems are discusscd sys

ll•m.t.uuJh- an a M"lf-<'on tnmcd wny. r..fony no\•cJ result~ due 10 1he author llrc 
prt"!l('al"1 Thc- (')"" s1('al ri•s ulls nre oftcn prcscntcd 111 a ne-ir.• way Severnl high
h11h1., ol thr nr,.,, r~11 1 L'I lncludo: 
1) \ nah · ol 1ht mvtrt1hifüy of thc s tcp.<; 111 tht Ccl 'íand-LcvilAD and Marchc nko 
lft\l"T'llOQ ptO«'<hlr", 
l) Tbron ol tbt 111\'C~ prol:ilcm with / -fu nclion M t he data and n.s applications: 
3) Prool of tbt' propcrty C fo r ordin!\fy d1fferent1al o per.i.tors, numerous applicn
tiou.s ol p1optt1y C; 
1) luWTOot- problcms w1th "mcm uplutc" data, 
fl) Spbnttall~- t:ym mtlrk invcrsc scauering problem Wlth fixed-energy data: a1ml
y-.u ol 1b \t'Wton-S8but icr (NS) schcmc fo r 1nvcrs1on of fuccd-t>.nergy pha.sc shifts 
1.!l ¡t1v-t"D Tln• a.nalygis showi1 thnt the NS schcmc l5 fundament.ally wrong, nu d is 
ntM • ,-ab,d 1a\'t'Tl.1on mcthoc\. 
6) Compk1" pr~nll\lmn of tlH' J(rcln mve~ ~Altcrmg theory 1' gi vcn. Consis
trn.·y ol tb ... 1hcory is provcd 
1) Qui. IQm ll)'S1Clll!I, 

) .\ &&u<t'· ol thc pro¡H•rticti of / · ftmct10 11 , 
'1) Soaw.,... lD\1!f"M' prolM111 11 for thr hcnt and '11.'twc cquauon5 art> studicd . 
10) A od~· (Ir( 1n\· l1K' 11('1\ltcring problrm for a.n mhomogcnoous SchrOdingcr 
f'tl\WllllMI 

111,";y ••Wdl pft'JW'l1~ (' 101 OOE, lll\-Cl'1M! lpttU•I And K Allcnng problcrm, in\'crsc problcmi1 for 
l 'IU .rl•l out.: llf'klUJ arnS ll('ll lll'rlllK lhtory 
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l. Introduction 

1.1 \ hy is this paper written? 

Thcre are cxcellent. books !MJ and [L], where inverse spectraJ and scat.t.eriug 1>robl nu 
are discussed in det.ail. The author decided LO writc this paper for t.hc following reA· 

:;ons: I} H~ gi\'CS a ncw upprouch Lo Lhe uniqucness of the solutions to t.hcsc probl nu: 
Thi.!i npproach is bnscd 0 11 11rovcrty e far St.urm-Liouvillc operat.ors; 2) Lhc il\\'tflt 

problcm .. ·it.h /-funct.ion 1.lS the datn is s tudied and npplicd LO many inverse probl uu, 
3} 8 dcH.a.iled analysis of tho lnvert ibility of t.he s t.eps in Marchenko tmd e l'fMd· 
Lc'·itan (GL) i1wcrslon procedurcs is givcn; 11) inverse probl ms wit.h "incomplc~~ 

data are studicd; 5) a dctniled preseutat.ion of Krein 's in\!ersion met.hocl wit.h proofs ls 
gl\i?n npparcni ly far t.hc füsL Lime; 6) a number of new rcsults for vn.rious in\PCl"SC 1>roh
lcms are prcsen1.ed . These iuclude, in particula r, a) analysis of t he Ncwton-Snbntl r 
(N ) iO\'t?:rsion schcmc for finding ti potent ial givcn the corresponding fixcchmergy 
pha...q- hihs: it Is proved t lmt t he NS schemc is fund:unenta lly wrong rrnd is not 1U1 

1mcrsion method; b) n inet hod fo r fincling confining po nlial (n c¡unrkonium syswm) 
from n fc:w experimental data¡ e) solution of severa! n w inv rs problcms for thr 
hc;u- rmd v.>a\ c-q11n1iions; d) n uniqucness t.heorcm for fi nding a poLcntinl q from " 
part o f the rorre'i¡>ondiug lixcd-cuorgy phnse shifLS; and many other results which l\tt' 
<mn from IRJ, Jlllj-[Il29[ . 

Ouc 10 the spnr.c llmita tions, severa.! import.ant questions are not discusscd: in· 
\Tf'9.' ~.auenng on Lhc full linc, itcrativc mcthods for ftnding pot.ential q: n) fro111 t•'O 

!pt'Clf<l rn1.1n.s1. b) from S-rn1.1trix <done when q is cornpactly supportcd [R.9], Rl>
proximau~ method11 íor fincl ing q from fb:ecl-cncrgy phasc shifis !Rl 11J,[Rt5), pro1>Crt)' 
of rc90nanCCS IR], fll29], in"orse sca t.tering for systems of equations, etc. 

1.2 uxiliary results 

L<1 q(z) E L1.1, L1.m °' {'I ' <¡(z) = q(z), J0~( 1 + z¡m[q(x)[dz < , 1md q E 
l.l.,,..(lt+l}. wherc- Lfor (íll 1. ) consists o f íunctions bclonging 1.0 L2 (0, a) for nny n < 
Md O\"'t'l'hne st.an ds far complc.x conjuga tc. 

Con.."1dM thc diffcrc11ti11l cxprcssion tu = -u"+ q(:r)u 11r.ri1h domo.in f deRnit.ion 
D(lo)= (u 11(0)= 0, u ECJ(O, oo) }, wh rcCó-(O, )i.sLheset oí C'2(1R+).functions 
\·am.,,hmg m n n ighborhood of lníinii.y, IIl+ := ¡o, ). Jf H is t hc HilbC!.rL spiu:t 
f.'1t 1\. .. ). lhen lo i8 dam1cly dcfin d symmctric linear opcrat.or in ¡.¡ , csscntinlly sclí· 
M,pm. l.holl is, Lhc cloourc f Of to in f/ is sclfodjoinL il is pOS.'libJ lO conStruCl 
•' "'Clín4Jofnt OJ>l.!rntor t without assuming that q E Liti<(fl+}. Such a thcory Is 
ttthmc.'lll)· mort diflkult , bcc1111.11c it is not cven obvious a priori t luu. th set D(to)u := 
{u u E ~(ll-1 ), f 11 E J}(lll 1 ) ) is dC:nsc in N (in fo.et , il is dense). Such a t hcory is 
p~·ntt"d m JNtUJ. 1f orLl ' drops lhc nssumption q e li •. lh n D(Co) is nota domnin 
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oí df:!flnltlon of l a:intt' th r nrc íunctions u E 'D(to) for whith lu f. L2(IR+). ln the 
fut.ur<• wt• m('tul by ( " 1Mtlf-ndjolnt o¡>crnt.or goncmtcd by the diffcrent ial e.xpression f. 
llnd tht• boundar)· condltlon u(O) = O. 

Thl~ o¡K'ri\lor h bsolutcly contlnuous sp Lrum, which fills {O, ), and discretc1 
fl11ltc•. lll'Kntl\'1' <rJ>CC"trurn {- k:} l 'SJ J , whcrc -k; nrc t.hc cigen\'alues oí f., ali of them 
l\J'('ll\111plt•. 

whN1' 'PJ nrr con panding lgcnfuncl.i ns which are rcaJ-,'l\Jued functions, nnd 

~ == r cp;dx. 
r1 Ío 

(1.2.2) 

T ht• fonrtion..."I .,..-'(r. k} aud 8(r , k) nrc dcfincd ns thc unique solUlions to !.he prob-
l í1 tnll 

l op = k'op. , > O: op(O, k) = O, op' (O,k) = 1, 

10 = k10, , > O: 0(0,k) = 1, O'(O, k) =O. 

(1.2.3) 

(1.2.4) 

'l'lw!'lr funr11u1t a.n.• w'C'll dcfincd for nny q(x) E L:~Clll+). Thc.ir existcnce fln<l unique
lll':t!I n ut b1• prm"l."ti by u11ing 1hc Vol t.orrn cquntions for r.p and 8. Jf q E L1,1, t hcn t hc 
.Ju!lt Kolutlon / (z k) cxist.s nncl is u11iquc. T his solution is dcfincd by 1hc problcm: 

1/ : -/" qf = k'J, / (r., k) = cxp( ikx) + o( l) ns z-t+ : / (O, k):= / (k). 
(1.2.5) 

F'.xliHt•nc • Md umqucncss of / is provcd by mcans oí the \ 'oherra equation: 

J sin[k(I - r.)J 
/(z. k) = <x11(ób ) + ----q(t)J(t.k)dl. 

' k 
(1.2.6) 

lí q l 1.1 th~ lhtJ tquntion implics t hut. / (.x, k) is ru1 analytic funct.ion of k in 

G': 1 • {k · lmk > O), f{:r , k) = / (x , - k) for k > O. Thc Jost function is defined as 
f (k) :• / (0,k) h hM exAcLly J shnplu root:i ikJ , kJ > O, where - k; , 1 S j S J , 
nrt· llw ncgoo\ CU\'ÑUC!I oí l . T h ' numb r k = O can be a z.ero of j (k) . lf 
/ (0) •O, <h..., /(0) 1- O, • •hcrr j (k) := ;/f; . C:xiSl nre of / (O) is a fine rcsult under 
tht· only l.\."umpoon q E Lu ( scc Thoorcm 3. 1.3 b low, and fRJ) and an eusy onc if 
q L,., = {q q = ij, f0«(1 + • ')[q(r.)ldz < }. Thc phase shiíl ó(k) is dcflned by 
111(' forrnuln 

JI = l/ [k)lcr1>(- i6(k)) , 6( ) = O, / ( ) = 1, (1.2.7) 

wlwrt• thl' lu. .. •I f"CIU*IJOll m (1 2.1 ) fol\ows from (1.2.6). Beca.use q(z ) = q(x), onc has 
d( k) - (.t) b 1: E ll OnC' dcílncs t lH.' · mntrb: by thc formula 

(k) ·= f (-k ) 
. / (k) . k e ui. (1.2.8) 
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Tbt' function S(k) is not defincd far comple.x k if q E L1 .1, but if jq(:r:)I $ c1c.x1>{-c,jz1'') . 
.., > l. Lhcn j (k) is un ent.irc íunct.ion of k and S(k ) is meromorphic in G;, lí q(z) = O 
for z. >o. hen /(k} is nn cnt.ire funct.ion oí c."Cponcntial 1.ypc $ 2o (sce Secúon 5.1). 

lf q e L1•1 , 1hen at. k2 = - kJ, kj > O, t hc J osL solut ion / ,(x.) := f (r,ikJ) i. 
proportionaJ lo ip,(x) := ip(x,ikj ), f¡ und ip1 both belong to L1(Dt+). T hc int.egraJ 
cqunuon íor is: 

(x, k) = sin¡kx) + !,'sin k(: - s) q(.)<p(s. k)d.. (1.2.9) 

Onc hM 
f (x, k)f( - k ) - / (x, - k ) f (k ) 

<p(x, k) = 2ik ' (1.2.10) 

lwcnu ... ~ the right-hnnd siclc of { 1.2.10) salves equac.ion ( 1.2.S) a.nd sa1isílcs condltiort5 
t i :.?3) al z =O. Thc first. condit ion ( l .2.3) is ob\1ious, nnd thc second onc follo,,_,· 
from th!' Wronskiru1 fonnuln: 

/' (O, k )f (- k ) - /' (O, - k )f ( k ) = 2ik. ( 1.2. 11 ) 

lf k = 1 , thrn J,(x) e /}(lll+L ns onc can dcriv casily from cquat.ion ( 1.2.G). In 
ínrt. /,(r)J ~ ,.,,-'>', r ~ O. lf k > O, thcn /(;, -k) = / (x, k). lf q = T¡ Lh n f1(r) 
~ ;l u·aJ~,'BJut'<I íuuct.iou. The Íllnct.ion /(.c., k) is nnalytic in t + but. is, in gcm>rnl, 
not dr-hnt.-d íor J..· [;_ := {J.· : lmk < O}. in particular, ( l.2.11 ), in gcnernl, lti 
\'3hd on thr rCA.I ru:ie only. llowcvcr1 if fq(x )I $ c1cxp{-c,lzP), ¡ > 1, t.h n / (A·) 
~ dt:'finlod on thC' wholc complcx piune of ~ ... as wns mentioncd abovc. Lcl us denote 
/(.r.k) = /.(r , k) far J.· E {;,1 and lct J_(:r, k) be the second. linc11rly indcpenclcnl, 
"Olutton 10 cquot ion {l.2.5) for k ![; ._. IJ / +E L,1 (Ill+ ), thcn / - ~ /.,.1 (1fl+)· ne 
rnn wntc ft fornmln, simila r to {1.2.10), for k E G::+: 

(x, k) = c(k)if _(Q,k)f (x, k)- / (0, k)/ -(.<, k)], (1.2.12) 

ht't\' C"( .I;):;; ronst. :/:-O. F'or ip(.c, il..·1 ) E L'l( Ill+ ), it is n~y nnd suni i 1u. LhM 
/(1k1) =O. In fac1 

J(ik1 ) = O, f(ik,) 1' O, l ~ J S J, (1.2.13) 

hrr · / = , To pro,•c t hc socoud rclntion in (1.2. 13), one diffcrent.iat.cs ( 1.2.5) with 
rt~:pe~I 'º 1: iu1d &<'LS 

i"+k'}-q}= -2k/. (LHI) 

E~l"h'n of 11w dl."r1wuivc J wiLh rcspccl LO k 111 tt:'+ follo"'·s ca.sily from e<¡unt.1011 
( 1 ~6) \luh1ply ( 1.2.111) by f und ( 1.2.S) by j , sublract and intcgmlc over ut.. . 
lh•·n 1" JkU1 , ¡mt k = i'k1 , 1111d gct.: 

{ J' d, = /' (O,.k,)/ (•k1) .= _I_ >O. 
lo J -21kJ 

(l.2 I&) 
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h rolluwa íro.n (1 2 lS) 1hn1 j(1kJ) 1' O. Tite munbcrs !fJ >O are called t.he norming 

'lik 1::; j ::; J. ( 1.2.16) 

Dt1flnltlo11 1.2. 1. Sca11cn11g tinta u tJ1e tri11le: 

s ( (k).k,.•,. 1::;}::; J }. 
/ (-k) 

(k) := ---¡(k)• k, > º· ' > o. (1.2.17) 

Th1• JP11& íunrtion / (k) mn~' \tnulsh nt k = O. lf / (0) = O. 1hc.n t.hc poi111, k = O 
h1 rnlh•d o rt.-.on&J\t'l'. lí jq(.r)I S c1ü.z:v(-c2j.TP). 1' > l. lhcn thc 7.Ct"OS of f (k) in a;_ 
nn• rnlh•d r~Mt"M As wc hrwo s or1 nbovc, 1hcrc nrc finilcly many z ros of / (k) 
lt1f 1, tht~· tt·ros nn• :!Imple. thl1lr numbcr J is t h • numl>cr of nega1ive cigcnv11lucs 

kf . 1 <; S J. oí lhl' i;l'lfn<Uoi111. Dlrlc·hloL opcrntor (. lí q E lu thc.n t.hc negat.ivc 
itJl('fl rum CJÍ t L"I fimtc- IMJ. 

Tht• phu..... h1ft 6(l-), dC!f111cd 111 (1.2. 1 ), is rcln1.cd lO (k): 

S(k) = c''61' 1. (1.2.18) 

"f' thhl S(kl 1u1d d(k) nrt· i111t11·cl11uigt111blt• In t ht• i;r.attcring data One hn.s / 1 (:r.) = 
/'(0, 1k1),:1(.1) bt'C'AllM' M,111olvcs (1.2.3). Thcr('ÍOrc 

r c,oJrlx = --1-- ·= .:. 
} 0 .•,l/'(0, ;¡.,¡p · e,· 

e = _ 2;k¡ /'(O, ;¡.1 ) 1 < < J. 
' /Uki) ' - 1 -

(1.2. 19) 

(1.2.20) 

In S1•1•titm ., 1 ah 11011011 of Spl!ctra l functlon p(.\) is dcfincd. lt will be proved in 
S1•rt\n11 5. 1 fOJ q E L1•1 Lhnt 1.hc formulu íor t.hc spcetrn.1 funcaion is: ¡ fi.d>. 

•l/(fi.)I'' 
dp(>.) = J 

L C¡ó(>. + ki)d.\ . 
J•I 

.12: O, 

(1.2.2 1) 

<o. 

wh11rl' rJ l\fr n;-d m (1 2. 19)-( 1.'2.20). Thc s¡)CClrnl function is defincd in Scctio11 11.1 
ím 1rn~ 'I E L'. ílL). q = Q. Su h n 'I m1.1y grow 111. infinity. On thc 01.hcr hnncl, t,he 
~rot!t•till~ lhror) Ul C'Oh,l ru<;t(.'() for t¡ E l1 , I • 

L11t u~ tWlor ah mdu oí S{k): 

J • md (k) '= ikó11 n<g (k) = ...!_, f dlnS(k). 
2:r1 } _ (1.2.22) 
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This dcfinuion implics Lhnt ind S(k) = ind / (- k} - ind /(k) = -2ind / (k). Tht':f't'
íorc: 

. { -2J if /(O) 1' O, 
1nd S(k) = _ 2J _ 1 ¡¡ /(O)= O, ( 1.2.23) 

tx-cnU5(' n Stmplc zero k· = O cont. ribu tcs ~ lo tite indcx, and the iudex oí rm nnalytk 
m € . íunct1on / (k). such t.lu\I, f (oo) = 1, equals to thc numbcr of 1,c.ros of /(k) in 
(; ~ plm haU of thc numbcr oí ils zoros on Lhc real axis, pro,•ided t.hnt a ll thc ttr 
IU1' tmplc. Thi follows from t.ho argument princi pie. 

In uon -1 2 ru1d Scct.ion 5.2 t hc exis tente and uniqucn of thc trnnsformation 
{trammuumon) opcr111.ors will be proved. Namcly, 

(' sin(b) 
.,,(z.k ) = ..,,,¡,, k) + lo J( (x,11)'1'0(11 )<111 := (/ + J( )'l'o, 'Po:= - 1-. -, (1.2.24) 

and 

/ (z , k) =e'" + f, A(x, u)•"'<ly := (/ + ..1 )/ o, /o:= e'" , (1.2 25) 

and thr propenics of t.hc kcrncls ll( :r:, y) and l<{i-,y) are discusscd in cc tion ~-2 
Md t1 n 1 2 corrcspondi ngly. T hc Lrnnsfomrntion operator J + K Lrnnsíorm~ 1hr 

uuon to th cqun1 ion ( 1.2.3) wit h 'I = O into thc solution ip oí ( l.2 .3), Mlisíymg 
tht Mmt" & bounclnry concl il.ions nL .t = O. Thc trnnsíonna lion opernt.or J + A 
tri.\rufomu thí' ~lution fo to cquntion ( 1.2.5) with q =O iruo th e solu t. ion fo( (1 2.5) 
\lt Í} 1113 the &n.1nl' rui fo "boundnry concl it.ions a.t. infinit{ ' 

Onf' ra.n JJtO\'l' (ser [rvl] 11 11d Scc. 5.7) t hc íollowing est irnatcs 

l.~ (z .>)I S ro (•;Y) , e= const > O, o(z) := f, lq(t)lti<, ( 1.2.26) 

, 1,(z.u) H'; ") 1 +,(x. y) + H'; ") 1 s M(z)a ('; "), (1.227) 

1111d .-t(z .w) 1'01" 1hc l!<jll l\tlon: 

'T-
l(z .u) = -21 r qd• + r "' r dlq (• - t)..t (• - 1, • + 1). 

l~;- } "!'- J, (1.2 28) 

8) H~ = ll"'(ll+) w den L • S bo\C\' spaces 11 '"'·1• The kem 1A(x, ¡i}1.s thc uniqul' 
ut100 10 () '.? 2 ), nnd nlso of t.hc pr blcm (5. t . IHS. l .J ). 

l.3 invers cattering and inver 
t ra l prob l m 

1 r fmfl atlt'1111g problcm (ISP) consists of finding q e l1.1 fro m t.hc rorr('-
r"'1<lm1:: aurrmg dn11\ S (sec (1.2.6)) . 

A ''udy or lSP ronsiJ11~ of t.hr following 
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1) Onr prO\ tMt 1 P hM l\t. moel onc iK>lut.ion (soo Theorem 5_2.1}. 

2) Onr flotlt ~1 l\.nd 11uílicicnl co11clllio11s ror s to be 50U.tering data corre-
1111tonthn.g lO A q l..1 ,1 (thl\rnCt. rlZllt.ion OÍ t.he SCllUertng data probJem). 

3) 0 1w l(nn> • rta:11atn1c:Llon 111 •Lhod t r cn.lculnting q E lu írom ihe corresponding 
s 

In hl\pu-r S \h('$ thrN' problcms or~ solvcd. 
1 1>P /in"f1'W 1¡>ttmJ problcm consists of fincling q from the corresponding spec

lr11l íunrt1on 
A 11tud) ol I pP COIUril'ILS of thc slmllor st<'¡>s: 

1) Om• prO\ thftl 1 pP hM /IL 111 st 0 11 solution in M appropriatc class or <¡: if <¡¡ 

nud q1 (rom 1luJ clnss gcnornt.1• thc snmc p(..\}, then q1 = 'h · 

2) 0111· find.t. n~· ru1d sufllclcnt condlt.ions on p(.\} 9.•bich gua.rant.ce t.hat. p(..\) 
1-t J)«'tnt.J íuncclon corrcspondlng to sorne q írom Lhc abo'-c class. 

3) 01w KM~ a rcconstructlon moLhod for findlng q(.r) írom Lhe corresponding p{,\). 

1.4 Property C for ODE. 

1 t111oh~ by t,. optrAtOrs t corrm1ponding to potcntinh q,,. E l 11 , 1U1d by / 111 (x, k) the 
rorrHp<>nd1fll J t ~lutlons, m = t, 2. 

Oull11lt lon 1..J. I. Wc "ª11 tliat <1 vaír {l 1,l1 } hw propcrlv C+ iff tlic set 
(/1(r, k)/J(.z . l ))v •>O LJ comvlctc (totc1l) 111 L1(Dl.+ ). 

ThllJ m('. 1ha1 1í he L 1(tíl..., ) t.hcn 

{/. h{r) f,(x ,k)j,(x,k)c/% = O Vk >o}=> h =O. ( 1.4.1) 

Wl' prO\ 10 Scrtion 2.1 1.l111t. n pnir {t1. t2} docs tuwe property C+ if q,,. e L1 1. 
Lt1I f~ ~ + q(.z).p, nnd IN lf'i corrcspond to q = qJ , ' 

l '{J <'.,, O, .'{O, k) O; <p'(O, k) = I; 19- k'9 = O. 9(0. k ) = ! , O'(O, k) = O. 

(1.4.2) 

Dollnitiou 1. .. . 2. Hfc .rnv lliat a pair {l1,l1 } hOJ propc,rlv C+ iff tlie set 
{r,!11 ('. k ~:r( ., ) u "1mplctc iu /)(O, Lo) Jor 01111 b >O, b < . 

Th1!t nll".&OI th.A1 1( h E L1(0, b), t.hc.n: 

{l h(r)<p1(>, k).,.,,(z,k)dx} => h =O. 
Yt>O 

( 1.'1.3) 
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In Thl"Of1!m '1.2.2 wc prove t hnt. there is ah 'f:: O for which 

/, /• (•)<¡" (x, k)<¡>2(x, k)ch =O Vk >O 

íor n 'lllltable q1 "# q.,, <ti. q2 E L1 ,t · Thereforc P rop ny C.; wiü1 b = docs not 
hold. in «'-·ncraJ. 

Prop..·n~· C,. is defincd similarly to Propcn y C~ . wilh funclions B,(r, k) rcplncing 
T•J(..r J:) 

In ChAfll4'r 2 w~ provc th11t properties C+. C., nnd C1 hold , and gi\'e nmny np1>ll· 
C'.illtOI\,"' Í th~ p r OpCrtiCS t.hroughou l. thi s work . 

1 .5 brief desc ription of the bas ic re ults . 

Th• ba.:<1c r~uh.s oí this work iurluclc: 

1) Pr r of properti es C+, C>IJ nucl C0 • Dcmonstration oí mMy appli ntions of tlu:~· 
propn11,.,. 

1) \ n.,.h-..i. of •he invc.- rlibiliLy of Lh C,.' s tcps in thc im-crsion procedurcs ar Crl 'írutd· 
l..t·,·uan (GL} fi r solvi11 g i11 vc1·st• spcctral problcm: 

p => l .. => /( => q, ( 1 5.1) 

,1 = 2dK(x, x) 
¡l.z ' 

(1.5.2J 

thf' rn..-1 L = l(r.J.t) is: 

L(z.N) = j <Po(I, .\) <¡>o(y,.\)do(.\), do (.\):= d¡p(.\) - Po(A)J, (1.5.3) 

d¡Jo = { v:d.\ , A ~ O. 

O, A< O. 

• ~ • Po L• 1Jw Hl)f'rtinl íuuct.ion oíl w1lh q =O. a.nd ¡.; 50)\'CS thc Gd 'fo.nd· 
Lr'H.\n f'C\Uolhon 

h (r.y) + [ lí(I ,.•)/,(•.y)d• + /.(z.y) =O. OS y Sr. (1.5..1) 

Out \J f("),uh b1 n proof or tlw 11m.·rt1b1lity o! aJI 1hc- l"'J)S m { J.S. I ): 

(1 .5.5) 
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whll'h luildJ unck-r" •t•M ru..'lumptlon on p. Nnm ly, nssumc thal 

p E G. (1.5.6) 

wlw11• V \!I tht· ... ' or nondccren.slng fun tions p of boundcd \'ruial.ion on C\•ery inLerval 
( , b), b < , ud1 time 1lw ~ llowlng two o.ssumplions. Ai) and A1) hold. 

D1•11tJ,1• Llfll.) du• MIL of l 2(D4) functlons vnnishing in a ncighborhood of in
hnll1 l.4•1 h E L,l(R..) nnd // (!.) := f0 /i(,)<Po(r. ,\)dx. 

i\ 1i1tllllll)tiO n l1) "' 

lfhE /.~(IR ,)nnd /_"' // 1 (.\ )dp{..\)=0. thcnh=O. { l .5.7) 

11 (llP) ¡,E C"0 (01+) ) , // (,\):= J. lo(r).;o(r . .l)dr. ( 1.5.8) 

wlwrr p¡ Md P: b1•long 10 P nud 11 := p1 - (1-J, 'iCC 11on .a 2. 
A1111 umpt ion li) l. 

lf I 11 2 (>.)rfo =o VH e 'H, thcn "=o. (1.5.9) 

111 ordn 101h.'Ut lhl' 0 11l'-t OILl' corrcspo11clC'nC"l"' bctv.·c...n pcctral fuuct ions p uud 
,. .. 1r1ulJ0111t op .. 'fator.o. l . w(' n.._'4!iu111c Lhm q Is such thnt t ite corresponding P is "in t.hc 
1\1111! ¡ml11t 1•l aní1hll\ C'MC". T hl8 llll'tm s Llu\l thc cqua tlon (l - :)u = O, lm .;:: > O 
111~ t•:cnrtl ~ Ollt nomm•itJ :,alutlo11 lu L:l( IJl+ ), (u = - u"+ q(.r)u- lf q E L 1, 1 theu t 
llf "111 ~ht• hm11 pmnl Al infinlt y rnse11 • 

:J) 1-\ 1mh"1 ul 1h<' imntibillt y of Lhl' Mnrchcnko in\·cr.iion procedure for solving ISP : 

S => F' => A => q, 

i¡(r ) = -2d..J(z, r ) 
d2 ' 

11ml .·1(.r.v} ''N 1hr ~lftrchcnko cciuution 

. \(r,~) ,,_l. A(.r,a)F(• + y)d• + F (.r +V)= O, OS .r S V< 

Onr b,t.,1 rnu.11 u n prooí of 1hc i11\'Crtibility o í thc stcps in (l.S.10): 

S e:> F e:) A (:) q 

umlt•r thr wnp~-. 9 E L1.1 . \V(' o/ dc.rl\·~ n naw equot um íor 

(1.5. 10) 

(1.5.11 ) 

(1.5. 12) 

(1.5.13) 
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;l(y) := { A(O, y), y~ O, 
o, • < o. 

F!Jt) Ab) + 1 A(s)F(" + 11)ds = .4(-y) , - < y < 

Th1· functáon A(r) is oí iutcrcst bocnusc 

J(k) = 1 + 1 A(y)e'''dy := 1 + ;l (k). 

Thatfort' lht' knowledgc of A(y) is cquivalcnt lO t.hc knowlcdge of /(~·) . 

(1.5 IS) 

(1.5.16) 

lo 5Ktion S.t> wc gh•o ncccs1:1ory nnd suffici nt conditions for S to b t.h IM:l\Lt.cring 
dAta torn'SpOndlng 1.0 q E l.,1,1• Wc nlso provc t hnt. if 

fq (x )f $ c1 cxp(-c2 /x j'), 1' > 1, ( 1.5.17) 

~lld. to plLIUC:ullU', jf 
r¡(:z:) = O íor x > a, ( 1.5.1 ) 

then (.t-) nt' det<!rmh1cn r¡(:c ) unlqucly, bccausc it d r.c.rmines k1, .'IJ and J unlqucl)· 
unda lht l:l.Mumpt.ion ( 1.5.17) or ( 1.5. 18) . 

.&) \\' '1'~ a \'Cry short. llncl simple proof of t hc uniqucnes:s thoorcm which <)'S tluu 
tkw- l· íunction, 

f' (O, k ) 
l (k ) := '""/{k) ' Vk > O, (1.S.19) 

<k1cnn1ncs q E L i,1 uuiqucly. T he / . fonction is cqual kl W yl's m· function U 
qE l1.1 

Wf' «l'T mnny appllcnt,ions of t.hc nbo\'C unlqu nes.<f thoorem. In pnrt.lculllT, WC! 

,. .._ ... Ahd Aimplc pr oís of tho uniqucnC:S.'1 thoor m.9 of Ma.rch nko whlch $6.Y LhRI 
• dr1"fm1W"' q E /,,1,1 uniquoly, und p(,\) dcu.•rmín q uniquc.ly. W prO\-C lhf\t U 
ti .S. 1 (cw (1 5 Ji)) hold11, thon cit.hur of Lhc four functions (k), 6(k ), f (k ), f' (O, k), 

\rnruncs r) uniqut•ly. Thls rc.<1ult is npplied in h111>1cr 10 to Lhc hcnl nnd """'' 
"lU.allOG.t h allow• om' to study sorne ncw muer.u problc.rru. For exrunpl , lct 

u,, = u.,.. - q(x)u, 7 > O. I >O, 

11 : U¡ : Q nt I = 0. 

u(O. <) = 6(1) º' u'(O, 1) = 6(1). 

q •O fo<z > l . q = ~. q E l 1(0, J), 

(1.S.20) 

( 1.5.21) 

(1.5.22) 

(1.5.23) 
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1\.nd lt·l th,. rxua cbt4 (mtMurrd dnln) b<' 

u{l , t) = 0(1) Vt> O 

J'hr m ,,.., prob/nn 1.1 gll'rn tlirJe dalo , find q(.r). 
j\ un hn na.mplt · l...1r t 

1,.11 • u,. q(r}u, OS r $ I , t >O. q E L1(0. I), 

u(; ,0) • O 

u(0, 1) O, u( l , I) ~ a (t ), o(t) E l 1(1l+l. a ¡o! O. 

r lw1~trAd IA~ 

u, ( 1, 1) = b{I) Vt> O. 

fh,. 111ur•r prohlrm u gwrr1 //1r'.U dota, fincl q{.r). 

{1.5.24) 

(1.5.25) 

{1.5.26) 

{1.5.27) 

{1.5.28) 

t' .. mr tM •lxn-i• un1qu<·1w"'" rcimh.s, wr prow thnt tht.. t .. -o tn\'t'tSC problems lmvc 
M 11111111 ar.. du11011 Thl' proof gh•(•s l\l110 n comnruct1\r prottdur<' for fincling q. 

&) Wi· h.\ ~rr&d~ mtntlourd uniqucnc~ th rcm. for "°"1C' ln\l.~ probl ms with 
·in ·nplt t~· d,\Ctt"' "l11co111pktl' dntn" m<'an thC' data .. ·h1d1 At't" n propcr s11bsc1 

t1f tho 1riti dnrn, but "\ r1rn111ph:u·11~" oí t hC' data is rompensnt el by t hc 
1ut.l1liooAJ . u111ptlon11 on <I· Fór cxnmplC', thr d ica.I !K'altcring clnu1 nrc 
thr &npko (1 '2 1 i), bUl if ( 1.5. I ) o r ( 1.5. 17) i~ umt.'d. 1hrn 1 he "incomplcLc 
d.,t1\ AIDn· -.u<'h M (A.·), or d(k), or / (k). or /'(O.k), Vk > O, dc1.crmi11c q 
um•vwly AncMht·r gl'll('rnl result of lhi! nnture. lhal ••t" prov(• in ClmpL·r 7, is 
tlw Ull one 

Otlwr buundary cond1t1on1 ('nn nh10 be con3ldcrcd 
Auun~ ~ lh,. foUowlng dntn nrr g 1\'t'll 

p • ..,,,,vJ, q(z ), b _ , S 1) , q(z ) e L'IO. l),q = q, 

wh1•rt• O < • < 1 &nd 

( 1.5.29) 

(1.5.JO) 

J -+ . o=con1 , 0<o$ 2. (1.5.3 1) 

¡,,¡ < ( 1.5 .32) 
' 1 

\\"r prc>'f1' 
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Th r m L S. l. Dnto ( 1.5.30) -(1.5.31) detennmc urttqud11q(.r) on th{! mt.cn.JC.10< 
.z $ b 1/ a >'lb JJ (1.5.32) i3 t1JU 1111wtl additionall11, thcn q 1 uniquel¡¡ dcf('nnmal ~/ 
o~ 'lb 

Tiw gt\~ !b(' "pnrl of tho spccLru" suílicicm for lhe unique recovery of qon IO,Oj. 
Fot ..-xrunpk 1f b = ! nud ( 1.5.32) ho lds, t hcn o = l. so "one spcct nun" dru"!rrnin1 
umqucl~ q on ¡o, l]. lf b = t. 1ihc11 u = 4, so "hal f of the spec1rum" dC'lennln 
umqu,.h q on JO. !J. If b = ¡, Lhc11 u~ of thc spcc:Lrum" dcwrminc uni<1urly q on 
¡o. lJ 1( h = l , llwn o = 2, 1md "t.wo sp(!("tra" d umnine q uniqucly on thr whnlr 
u1t1•t\al (O 1 Tia- lnst rf.'imh. bolongs LO Oorg fBJ. By "t \\"O spcctrn" ont' 1m·&\,1 

( \ 1 J U{1•, ). •·hnt> I' J nrc t.hc r igcnvnlucs of thc problcm: 

(1.ó.33) 

In ÍBC't, 1•0 "IK'tltn dctcrrninc 1101. ouly q bul thc boundRry condi tions M w<· ll IMJ. 

6) Our 1 _ ult.s 0 11 t. IH-' sphC'rlcnlly symmct rir irwcrse scat t rl ng probltin wuh 
IUt-d·("fl('tgy dntn llrl' t ho ~ ll owi ng. 

Th.- Jtror ruull lf </ = r¡(r) = O fo r r > n. a >O is IU1 nrbimlf'y larg fixrd uu111hl·r 
.r 1 E 11.> q - ¡¡, nud J~' r2 1q(r)l2 dr < . thcn the data (ó!} vt E~ ckt<'nmnr 

1 r) umqUt·I~· HN· ó1 is t.hc pl111.•w shiíl nl n fixed cncrgy 1:1 > O, e is t. lw nngultu 
hMX1W11lUm. Md C ÍS 11 11)' fbwd llUL OÍ p OSitÍVC inlcgcrs SUdl tflhl 

(1.5.31) 

llu «·con.d rnull u : lf 1/ = 'l(.t} , .r E Dl J, 'I = O for lzl >a. 11 E l 2 (8 ,. ). whrrc 
B. (.r rj :S: n} , lh<'n 1.lw knowlrdgc oí the srnttcnng ru:nplit.udc :l(o',o) nt n 
f¡,.,, Mlf'TK)' 1:-' o rrnd 11 \1 n' s; dt.Jtcrrnim· q(.::) uniqucly ¡n], ¡n1¡. ll í'rt' s¡, 
J 1 2. """ iub11rrtry 1m1nll opcn 1nihscl!I in S' Md S' 15 thc un it spherc in Dt3 Th•• 

Allrt1n' :uuphtudt• iH d1..fir1cd in S 'et.ion 6. 1. 
T"'ir dunl ,,. .tul' u T lw Ntiwtou·Snbnt1 r im'l'r.ii n proccdurt! (sre i SJ , INJ> l!i 

,.,, ¡•'!'11r¡fc}#'1 V't'Ollg 

1 ) f RIGJ • .,, '' """'" ' · np¡ntrrnlly for th fint orne. a d uúlcd cxpo5i l lon 
• ~ pr •Í) oí tlw l\rdu irivt•r!flon th<'Orv ínr l\'lng IQ\lJ".t' .K3tt-rring problt•m 

and f'Ur\'f" lhr rt>ll HIMl('llC)' f thi.!l llu'Ory. 

l\\ \\ .. P~ .ii 1111 1hod fm n't'O\•t•ry of n qunrkomum ptcm (a ronfining 1>01entirtl) 
from a k-..' 1·x1lc· rnm•nu 1I 11H'l\.'lllrt•m ni~ 

) \\" ._.Qd, \&11'11111 ¡iro¡wrtlc.'I of th1• l-íunrt 1nn 

10) \\ och- .u1 1m·1•ti.1• t1rn1 lN1ng problr-rn for an luimogl''Sl•'OUI SchrOdingcr t"QUnl1on 
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2. P r p r t for ODE 

2.1 Pr p rty C+ 

lh OIJI~ In ah~ , 11011. thr cqunLion 

(2. 1.1) 

11' 1111•.u•t \ ~um• q E lu Tlu:m tlw .Jo11t solulion / (.z,k) is uniquely dcfined. 111 

St·nk111 1 1 OdinlUou 11 1, pro¡>~·rty C-t Is cxplnlncd LN U3 pí0\1! 

'l'h t•t1r c 111 'l. 1. 1. lfqE L1_1.J = 1,2 tl1i'F1 ¡nY11>ert11 C+ hold:J 

T1n1üf \\'r w l '215) nml ( l 2.2G). Donotr A(:r.u) ·= ..11 (.r.y) + .·\.i(r. ). Lct 

J. dr /o(r)J. (r, k)j, (r, k) 

l' rl.rll(J') [,,:1•11.t + f, A(r.u}t' •dy 

+ /, l e... tl11d: A1(.c1y)ll,(.r:,:)r1-'i1r+:1J 

fnrw1111•hE L1flL). t 11+: = .1,11 -:=o nndgct 

T(.1,.#) - ~ ¡•- :t:r .-1 1 (r., '"~º)A, (.z. s ;º)do 
l•·:t.r) 

l '11h1K ('2 1 3) ..\Del (l 1 -1) onr n·wrllcs (2.1.2) ns 

(2. 1.2) 

(2. 1.'1) 

O 1 d«' '' lh(•l + 2 f.' A(r , 2, - r)lo(z)d.r + 2 !.' T(i. 2.r)h(z)clx] • Vk > O. 

(2.1.5) 
l lu· 11,;ht lur d.,,. u ILl1 Mnly1k funct\011 or k in c ... \1lnishing íor ali k > o. T h11s, 

11 ,·nnl•dw~ 1 t .U!t· m C. Nld, conscquc.ntly, for A: <O. Th rdorc 

"(•) +' L ~{z.'h - r)lo(r)dr + 2 J.' T(r, 2,•)li(r)dr =º·"'•>O. (2. 1.G) 

Slutt' . l(.:.11) ..ad Tb,J) M1' bouudcd continuous íunctlons, thc \'olt rrn cquation 
(2 1 0) h"-" al, t '"'iAJ 90h11 Ion h = O. o 
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OdinP funcuons g1 1md /± ns Lhc solu t ion.s lO equntion ( 1.2.&) wh.h tht' íollowtn 
}m¡HOUCf· 

9± = oxp(±ih) + o( l ), z -t -

f± = cxp(± ih) + o( l), z -t + 

l.M u.s dmotc ¡.,,, = f nnd 9+ = 9. 

(21 7) 

(2 1 ) 

O~Rnil ioo l . 1.2. The 11c1ir j t 1, l2 } /l(I IJ propenv C_ 1ff the set {91!hht>O 1a compl-:11 
'"L1(1l ) 

und.•.t ddini11011 ca n b glv<;n wl t h (9-.,1) replncing 9) • J = 1, 2. 
\ l\ a.bow~ ont' 1>rovcs: 

T h r't'.m 2. 1.3. Jf q1 E /.. 1, 1 (lll _ ), j = I, 2, thcn propert11 C- holdJ for {l 1, (1 } 

8\ L11(1R) we mcnu thc set. 

D1 ,1(D1 ) := {r¡ : (/ = ~. 1- (1 + lrlJlq(r)ld.r < ). (2. 19) 

2.2 Pr p rti e C"' a nd 'o · 

\\_. pe onh· JllOJJl'lty e"'. Propurty e, ÍB provcd s.lmihul)• Propc.rt y ~ ¡~ dcf\nc:"CI 
Uoo 1 t 

Th re.m 2 .2. l. Jf Q) - / .. 1,1 ,) = 1, 2, thcn propcrt11 C.; hotdJ for {1'1 J2) . 

Pn.J Ow p1ogfi11tdmllnr1. thc prooí f Thoorc.m 21. 1 \,; 1n.g (1.2.24) And dcnoung 
o k...; K A'1 + K2 , 011 writcs 

(2 21) 

O• l ll (z)~ 1 (z, k)<l>J(z. k)cú: Vk >O. (2.2 2) 

O z [ </Jil (x) - J.' cú:h(r ) coo(2b ) 

r' • 
+ J, tlHOl!(k•) / cú:h{z )K (z,z - (2 2 3) 

{" J.mh•l•-'l 
) , tlac0<1(k1) 1 d.rh{z ) K (z. - r ) + / , 



J.' d.rh(zl f.' f.' /{1 (z, u) K,(z, 1l{cOll!k(y - •JI - cos(k(y + s)J) d1¡ds. 

LN JI - • l JI+ • u, 1 h('n 

J.' J.' /i 1 n·,coo¡k(u - •ll•lud·• =J.' d..:.,.(h)B1(r, ), 

•·twn· 01(.1 ) 

~f '[n 1(z.'~")/{+,";') + K1 (s. '';') n-,(r. 11 ; ' )] 11v, 

IJJ(Z, • ~ [ .. '::) I\°¡ (r, I ~ 11
) f (,J (:e, 11

; ' ) dt 

nml i.J 11 1f O :S "Sr,"' 2r - ·' lf .r S lf S 2.r 

r twtt•lnrf' 

J.' d.• h) J' dr lo(r) U1(,, • )- f." dHoo(b) !,' d.rh(r)O,(r , s) . (2.2.'1) 

for11111 {2 l J.) a.nd (2 2 4). ttUtlug k -~ , onc gcu: 

J.' lo(r )dr =O. 

imd (u"ml( compk1m of t hc sy1u -0111 ·os(k,,), O< k < , in L1{0, b)) t bc following 
l'{)Ul\tlol\ 

h( ' J r ¡ ........ . l + k "(r, r - .•)lo(r )dr - d.rh(z)K(r,s - r ) 
• •/'J 

+ j ' 1/r lo(r )Uo(r ,•) - / ' drh(z)O,(z.•). . , , 
(2.2.5) 

l'h1· knnr~ 1'. 8 1 and O, IU'l' bouudcd l\nd coulmuous funchons T hercfore, if b < 
1uul 11(.r) O b ' > b. (l 2.S) hnpllcs: 

lhMI $ c /,
6 

l/1(r )ld.r + cf.' ih(z)ld.r. 

" . 
wlwrt' r O • ' l&nl ••hich bound8 ' hl" kerncl!i 21.;. 201 and 28 2 frorn abo,•e and 
:IJI .• Frum thr .i. incq11nl\L.y onc gcts 

(2.2.6) 
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•ht'f '•O< , < b, i ~ suflicicnt.ly sino.JI so tluu a < l and b - t <lb - ~ n,.. 
mrquil11n ('.? 'l 6) 1m1>lies /l (.i:) = O lf b - ( < x < b. tlcpC!attng 1hls argumttu , Clf¡_• 

pr m finucly m uy Rtcps, !h/\t, h(I ) = O, O< r < b. 
Th4'0f'tfll 'l '2 1 1!'1 prO\'('d . 0 

Thf-: prool of Thoorr m 2.2. I is uot vnlid if b = - Th~ ruult " noi 1•nl1d r1fJit'T 1/ 
l.t-\ w. F,1\'t' n r o 11 11 t.c r í'X!l111plc . 

T h r t" m :l .l. l . Thr rr c.r1 .~ f,j q1, r¡;¡ E l 1,1 ond on h '#O, 5u<h rha l 

J. l1 (r)<P1(r , k)•l»(r.k)dr =O 'lk >O. 

rrlXJ/ 1..4- 91 .\J1d QJ llrt' IWO pow uct. itds in l1,1 .. uch that S1(k} = ~( k) Vk >o 
11 and t 1 g,.~ onc nrgi1tl\'C' l' ig1·11 v11ltu.• -k:, whirJ1 is lh(' siunr for 11 nud 11, b111 
11 -J. ,., th.11 q1 t- rn L<'t h := 'l'J - q1• L<-t tl!t provt• lluu {'2 '2 i ) holds. On•• hA.• 
I .. l;.,."'' k1o.p-J. 1m b1.1 11c1 from tht> fir.¡ t rqunuon th1• SC<'Ond nnd gt·l 

•.. ,. + q, = ''"''' "''= 1 - • .¡>(0,k) - '(0, k) - o (22 1 

\11Jh1plv 2 'l J h\ 1 , 1111 t•grn tl' ow1· (0. ) nnd thrn b~· l>ftl'l .S 1-0 grt 

\1 • • O 1'T u...,. rondlt l ns (2.2. ), M<l nt z = th ph~ ~h ifts corr pond1n1t to 
f1 q, ¿,.- 1h1• !l.tunc: (bt•c1111/K' 51 (k) = 1(k)) nnd therefou.o the rlghl-hru1d ~idr of 
- .. 9 \í\l\uh Tlwon•m 'l. 2.2 ill pro,·cd 

3 . Inv r 
ata 

problem with I-fun ion a th 

3. 1 ' niq u 11 s t h or m 

thr lf 

/ (k) 
/'(0.k) 
¡¡¡¡ 

o 

(J 1 1) 

311 ; ! ln\11111>~ l hhl f (,l;) \, m1·romoq1h1r in(' •• ,,b 1h•- finilrly mnny s1m¡1lt 

1 4li 1 ... J lmh>t·d, 1J;, i\rr 1mplr '"' of /( ) MM! jl(0. 1k1) -¡. O M follo-
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írum (1 'l 1) t,:,.in.~ ( 1 'l 20), ont• get.11 

11~, ·• / (k) /'(O. ok¡) = -Í. k¡ >O; 
n, / (ikJ) 21k1 

/'(0,0) 
0o= / (O) ' 

(3. l. 2) 

111•11, lm o, o. 1 _ 1 _ J , rutd hnflo 2': O. a0 i- O 1ff /(0) =O. \\' 1>rove t hat if 

11 ¡, 1 1 Mtd /(0) •O tht·O /(O) t' l'll.!I nd / (0) 7- O (Th rt"tll 3.l.3 beJow). Th is is 
n 11111• ff"'louh 

L11 m mh 3 1 J , TPt" / (J: ) rqunL, lo t/1r IVrul /1111ct1011 rn(J.) 

/'roo/ ft m l lL•ttfunC"1io11ri11ch t hMO(r,k)+ 111{k).,,(.r,k)E L1 (1fl+.) if lm.l.·> 0. 
C'lr.uh 

f (r, k) r( k )IO(r. k ) + m (k) (r. k)), 

whnr r(.4:) a. O 

nml(l'21) 
Jm * 'O 'I hu1t l (k ) = \'1<C:ti'::::U/5c'C't,1 = m(k ) b«aus<' of ( 1.2.3) 

o 

Our ... umqu1·m-... 1 twu r<'m lw 

'"rhnor t'm 3 . l '2. 1/ q, /...1, 1, J - l 12, gcucrnlr tht.: .somc / (k) th~n q¡ = '12· 

l'i-oo/ Lrt p q, q1. /1 br th1· J o.~ 1 Sfllu lion (1 2 ;)) car~Pondmg to q,, 111 := ! 1 - h . 
I lwn on 

- • + q111• - .l.·2 w -= pf'J , lwl + lw'I = o( I). r . + . {3. 1.3) 

\111\t\ph (l l li In· / 1 . mtt·grntc over U'4 . thcn by pnn, U!ln~ (3 1.3), 1111d gel 

J.' pf,f,J.. •'(0) /,(0) - ou(OJJ :(o) 

• /j(O,k)J, (k) - / ;(O, k)/, (k) = / 0(k)/, (k)( /1 (k) - /7 (k)) = O. (3.1.'1 ) 

lh pmp.-r\,- C. (Th 1 m 2.1.l L V(J" ) e;; O. o 

"r li t1u r tim 3 . 1.3. 1/ q E: L1•1 1mlf f (O) e: O, thcn / (O) c:n.ttJ ami /(0) ~O. 

l 'owf L<l e 1h.i /(k) = ,¡. ,\,(k), X, (O) '/-O, .4, =J. e' " Jl , (t )dt, uud 

1, C1(1R .) l.cl 11(1) := J, A( .•)cl•, .4 := /(k) - \ , and A(v) = J\(O.¡¡), wherc 
t (.r,¡¡} 1• drtí tn ( l 2 25) nnd A(11) E L1(1l.-) by (12 26). hu.cgrnt lng by p:uts, 

mw J\'''" \ • -<.rp( tkt )A1(r)l0 1-1k .. 11 = 1k.-\1 - 1 Th~ /(k) = ik,.11. T hc bu.sic 

dlllfru\ty ~· 1 .. Pf 1hn.1 l 1 E L1 (Dl ._). lf tlu-' 1. don , tht'n hm1 0 ~ = /(O) c:d sts 

11ntl /l~)) t " 1(0) Tu pf'O'·(' thnt f(O) #O, Ont• UjCS lht' WrondciM fo rrn uln (3 .2.2) 
wilh 1 O /{-l /'(0.l)- /(k)/'(0, - k) • 2ok Dh•u\ bJ k ond le1 k -> O. Shoce 
1·d11t.1•m·r ol /(OJ b fUO\Td, mw g11t..i - / (0)/'(0,0) = 1, so / (O) "J. O. Wc h11vc uscd 
lwr11 thf' u.nt• of 1hr lhnh. llm~ ·O /'(0, k) = /' (O.O). Th<" eus1.enc-c of it fo ll ows 
rrnm ( 1 '? J: l 

/'(0, J. ) ok - ,.\ (O.O)+ J. ,.\, (O.v)r'1•dy. (3 . 1.5) 
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and 
/' (0,0) = - A(O,O) + !.~ A,(0.y)dy (3 1 G) 

f 'tom 111 li} onr- !O<'CS 1hn1 A~ (0,11) e L1 (Dl+). Thus. lo compl le 1h J>t'OOÍ, ont"' ha.\ 
l•l p.. ~.E L1(Dl i ). Tu pro\rQ t.his, us ( l.S.IJ) w1lh r =O ft.nd (Ud l). inCI' 
/ 1k, ) =O, OOl" has Á(1k¡) = - l . T hcr íorc (1.S. 13) vm.h z. =O yíclds: 

A(y) +f. Jl(t)F,(t + y)dl + F,(v) =O, V~ O. (3 I« 

lntrgf.llr IJ 1 1 O\"('I (.e, ) lO gct : 

l 1{r) J. A(t) /, P,(t + y)dy di+ [ F,(v)dy =O, r ~O, (3 1 ) 

!.' t 1 /, F,(I + y)dudt = A,(O) /, F,{v)dy - /,~ A1{<)F.{r + t)clt (3 19) 

lltt• Os /(0) - 1 + fo A(u)dy , onc hM Ai(O) = -1 Thcrcfor<• (3 1 ) ond 
31 !}) amph 

(3 1 IO) 

ftom dut rquaunn Md fron1 tl1c In luslon F, (I) E l 1(fl+), on{' dcnves A1 E /, 1(1\.+) 
e íolk>• 0- • T( t) C0 ( IR+ ) •11d1 thnt llF, - T l.•i•t. I S 0.5, a111I lri 
Q F. - T Tlwn (3 1.10) cru1 be wntwn M: 

~ , •)-!. Q(r+t)A 1(t)dt =a(z)'= f. T{z+l)A1(1)dt , z~O. (3. 111) 

T • C0 (ll 1 ) iu1d A l 1(If4), IL íollo""'I that A. 1 1.1 boundcd. Thull' a 
L' IR ,) Tht- Qprrnt r QJ\ 1 :• J0 q(x + t)A 1{t)di hu nonn llQll1.•111.1 1.11n. 1 
S 0.$. ~•r!<N t'<¡11tttlo11 (3 .1.3) Is unique.I)• aolvllbl<' in L1 (~) and A1 l..1(1l;}. 
Tbc.iion-a: l IJu ¡>r1'M"ll. 

o 

3.2 hara l ri zat ion of the I-fun tion 

lm /{k) 1 (/' (0.k) /'(0,k)) k r. 7(I) - /(kí = IJ(k)J'' 
(3 2 1) 

bn tbr \\1 utu. inn ínrmul WM UM!<I ..,.hh z = O. 

(322) 



1-rum ( 1 "l 'l l ) And (3 '2 1) ... 11ti k ./i... onc gt'LS '. 

1 lm / (JX)tl,\ = dp. ,\ ? O. . (3.2.3) 

l lw / (A) fiMrt 111,..., u111quf'IY 1tw ¡w lnt.ol 1k1, l S ; S J , a.... d:tc (simpl ) pales of 
/ {.I;) Pll thr 111 """l A.'U!•. ru1d tht· 1111mb1•rs cJ by (J. 1.2). T hett!ore / (k} determi nes 
11111t111t'I) th ~p«wtl funr t lon ¡>(,\ ) by formuln ( 1 2 '1 1). T he cb:uactcriwtion o f t he 
rl l'l. ( ,JM'f'O fonct;oru. p(.\), g1\·t•n 111 t'ft \011 ·l.G mduM"'l a chatacu:rir .. mion of t.hc 
rli "p( 1 Cunctaoru 

1 h1· oth re~ knt.11 n a r tlw 1 ~ r1111 c li c.m11 0 1w obuurui bl. _1.ablihhing n 0 110-

1< fl llr ""'"' rTit''f' ht t •1.,.· 11 th t• 1 íunctlem ruul tln• ll('otttnn¡ d1u.o S ( 1.2 .17). 
'timwl), th,. nutnbn l 1 .u1d J. 1 _ ; :!:: J , 1m• ahl ln•'tl Crom /(J.-) ..-inre 1k1 l\re 1ihc 
u11h pnlr .. tr I ~ in C" , tlw numlll'l ic t1J nn• obtnm l by tht• ronnulll (sce ( 1.2. 16) 
1uul (J l 'l)) 

,, ~. 
.. , IJ(•k¡)J' 

(3.2.'1) 

1( /ll) 1~ found from /(Al Flnnll)', / (J.·) rnn I)(• un1t¡ut•I) rt"CO\"t'n'CI from / (k) by 
)\ lnt: n íll• 1n J tohktn 1 0 d1•rlv1• ! h\g 11robl1· 111 , d1•finr 

nml 

( ~ ) 

J k - 1k 
··<k> ·~ II r+ft ;r icoi < 

, ' J 

_ k _ w(k ), l f / (O)~ . , 1' k, v,. 
k + 11'< 

\ ~11 111111\ 11 (l 1 ~) mr:u lf' thhl / (0) /- 0, 1U1 d (J .'2. 6) mc.;uu /(0) = Q. 
Or flnr 

l•(k ) :• w '( k)J (k). 1(0) < 
ho(k) :~ "'" ' (k )f (k), / (O)~ 

w rh1·tJ'2 1) .,,,. mit .. ,n.or 
h+fk) = y(k )/, (k). - < k < ' 

(3.2.5) 

(3.2.6) 

(3.2. 7) 

(3.2.8) 

(3.2.9) 

hPrrli,.{A:) • •,t u.\Ull.1)•1k l11( 1, 11+(k)f.Oi11t' +-,lhcdoru.reof4:+, h( ) = I 
111 •. 11 lk) • 1i - 1:' ) h 1.lmllnr pro¡w r k~ \11 Q; , 

utkl • 1 ... 11 d /(0) < k k' + 1 
• y(k ) = ¡;;;-¡¡¡:jk' if f(O) = (3.2. lO) 

11{k) · n el , O. (t) iJI homnfod 111 n nc.lghborhood or k =O and has n fin itc Jirn it. 
Al A o Fo1 (J l 'lt) Md 1hr prop1•rtlcs or h, Olli.' g u: 

h(k) • cxp (...!... J. lng(I) r11 ) . 
2ir-1 - ' - J.: 

(3.2. 11 ) 
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f(k) = w(k)h(k ), lm k ~O. (3 l il l 

In ac:wt3.i \\"t' l)I \'(' : 

J 

1;- f. !J(k) - i k]e- i 111 1ik =-~- L r,cl''· 1<0, 
- ' 1 

(li131 

•h"r r, - tn1 Thki11g 1 in (3.2.13), onc fincb !lt>p by :.t ·p t\Jl thr nu1nlxt 
r 1 , aoct J lf / (0) < , t hcu ro = O. Thu.s thc datn (1 2 H ) IU't' Ngouth1niull~ 

""Tnl from / (k) kn(lWll for 1\IJ k > O 
\ch.u tt'llt..'ltl n nf Sis glwn ln cction S.S. a.nd thw. M 11nplk1t clHU"At H·rfrAI 

ol I k l g1"<'n . 

. 3 Inv r i n pro dur 

Oolh Pfoa:dUl'MI lll L"t·lif)ll 3.2, which nJI°"'' On(' to tonstn1t'I ~lht'r p(.\) or ~ ( 
I l can br cvn!>ldt•r('(I ns l11 \P1:r:d n proccdurc:i J ~ q l>ccausc i11 hn¡>lf•r ·I and 
C"ha¡ttrt t• 1Mrur1lou prO<;{'durt'S nr.:- gi\·cn for rrcowry of q{r) from dthrr ~A 
oc S \ U tht('f' dnrn. J(k), p( ,\ ) 1md S M1" l'qUl\'lll m Thu.•,. our im•rr.-1011 v hr'fntl"' 

/ (k) => p(Á) => q(J) , (3 l I 

l (k) => S => q(r), (3 J 2) 

hrt• 1~1) A.1'"1"1 !h<' dt•Lnlh1 of tite strp p(.\) ~ q{r). and ( 1 S. 10) gl\' 1hr drt.iub. 
•ll ,.,. $ q(r) 

3...t Pr p rt i s of I (k) 

1 ' '""'"• "l' dl' l l\'t' tht• followtng íorrnuln for / (J:-). 

Th n::m 3.4. 1. 0 11 1'.1 /11u1 

l (k) 
J 

"~ - - !. ,¡. + ¿_, k _ k + a(k), a(k) 2 

J {) 1 J o 
o( t)c'"'dt , (J ·11) 

lfrl< ,• O •/ nr11i 011l11 1/ f (O) =O, o, OIT l}¡t C»n.! tonú dc/incd m (3 1 2), 
O 1 _ J • J, u(t) · /.' (IR ,) •//(O).¡. O ond q e L 11 , a(f) E L 1(1l. ) if 
·~ q' 1, ,¡ 01 .) 

tt'lu l1 In 111'\' l't 1 t11h·1• ••luch tu(' formullted tu lrnuntl." l ''-''1" 

/ (k) •k - ,\ (0,0) Jg' 1, (0.vl"°'d• 

1 A(k) • (3 0 1 

l(u) l(O.v). ·l(kJ =J. • y)<'"du 



p,,_ ¡, . .., Ce! CJ 1 &)) 

/Ck) • 1 • il~I 
k ITJ k - t.t- "rli· 

/ o(k)u1{k)i+7,; , w(k) := ~·""f. r1 

'' 
(3.'1 .3) 

/o(k) I O 111 t .. /o( ) = 1, (3.4.'1) 

/u(k} "" An.d)hC ln e· •• thr fut:tOr ti In (J •l.3) '" preK'm ti and only if / (O) ;:: 01 

10111 w(.4) r: ... • •1(k). 

L." 1111111' 3.•1 1 , l/ /(0) ¡._O rm1I q E L.1 ,1(Dl,.) t/i('11 

/,(kl I> C~). bo(r) ll' ' ·'( ln ,). llbollu "lf•.1 = J.'1111o1 + lb',J)rlx < 
(3.'1 .5) 

/'rrHJ/ lt "" • li m t ttt ¡11"Q\'t' 1hn1. íor nuy 1 $ J $J. ll1,· íuncuon 

(3.•l.G) 

'i111rr ~·+}. I ..¡.. ;,~4 1 , 1uirl 11luct· A(y) E 11"1-1(1l.) pr~'ldcd 1ha1 q E L1,1(Dt.) 
( 1-.• ( 1 2 '36) 1 l 21l). h lit 1u1flk lt•11! 10 rh('Ck thnt 

/ (k) f0 g(t )r'" dt , 9 E 11· 1 1(11..). r-;¡;; Í1l 

f e'" {6(1) - 2k¡r- " ' O(t)j d1 , 8(1) = { ~: : ~ ~. 

" lwrr 

'1J •) • 'J A{¡¡)r -"1l1J- •I dv = 'L .-l(t + .,]<.-1,1 cit. 

l•1pm t.1 t ~) oor abt.:uns (J t 7} itlntr x(vl e W'·'(ll_..). 
l <l'ft\11 l. 4 2 • pi "('(i 

Lomm• 3 •,J l/ /(0) Oº"'' q E /,1 1(1l,), lh•n (3 4_5) hold.s 

(J .•1.7) 

(3A.7') 

(3.•1.8) 

o 



Proo/ Th proof g M nbov~ wlth onl"' d1ffl'ft1lC'f 1( / (0) • O thl'n ko • O ü p 111 

In rormu.t. (3 .1 l ) l\Ud In formuln (3 •I ) willl = o on~ h 

110(•) = 1 f. A( r •)ch (3 "9) 

ThLU, u.Mn_g (1 2.26), our gcu 

/.~Jha(•)J d,, S r 1 "' 1 di/... lq(u)Jdu 

2r 1 1/s fi du J. lq(u)J du S 2< f. do li lq(u)lu du 

= >Ir fo 11!.llq(u)J du < 1/ q E L1 1[1l+), 

-. ho.-it: e > O ilrl n ro1111Lnnt.. Sl rn ilnrly 011 ch 
Lc-t:nma 3 . .J 3 Is provcd. 

thnt hó(-) E L' (Dl,) íf q E L1 .>(ll;) 
o 

L mma 3.J A . Fom1 ufli (3.il . 1) hold.I 

, "t' n: •. ~ 
J(k) = /o(k) 

Cl('.vly 

J: + i J J: + ik J e 
T II f:-rt,= I + L~· 

J• I J • O I 

·= O, J.·,> O. 

Oy 1h \Vi ncr- L vy t.hoorum [GRS, §17J, one has 

/o; k) = 1 +J. b(l)c" ' di , b{I) E U-1•1 (114). (3 ·1 ó') 

•·her-e / o(k) is dcfl ncd lu (3.11.3) . AcLuo.Jly, Ll1c \\'M.•i:u.~r· LA.W)' thoorem yl ldJ b(t} E 
L 1{1l...i.). Howc11cr, .,mee bu E B' 1•1 (1l+ }, onc cun prvvc lhol b(t) E 1V 1•1(it+) 
lndttd, h a.nd be, nrc ralnLcd by thc equnLiou-

• h1ch 1mphC8 

or 

b(t) = - bo (•) - J.' bo(t - )b( )d.> "' - - "" . b, 

whn • uo 1h ro1woluLlon opc.rnllon 

(3 •1.10) 
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·..,.. I(, E l.'(11+) nnd b E l}(R+) <he con•'Oluuan 1(, • b e l 1(111+). So, 
11on..,...1 .. 1u;¡; (3 ·I 10) on•"""' lhhl 11 E L1 (IR+). ns tlrumed 

~ tlam •br abo\'t' fonnultld om• geta: 

/\ol • ,¡ ~(O)+A1)( 1 +b) (1 + t k ~1ók ) = •k+<.,. t k ~ ;k1 +ñ, (3.4.1 1) 
J o J ,.o 

a-brtr t• a l~t drfinl'd In (3 :\.1 3) bclow. tl1c ton.!UUll.!> o1 are d fined in (3.4. 1'1) 
IWHI dw fu.nr:Uon O La drfhwd In (3A 15). Wc will pro\~ 1h.M e= O (scc (3.il. 17)). 

To drnu· (3 1 11 ), "'' Jin,•t• U8(.'<I th • formul n: 

.kh .~ [ ·:;· b(•>I, - ±f. •"'b'<•>d•] = -b(o) - ;;·, 

AAd m.wlc- d.r f0Ua•1mg 1 randornrntlons: 

J 

1(1) •k - A(O) - b(O) - b' + .;¡1 - A(O)b + .¡1bL c,i k 
,-o (· - 1~·1 

' <1 (.~(0) + b(O)! ~ !j(k) - g(1k1) ~ g(lk1)c, 
J:- - ik1 +;So k - 1k1 e, + ~ k - ik1 ' 

ñ(k) := -b' + .~1 - A(O)b+ ,;¡,¡_ 
C'i:mtp. (l -4 12) Md (3..1 .11) onc conclude5 thnt 

J 

r := -;1(0) - b(O) +' L e,. , .. 
o, := -«1 (k, + A(O) + b(O) - g(ik1 )J 

a(k) := g(k) + t !i(k) - g(1k,) e . 
J• O J.: - 1k1 I 

(3.4.1 2) 

(3 .4 .13) 

(3.•1.1'1) 

(3.'1. 15) 

To r 
ddin· • 

~ 1br pr'OOf of Lummn 3.4..1 onc hM 10 pfO\,;!: that. e : O, whcre e ¡8 
.f ll) Thl11 follow11 from thc nsy•np10L1cs of / (k) as ¡,. __. . Nnmia\y1 

,i(k) = - ;1(0) - .!.. ,¡• 
IÁ' 1J: 

l'I•• 1 16) aad (3.l 2) OJJO gul8: 

l(~i ' • •I - A(O}+A, ) [1 - ' 1.(0) + 0 (~)] - i 
1k k 

• • -A(O) +A,) (1 + 111~) +o U)) = •k +o(I ), k-+ + 

f'him J t 17' ..et (l ~ 11) IL íollowt1 thnt e::: O. 1..cmrnn JA -115 pro\Ped. 

(3.4 .16) 

(3.4.17) 

o 
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Lemma 3.4.5. One has ªJ = irj, r¡ >O, 1 :S j :S J, and r0 = O if / (O) i- O, and 
ro >O i/ /(0) =O. 

Proof. From (3.1.2) one gets: 

ª i = _!:i_ = i.!:L := iri , r; := 2ck;,. >O, j >O. 
2ikj 2kj 

1f j =O, then 

a0 = Res l (k) 
k = O 

/' (0, 0) 
j (O) . 

(3.4.18) 

(3.4.19) 

Here by Resi.:::o l (k) we mean the right-hand side of (3.4 .19) since / (k) is , in general, 
not analytic in a disc centered at k = O, it is analytic in <C+ and, in general, cannot 
be continued analytically into ([;_ . By T heorem 3.1.3 the right-hand side of (3.4.19) 
is well defined and 

(3.4.20) 

From (1.2.25) one gets: 

j (O) = i f.00 
A(y) y dy. (3.4.21) 

Since .4(y) is a real-valued funct ion if q(x) is real-va1ued (this follows from the 
integral equation (1.2.28) , formula (3.4.21) shows that 

[i<oJ]' <o, 
and (3.4.20) implies 

To> Ü. 

Lemma 3.4.5 is proved. 

(3.4.22) 

(3.4.23) 

o 

One may be interested in the properties of function a(t) in (3.4.1). These can be 
obtained from (3.4. 15) and (3.4.5) as in the proof of Lemma 3.4.2 and Lemma 3.4.3. 

In particular, t he statemcnts of Theorem 3.4.1 are obtained . 

Remark 3.4.6. Even if q(x) 1. O is comp<ictly supported, one cannot claim that a(t) 
is compactly supported. 

Prnof. Assume for simplicity t hat J = O and / (O) # O. In this case, if a(t) is compactly 
supported t.hen / {k) is an entire function of exponentia\ typc. It is proved in [R, 
p.278J that. if q(x) 1. O is compactly supported, q E L 1 (IR+ ), t hen /(k) has infinitcly 
many zcros in ![;. The function f' (O, z) #O if / (z) = O. Indeed , if /(z) =O and 
f' (O, z) = O t.hen f(x, z) = O by t.he uniqueness of the solut.ion of the Cauchy problem 
for equation (l.2.5) with k = z. Since /(x, z ) "$. O, one has a contradict.ion , which 
proves that f'(O, z) #- O if /{z) = O. Thus I (k ) cannot be an entire function if 
q(x) 1. O, q(x) E L1 (Ill+) and q(x) is compactly support.ed . O 
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Let us consider the following question: 
What are the potentials for which a(t) =O in (3.4.1)? 
In other words, !et us assume 

J ir · 
l(k) = ik+ :L k - ;k ' 

j=O J 

(3.4.24) 

and find q(x) corresponding to I-function (3.4.24) , and describe the decay properties 
of q(x) as x -+ +oo. 

We give two approaches to this problem. The first one is as follows. 
By definition 

f'(O,k) = l(k)f(k), J'(O , -k) = l(-k)f( - k ), k E IR. 

Using (3.4.25) and (1.2.11) one gets [l(k)- l(-k))j(k ) f (-k) = 2ik, or 

k 
j(k)f(-k) = lml(k) ' Vk E IR. 

(3.4.25) 

(3 .4.26 ) 

By {3.4.18) one can write {see (l.2.21)) the spectral function corresponding to the 
/ -function (3.4.24) (vé\ = k): 

(3.4.27) 

where ó{A) is the delta-function. 
Knowing dp(A) one can recover q(x) algorithmically by the scheme {l.5.1). 
Consideran example. Suppose f{O) f:. O, J = 1, 

. ir1 • ir1(k+ik¡) · ( r1k ) r1k 1 
I (k) = ik + k - ik1 = ik + ~ = t k + k2 + kf - k2 + kf. (3.4.28) 

Then (3.4.27) yields: 

(3.4.29) 

Thus (1.5.3) yields: 

L( ) = .!_ 100 d!. r1 vé\ sin vé\x sin vé\y 2k sh(k 1x) sh(k1y) 
x , y 7r o A + kf .¡). .¡). + 1 T¡ k1 k1 ' (3.4.30) 
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and, set t ing A = k2 and taking far simplicity 2k1 r 1 = 1, one finds: 

L ( ) _ ~ 1= dkk2 sin(kx) sin (ky) 
o x, y .- 7i" o k2 + k~ k2 _ ~ 100 dk sin(kx) sin (ky) 

- 7r o k'l + kí 

= é'.1= dk[cos k(x - y) - cos k (x + y)] 
11" o k2 + kí 

= !.!.._ (e-k1 lz - 11! _ e-ki(:r+y) ) k, > O, 
2k¡ ' 

where the known formula was used : 

T hus 

.!_ 100 cos kx dk - _..!.._ e - al:rl 
tr 0 k2 + a2 - 2a ' 

a > O, X E fil. 

(3.4.31) 

(3.4.32) 

(3.4.33) 

Equation (1.5.4) with kernel (3.4.33) is not an integral equation with degenerate 
kernel: 

1• ¡e- kilt- yl - e - k d t+1J ) sh(k1t ) sh(k1y) l 
K (x , y) + o [((x,t ) 2k,/r, + -k-, - - -k-, - dt (3.4.34) 

e- kd:r-yl - e- k¡(:r+yJ sh(k1x) sh(k1y) 
2k1/ r1 - - k-, ---k-, -. 

This equat ion can be solved analytically !Ra], but the solution is long. By this 
reason we do not give the theory developed in [Ra], but give the second approach to 
a study of t he properties of q(x) given l (k) of the form (3.4.28). T his approach is 
ha.sed on the theory of t he lliemann problem [G]. 

Equations (3.4.26) and (3.4.28) imply 

The funct ion 

Write (3.4.35) as 

Thus 

f (k) f (- k ) = ~: : ~¡, v1 = k1 + r ,. (3.4.35) 

fo(k) '= f(k) k + ik , #O in <C+
k - 1k 1 

k - ik1 k + ik1 k 2 + kf 
fo(k) k + ik, fo (-k) k - ik, = k' + v f" 

k 2 + k 2 
fo(k) = k2 + v~ h , h(k)·--'

- fo (- k ) 

(3.4.36) 

(3.4.37) 
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The íunction /o(-k) f. O in(:_, /o(oo) = 1 in(:_, so h :=~is analytic in(:_. 
Consider (3.4.37) as a Riemann problem. One has 

. k2 + k? 1 ¡= k2 + k? 1ndIR-k2 2 ::::: --: dln-k2 2 ==O. + V¡ 21n _ 00 + V¡ 

Therefore (see \G]) problem (3.4.37) is uniquely salvable. lts solUtion is: 

as ene can check. 
Thus, by (3.4.36), 

fo(k) = k + ik1, 
k + tv1 

k-iV¡ 
h(k) = k=Tk;· 

f(k) = k - ik1. 
k+w1 

The corresponding S-matrix is: 

S(k) = J(-k) = (k+ik1)(k+iv¡) 
f(k) (k - ik¡)(k -iv1) 

Thus 

for X ). Ü, 

and 
F(x) = F,(x) + Fd(x) =O (e-'"). 

Equation (1.5.13) implies A(x, x) =O (e-2k1z), so 

q(x) =O (e-"") , X -4 +oo. 

(3.4.38) 

(3.4.39) 

(3.4.40) 

(3.4.41) 

(3.4.42) 

(3.4.43) 

(3.4.44) 

Thus, if /(O) f. O and a(t) = O then q(x) decays exponentially at the rate deter
mined by the number k¡ , k1 :::: 1 ~}~Jki. 

lf f(O) =O, J =O, anda(!) =O, then 

I(k) =ik+ T· 
f(k)f(-k) = k' k' ' 

+ro 
ro >0. 

Let /o(k) = lk+iV!kl. Then equation (3.4.46) implies: 

k2 + l 
fo(k)fo(-k) = k' + vJ, 

(3.4.45) 

(3.4.46) 

(3.4.47) 
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and /o (k ) #O in 11:+· 
Thus, since ind lR ffl =O, fo(k ) is uniquely determined by t he Riemann probJem 

(3.4.47). o 

One has: 

and 

and F,(x ) =O. 
So one gets: 

k+ i 
fo(k) = k + ivo' 

fo( -k) = k - i , 
k-wo 

k f (- k) k + iv0 

f(k) = k + ivo' S(k) = f{k) = k - ivo' 

l/oo ( k+ivº)""dk F,(x) = 2'; _00 1-k - ivo e . 

- ivo e _ 2 - 110 :1: 2 . ¡00 ''"dk 
= ~ - oo k - ivo - voe , X> Ü, 

F(x) = Fs(x ) = 2voe-"0 :t , 

Equation (1.5.13) yields: 

X> Ü. 

(3.4.48) 

(3.4.49) 

.'l(J;, y) + 2110 l oo A (x,t)e-"~ (1+11 ldt;: - 2voe-vo(:t+ Yl, 

Solving (3.4.50) yields: 

Y ?. X ?. Q. (3.4.5Q) 

A(x, y) = - 2voe- vo(:i:+yl 1 + el- Zvoz . (3.4.51) 

T he corresponding potential (l.5. 12) is 

X -7 OO. (3.4.52) 

If q(x) =O (ch), k >O, then a(t) in (3.4.l) decays exponent ially. lndeed, in this 
case b1(t ), A1(y), b(t) , A1 * b decay exponentially, so g(t) decays exponentially, and, 

by (3.4.15), the function §(~·k=f~;k¡) := h wit h h(t) decaying exponentia lly. We leave 

t he details t o the reader. 

4 . Inverse spectral problem 

4.1 Auxiliary results 

4.1.1 Transformation operators 

If A1 and .42 are linear operators in a Banach spacc X, and T is a boundedly invertible 
linear operator such that .41 T = TA2 , then T is called a transformation (transmuta-
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tion) operator. If A2 f =AJ then A1Tf = ATJ, so that T sends eigenfunct ions of A2 

into eigenfuncti0ns of A1 with the same eigenvalue. Let ej = -~ +q1(x), j = 1, 2, be 
selfadj0int in H := L 2 (0, 00) operat0rs generated by the Dirichlet boundary condition 
ab :u = O. Obher selfad9oint hi0undary conditions can be considered also, for example, 
u'(O) - hu(O) =O, h = i::0nst ~ O. 

Theorem 4.1.1. TI·ansformation operator for a pair {l1, f2} exists and is of the Jorm 
T f = (! + I<)f, where the operator ! + I< is defined in (l.2.24) and the kernel I<(x, y) 
is the tmique solution to the problem: 

I<.,(x,y) - q1(x)I<(x , y) = I<,, - q,(y)I<, 

I<(x, O) =O 

11" I<(x ,x) = :¡ 
0 

(q, - q2)dy. 

(4.1.1) 

(4.1.2) 

(4.1.3) 

Proof. Consider for simplicity the case Q2 = O, q1 = q. The prnof is similar in the 
case q2 f. O. If q2 =O, tihen (4.1.3) can be written as 

q(x) = 2d](~:,x), I<(O , O) =O. (4.1.4) 

lf 11Tf = Tl2 f and Tf = f + J0" l<(x,y)fdy , chen 

BI<(x x) 1" - !" +q(x)f + qT f - [I<(x, x)f]' -~ f -
0 

I<.,f dy (4.1.5) 

= - f" -1" I<(x , y)f,,dy = -1" I<,,J dy - I<(x, y)f'I" + I<,f I" 
o o o o. 

Sincc f E D({1), /(O) =O, aHd f is arbitrary otherwise, (4.1.5) implies (4.1.1), 
(4.1.2) and (4.1.4). Conversely, if I<(x,y) s0lves (4.1.1), (4.1.2) and (4.1.4) , then I+I< 
is the ~ransformation operat0r. 'Fo finish the proof of Theorem 4.1.1 we need t0 prove 
existence of the solution t0 (4.1.1) , {4.1.2) and (4.1.4). Let ~ = x +y, r¡ = x - y, 
K(x ,y) o= B((, ry). Then (4.1.1), (4.1.2) and (4.1.4) can be wc;tten as 

l ('+") 11"' B,, = ;¡q - 2- B, B(<,O) = 2 
0 

q(s)ds, BICO =o. (4.1.6) 

Integrate (4.1.6) to get 

B.l(,ry) = HD +~[</(':") B((,r)dT. (417) 

Integrate {4 .1.7) with res¡:>ect t0 ~ over (r¡,~) and get 

B((, ry) = ~ f' q (~) ds + ~ r' 1" q (:2.2:) B(s, T)dTds . 
4 J,1 2 4 ),, o 2 

(4.1.8) 

This is a Volterra integral eq1.:1ati0n which has a solution, this solution is unique, and 
it can be obtained by iteratiens. 

Theorem 4. Ll is prnved. O 
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4.1.2 Spectral function 

Consider the problem (1.2.1). The classical result, going back to Weyl, is: 

Theorem 4.1.2. There exists a monotone increasing function p(>.), possibly 
nonunique, such that for every h E L 2 (0, oo), there exists h(>.) E L2 (JR; dp) such 
that 

r= lhl'dx = ¡= IÍÍl'dp(.IJ , ÍÍ(.IJ ,= lim (" f(x)<p(x, ./!:)dx, (4.1.9) 
Ío -eo n-+eo }o 

where the limit is understood in L2(1l,dp) sense. lj the potential q in (l.2.1) genero.tes 
the Dirichlet operator e in the limit point at infinity case, then p(>.) is uniquely defined 
by q, otherwise p(A) is defined by q nonuniquely. The spectral function of e has the 
following properties: 

[~ e"l'I"' dp(.\) < oo, '<fx >O, p(,\) = ~,13/' + o(,\312 ), ,\--> +oo. (4.1 .10) 

Theorem 4.1.3. (Weyl). For any >., /m). :f:. O, there exists m(,\) such that 

W(x,.\) '= <p(x,.\) +m(.\)<p(x,,\) E L'(IR+l· (4.1.11) 

The f'unction m(,\) is analytic in C+ and in(;_. 

The function m(A) is called Weyl's function, or m-function, and W is Weyl's 
solution. Theorem 4.1.2 and Theorem 4.1.3 are proved in [M]. 

4.2 Uniqueness theorem 

Let p(A) be a non-decreasing function of bounded variation on every compact subset 
of the real axis. Let h E Lij(Dl+), where Lij(Ill+) is a subset of L2 (Ill+) functions 

which vanish near infinity. Let ip0 :::::: ,;njfl and 

H(,\) = 1= h(x)<p0 (x, ,\)dx. (4.2.1) 

Our first assumption A 1 ) on p(A) is: 

I: H 2 (,\)dp(,\) =O, => h(x) =O. (4.2.2) 

This implication should hold for any h E Lij(IR+)· It holds, for example, if dp(A) ,¡:.O 
on a set which has a finite limit point: in this case the entire function of A, H(A), 
vanishes identically, and thus h = O. 
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Denote by P a subset of p(,\) with the following property: if p1 ,{J?. E P, v 
p1 - p,, and H >= {H(>.) 'h E C,\"'(IR+)}, where H(>.) is defined in (4.2.1), then 

{/_: H 2 (>.)dv(>.) =O VH EH}=> v(>.) =O. (4.2.3) 

Our second assumption A2 ) on p(A) is: 

pE P. (4.2.4) 

Lct us start with two lemmas. 

Lemma 4.2.1. Spectral functions p(A} o/ an operator eq = -~ + q(x) in the limit
point at infinity case bclong to P. 

Proof. Let p1,P2 be two spectral functions corresponding to f1 and f2, fi = eq,., 
j = 1, 2, v = p, - p, and (•) J:',°00 H 2 (>.)dv =O Vh E Li(IR+)· Let I +V and [ + W 
be the transformation operators corresponding to f 1 and f 2 respectively, such that 

'Po = (I + V)<p1 = (I + W)<p2, (4.2.5) 

where rp; is the regular solution (1.2.1) corresponding to q1. Condition (*) implies 

ll(I + v·¡1111 = ll(I + w·)hll Vh E L2(0,b), (4.2.6) 

where, for examplc, 

Vh = [ V(x,y)h(y)dy, v·h = [ V(y,x)h(y)dy. (4.2.7) 

It follows from (4.2.6) that 
I + v· = uu + w·), (4.2.8) 

where U is a unitary operator in L2 (0, b). Indeed , U is an isometry and it is surjective 
beca use I + V• is. 

To finish the proof, one uses Lemma 4.2.2 below and concludes from ( 4.2.8) that 
v· ;:: w·' so \ f ;:: w, !(JI= '{J2, and Q1 ;:: Q2 := q. Since, by assumption, q is in the 
limit-point at infinity case, there is only one spectral function p corresponding to q, 
W~=p,=p 0 

Lemma 4.2.2. lf U is unitary and V and W are Volterra operators, then (4.2.8) 
implies V = W. 

Proof. From (4.2.8) one gets I +V + (I + W)U". Since U is unitary, one has (J + 
V)(l + \/ ") = (! + W)(I + w•). Because V is a Volterra operator, (1 + V)- 1 = 1 +Vi, 
where \ ·1 is also a Volterra (of the same type as V in ( 4.2. 7)). Thus,(I +Vi){!+ W) ::::: 
(1 + v·¡u + wn, or 

V¡ + w + V¡ w = v· + Wt + v· W¡" (4.2.9) 
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T he left -hand side in (4.2.9) is a Volterra operator of t he type V in (4.2.7), while its 
right-hand side is a Volterra operator of the type v •. Since they are equal, each of 
them must be equal to zero. T hus, V¡(J + W) = - W , or (I + V) - 1(! + W) = ! , or 
V= W . . o 

T heor em 4.2.3 . (Marchenko} The spectml function determines l q uniquely. 

Prooj. If l q1 and f q1 have the same spectral function p(,\) , then 

llh ll' = 1-: IH , (A)l2dp = 1-: IH 2(A) l2dp Vh E Li(O, b), (4.2.10) 

where 

H; (A) •= [ h(x)<p;(x, k)dx, k = ../),, j = 1, 2. 

Let J + K be the transformation operator t.p2 = (! + I< )t.p1, and g := (/ + /(")h . Then 
H2 = (h,<p2 ) = (h, (/ + K )<p,) = (g ,<pi) . From (4.2.10) one gets llhll = 11(1 + K' )hll· 
T lms l + K' is isometric, and , bccause K' is a Volterra operator, the range of I + K ' 
is t he wholc space L2 (0, b). T herefore l + I< ' is unitary. This implics /( ' = O. lndeed, 
(! + I<' )- 1 = l + K (unitarity) and (! + l(•)-1 = l + \/ • (Volt.erra property of J<"). 
Thus J< = \ .• ,so J< = \!º = O. T hereforc t.p2 = t.p1 aud q1 = <n , so f q1 = f q2 - o 

Re mark 4.2.4. lf p1 = cp2 , e= const > O, then the above argument is applicable 
and shows that e must be equal to 1, e= l a11d q1 = q2 • l ndeed1 the above argument 
yields the u11itarity of the operator Jc(l + K "), which implies e= 1 and Kº = O. 

The following lemma is usefu\: 

Lemma 4.2.5. lf bl + Q =O, whe1·e b = const and Q is a compact linear operator, 
then b = O andQ = O 

A simple proof is Jeft t.o the reader. 

4 .3 Reconstruction procedure 

Assumc that p(A), t.he spectral funct ion corresponding to fq, is givcn. How can one 
reconstruct C9 , that is, to find q(x)? We assume for simplicity the Dirichlet boundary 
condition at x = O, but t he met.hod allows one to reconst.ruct the boundary condit.ion 
without knowing it a priori. 

The reconstruction procedure (G L, t hc Gel'fand-Levitan procedure,) is given in 
(1.5.1)- (l.5.il ). lts basic step consists of the derivation of equation (1.5.4) and of a 
st udy of t his cquation. 

Let us derive (1.5.il ) Wc start with the formula 

1-: <p(x , ../),)<p(y, ../),)dp(A) = ó(x - y ), (<l.3.1) 
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and assume that L(x,y) is a continuous function of x ,y in [O, b) x [O,b) for any b E 
(0,oo) . 

lf O ~ y< x, one gets from (4.3.1) the relation: 1: <p(X, v'i:)<p(y, v'i:)dp(,\) = Ü, Ü '.Ó y< X . (4.3.2) 

Using (1.2.24) , one gets 'Po= (/ + I<) - 1<p. Applying (/ + K )- 1 to <p(y , Vi:) in (4.3.2), 
oue gets 

O= 1: <p(x, v'i:)<po(y , v'i:)dp := I (x,y) , O 5 y< x . (4.3.3) 

The right-hand side can be rewritten as: 

l (x, y) = 1: (<po + K<po(x)<po(y, v'i:)d(p - Po) 

+ 1: ('Po + K <po)(x)<po(Y, v'i:)dpo 

= L(x , y)+ l," K(x, s)L(s, y)ds + ó(x - y )+ l," K(x, s)ó(s - y)ds 

= L(x, y) + { I<(x,s)L(s,y)ds + I<(x, y ), O'.:'. y< x. (4.3.4) 

From (4.3.3) and (4.3.4) one gets, using continuity at y = x, equation (1.5.4). 
In the above proof the integrals (4.3.2)- (4.3.4) are understood in the distributional 

scnse. 1f the first inequality (4.1.10) holds, then the above integrals over (- oo , n) are 
well defined in the classica.l sense. If one assumes that the integral in ( 4.3.5) converges 
to a function L(x) which is twice differentiable in the classical sense: 

. . 1" 1 - cos(xv0:) L(x) := hm Ln(x) := hm 2,\ da(.\), 
n-+oo n-+oo _ 00 

then the above proof can be understood in the classical sense, provided that 
(• )SUPn ,:rE(B,b) ILn(x)I :'.5 c(a,b) for any -oo <a< b < oo. If p(A) is a spectral 
function corresponding to e, then the sequence Ln(x) sat isfies (•). lt is known (see 
[LJ) that the sequence 

( ) -1" ( Vi:) ( v'i:)d (,\) -1" sin (x v'i:) sin(yv'i:) d (,\) 
1> n x, y - - oo <p x, <p y, P -oo ,\ Po 

satisfies ( • ) and converges to zero. 

Lemma 4.3.1. Assume (4.2.2) and suppose that the function L(x ) E H/0 c(Ifl+), 

(4 .3.5) 

Then equation (1.5.4) has a solution in L2 (0, b) for any b > O, and this solution is 
unique. 
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Proof. Equation ( 1.5.4) is of Fredholm-type: its kernel 

L(x, y) = L(x +y) - L(x - y) , L (x,x) = L(2x), L(O) = O, (4.3.6) 

is in H 1(0,b) x I-! 1(0,b) for any b E (O, oo). Therefore Lemma 4.3.l is proved if it is 
proved that t he homogeneous version of (1.5.4) has only the trivial solut ion. Let 

h(y ) + /," L (s, y)h(s )ds = O, O ,S y ,S x, h E L2 (0, x ). (4.3.7) 

Because L(x, y) is a real-va!ued funct ion, one may assume that h(y) is real-valued. 
Multiply (4.3.7) by h(y), integrate over (O,x) , and use {4.2.l}, (1.5.3) and Parseval's 
equation to get 

O= llhll2 + l: H 2(!.)da = llhll' + l: H 2 (!.)dp- llhll2 = l: H 2 (!.)dp. (4.3.8) 

From (4.2.2) and (4.3.8) it follows that h =O. o 

If the kernel K (x, y) is found from equation (l.5.4), t hen q(x) is found by formula 
(4. 1.4) . 

4.4 Invertibility of the reconstruction steps 

Our basic result is: 

Theorem 4.4 .1. A ssume (4.2.2), (4.2.3), and suppose L (x ) E Hl0 c(IR+)· Then each 
of the steps in (1.5.l) is invertible, so that (1.5.5) holds. 

Proof. l . Step. p =>Lis done by formula (1.5.3). Let us prove L => p. If t here are 
P1 and pz corresponding to the same L(x,y) , and v := p1 - Pz, then 

O= l: <po(x, ..IA)<p0 (y, ..IA)du. 

Multiply (4.4. l ) by h(x )h(y), h E C8"(1R+), use (4.2.1) and get 

O = l: H 2 (!.)du(!. ) ~H E H. 

By (4.2.3) it follows that v =O, so p1 = f12 . Thus L =>p. 

(4.4. 1) 

(4.4.2) 

o 

2. Step. L => I< is done by solving (1.5.4). Lemma 4.3.l says that f( is uniquely 
determined by L. Let us do the step ]('=>-L. Put y = x in (1.5.4), use (4.3.5) and 
(4.3.6) and get: 

L(2x) + /," K (x, s)[L(x + s) - L (x - s)lds = -K(x,x), (4.4 .3) 
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r" r L(2x)+ }, K(x,y-x)L(y)dy- Jo K(x,x-y)L(y)dy= -K(x,x). (4.4.4) 

This is a Volterra integral equation for L(x) which has a solution and the solution is 
unique. Thus the step /( => L is done. The functions L(x) and K(x, x) are of the 
same smoothness. O 

3. Step. f( => q is done by formula (4.1.4), q(xl is one derivative less smooth than 
K(x.x) and therefore one derivative less smooth than L(x). Thus q E Lf0 c(lll+}· 
The step q => K is done by solv ing t he Goursat problem (4. 1.1), (4.1.2), (4.1.4) (with 
q1 = O) , or, equivalently, by solving Volterra equation ( 4.1.8) , which is salvable and has 
a unique solution. The corresponding K(x,y) is in H1~c(lll+ x IR+ ) if q E L10 c(IR+)· 
o 

Theorem 4 .4 .1 is pro ved. o 

Let us prove that the q obtained by formula ( 4.1.4 ) genera tes the function K 1 (x, y) 
ldentical to the function K obtained in Step 2. Thc idea of the proof is to show that 
both !( and K 1 salve thc problem (4.1.1) , (4.1.2), (4.1.4 ) with the same q1 = q 
and en = O. This is clear for K 1• In arder to prove it for K , it is sufficient. to 
dcri\'e from equation (1.5.4) equations (4.1.1) and (4. 1.2) with q given by (4.1.4). 
Let us do this. Equation (4.1.2) follows from (1.2.5) because L(x,O) =O. Define 

D := ~ - /fr :=a; - ai. Apply D to (I.5.4) assuming L (x, y) twice differentiable 
wlth rcspect to x and y, in which case K(x ,y) is also twice differentiable. (See 
Rcmark 4.4 .3). By (4.3.6), DL =O, so 

DK + f,:¡K(x,x)L(x,y)] + K,(x,x)L(x , y) 

+ ¡• K,,(x, s)L(s, y)ds - ¡• K(x , s)L,,(s, y)ds =O. 

Integrate by parts the Jast integral, (use (4.1.2)), and get 

(DK)(x,y) + [(DK)(x,s)L(s,y)ds + KL + (K, + K,)L(x,y) 

+ K(L,(x, y) - L,(s, y)I•=•) =O, O~ y ~ x, 

(4.4.5) 

whcre K ;;: K(x,x), L = L(x,y), k = ~, J(z + I<y = f< , and L~(x,y ) -
L, (s,y)l,=r =O. Subtract from {4.4.5) equation (1.5.4) multiplied by q(x), denote 
DK(x ,y)- q(x )K(x,y) '= v(x,y), and get' 

v(x,y) + ¡• L(s,y)v(x,s)ds =O, O '5 y '5 x, (<1.4.6) 
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provided that -q(x)L(x,y) + 2kL(x , y) =O, which is true because of (4. 1.4). Equa
tion (4.4.6) has only t he trivial solution by Lemma 4.3.1. Thus v =O, and equation 
(4. 1.l) is derived. 

·we havc proved 

Lemma 4 .4.2. If L(x, y) is twice differentiable continuously or in L 2 -sense then the 
solution I<(x,y) of (1.5.4) solves (4.1.1), (4.1.2) with q given by (4.1.4). 

R e m ark 4 .4 .3 . !/a F'redholm equation 

(! + A(x))u = / (x) (4.4.7) 

in a Banach space X devends 011 a parameter x continuously in the sense limh--+O llA(x+ 
h ) - .4 (x)JI =O, lim,~0 11/(x + h) - / (x)ll = O, and at x = x 0 equation (4.4.7) has 
N(l + .4(x0 )) = {O}, where N(A) = {u : Au = O}, then the solution u (x) exists, 
is unique, and depends continuously on x in sorne neighborhood o/ Xo, lx - xol < r . 
lf the data, that is, A(x) and f(x ), have m derivatives with respect to x , tlien the 
sohltion has the same nmnber o/ dedvatives. 

Derivat.ives are understood in the strong scnse for the elements of X and in thc 
operator norm for the operator A(x). 

4.5 C haracterization of t he class of sp ect ral func
t ions of t he St urm-Liouville operators 

¿From Theorem 4.4.1 it follows that if (4.2.2) holds and L(x) E H/0 c(IR+), thcn 
q E Li0 c{IR+)- Condition {4.2.3) was used only to prove L => p, so if one starts with 
a q E Li0 c(IR+), thcn by diagram (1.5.5) one gets L(x,y) by formula (4.3.6), where 
L(x) E H/0 c(IR+). If (4.2.3) holds, then one gcts from L(x) a unique p(A). 

Recall that assumption ;11) is (4.2.2). Let A3 ) be the assumpt ion L(x) E H,';:1{lll+)-

T heorem 4.5.1. !/A¡) lwlds, a11d p is a spectral /unction o/ lq , q E H/~~(IR+ ), 
then assumption .·h) holds. Conversely, i/ assumptions A¡) and A3) holtl, tlie1l p is 
a spectral /unction o/ f1 , q E 11/~1c (JR+). 

P1·oof. lf .41} holds and q E H¡~~(IR+ ), t hen L(x) E 11;~1c+I (fR+) by (4. 1.4). lf .4 1) and 
.·h) hold. thcn q E 11/~'r { IR+) by ( 1.5.2). because equation ( l .5.4) is uniquely salvable, 
aud ( 1.5.5) holds by Thcorcm 4.4.1. O O 

4 .6 Relation to the inverse scattering problem 

Assumc in the section that fJ E Li ,1 - Then the scattcring data S are (1.2. 17) and the 
spcctral function is (1.2.21). 
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Let us show how to get dp, given S. If Sis given t.hen Sj, k; and J are known. If 
onc finds / (k) thcn dp is recovered because 

e;=-~_!_, 
IJ(;k;)]' s; 

(4.6.1) 

as fo llows from (1.2.20) and (1.2.16). To find f(k ), consider t.he Riemann problem 

/(k) = S(-k)f(-k), k E IR, /(oo) = 1, (4.6.2) 

wh ich can be writt.en as (see (3.4.3)): 

/o (k) = S( - k) w(- k ) / 0 (-k) if ind S(k) = -2J , (4.6.3) 
w(k) 

w(- k) k+ i"' 
/o( k) = S(-k)w¡¡;¡- k -iJo( - k ) if ind S(k) = -2J - l. (4 .6.4) 

Note that. w(-k) = w;k) if k E IR. The fun ction fo(k) is analytic in lt+ and has 
no zeros in lt+, and / 0 (-k) has similar propert.ies in tt_. Therefore problcms (4 .6.3) 
and (4.6.4) have unique solutions: 

/ 0 (k) = exp { ~ 1: log[S( ~t~wk- '( t )Jdt} if ind S(k) = -2J, lm k > O, 

(4.6.5) 

/o(k) = exp ---: 1- •"' dt { 1 / 00 log[S(-t)w-'(t)!.±i!i] } 

2rri -oo t - k (4 .6.6) 

if indS(k)=-2J- l , lmk>O, 

and 
f(k) = fo(k)w(k) if ind S(k) = - 2J, lm k > O, (4.6.7) 

/ (k) = / 0 (k)w(k)-k k . if indS(k) = -2J- 1, lmk > O. (4 .6.8) 
+ .. 

One can calcu late f(x) for k > O by taking k = k + iO in (4.6.7) or (4.6 .8). Thus, 
lo find dp, given S , one goes through the following steps: 1) onc finds J, Sj, k;, 
1 $ j S: J; 2) one calculates ind S(k) :=J. If J = -21 , then one calculatcs f(k ) by 
fo rmulas (4.6.5), (4 .6.7) , where w(k) is defined in (3.4.3), and Cj by formula (4.6.1) , 
and, finally, dp by formula (1.2.21). 

Ir ,J = -2J - 1, then one calcu lates / (k) by formulas (4.6.6) and (4.6.8), where 
"'>O is an arbitrary number such that" :f:. k;, 1 $ j $ J. lf f (k) is found, one 
calculates cJ by formula (4.6.1), and then dp by formu la (1.2.2 1). Note that / 0 (k) in 
(4.6.6) depcnds on "' • but f(k) in (4.6.8) docs not. 

This completes the descriptlon of t hc step S ::::} p. 
Let us show how to get S given dp(>.). 
From formula (1.2.21 ) one finds J , k1 , e; and if(k)I. lf 1/(0)11' O, thcn l/o(k)I = 

l/(k)I if k E IR . Thus, if lf(O)\ .¡.O, then log / 0 (k) is analytic in lt+ and vanishcs at 
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infinity. It can be found in 4::+ from t he values of its real part lag l/ o(k)I by Schwarz's 
formula for t he half-plane: 

Iog fo(k) = 2- r00 Iog l/o(tll dt. Im k >o. 
1 11" } _ 00 t-k 

(4.6.9) 

It / (O) # O, then f = f ow, so 

f(k) = exp { 2_ roo Iog l/o(Oldt} w(k). Im k >o. 
irr }_00 t - k 

(4.6.IO) 

If lf(O)I =O, then the same formula (4.6.10) remains valid. One can see this because 

$ is analytic in IC+ , has no zeroes in O::+, tends to 1 at infinity, and 16fitl = lf(k)J 
if k E IR. 

Let us summarize the step dp => S : one fi nds J , ki , Cj, calculates / (k) by formula 

(il.6. 10), and then S(k) :::::: L.JrW. and si arecalculated by formula (4.6. 1). To calcutate 

f (k ) for k > O one takes k = k + iO in (4.6. 10) and gets: 

/(kl = exp { 2- r00 Iog l/ (tJldt + Iog 1/ (kJI} w(k ) 
Z1f } _ 00 t- k 

=lf(k)lw(k)cxp { 2_p roo log lf (tk)ldt} • k > O. 
i7r }_00 t -· 

5. Inverse scattering on half-line 

5.1 Auxiliary materia l 

5.1.1 Transformation op era tors 

(4.6.11) 

Theorcm 5.1.1. lf q E L1,1, the11 tl1ere exists a tmique operator l +A s11ch that 
( 1.2.25) (1.2.28) liold. awl A(x,y) so/ves the following Goursat vrnblem: 

A;r:x - q(x )A = A11¡¡,0 S X S y S oo, 

A(x,x) = ~ J,00 
q(s)ds, 

.r}t~oo A (x, y) = .r}t~oo Ax(x, y) = 7}t~°" A 11 (x ,y) = O. 

(5. 1.1) 

(5.1.2) 

(5. 1.3) 

Proof. Equat ions (5.1.1 ) ami (5.1.2) are derived similarly LO the derivar.ion of t he 
similar cquations far f( (x,y) in T heorem 4.1. 1. Relations (5. 1.3) follow from the 
cstimatf'S ( 1.2.26) - ( J.2.27), which givc more precise information than (5. l.3). Esti
matc!'i ( 1.2.26) (1.2.28) can be derivcd from the Volterra equation ( l.2.28) which i!'i 
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solvable by iterations. Equation {l.2.28) can be derived , for example, similarly to t he 
derivation of equation (4. 1.8), or by substitut ing (1.2 .25) into (1.2.6). 

A detailed derivation of ali of the results of Theorem 5.1. l can be found in [M] . O 

5.1.2 Statem ent of t he direct scattering problem on half-axis. 
Existence and uniqueness of its solution. 

Thc direct sca ttering problem on half-line consists of finding the solut ion 1/J = t/J (r, k) 
to the equation: 

'ljJ11 + k2tjJ - q(r)t/J =O, r > O, 

satisfying the boundary conclitions a t r = O and at r = oo: 

,P(O) = O, 

1/J (r ) = e'6 sin(kr + ó) + o(l ), r ~ +oo, 

(5 .1.4) 

(5. 1.5) 

(5.1.6) 

whcrc ó = ó(k) is called t hc phasc shift , and it has to be bound. An equi va\cnt 
fo rmulat.ion of (5. 1.6) is: 

,µ=~ ¡e - '" - S(k)e" ' J +o( ! ), r -t oo, (5. 1.7) 

where S(k) = '1rif = e216(" l . Clearly 

v(r , k ) = ~[f (r , - k)-S(k) f (r , k)) = a(k)<p(r, k), a(k) o= f~k)' (5 .1.8) 

where <p(r . k) is defined ;n (1.2.1), sce also (1.2.10). From (5.1.8), (l.2 .7) and (5 .1.6) 
one gets 

<p (r , k) = lf~ ) I sin(kr + ó(k)) +o( ! ), r -t oo. (5. 1.9) 

Existence and un iqueness of the scattering solution t/l( r , k) follows from (5 .1.8) because 
cxistencc aud uniquencss of the regular solution ip(r, k) follows frorn (1.2. I ) or from 
(1.2.9). 

5.1.3 H igher angula r m om enta. 

lf one studies t he t hree-dimensional scattering problem wit h a spherically-symmetric 
potcntial q(x) = q(r ), x E IR3 , lxl = r, then t he scattering solution t/¡ (1-,a ,k) salves 
thc problem: 

['i72 + k2 - q(r)),P =O in R3 (5 .1.10) 

y =e'"0·z +.4(0 1,cr, k) ei:r + o (~) , r : =lxl -+ oo, o' := ; ,aES2. (5. 1.11 ) 
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Here 5 2 is the unit sphere in JR.3 a E 8 2 is given, A(a:', a, k) is called the scattering 
amplitude. If q = q(1·), then A{a', a, k) = A(a' a, k). The converse is a theorem of 
Ramm [RJ, p.130. The scatter~ng s0lut ion solves the integral equation: 

r eikl:t-yl 
,¡,=e"º·' - }IR' g(x, y, k)q(y)>!J(y,o, k)dy, 9 '= 4nlx - YI. (5.!.12) 

h is known that 

(5113) 

Y((a) are orthonormal in L2 (S2 ) spherical harmonics, 1~ = Ytm, - f:::.:; m ~e, and 
summation over m in (5.1.13) is understood but not shown, and Jt(r) is the Bessel 
function. 

[f q = q(r) , then 

where 

·'· ~4n.1 >/J1(r,k) ,,( '),,-----() '//=L., --¡;;t -r-1c o If a, 
l=O 

1/J[, + kz1/Jt - q(r)1/11 - t(t'~ l} 1/J1 =O, 

1/;c = ei61 sin (kr - ~ +óc) +o(l) , 1·-+ oo, 

1/11 = O(rt+i ), r -+ O. 

Relation (5.l.16) is equivalent to 

T --t 00, 

(5.1.14) 

(5. 1.15) 

(5.J.16) 

(5. J.17) 

(5. 1.18) 

similar to (5.1.8), which is (5.1. 18) with e = O. If q = q(r), then the scattering 
amplitude A(a' , a,) = A(a' ·a, k) can be written as 

~ 

A(o' · o , k ) = L::A1(k)Y1(o')Y,(o), 
l =O 

whi\e in the general case q = q(x), one has 

A(a',o,k) = LA,(a,k)Y1(0'). 
l =O 

lf q = q(r ) then Sr in (5.1.18) are related t.o At in (5.I.19) by t.he formula 

k 
Sr= l - ---:Ar . 

2 .. 

(5.l.19) 

(5.1.20) 

(5 .1.21) 
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In t.hc general case q = q(x), one has a relation between S-mat.rix and t he scattering 
amplitudc: 

(5. l.22) 

so that (5. l.21) is a consequence of (5. 1.22) in the case q = q(r) : St are the eigenvalues 
of Sin the eigcnbasis of spherical harmonics. Since S is unitary, one has IStl = 1, 
so St = e2 i61 for some real numbers 01 , which are callcd phase-shifts. These numbers 
nrc thc same as in (5. l.1 7) (cf. (5.l. 18)). From (5.1.21) one gets 

At(k) = Tei61 sin(ót) . 

Thc Green íunction 9t(r, p) , which solvcs the equation 

( á' ' l(f+ l )) -+ k --- g1 = - ii(r-p) 
dr2 r 2 ' 

891 - ikgt --t O, 
8r r -++oo 

can be writtcn explicit.ly: 

) { r' <¡>,i(kp) f , 1(kr ) r ~ p, F,1 ,= <'#-. 
gi(r, p = F:~ 1 !/Jot (kr)/0 1(kp), r < p, ~ot(kr) = ~' 

nnd t hc function ib1(r, k) solves thc cquat.ion: 

ib1(r, k) = u1(k•·) - 1= g1(r, p)q(p)ib1(p, k )dp. 

(5.l.23) 

(5.l.24) 

(5.1.25) 

(5.1.26) 

Thc function Fot (k) is t.he Wronskian W[/0 1,!/)0 ,t], ~ot (kr) is defined in (5.1.25) and 
fot is the solution to (5.1.15) (with q = O) with the asymptotics 

fot =e•kr + o(l) , r --t +oo, fot(kr) = e;~(u1 (kr) + iv1(kr)), 

v1 '= ~Nt+¡ (kr). 
(5. l.27) 

Lct cp1(r, k) be the regular solution to (5. 1.15) which is defined by the asymptotics as 
r-+ O: 

Thcn 

v1(r. k) = a1(k)<P1(r, k) , 

lft(O, k)I . ( e~ ) 
cp1 (r, k) =~sm kr- 2 + ót +o( l ), 

Lcmma 5.1.2. One has: 
sup la1(k)I < oo, 

l =0,1.2 ... . 

whert. k > O 1.s an arbitrary fixed number. 

\\'e omit the proof of this Jemma. 

(5. l.28) 

r --t OO. 
(5. 1.29) 

(5. 1.30) 
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5.1.4 Eigenfunction expansion 

We assume that q E L1,1 and h E Cif(IR+), lh = -h" + q(x )h , ,\ = k 2 , Jet g = 

<p(x,~Ytr·6l' y 2: X 2: O, be "the resolvent kernel of e : (t - A)g = 6(x - y ), gh == 
g(A)h := f0

00 g(x, y, ,\)hdy, and f¡ = /(y, ikJ). Then ¡ = - gh + ±lgh. lntegrate this 
with respect to ,\ E ([: over IAI = N a nd divide by 27Ti to get h = -2h Jl>·l=N ghd,\ + 
th Íi>-l=N !Jfd.>.. := Ii + !2.The function gh is analytic with respect to A on the 
complex plane with the cut {O,oo) except for the points ,\ = -kJ, 1 S j S J , 
which are simple pales of gh, and limN-+oo 12 = O, because /fghj = o(I) as N ~ 00. 

Therefore: 

1 ¡= J - 1 i h = -, [g(,\ + iO)h - g(-1 - iO)h]d-1 + Í:: -2 . ghd-1. 
27tt o i=1 1n t>.+ tJl=6 

(5. 1.31) 

One has (cf. (1.2.10))' 

g(-1 + iO) - g(,\ - iO) _ ( k ) /(-k)/ (y, k ) - /(y , -k)f(k) 
2i - 'P x, 2if/ (k) f' 

k r. 
= f/(k)f' <p(x, k)<p(y , k ), k = V A > 0. 

Also 

-~ i ghd),, = - Res>.=-k~ gh 
2m p.+k:f=6 ' 

r= ) <p(x,ik;)2 .k f ( ) r= 
= - Jo /¡(y h(y)dy · j (ik¡) i 'i = s1 ¡ x h,, h¡ := Jo /¡hdy, 

s1 are defined in (1.2.16), and 

. / (x, ik;) f;(x) 
<p(x,<k;) = f' (O,ik; ) = / '(0,ik;)' (5.1.32) 

T herefore 

r= ( r= ) 2k' dk , 
/1(x) = }, }, <p(y,k)li(y )dy <p(x, k)rrlf(k )f' + 'L; s, J,(x)h,. 

o o 1=• 
(5.1.33) 

This implies (cf. (1.2.21), (1.2.20), {l.2.16))' 

2 f'XJ k 2dk J 

6(x-y) =;; fo <p(x,k)<p(y,k)lf(k)f' + ;h s, f, (x )f,(y ) 

= 1: <p(x , ..f>.)<p(y, ..f>.)dp(,\). 

(5.1.34) 

\\'e ha\•e provcd thc cigcnfunction cxpansion theorcm for Ji E C<f(IR+). Sincc this 
set is dense in L2(IR+), onc gcts thc t heorcrn for h E L2 ( lfl+). 
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Theorem 5.1.3. I/q E L1, 1 , then (5.1.33) holdsfor anyh E L2 (1R+) and the integrafs 
converge m L 2 (Ill+} sense. Parseval 's equality is: 

2 ~ 2 2 roo - 2 k'dk - r= 
!lh!l1,,1rt,) = L., s;/h;I +;; }, !h(k)I l/(k)!" h o= }, h(y)<p(y, k)dy . (5.1.35) 

j = I O O 

5.2 Statement of the inverse scattering problem on 
the half-line. Uniqueness theorem 

In Section 1.3 t.he statement of the ISP is given. Lct us provc the uniqueness theorcm. 

Theorem 5.2.l. l/q1, q2 E L1,1 gcnerate the same data ( l. 2. 17), then q1 = q2 . 

Proof. \Ve prove that t hc data (1.2.17) determine uniquely / (k} , and this implies 
q1 = q2 by Theorem 3.1.2. 

Clrum 1 !/ ( I. 2. 17) is 9ive11, then /(k) is uniquely determined. 
Assume thcre are / 1(k) and h(k) corresponding to t he data {l.2 .17). Then 

/,(k) 
h(k) 

¡, (-k) 
h( - k) ' -oo < k < oo. (5.2. l ) 

Thc lcft-hand side of (5.2 .1 ) is analytic in U::+ and tends to l as )kl -too, k E U::+ , 
and the right-hand side of (5.2. 1) is analytic in a:; _, and tends to l as lk l -t oo, 
k E {: _ . Dy analytic continuation };ffi is an analytic function in a::, which tends to 

J as lkl--+ oo, k E a::. Thus, by Liouville t heorem, 7;fü = 1, so / 1 = f'l. O 

Cla1111 2. !/ ( l.2.17) is given, th en f'(O , k ) is 1111ique/y defined. 
Assume there are J; (o, k) ancl J;(o, k) corresponding to ( l .2. 17). By thc Wronskian 

rclation ( 1.2. 11 ), taking into account that f¡(k) = h.(k ) :::: / (k) by Claim 1, one gets 

lf;(o, k) - ¡;(o, k)J/(-k) - u: (O , -k) - ¡;(o, -kJJ/(kJ = o. (5.2.2) 

Denote w(k) o= J: (O, k)- ¡;(O,k). Theno 

w(k) 
/ (k) 

w(-k) 
/ (-k)' 

k E IR. (5.2 .3) 

Thc function ~ is ana lytic in([:+ and tcnds to zero as lkl -too, k E tl:+, and lf=if 
has similar propcrties in tt_. It follows that lfif::: O, so ¡; (D,k) = f.í(O,k) . Let us 

check that jfU is analytic in a::+. One has to check that w(ikJ) =O. This follows 
from( l.2.16): if / (k), s, and ki are givcn, then /' (O, ik,) are uniquely detcrmined . 

Let us check that w(k) --+O as lkl --t oo, k E !l.:+. Using (3.1.5) it is sufficient 
to check that A{O, O) is uniquely detcnnined by / (k), becausc the integral in (3. 1.5) 
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tends to zero as lkl ....¡. oo, k e([;+ by the Riemann-Lebesgue lemma. From (1.5.16), 
integrating by parts one gets: 

f(k) = 1 - A(~~O) - ~ f,00 
e;"A,(0,y)dy. (5.2.4) 

Thus 
A(O, O) = - ,li_.";.,lik(f(k) - ! )]. 

Claim 2 is proved. 

T hus, Theorem 5.2.l is proved. 

5 .3 Reconstruction procedure 

This procedure is described in (1.5.10). 

Let us derive equation (1.5.13) . Our starting point is formula (5.l.34): 

[ 00 2k2dk J 

Jo <P(X, k)<P(y, k) ~lf(k)I' + f;, s, J,(x)J,(y) = O y > x ~O. 

From (1.2.10) and (I.2.25) one gets: 

k<P(X k) /.oo 17(k)r = sin (kx + ó) + • A(x, y) sin (ky + ó)dy 

= (/ + A) sin (kx + ó), ó = ó(k). 

Apply to (5.3.1) operator (1 + A)- 1, acting on the functions of y , and get: 

2 ( 00 k<P(X,k) . J -k 
;: Jo l7('k')f sm(ky + ó)dk + L sjfj(x)e ;Y =O, y > x ~ o. 

j=l 

F'rom (5.3.2), (5.3.3), and (1.2.25) with k = ikj , one gets: 

(/+A) ( ~ fo00 
sin(kx + ó) sin(ky + ó)dk) 

(5.2.5) 

o 

o 

(5.3.1 ) 

(5.3.2) 

(5.3.3) 

J (5.3.4) 
+(!+A) Lsie-k, (~+v) = 0, y > x ;::: O. 

j = I 

One has 

2 ¡00 l ¡00 
:- sin(kx + ó) sin(ky + ó)dk = - cos[k(x - y)]dk 
¡¡ o 1T o 

1 ¡00 1 ¡ 00 - :: co,¡k(x +y)+ 2ó(k )]dk = ó(x , y ) - -:: (e2;;¡ q - lk'"+'ldk 
" o 2 .. -oo 

1 ¡00 = ó(x - y ) + - 11 - S(k)]e" «+•ldk. 
271' - oo 

(5.3.5) 
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From {1.5. ll ), (5.3.4) and (5 .3.5) one gets (1.5. 13). By continuity equation (1.5.13), 
dcrivcd far y > x 2: O, remains valid for y ~ x ~ O. O 

Theorem 5.3.l. ljq E L1, 1 and F is defined by (1.5. ll ) then equation {l.5 .13) has 
a .tolution rn L1(1f4) n L<X> (IRz), ffiz := [x,oo), for any x !'!O, and this solution is 
umque. 

Lct us outline the steps of t he proof. 
Step l . lf q E L1,1, then F(x ), defin ed by ( l .5.11) satisfies the following estimates: 

IF(2x)I $ w(x), ¡F(2x) + A(x,x)I $ ca(x), IF'(2x) - q~)I $ cu2(x), (5.3 .6) 

whcre u(x) is defiucd in (1.2.26), and 

llFllL'(lll+I + llFllL'(lll+I + llFllL-(lll+) + llxF'(x)llL•(IR+) < oo, (5.3.7) 

J,00 J,00 
IF(s + y)ldsdy < oo. (5.3.8) 

Step 2. Equatiofl 

(/ + F,)h o= h(y) + J. 00 
h(s)F( s + y)ds =O. y ~ x ~ O (5.3.9) 

is o/ Fredholm type in L 1 (~), L2(Ill.z) and in L00 (IR.c ). lt has only the trivial solution 
11 =O. 

Using estimates (5.3.6) - (5.3.8) and the criteria of compactness in U'(Dl,,:) , p = 
l , 2, , one checks that F7. is compact in these spaces for any x ;?: O. The space 
L' n l C l 2 because 1ihll2 $ llhlldlhlloo. whcre llhll, o= llhlb(IR.)· We nced the 
fo llowing lemma: 

Lemma 5.3 .2. Let h solve (5.3.9) . !/ h E L 1 := V (IR,,), then h E L00 . lf h E V , 
tl1en h E L1 . lf 11 E L1 , then h E L00 . 

Pmof. lf h solvcs (5.3.9), thcn llhlloo $ llhlh sup,,,, ¡F(y)I $ c(x)llhlh < oo, wherc 
r(•) -+O as x -+ oo. Also llhlll $ f,00 dyu'(''f')ffhlll $ c,(x)llhlli < oo, e, (x) -> O 
ns .r. ~ • So thc first claim is proved. 
Also llhlh $ ll hlh sup,,, J;' ¡F(s + y)ldy = c2 (x)llhlh, c2(x) -> O as x -> oo. lf 

1, E L'. Lhen ll hll00 $ Ohll2sup,~, (J,00 IF(s + y)l'ds) ! = c3(x)llhl!,, c,(x) ->O as 
..... o 

Lcmma 5.3.3. lf h E L 1 solves (5.3.9) and x;?: O, Oi en Ji =O. 



360 A.C. Ramm 

Proof. By Lemma 5.3.2, h E L2 n L00 • It is sufficient to give a proof assuming x = O. 
The function F (x) is real-valued, so one can assume that h is real-valued. Multiply 
(5.3.9) by h and integrate over (x,oo) to get 

llhll' + _!__ / 00 [1 - S(k)Jh2 (k)dk + f, s; ( f 00 e-' ;'h(s)ds) ' = O, 
211' -oo j=I } .,, (S.3.10) 

h := ¡00 eik~ h(s)ds, 

whcre 1111 11 = llhllL'(D<+I one gets J':'00 h2(k)dk = O. Also, lf,- J':'00 S(k) h2(k)dkl :S 
,';;- J':'00 lh(k)l2 dk = llhll'· Thcreforc (S.3.10) implies s; =O, O= h, '= J,00 he-•;•ds, 
1 ;'5:j~J,and 

(h, h ) = (h, S(- k)h(-k )), (S.3.11) 

where (h,9) := f~00 h(k)'fj(k)dk. Sincc h is real valued, one has h(-k). T hc unitarity 

of S implies s-• (k ) = S(-k) = S(k), k E lll, and llS(-k)h(-k)ll = llh(-k)ll· Bccause 
of (5.3.11), onc has equallty sign in t he Cauchy inequalit.y (h, S( - k)h( - k) ~ llhU2 . 

T his mcans that h(k) = S(-k)h( - k), ami ( l.2.17) implies 

h(k) h(-k) 
f(k) = f( - k)' 

k E lll. (S.3.12) 

Because 111 ;;:: O, one has h(ikj) =O, and if / (O) f. O, then *t is analyt.ic in lt+ and 

vanishes as lkl --t oo, k E oo, k E a::+. Also ~ is analytic in {:_ and vanishes 

as lkl--+ oo, k E{: _ _ Thcrefore, by analytic continuation, }ffi is analytic in{: and 

vanishes as lkl --+ oo. By Liouvillc theorem , ~ = O, so h(k) = O and h = O. 

lf /(0) =O, t hen, by Thcorem 3. 1.3, f(k ) = ; kA, (k), A,(O) #O, and t he above 
argument works. O 

Becausc Fz is compact in L2 (IR:i:) , the F'redholm alternative is applicable to (5.3.9), 
and Lemma 5.3.3 implies that ( l.5. 13) has a solution in L2(IR:i:) for any x ~O, and 
this solulion is uniquc. Note that the free term in (1.5.13} is - F(x +y), and this 
function of y belongs to L2 (1Rz ) (cf. (5.3.8)). Bccause F;r is compact in L 1(1Rx), 
Lemma 5.3.3 and Lemma 5.3.2 imply existencc and uniqueness of the solution to 
(1.5. 13) in V (IR_,) for any x ~O, and F(x+y) E L 1{1R;r} for any x ~O. Note 
that the solution to (1.5. 13) in L1(lll.i ) is the same as its solution in L2(IRz)· This is 
established by t he argurnent uscd in thc proof of Lemma 5.3.2. 

\\'e give a mNhod for thc derivation of thc estimates (5.3.6) (5.3.8). EstimaLc 
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(5.3.8) is an immediate consequence of the first estimate (5.3.6). lndeed, 

Lct us prove 1he fir st cst.imate (5.3.6). Put in (1.5.13) x =y: 

.4(x, x) + J,00 
A(x , ')F( s + x) dx + F(2x) =O. (5.3.13) 

Tlms 

¡F(2•)1 5 IA(x, x)I + f,00 l.4 (x, s) F (s + x)ldx. (5.3 .14) 

Prom (1.2.26) and (5.3.14) one gets 

100 ( x+s ) IF(2x) I 5 ca( x ) + e , a - 2- IF(s + x)lds 

5 ca( x ) + ca(x ) f, 00 
¡F(s + x)lds 5 cu(x), 

(5.3.15) 

whcrr e = const > O stands far various constants and we ha\'e used the estimatc 

sup /
00 

IF(s + x)lds 5 ! 00 
IF(<)ldt =e< OO . 

.r~O :r lo 
This cstimate can be dcrived from (1.2.26). Write (1.2 .26) as 

.4(z,;-x)+ f,00 
A( x ,t+x -z)F(t)dt + F (z)=O, z2'. 2x2'. 0. (5 .3. 16) 

Lct us pro\·c t hat equation (5.3 .1 6) is uniquely solvable for Fin LP(IRN) , p = oo, 
JJ = 1 fo r ali :r :;::: ~. where N is a sufficiently large uumber. In fact, we prove tha t t.he 
o¡wrator in (5.3.16) has sma!l norm in L'i( lllN) in N is sufficiently la rge. Its norm in 
L00 (11l,...) is not more than 

;~~ loo l.4(x , t + x - z )ldt 5 e /,~!:,/'- lq(s)lds 

5e1: dt J. 00 
lq(s)ld' =e J:(s - N)lq(s)l ds < 1 

bccause q E L1, 1 • \Ve have used estimate (1 .2.26) above. The function A(x,-x) E 
L<»( lllN), so our cla im is proved for p = oo. Consider the case p = l. One has 
thc following upper estimate for the norm of the opera tor in (5.3.16) in L1(ffi.N): 
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sup12:,v J~ IA(x. t + x - z)ldz :S supt2:N J~-N IA(x, x + v)ldv :S J00Q dv fz"':.~ lqlds = 
2 f"'00(s - x )lqlds ....¡. O as x --> oo. Also J; IA(x, z - x)ldz < oo. Thus equation 
(5.3.16) is uniquely so\vable in· l 1(IllN) far a li x !:: -1- if Nis sufficiently largc. l_n 
arder to finish the proof of t he first estimate (5.3.6) it is sufficient to prove that 
llFJIL""'(O.NJ::; e< oo. This estimate is obvious for Fd(x) (cf. (1.5.11)). Let us prove 
;, foc F,(x). Us;ng (3.4.3), (3.4.5) , (3.4.5'), (3.M ), one gelS 

1 - S(k) = l/(k) 7,¡¡~,~~~~ + i~) = [A(k) - .4(k)](I + b(!-))(I + g¡ ( 1 + ~) , 
(5.3.17) 

where ali thc Fourier transforms are taken oí W 1•1 (1R+) functions. Thus, onc can 
conclude t hat F1 (x) E L00{IR+) if one can prove that. l := .4(kJ;il (kl is t.he Fouricr 

transform of L00(lR+) function. One has 1 = J0
00 dyA (y) ~ ··~-ke- ·~~ and 

l oo ¡ oo l oo eik(:1:+11l _ eik(z-11) 
e'" I (k )dk = dyA(y) k 

-00 o -oo 

= f,00 dyA(y) i~[l - sgn(x - y)J = 2;rr J,00 
dyA(y) . 

(5.3.18) 

f rom ( 1.2.26) it. follows that. f1
00 A(y)dy E L00 (IR+). \Ve ha ve proved t.hat. llF Jl1,-(ll+)+ 

llFlli1clR.I < oo. Oifferent.iat.e (5.3 .13) to get. 

2F'(2x) + Á(x, x) - A(x,x)F (2x) + f,00 A,(x , s) F (s + x )ds 

r00 , · dA(x , x ) + }, A(x,s)F (s + x )ds = O, A o=~· 

(5.3.19) 

º' 
q(x) 1 roo 

F'(2z) = 4 + A(x, x)F(2x) - ;¡ }, [A,(x,s) - .4,(z,s)JF(s + x)ds. (5.3.20) 

Onc has f000 x[q[d;, < oo, f000 o~A (x,,;;)[[F(2x)[dx $ sup, 20(x[A(x, x )[)·f 000 [F(2x)[d;, $ 
r. LeL us check t hat. I o= .{0 x[ f , [A, (x,s) - .4,(;,,s)JF(s + x)ds[ dx < oo. Use 
(1.2.27) and gel I $ e J;" f.U(x) J,00 u ( 't') [F(s+7)[dsdx $e f0

00 u(x)dx J;" [F(y)[dy· 
sup.r>O.•>.rzo (T) :S (' < oo. Tite dcsired est imat.e is deri,•ed. 

Tl1e ;hird estimatc (5.3.6), IF' (2x) - ~I :S co2 (x) follows from (5.3.20) be
cause [.4(I,r)[ $cu(,·), [F(2r.)[ $ cu(x), and f,00 [.4,(•,s) - A,(,,.,)[JF(s + x)d.• $ 
co(.c) J.oc o ( 7) lf'(s + :r)jtfa S co2 (:r) f0

00 IF(s + x)lds S co2 (x). The est.imate 
jF (2r) + .4.(r,r)J :S co(.r,) íollows similarly from (5.3.13) and ( 1.2.26). Thcorcm 5.3. i 
is pro\'ed. 
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5.4 Invertibility of the st eps of the r econstruction 
procedure 

Tite rcconstruction procedure is { 1.5.10). l. The step S => F is done by formula 
( i.5. 11 ). 

To do thc slcp F => S, one takes x--¡. -oo in ( I.5.11 } and finds SJ, ki , ancl J. 
Thus Fd(z) is found a.nd F, = F - Fd is found. From F, (:z:) and finds l - S(k) by the 
invcrse Fourier transform. So S(k) is found and the data S (see (1.2.17)) is found 

2. The step F => A is done by solving equation (1.5. 13). By Theore1n 5.3. I tbis 
cquation is uniqucly salvable in L1 (Illz) n l 00 (Illz) far ali x ~O if q E L1, 1 , t.hat is , if 
F came from S corresponding to q E L1, 1 • 

To do Lhc step A => F , one finds f(k ) = 1 + J0
00 A(O, y)e'"' lldy , then the numbers 

1k1 , thc zcros of / (k) in <C+. the number J , 1 ~ j ~ J , and S(k) = lfITTl . The 
nurnbers s1 are found by fo rmula (1.2.16), where 

/'(0,ik;) = - k; - A(O, O) + f,00 A, (0, y)e- » •dy. (5.4. 1) 

Thus A => S and S => F by formula (1.5.11). \Ve also give a dircct way t.o do the 
SlCJ) :\=>F. 

\ \'rite equat ion ( 1.5. 13) with z = x +y, u= s +y, as 

(/ + B, )F o= F (z)+ /
00 

A(x,v+x-z) F(v)dv = -A(x,z -x ), z ~ 2x ~ O. (5.4.2) 

The norm of the operator Bz in L~., is estimated as follows: 

llB, ll $ sup 1" IA(x, v + x - z)ldz $ csup 1" u (x + v -2 ') dz $ c f
00 

u(t)dt , 
11> 0 O v> O O z 

(5.4.3) 
whcrc o{:z) = J;' \q(t )!dt and the estimate {l.2 .26) was used. lf x0 is suffidently large 
th n l! Bzll < 1 for x 2: Xo because fz00 o(t)clt--¡. O as x--¡. oo if q E L1 , 1 . Thcrefore 
cquation (5.4 .2) is uniquely salvable in L~z for ali :z: 2: :z:0 (by t he contraction mapping 
principie), and so F(z) is uniquely detcrmined far ali z 2: 2:z:0 • 

·ow rewrite (5 .4 .2) as 

f (,)+ [ " A(x , v+x-z) F(v)dv = -A(x,z-x )-J,,, A(x ,v+x-z) F(v)dv. (5.4.4) 

This is a Volterra equation for F( z) on thc finite intcrva\ (O, 2x0). l t is uniquely 
salvable ince its kernel is a continuous function. One can put x = O in (5 .4.4) and 
the kernel A. (O, v - :: ) is a continuous function of v and :: , and t he right-haud si de of 
(5..1 1) a l r = O is a cont inuous function of :: . Thus F (::) is uniqucly rccovered fo r ali 
:: 2: O from .4 (x , y ), y~ x ~O . Step S => F is done . 

3 The stcp A=> q is done by formula ( l.5.12). The converse step q => A is done 
by solving \"oh erra cquation ( 1.2.28), ar, cquiva lcntly, the Goursat problcrn (5. 1. l ) 
(5. 1 3). 
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\Ve have proved: 

Tbeorem 5.4.1. Jf q E L 1, 1 and S are the corresponding data (1.2.17), then each 
step in (1.5.10) is invertible. ·In pa,.ticular, the patential obtained by lhe procedw-c 
(1.5. IO) equals to tite original potential q. 

R emark 5.4.2. !/ q E Li ,1 and Aq :;;: Aq(x, y) is the solution to (1.2.28), the11 Aq 
satisfies equatiori (1.5.13) and, by tl1e uniqueness o/ its so/u tion, Aq = A, where A 
is the fu nction obtained by the scheme ( I.5.10). Therefore tl1e q obtained by ( 1.5.10) 
equals to the original q. 

Re mark 5.4.3. One can verify rlirectly that the solution A (x , y) to (I.5. 13) salves the 
Goursat problem {5.1.1) - (5.1.3). T/Jis is done as m Section ,/.,(, S tep 3. Therejore 
q(x), obtamed by the scheme (1.5.10), generales the sam e A (x , y) which was obtairled 
at the second step of this scheme, anti there/ore tl1is q generates the original scattering 
data. 

R e mark 5.-4.4. The uniqueness Theorem 5.2.J does not imply that if one stllrls with a 
q0 :::; L1.1. computes the corrnsponding scattering data (1.2.17), and applies inversion 
scheme ( l.5.10), lhen the q is obtained by this scheme is equal to q0 . Logically it is 
poss1ble that this q generales dat<i Si which genemte by the sclieme{l.5.IO) votential 
q1 • etc. To close tl1is loo]J 011e has to check that q :::; q0 . Tl1is is dofle in Theorem 5.i . I, 

because Qo:::; -2~:::; q(x). 

5.5 C haracterization of the scattering data 

1n t his Section we give a necessary and sufficicnt condition for the data ( 1.2.17) to be 
the scat tering data corresponding to q E Lu. [n Section 5 . 7 we give su ch conditions 
on S for q to be compactly supported , or q E L 2 (IR+). 

T h eorem 5.5.1. lf q E L1,1, tl1en tl1e following coriditions hold: l } ( 1.2.23); 2) 

k, >o. s, >o, 1 "j" J , S(k) = S(- k) = s - '(k), k ~ o, S(oo) = ! ; 3) (5.3.7) 
hold. Converse/y, 1j S satisfics conditions l } - 3), then S corresponds to a uniq11e 

q E L1 .1· 

Proof. T he necessity of conditions 1) 3) has been proved in Theorcm 5.3. J. Lct 
us prove the sufficiency. lf conditions 1) 3) hold , then t he sche me {1.5.10) yielcls 
a uniquc potentinl, as was provcd in Remark 5.<1.2. Jndeed, cquation ( I.5. 13) is of 
F'rC'dholm type in L1(Ill,..) far evcry x ~O if F sa tisfies (5.3.7). Moreover, equation 
(5.3.9) has only the trivial solutiou if couditions 1) - 3) ho ld . Evcry solut.ion to (5.3.9) 
in l 1(1R.,) is also a solut.ion i1i L2 (1Rz) and in L00(1Rz), and t hc proof of the uniqueness 
of thc solulion t.o (5.3.9) under t.he condit ions l ) 3 ) goes as in Thcorem 5.3.1. T he 
role of / (k) is p laycd by t.he unique solution of t he Riemann problem: 

! +(k) = S(- k)f -(k) (5.5. 1) 

which consists o f finding 1.wo functions l +(k) and / _(k) satisfying equation (5.5.1) 
such that /+ is a n annlytic function in U::+, f +(ik1 ) ::; O, i +(ik1 ) f:. O, 1 :S j :S 
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J. / + (oo) = 1, and / - (k) is an a.nalytric func tri0n in(:_ such that /-(-iki) = ©, 
Í - (- ik; ) t O, 1 <; j <; J, f _ (oo) = 1, ano !+(O) =O if indS(k) = -2J - 1, 
/ +(O)#; O if indS(k) = -2J. Existence 0f a solution to (5.5.1) foll0ws from the 
11011-negativity of indS(-k) = -indS(k). Uniqueness of the solut ion to tihe ab0ve 
problem is proved as follows. Denote l+(k) := f(k) and /_ (J.- ) = f(-k). Assume 
that Ji and h salve trhe ab0ve ¡:irnblem. 11hen equation (5.5.1) implies 

f¡(k ) = J, (- k ) k E 1fl f (ik) f (ik) Ü f. (. k ) -" Ü f.2( ik1· ) _,_ 0, 
j,(k ) j, (-k) ' ' ' ; = ' ·; = ' ' ' ·; y- ' y-

¡, (oo) = ¡,(oo) = l. 
(5.5.2) 

The function 7;lli is ana!y tic in (:+ and tends to 1 a t infini t}' in (:+, The functi0n 

~ is ana lytic in ([: _ and t ends to 1 at infini ty in ([: _ . Both funct i0ns agree 0n 

IR. T lms ~ is analytic in([: and tends to 1 a t infini t.y. Therefore f 1(k) = h(k). 
To complete the proof we need t0 check tlhat q, obtained by (1.5.10) , bel0ngs t0 L1,1• 

In otlher words, that q = -2~ E L 1•1• T0 prove this, use (5.3.19) and (5.3.20j. 
lt is sufficicnt ~o check tlhat F'(2x) E bJ.1, A(x,z )F(2x) E Lu and J; [A x(x,s) -
A,.{x,s)! F (s + x )rls E L 1•1 • The fi11st indusioA fo llows from ll:tF1111.'(IR+l < oo. Let. 
us prove that lim: _.00 [xF(x)] =O. Oae has J; sF'ds = x F (x) - J0"' Fds. Beca11se 
wF' E L 1(Ifl+ ) and FE l)(IR+) it foll0ws tthat t he limit C(I = limx__. 00 xF e:xists. 
1'his linüt. has to be zern: if F = ~+o(~) as x-+ oo, and eo #;O, t heA F r/. L 1 (lR+)· 
Now ¡0= x¡F(2x )A(x, x )ldz ~ c J0

00 IA(x, x)ldx < oo. The last inequality fol10ws fo0m 

(5 .3 .'1 3): since F(2x ) E L1(IR+) it is sufficient to check that f""00 A(x , s)F(s + x)ds E 
L' (IR+) . One has J0

00 dx J,00 ]A.(x, ·•)]]f'(s+ x)]ds ~ J0
00 dxa F(2x ) J,00 ]A(x, s)]ds <; c. 

Herc 

(5.5.3) 

Note llhat lim,,,_.co xaF(x) = © beca1-1se <7F(x) is monotonically decreasing and be\0ngs 
to L '( lfl+). 

o 

5.6 A new equation of Marchenko-type 

The basic result of this Secti0n is: 

Theorem 5.6.l. Equation 

F(y) + A(y) + l: A(t)F(t + y)dt = A(-y) , - oo <y< oo, (5.6.1) 

lwld" when: A(y) '= Aio, YL A(~ ) = O /or y < ©, A(x, y) ;, defined i1' (1.2.25) ond 
Fl(•) ;, defined ;n (1.5.11). 
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Proof. Take thc Fourier transform of (5.6.1) in t.he scnse of distribut ions and get: 

F({) + A({)+ .4(-{)F(O = .4(-0 , (5.6.2) 

where, by {l.5.11), 

J 

F({) = 1 - S (-0 + 2, L s; ó({, + ;k, ). (5.6.3) 
J=l 

Use (1.5.16), t he cquation S({)/ (0 = / (-0 , add 1 lo both sides of (5.3.8), and gel: 

/({) + / (- {JFW = !(-{). (5.6.4) 

f'rom (5.6.3) and (5.6.4) one gets' 

J J 

/({) = / (- {)IS(-{) - 2n L s;ó({ + ik, )J = /({) - 2n L s; ó({ + ;k;)/(- 0 = /({), 
j = I J= I 

(5.6.5) 
where lhe equation J(~ + i kj)f( - 0 = O was uscd. This equation holds because 
/ (O.-,)= O, and t.he product J(~ + ik1 )/(-~) makes sensc because f ({) is analytic 
in {' .... Equation (5.6.5) holds obviously, and since each of our stcps was invcniblc, 
rqualion (5.6. I) holds. O 

Remark 5.6.2. EqMti011 (5.6. l) lias a unique solution .4 (y), suc/1 that A(y) € 
L1(1R+) and A(y ) = O for y < O. 

Prooj. Equation (5.6.1) far y > O is identical with ( I.5.13) because A{- y) = O far 
y> O. Equat.ion (1 .5.13) has a solution in L1(Ill+) and t.his solution is uniquc, see 
Theorem 5.3.1. Thus, equat ion (5.6.1) cannot have more than one solut.ion , beca.use 
c\·cry solution A(y) E L1(1R+), A(y) = O for y < O, of (5.6.1) solves ( J.5.13), ancl 
(1.5.13) has no more t han onc solut.ion. On t.he other hand , t.he solution A(y) E 
L1 (fil+ ) of (1.5.13) <loes cxist , is unique, and salves (5.6.1), as was shown in t.he proof 
of Theorem 5.6.1. This provcs Remark 5.6.2. O 

5.7 Inequalities for the transformation operators 
and applications 

5.7.1 Inequali ties for A and F 

The scattering data ( J .2. l 7~isfy t he following conditions: 
A) k1 .s1 > O, S(-k) = S(k) = s- 1¡k), k E L'!, S( ) = ! , 
B) .J := rnd (k) := i; J~00 dlo9S(k ) is a nonpositivc intcgcr, 
C) F E LP, JJ = 1 a ru l p = oo, z F' E L 1, l'' := LP(O, ). 
lf one wants t.o study 1.hP charnctcrist ic propcrucs of thc sca tt.ering data, that. is, a 

n("("t•ssru)' and sufliric111 1·onditio11 on thcsc data to guarantec that t.hc corrcsponding 
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potcntiial. bclongs to a presc11ibed functional class, tlhen conditions A) and B) are 
always nccessary for a real-valued q t0 be in L1, 1 , tihe usual class in tibe scattering 
vheory. or in some otther class for which the scatttering theory is constructed, and a 
conditiion of tibe tiype C) determines actrua.lly t:he class of potentials q. C0nditi0ns 
A) and B) are consequences of tibe selfadi0intness of the Hamiltonian, finiteness 0f 
its negative specLrum, and tlhe unitarity of the $ - matrb.:. Our alm is t0 derive 
inequalit.ies for F and A from equation (1.5 .13). This allows one to describe the set 
of q. clefined by (1.5.13). 

Let us a.'iSume: 
sup IF'(y)I •= up(x) EL', F' E L..,. 
~?:o: 

(5 .7.1) 

'!' he funct.ion ªF is monotone decreasing, IF{x) j ~ aF(x). Equation (l.5.13) is 0f 
Freclholm type in L~ := LP(x, oo) 'r/x ;::: O and p = l. The norm 0f the 0¡:>erat0r 
F = F1 in (1.5.13) can be estimated: 

llF,11 ~ ¡00 
up(x + y~dy ~ u,p(2x), u ,F(x) •= J.00 

uF(y)dy. (5.7 .2) 

1'herefore (1.5.13) is uniquelly s0lvab le iH L~ far any x;::: x0 if 

('73) 

'Phi8 conclusion is valid far any F satisf.y~ng (5.7.3), and conditions A), B), and C) a.¡1e 

not use<i . Assuming (5.7.3) aacl (5.7.1) and taking x;::: x0 , let us derive inequali t ies 
for A= A(x , y). Define 

•A(x) •= sup IA(x, Yl l '= llAl l -
v>• 

From (1.5.13) one gets: 

a;1 (x) $ aF(2x) + a11 (x) sup f 00 <1p(s + y)ds $ aF{2x) + a ;1(x)a¡F(2x). 
~~"'}"' 

T hus, if (5.i.3) holds, then 

O'A(x) ~ cap(2x), x;::: x0 . (5.7.4) 

Oy e > O different cons~an~s depending on x0 are denoted. Let 

••A(x) •= llAll• •= 1.= IA(x,s)lds. 

Th~n ( 1.5. 13) yields a1A(w) ~ atF(2x) + a111(x)a1F(2x). So 

a111(x) S ca1p(2x), x 2'. xo. (5.7.5) 

Qlff renliate (1.5.13) with respeot to X and y and get: 

(/ + F,)A,(x,y) = A(x,x}F(x +y) - F'(x +y), y;>: x ;>:O, (5.7.6) 
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and 

A,(x,y)+ 100 
A(x ,s)F'(s+y)ds = - F'(x+y), y ?_ x ?_ O. (5.7.7) 

Denote 

a,F(x) '= 100 
IF'(y)fdy , •2F(x) E L'. (5.7.8) 

T hen, using (5.7.7) and (5.7.4), onc gets 

llA,lli S [ 00 IF'(x + y)fdy + 01A(x)sup [
00 

fF' (s + y)ldy S a,,·(2x)[ I + COIF(2x)J 
.r a:=;.1., 

!:: C02F(2x), 
(5.7.9) 

and using (5.7.6) onc get.s: 

so 
(5.7.10) 

Let y = .e in {l.5.13), theu clifferentiat.c (1.5. 13) with respect t.o x and gct: 

.-i(x, x ) = - 2F'(2x)+A(x,x)F (2x) - 1
00

A.(x,s)F(x+s)ds- 1
00 

A(x,s) F'(s+x)ds. 

(5.7. 11) 
Ftom (5.7..J), (5.7.5), (5.7. 10) and (5.7. 11) one gets' 

f .4(x , x)I S 2fF'(2x)l+ca}(2x)+co F(2x)[a,,· (2x)+a,F(2x )o F(2x)]+co ,-(2x)02F(2x). 
(5.7.12) 

Thus, 
xfÁ(x,x)I E L1 , (5.7.13) 

provided that. xF'(2x) E r . .i, xo}(2x) E L1, and XOF(2x)ou.·(2x) E L1• Assumption 
(5.7. 1) implies xF'(2x) E L1 . lf o,..(2x) E L1, and OF(2x) > O decreascs mono
tonically, then xoF(x) -+ O as x -+ . Thus xo}(2x) E L1, and a 2p(2x) E /) 
becausc / 0 dxf;' IF' (y)fdy = f0

00 fF'(y)fydy < , due to (5.7. J). Tlms, (5.7. J) hn
plies (5.7..J), (5.7.5), (5.7.8), (5.7.9), and (5.7. 12), wh;le (5.7. 12) and ( J.5.13) imply 

q E Í.1.1 whcrc l 1,1 = {q : <1 = 'ij, J,,_0 xlq(x)ld:r < oo}, and z0 ~ O sat.isfies (5.7.3). 
Let us assumc now that (5.7.4), (5.7.5), (5.7.9), and (5.7.10) hold , where u,.- E L1 

and a2F E L1 are sorne positive rnonotone decaying funcLions (which have nothing to 
do now with Lhc Íllnction F , solving cquation ( I.5.13), and derive estimat for t his 
function F. Lct us rcwrit.c (1.5. 13) as: 

F(I +y)+ 100 A(x, .•)F(s + y)ds = - .4(z , y). u~ z ~o. (5.7. l•J) 
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Lct .r:+11 =:,.!+ y= v. Then, 

F(z) + 100 
A(x, v + x - z)F(v)dv = -A(x, z - x), ::: ~ 2x. (5.7.15) 

1''\om (S.i.15) onc gcts: 

op(2z) S •A(x) +o,· (2x) sup 100 IA(x, v + x - z)ldv S •A(x) + o,-(2x) ll All1 · 
::2'.2:i:: 

Thus, using (5.7.5) and (5.7.3), onc obtains: 

(5.7. 16) 

Atso from (5.7.15) it follows that: 

•1F(2I) '= llFlli '= f,"; IF(v)ldv 
S f,, IA(x, z - x)ldz + J,"; Í,00 IA(x, v + x - :)llF(v)ldvdz 
S llAlli + llFlldlAlli. (5.7. 17) 
so 
o1,..(2x) $ C0'111(x). 

l~om (S. 7.6) onc gcl5' 

f.00 IF'(z + u)ldy = o,, .. (2x) S co,t(x)o1A(x) + llA,11 + cllA,ll1 •1A(x). (5.7. 18) 

LC't us summarize the rcsults: 

Theorem 5.7.1. lfx ~ x0 and (5.7. 1) hold, then one has: 

o .(z) S ca,-(2•), •1A(x) S co,,·(2x), 11-",lli S o,.(2x)( l + ro,,·(2x)), 
llA, 111 S <{02.-(2x) + •iF(2x)o,-(2x)J. 

(5.7.19) 
Conver.sdv. 1/ z ~ z 0 arid 

OA(X) + U1A(x) + llA,111 + llA,lli < 00, (5.7.20) 

lhcn 
oF(2x) S coA(x), u,,·(2x) S C01A(x), 
•>F(x) S cJoA(•)•1A(x) + llA,lli(I + u,,1 (r))J . 

(5.7.21) 

In thr nt".xt section wc replacc thc a.ssumption x ~ x0 > O by x ~ O. Thc argumcnt 
111 th1s ra.w •~ basc.-d 0 11 thc Frcdholm nltcrnativc. 
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5 .7.2 C haracte riza tion of the scattering data revisited 

First, !et us give necessary and sufficicnt conditions on S far q to be in L1, 1 • Thcsc 
conditions are known ([MJ, [R] IR9J, and Section 5.5), but we give a short new ar
gument using some ideas from [R9]. We assume throughout t hat conditions A), D), 
and C) hold. These conditions are known to be necessary far q E L 1,1 • lndeed , concli
tions A) and B) are obvious, and C) is proved in Theorem 5.7.l and Theorcm 5.7.4. 
Conditions A), B), and C) are also sufficient for q E L 1,1 • Indecd if t hcy hold, t h n 
we prove tha1. equation ( 1.5.13) has a unique solulion in L~ for ali x ~ O. This wru¡ 

proved in Theorem 5.3. t , but wc give another proof. 

T heore m 5.7.2. lf A ), 8 ), and C) hold, then (1.5.13) has a solution in L~ for any 
I ~ O and this solution is 1mique. 

Proof. Since Fr is compact. in L~ , 'r/x ~ O, by the F'redholm alternalivc it is sufficicnt 
to prove that 

(/ + F, )h = O, lo E L! , (5.7.22) 

implics h =O. Lct us prove it fo r x =O. T he proof is similar for x > O. H h E L 1, then 
h EL~ because llhl loo S llhlli1ap(O). H h E L1 n U'°, thcn h E L2 bet:auscllh ll ~.' !f 
llh1IL-llhlli1. Thus, if lt E L 1 and salves (5.7.22), then h E L2 n L 1 n L 

DenOlC h = f000 h(:c)e'k.r dx, h E L2 . Then, 

(5.7.23) 

Since F(x) is real-valued , one can assume h real-valued. Onc has, using Pa.rseval's 
equation: 
O = ((/ + Fo)h, h) = ./;;llhll' + ./;; f~~ll - S(k)Jh'(k)dk + L.;=, s;llj, 
h1 := J0

00 e-","'h(x)dx. 
Thus, using (5.7.23), one gcts 

h1 = O, 1 ~ j ~ J, (h, h) = (S(k)h, h(-k)), 

whcrc we ha,·c uscd rcal-valucdncss of h, i.c. h(-k) = h(k), Vk E R. 
Thus, (h, h) = (h, S(-k)h(-k)), whcrc A) was used . Sincc llS(-k)ll = 1, ene has 

llhl\2 = J(h, S(- k)h.(- k))I !f llhll2 , so thc cquality sign is attaincd in thc Cauchy 
inequality. Thcrcforc, h(k) = S(- k)h(- k). 

Dy condition O), the theory of Riemann probl m guarantees existencc and unique-
ness oí an analylic in C+ := {k lmk > O} function /(J•) := / +(k), / (ik,) = 
O. /(tk,) ~O, 1 S j S ./, /(oo) = 1, such that 

f +(k) = S(-k)f -(k), k E , (5.7.24) 

ond f-(k) = f (-k) is analytic in e_ '= {k ' / mk < Oj, / _(o.;) = 1 in e_, f - (- ik1 ) = 
O. / _(-1k,} ~O. llcrc 1.he propc rLy S(- k) = S 1(k). Vk E R is uscd . 
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One has 

h(k) h(-k) 
~(k) o= / (k) = f( - k , k E IR, h, o= h(ik,) =O, ¡ $ j $ J. 

Thc function 1,.1(k) is ana lytic in C+ and l/J(-k) is analytic in e_, t.hey agree on IR, 
so 1!1(k) is analytic in C. Since f(oo) = 1 and h(oo) =O, it follows that lJ.¡ = O. 

Thu.s. ii =O and, conscc¡uently, h(x) =O, as claimed. Theorem 5.7.2 is proved. O 

Thl' uniquc solmion to cquution (1.5. 14) sat.isfi es the estimat.es given in Theo
rrm 5.7.1. In the proofofTheorem 5.7. 1 thc estimate x\ . .\(x,x)J E L1 (x0,oo) was 
cstnblishcd. So, by (1.5. 13), xq E L'(xo,oo). 

The mcthocl developed in Section 5.7.l gives accurate information about the be
hav ior oí q near infinity. An immediate consequence oí Theorem 5.7. l and Theo
rrm 5.i 2 is: 

T heo rem 5.7.3. lj A), 8 ), tmd C) hold, the11 q, obtained by the scheme (1.5.10) 
fHolongJ to Lu(.ro, ). 

ln\"CStigat.ion of the bchavior of q(x) 011 (O, .i:0 ) requires additional argument. ln
s1cad oí using t hc contrnctiou mapping: principie ancl inequalities. one has to u8e th e 
Frrdholm throrcin , which says that 11(1 + F,..) - 11] ~ e for any x;:::: O, where t he oper
ator norm IS taken for 1-'"'z acting in L~, p = 1 and p = oo, and the constan t. r does 
not dc¡X'nd on x ~ O. 

Such an annl}1sis yields: 

T hco rem 5. 7.4. lf and 011/y if AJ, B}, and C) l1old, then q E L1, 1 . 

Prooj. lt is sufficient to check that Theorem 5.7.l holds with x ~ O replacing x;:: x0 . 

To get (5.7.4) wit.h :z:0 = O, one uses {l.5.14) and the estimatc: 

11 ;\(z.y}il $ ll (I + F,)-'llllF(x +y)ll S ca,{2x), 11 · ll = supl · I, x <'. O, (5.7.25) 
11~"' 

whcre the constant e > O <loes not clepend on x. Similarly: 

ll A(z,y)I¡, S csup/~ ¡F(s + y)ldy S CU>F(2x) , z <'. O. 
·~:i: J: 

From (f> .7.6} one gcts: 

ll A,(z,y)I¡, $ c[l lF'(x + y)I¡, + .4 (x , x)llF(x + Y)i l,J 
~ C0"2F(2:r} + COF(2x)a¡ F{2:z:), X ;:::: o. 

F'rom (5.7.i ) on(' gcts: 

(5.7.26) 

(5.7.27) 

(5.7.28) 

Similarl ~·. írom (5.7. 11) ami (5.7.24) - (5.7.27) onc g ls (5.7.12). T hcn onc chccks 
(5 .7. 13) as in 1hc proor of Thcorc1n 5.7. 1. Consequcntly Theorem 5.7. 1 holds with 
.i:o =O. Thcorem 5.7.4 is provcd. O 
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5.7.3 Compactly supported potentials 

In this Section necessary and sufficient condit ions a re given for q E Lf ,1 := {q: q = 
q, q = O if x > a., f0ª x lqjdx < 00}. Recall t hat t he J ost solut.ion is: 

f (x, k) =e" ' + ¡00 
A(x, y)e"'dy, /(0, k) '= / (k). (5.7.29) 

Le mma 5 .7.5. !f q E Lf. 1, then f (x, k) = eih Jor x >a, A (x ,y) :::: O Jor y;-:-: x ;-:-: a, 
F(x +y)= O for y<'.·'<'. a (e/ (l.5. 13)), and F (x) =O for x <'. 2n. 

Thus, (1.5.13) with x = O yields A(O,y) := A(y) = O for x ;-:-: 2a . The J osL fu nction 

r'" / (k) = 1 + f o A(y)e;''dy, A(y) E W"'(O, a) , (5.7.30) 

is an enlire funct.ion of exponent ia l Lype $ 2a, that. is, l/(k)I $ ce2ª1kl, k E C, a nd 
S(k):::: / (-k)//(k) is a meromorphic function in C. 1n (5.7.30) W 1·P is the Sobole\• 
spacc, and the inclusion (5.7.30) follows from Theorem 5.7.1. 

Let us formulate the assum ption D): 
D) the Jost. f1111.ction f(k ) is an entire Junction of erp<mentia f tyve $ 2a. 

Theorern 5. 7.6. As.mme AJ, B), C} a11d D). The11 q E Lf.1 • Conversely, if q E lf,1, 

tl1e-n A).8 }, C) a11d D) lwld. 

Necessity. H q E L1,1, then A), B) 1.rnd C) hold b)• Theo1em 5.7.il , a nd D) is provcd 
in Lcmma 5.7.5. T he necessiLy is proved. 
Sufficie11cy. l f A), B) and C) hold , thcn q E lu. One has to prove Lha t. q = O for 
x >a. Jf D) holds, t hen from the proof of Lemma 5.7.5 it. follows Lha t A(y) =O for 
y;-:-: 2a. 
We claim that F(x) = O / 0 1· x ;-:-: 2a. 

1f lhis is proved , t.heu (1.5.13) yields A(x,y) = O for y;-:-: x ;-:-: a, a nd so q =O for 
, >a by (1.5.13). 

Let us prove t.he claim. 
Take ;r; > 2a in (1.5.12). The fu nct.ion 1 - S(k) is analyt.ic in C+ exccpt for J 

1'implc pales at. 1,he poinLs ikj· Tf x > 2a Lhen o ne can use t.he Jordan lem ma ancl t.hc 
residue l}1c0rem and geL: 

(5.i.31) 

incc.> /(k) is cnLirc, lhc \.Vrousklan formula 

/'(O, k)f(- k ) - /'(O, - k )/(k ) = 2ik 

is \-aJid 00 C. and 111. k = ik1 it. yiclds: 
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httausc /(1k1) =O. This m1CI (5.7.3 1) yicld 

X> 2a. 

Thus. F (z) = F,(x) + F.1(.r) = O for x > 2n. Thc sufficicncy is provee!. 
Thro«'m 5.7.6 is provccl. o 

In IMJ n condition on S, which guarantees that q = O for z > a, is givcn under thc 
a. .. s u111 p110 11 that therc is no discrct.c spcctrum, that is F = F,. 

5.7.'I Square integrable poten t ia ls 

LN U!! imroducc i.:onditions (5.7.32) (5.7.3;1) 

2;kif(k) - 1 + -{hJ E L'(R) := L', Q := /,~ qds, (5.7.32) 

kjl - S(k) + ~I e L'. (5.7.33) 

kilf(k)I' - 1¡ e L'. (5.7.3•1) 

T heorem 5.7.7. lf A), D), C), and cmy 011e o/ tl1e cond1tions (5.7.32) (5.7.34) 
hold. lhrn q E L' (R) . 

Proo/ \\'e reí r to [R] for the proof. O 

6. Inverse scattering problem with 
fixed-energy phase shifts as the data 

6.1 l ntrod uction 

lu Sull"'('("tion 5. 1.3 t h(' scntt.ering problcm for sphC'rically symmctric (/ was formulatcd, 
s1't' (.)_ t 1.)) (5. 1.17). T hc ó1 are t hc fixed-cncrgy ( k = const > O) phnsc shifts. 

L,<p := [•' :,'., + •' - •'q(•)] 'I' := L0, <p - •' q(•)<p, (6, 1.1} 

whrr<"...;:;::: y 1(r} is n regular solut ion to 

L,<p1 =1(1+ l )<p1, (6.1.2} 
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such that 

'Pt = Ut + 1' I<(r,p)u,(p)p-2 dp, K (r ,O) = O, (6.1.3) 

and 111 = /!fJt+!(r), Jt(r) is the Bessel function. in (6.1.3) K (r, p) is the transfor
mation kernel, l + K is the transformation operator. ln (6.1.2) we assume t.hat k = l 
without loss of generality. The '-Pt is uniquely defined by its behavior near lhc origin: 

r l+ I 

'Pt(r) = (2f + ! )!' + o(r'+I ), r--+ O. (6.1.4) 

Far tlt we will use the known formula (!GR, 8.411.SJ): 

7tUt := 2'r(f + ! )ut(r) = rl+I r' (! - t2 )lefr1dt, (6.1.5) }_ , 

where r(z ) is the gamma-function. 
The inverse scattering problem with fixed-energy pha.se shifts {ót}t=o.1.2 ... as thc 

data consist.s of finding q(r) from these data. We assume throughout this chapter 
that q(r ) is a real-valued funct ion, q(r ) = O far r >a, 

!,º r 2 Jq(r )J2dr < oo. (6.1.6) 

Conditions (6.1.6) imply t hat q E L'(B0 ), 8 0 := {x : x E R', JxJ :S a). 
In the literaturc therc are books [CSJ and [NJ where the Newton-Sabatier (NS) 

theory is presented, and many papers were publlshed on this theory, which attempls 
to solve the abovc inverse scattering problem with fixed-energy phase shifts as t.hc 
data. In Sect.ion 6.4 it. is proved t.hat t.he 1S theory is fundamcnt.ally wrong and is 
notan inl'ersion method. The main results of t.his Chapter are Thcorems 6.2.2, 6.3.1, 
6.5.1, and the proof of thc fact. that the Newton-Sat>atier theory is ftmdomentally 
wrong. 

6.2 Existence and uniqueness of t he transformation 
operators independent of angular momentum 

The existence ancl uniqucness of K (r,p) in (6.1.J) we provc by dcriving a Goursat. 
problcm far it., and investigating this problem. Substitut.e (6.1.3) into (6. 1.3), drop 
indc.x t for notational simplicity and get. 

O= -r2q(r)u + (r2 - r 2q(r)) Lr K (r, p)up- 2dp 

-1' l<(r,p)p- 'lo,udp+ r28? /,' K(r, p)"p- ' clp. (6.2. 1) 
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\Ve a.uumc first that K(r,p) is twicc continuously difforentiable with respect to 
ita vnrll\bles m the region O < r < oo, O < p .$ r. This assumption requircs 
C'Xtrn s111oothness of q(r) , q(r) E C 1 (0, a). lf q(r ) satisfies condition ((6.1.6)}, then 
e<¡untion (6.2. 7) be.low has to be understood in the sense oí dis tributions. Eventually 
WC' will work with a n integral cquation (6.2.34) (see below) for which assumpt ion 
((6.1.6)) suffie<S. 

Nott' that 

[ K(r. p)p- 2 Lo, udp =J.' Lo,J((r, p)up- 2dp+ /((r , r )u, - K,(r , r )u, (6.2.2) 

prO\'id('(J thn.t 
J((r, O) = O. (6.2.3) 

Wc 8.SSUme (6.2.3) to be valicl. Dcuotc 

¡( ·= dK(r, r ) 
· dr · (6.2.4) 

Thcn 

f 1v; J.r h"(r , p)up- 2dp = ku + J<(r, r)ur - ~K(r. r )u+ 
o r 

l<r(r,r)11 + r2 far Krr(r, p)up- 2 dp. (6.2.5) 

Comb111111g (6 .2. l ) (6 .2.5) a nd writ ing again Ut in place of u, onc gets 

O - f.'¡ L, K (r, p) - Lo, K (r,p))u, (p)p- 2dp + u1 (r )[-r 2 q(r ) + f( -

2K,(r, r ) / ' ( ) K ( )) --, - + \rr, r + p r, r , \fr >O, t= 0, 1,2, ... 

Lrt us prO\'C' thnt {6.2.6) implics: 

L,J((,-,p) = Lo,K(r,p), O< p $ r, 

q(r) = ~ _ 2K (r,r) = ~i!_ K (r, r ). 
r 2 r rdr r 

This proor requ1res a lemma. 

Lc rnma 6.2. 1. Auume that pf(p) E L}(O, r ) ancl pA(p) E l 1 (O, r) . !/ 

O= [ f(p)1'1(p)dp + u1(r )A(r ) VI = O, l , 2, 

f (p) : O ond .4(r) = O. 

(6.2.6) 

(6.2.7) 

(6.2.8) 

(6.2.9) 

(6.2. 10) 
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Proof. Equations (6.2.9) and (6. l.5) imply: 

O= j' dt( l - t')' (,i__)' [' tlppf(p)e'' ' + 
- i 1dt } 0 

rA(r) j' (1 - t2 )1 (,i__)' e"'dt . 
- 1 1dt 

Therefore 

j i d' (t2 l) t r 
O= _ , dt--ii"--1¡

0 
dppf (p)e''' + rA¡,)e'"J, 1 = O, 1, 2,. (6.2.11) 

Recall t hat. t he Legendre polynomia ls are define<l by thc formula 

(6.2.12) 

and they forma complete system in L2 (- l , 1). 
Thcrefore (6.2. l 1) implies 

/,' dppf(p)e"' + rA(r )e'" =O Vt E [- 1. IJ. (6.2.13) 

Ec¡uation (6.2.13) imp!ics 

/, ' tlppf (p)e''' = O, VI E j-1, l J, (6.2.14) 

and 
r.4(r ) = O. (6.2.15) 

T herefore A(r ) = O. Also / (p) = O because t he Jeft-hand sicle of (6.2.14) is an cntire 
íunct ion of t , which vanishes on the interval !- 1, l] and, conscqucntly, it vanishes 
identically, so t.hat fl f (p) = O and thcrcforc f (p) =O. 

Lemma 6.2. l is provcd . a 

We provc th(lt lhe ¡woblem (6.2.7) , (G.2.8), (6.2.3). wh1cl1 i.s a Goursat-ty¡>e 11rob
lrrn, haJ a soltilion tmd tl1is solution 1 umquc m the dllSs o/ f!m ct1011s K (r , p), wl11cl1 
orr Lu:1ce cont m 11ously rliffere.utrnbfe w1t11 respect top and r, O< r < , O< p 5 r 

In lhis Sfftion Wf' assumc t hat q{r) E C 1(0.a) . T his assumption implies thnt 
l\ (r.p) is twicc continuously difforcnt iable. lf (6. 1.6) holds, t hcn thc a rg1111w111 s in 
1hi~ wction wliich dcal with integra l equation (6 2.3·1) rcmain valid . Sperifirnlly, 
rx1Mf'llC'(> and uniquc11css of Lhc solution to rqua tion (6.2.3-1) is provcd undcr tlw only 
a.3-.. urnpuon f0ª rlq(r)jc/r < as íar as t ht> smootlm oí q(r) is conrcrn('d. 

B)• a limitmg al'gumc11L 0 11l' <.'t\11 rcducc thc smoothn~ requir rne111 s on q to thc 
rond1t1011 (6. 1.6), but i11 this ra..<ic equa t ion (62 i) ha.-. to bl' undC'rstood in distribu· 
lional ~:nS<" 
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Lcl us rcwrilc lhc problcm wc want to study: 

,. r 
/<(,.,,·) = 2 lo sq(s)ds o= g¡,). 

/<(,.,O)= O. 

(6.2.16) 

(6.2.17) 

(6.2.18) 

Thr cliflicuhy in thc study of t his Goursat·type problem comes from the íact tha t the 
ro"flidcnLS m front. of t.he second derivat.ives oí t hc kernel K (r , p) are variable. 

Lct us reduce problem (6.2. 16} (6.2. 18) to t he onc with constant coefficients. To 
do this, introduce thc ncw varia.bles: 

l = 1111· + ln p, 1~ = 111 r - In p. (6.2.19) 

Note tlmt 
r = ei:;:i, p =e'T', (6.2.20) 

11 ~ O, -oo < ( < (6.2.2 1) 

nnd 

a, = ~(a,+ 8,,), 8, = ~ (8, - 8,). 
p 

(6.2.22) 

LN 
I< (,.,p) o= 8 ((,r/). 

A routinc calculat ion transíorms equations (6.2.16} (6.2. I ) to t.he following oncs: 

8,,((. •1l - in,,((,.1) + Q((,>J)B =o, ,, ;:: o, - < ( < oo, 

8 ((,0) = g (e! ) o= G((), - < { < 

8 (-00,>/) = o, ,, ;:: o, 
whcrt' g(r) is dcfincd in (6.2.1 7) . 

ti rt' wc haYe dcfincd 

(6.2.23) 

(6.2.24) 

(6.2.25) 

(6.2.26) 

and took into arcount t hat p = r irnplies r¡ = O, while p = O implies, for auy fixcd 
'I ~ O, that { = -

Xot1· that 
sup e-! G({) <c, 

-oo<( <oo 

sup J" IQ(s , •1)lds :S c(.·I, B ). 
0$ 11$ 0 -oo 

íur an\· A E R and B >O, whcrc c(.-1 . 8) >O is a constam. 

(6.2.27) 

(6.2.28) 
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To get rid of t.he sccond term on the left-hand side of (6.2.23), lct. us introduce 
the new kernel L ({, IJ) by the formula: 

Then (6.2.23)- (6.2.25) can be written as: 

L,,({.ry) + Q({, ry) L{<,ry) = O, ry '.!'.O, - < { < oo, 

¡ f'I 
L({,O) = .-lc(O := b(O := 2 Ío sq(s)th, - <{< 

L(-oo, ry) = O, ry '.!'.O. 

(6.2.29) 

(6.2.30) 

(6.2.31) 

(6.2.32) 

We wam to prove existencc ami uniqueness of t hc solut ion to (6.2.30) - (6.2.32). In 
a rder to choose a convenient. Danach space in which to work, Jet us transfonn problem 
(6.2.30) - (6.2.32) toan equivalent Volterra-type integraJ equat.ion. 

lntegrate (6.2.30) with respect to r¡ from O to 11 and use (6.2.Jl ) to get 

L,(<,ry)- b'({) +f.' Q(<, t )L(<,t)dt =O. (6.2.33) 

lntegratc (6.2.33) wit.h rcspcct to~ from -oo to { and use (6.2.33) to gct 

r' r" L({ ,>¡) = - } _ d., Ío dtQ(s, t)L(s, t )+b(O := \ ' L+b, (6.2.3•1) 

wht>re 

\! l := - i' ds J.' dtQ(s, t )L(s, t ). (6.2.35) 

Cons1dcr the spacc X of continuous functions L({, 17), defined in t hc half-planc r¡ ;:: 
O. - < ( < , such t hat for any 8 > O and any - < A < oo one has 

llLll := llLllA11 := sup (e-''IL(.,t)I) < 
- <•<A 
09$D 

(6.2.36) 

wh('r(' ~ >O is a nu tnbcr which will be choscn later so thal the operator V in (6.2.3•1) 
w11l b4:' a contmction mapping on lhc Banach spacc of íunclions with norin (6.2.36) 
for a. fixed pair .4. , B. To d1oosc 'Y> O, lel us cstimat the narm of V. Onc has: 
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wharo e> O is a conslant depcnding on A, B and J0n rlq(r )ldr. lndeed , one has: 

21: d:J fo" dte•+t--rC11-1.) = 2eA fo" dte1-'l( •1- 1)dt :S 2e"'+B ~ = ~. 

nncl, using the substitution a = e~, one get.s: 

F'rom thcsc cstimates inequa!ity (G.2.38) follows. 

> > 
(6.2.38) 

:!.. (6.2.39) 
> 

lt follows írom (G.2.38) that V is a cont raction mapping in the space X AIJ of 
t'ontinuou:; functions in the region -oo < { :S A, OS r¡ $ B , wit h t he norm (G.2.36) 
1>rovidcd thaL 

"Y > c. (6.2.'10) 

1'hcroforc equnlion (6.2.311) has a unique solut ion L({, '1) in t he region 

- oo < {<A, (6.2.'I J) 

for 1my real .4 and B > O if (6.2.40) holds. This means that the above solution is 
doflncd for any { e IR and any TJ ;::: O. 

Equation (6.2.311) is equivalcnt to problem (6.2.30) - (6.2.32) and, by (6.2.29), one 
hn.i: 

B({, ~) = L({, ~)e! (6.2.42) 

Thorcíore \\'e ha"e proved bhe existence and uniquencss of 8 ({, 11), that is, of t he 
kernel K{r,p) = B({, TJ) of the transformation operator (6.1.3). Recall that r and p 

nrc rclalcd lo { and '1 by formulas (6.2.20). 
Lcl us fonnula le t.he result: 

Thoorcm 6.2.2. Thc kernel 1((1·,p) o/ tlie tronsfonnat1on opcroto1· (6. l.3) solvcs 
¡¡roble-m (6 2.16) - (6.2. 18) . 1'Jie sofotion to this problem does exist and is un ir¡uc 
HI tht clOSJ o/ lwicc continuously differentiable functioru for any potcntial q(r) E 
C1(0,o). 1/ q(r) E L (O,a), then J((r,p) has first deriuatiues which are bounded an<i 
1.•t¡11td10 11 (6.2.16) ha.s to be understood in the se11se o/ distributions. Tlic followiny 
C.itrn1aie hald.s far any r > O: 

(6.2.43) 
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Proo/ o/ Theorem 6.2. 2. \Ve have alrca.cly pro"ed ali Lhe asscrtions of Thcorcm 6.2.2 
excepl for the estimatc (6.2.43). Let us prove this estimatc. 

Not.e that 

(6 .2.44) 

lndccd . if r >O is fixcd, t hcn , by (6.2.20), ~ + 11 = 2 In r =con t . Thcrcforc r~ = - dr¡ , 
and p· 1dp = 1(d~ - c/11) = - drJ , { = 2 In r - 11. Thus: 

J.' 1h" (r.p)lp- 1dp = J.~ IL(2 Jn r - '/"l)le"'f=" d~ = r J.~ IL(2 Jn r - '1"1)1< l d1¡ 

(6.2.'15) 
Thc following csti matc holds: 

IL({, 11)1 S ce('l+•ill'l•• .tHJJ)I~ •• , . (6.2.46) 

whcrc 'J > O, j = 1, 2, are arbitrarily small nurnb rs and 1i 1 is defincd in formula 
(6 .2.52) bclow, scc also formu la (6.2.49) for the definilion of µ . 

Eslimau~ {6.2.46) is provcd bclow, in Thcorem 6.2.2. 
From (6.2 .45) and cstimate (6.2 .56) (scc bclow) estnnat (6.2.43) fo llows. lndet.>d, 

dcnot<' by J thc iutcgral on t.he right-hand side of (6.2A5). Then, by (6.2.56) onc 

/ < 2 + 2 L 12µ ' (2 log r )[" 2oxp[2¡• 1 (2 log r)] < oo. 
- l 11! 

(6.2.'1 7) 

Throrem 6.2.2 is provcd. a 

Thcor m 6.2.3. Estimatc (6.2.46) holds. 

Proo/ o/ Tht:orr.m 6.1!.!J. From {6.2.J il) onc gcts: 

m((,•¡) $ Co + ( Wm)({, ~). (6 .2.48) 

•hr<t' "<I = sup. <(< lb({)I $ ! J; •lq(>)lds (sce (6.2.3 1)), ancl 

/
( { " 1 

ll'm '= d.• l o tlt¡• (s + !)m(s, t), ¡•(•) '= :¡<' (t + lq(e!)I). (6.2.49) 

IL L!I !iuftku·nt to ronsidC'r incqua lit.y (6 .2A ) w1th q, = 1 if eo = 1 a nd t he solution 
'fl4({, '1) 10 (6 2 ·18) sn tisfics (6.2..1 6) wit h e= c1, thcn th<> solution m(t 11) of (G.2A ) 
•1th AA\ C'Q >O sutisfies (6 .2.46) with e= e0c1 

Tht·n·!orr, l\M!Umr that ro = 1, thcn (6.2 -1 ) rOOures to: 

111 ({,,1) ~ 1 + (H'm )({.11). (G.2.50) 
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Ol l' that 

11'1 = f~ d.s Lr¡ dt11(s + t ) =fo'' dt l( ds¡J(s + t ) = fo" dJµ 1 ({ + t) S: 1u1 1 ({ + 11). 

(6.2.51) 
lkrc wc ha'-e used thc not.ation 

,,, ({) = [~ ¡<(s)ds, (6.2.52) 

l\Jtd the fact tha t /l l (s) is n monotonically increasing function, since µ(s) > O. Nolc 
l\l.90 thnt '1 1(s) < for any s, - < "' < 

1''\1rthcnnore, 

/ ( /." f." 1' ~' •'(~ + • ) 11'21 S d• dt,,(s+l )J.¡,. (s+t) S dlt dsµ(s+t )111(s+I ) = v~· 
O( o o -oc . . 

(6.2.53) 
U.11 us p rO\'C' by induct.ion thnt. 

W " l < i.11\1({ + 11). 
- n! n! 

(6.2.5'1) 

F'or 11 - 1 and n = 2 we hnve chcckcd (6.2.54). Suppose (6.2.5-t} holds for sorne n, 
1hen 

(6.2.55) 

Oy 111duct1on. estirnat.e (6.2.53) is provcd for a ll n = l , 2.3, .. Thercfore (6.2.50) 
unphes 

m(( JJ) < 1 + f !'._ ¡.i\'(( + 'I) < ce<2+1 dlri1·11 tri+Ol ~ + • J (6.2.56) 
' - n= I id 11! - ' 

whrrc •'l' ha' u.sed Theorem 2 from [Lcv, sect.ion 1.2], namely t he arder of thc entire 
funft1on F(.:) := l + L,.. 1 ~ is ~ and it.s type is 2. The constant. e> O in (6.2.46) 
dt'Pt"ll<b on c1• j = 1,2. 

Recall that the ordcr of an entire function F(=:) is the munbcr 

hmsup ln ln¡Mr(r), where M,.·(r) := rnaxl: l=rlF (.::)I. The Lype of F(z) is 
r-'- n r 

. ~~w -thr numbt-r o:= hmsup - r- ,- . lt is known !Levj, that i í F(z) = E,,=0 c11.:: " is 

nn rntir~ funC"tion , ~hen its ordcr p and lype o can be calculated by the formulas: 

1111111 
p = liui sup --1 , 

11 ln rc.;¡ 

lim sup(nlcnl~) 

cp 
(6.2.57) 
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lf c11 = (n~)-, then Lhc above fo rmulas yield p = ~ ando = 2. Thcorcm 6.2.3 iB 
prO\"('(\ 0 

6 .3 U niqueness theorem. 

Denote by C atl)' fixed subsct. o f 1.he set N of intcgers {O. 1. '2, .. } wiLh lhc propcrty 

:L ¡ = (6.3.1> 
<EC 

'' º 
Thcorem 6.3.l. {lR l OJ J As.mme tlu1t q sa trsfi~ (6.1.6) mu/ {6.3. 1) lwlds Thrn 
tht' dato {61 }\o'tH clrt.crminc r¡ 1mir¡ urly. 

Ttw idt"a of tlw proof is La!:iccl on propcrly C-1ype argument. 
S!rn..1- If q1 an d <12 gcncrnt.I' Lhe same data {ó1 }we.c. titen the fo llowing orthogo

nnlity relation holds fo r JJ := '11 - <12: 

h(I) := j 1>( •·)ef>tf(c)<!>,r(c)d•· =O 'fl E C. 
o 

whnr o,, i~ th<: SCll LLcr ing solut.ion cor r sponding to q1 . j = l. 2. 

(6.3.2) 

1 2: Ot'fine li 1(C) := 2u[r(f + l)j211 ({), wht>re r is thc Garnma-function. ChM'k 
thru 111(0 i:. holomorphi <" iu n+ := {C : Rel >O}, { =o+ iT, o ~ O , ami T an• 
11o"IJ numhlr~. h 1(C) EN (w lwrc Nis !.he ~t'vanlinna cla.ss in íl +)· 1hat. i.s 

!" 1 - re'"' 
Sli p log+-IJi1(--1 )ldl,?< 

O< r < I _ ,,. 1 +re._, 

whC're log r = lf 11 1 E N vanishes Vt E C, t hcn li1 = 0 m 11 '*, 
• {lo¡;:riílog:r> O, . 

O ií logx S O . 
. u1d, b~· pro¡>C'rty C..,, p(r) = O. T hcorcm G.3.1 is pro,'ed. O 

6.4 hy i the N ewton-Sa bat ie r 
funda menta lly wrong? 

S) procedure 

Tlw '.'\S ¡>ror<'<iurt' is dt•sc ril><'d in [N] nnd [CSJ. A \'a.St bibliogrnp hy of this tapie is 
f:l\"t'll 10 (C J ancl [N]. 

Orla\\· two ra...,l"S nrl' dise ussrd . Thc first ra..sc dl"als with the inv rsc scaLLc.'rin g 
probltm w1th fixNl-en Nl)Y phasc shift.s as thc data Thi.s problem is und rstood ns 
follo\\' .m unk 11ow11 splwricull y sy rnmClric pol t•ntial q from an a priori fix d clns..'I, sny 
1 1 '"' ... 1.uulill d srn1Lcri11¡; dass, gcnermcs fixC'd-t•nrrgy phase i;hifts á1, I = O, 1, 2,. 
Tlw uwt·t~ ::.cattt•riug problcm consists of recovcry of q from th r data . 

Th<' ~nd cru,c tlcals wit.h n diffcrcnt problcm gl\ n somc numbers '51, f = 
O. 1 '.?. •• whirh :m· a..~sunwd to be fixt'd-<'ncrgy pha.sc sluh.s of somc po tential <¡, 
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frum n rl ... 1101 ~p«ified , find somc potcntinl q1, which generat fixNl·cncrgy phasc 
ithift11 t'i¡unl to 61, I =O, 1,2, .. ,. T his potcm.ial q1 mny ha\'e no physical intcrcst. 
ht•nm<1t• oí tllot non·physicnl" bchavior at infiuity or othcr undcsirable propcrl ics. 

\\'1• firM d1!it'u~ NS procf.'durc assurning that it is imcndOO t-0 solvc thc invcrsc 
~rnttt'ring probl('m in casr 1. Thcn wc discuss NS pr(){edure assmniug thnt. il is 
mwndt'(I to 'IQlvf' 1hr ¡>roblt.'m m case 2. 

Qi,u~ussion oí cnsc l : 

1n IN2J ami INJ n procr<h1rL' wns propOSC'cl by R. :\f'wton for inwrting fixed·e11crgy 
plm.,1• sl11f1, 61.I ::;; O. I, 2, ... , C'Orrespondiug to 1m unknown ~pherically syu1111ctric 
po1t•ntinl q(r) R Nl'Wlon did not spC'cify thc cla...._.., oí paumtiaJs for which he triccl 
tu tll'wlop IUl lll\'('T'lion t hrory nuc\ die! not formulnw nnd prowd any rrsults which 
wuuld Jt1'11fy thr i11\'ersio11 pror<•duu.• he propo~cd (NS ¡>f'O("(.<fure). llis nrguments 
11r1• ""-"'"! on thl' followiug d11im, whirh is implifi1 in hi., "ork.<.. but crucial íor thc 
,,,l11hl\ of :\S pruft'<lur(•; 

l11i111 ' I : T li basic inlcgru l cqunt ion. 

11 uruquf'ly \Ol1•able /or (ll/ r > O. 

/(r,.~) := L r·1u1(r)u1(.".I'), u1 := (6A.2) 
1= 0 

r1 IU<' n·a.J numbf'rs, the cncrgy /..:2 is fixcd: k = 1 is takcn w11hout lo~s oí gcucrality, 
J11 j (r) art· tht> Ocsscl íunct ions. lf cquation (6.-1 .1) is uniqucly solvablc for ali r > O, 
Ltlf'n 1h1· poknttal q1 , thl.\L NS proccdurc yiclds. is defincd by the formula: 

í/1 (r) = -~~ /\(r,r). 
r dr r 

(6.4.3) 

1'1111 íl :\1·v.ton· ansntz (6.4 .1). (6.4.2) for tl1<' trnnsfomiau n kernel K (r ,.11) of t hc 
Srhr()(.<f1~t·r o¡X'rAt r , rnrrcspo11di11g to somc q(r). nanwly. that ¡,·(r, s) is thc nniquc 
11ohn1un 10 (6 4 1) · (6.4 .2), is not corn!ct /or (1 ge11enc potentral, as follows from our 
1u g11mfnt bf'>&o..· (5Ct' thc justification oí Conclusions}. 

1/ /01 iom,- r > O equation (6A. I) u 11ot uruqudy Jolt·ablt, tl1rn NS vrocctlure 
brruA~ do 'TI 11 lrods to /oc(ll/y ri011· i11tegmble ¡>0t ential5 /or u111rh lfie sctilterfog thcory 

1.t. rn l/"""ru/. nol at•a1lablc (sec {ll9} /ora ¡woo/ o/ the abotr 'talrmc11t) . 
In lht· ong;nn.l papcr IN2] 11nd in his book [:\J R :\ewton clid not study thc 

llUl":";t\OO. (undamental for nny iuvcrsiOll t.hcory: dOCS tht' f('('011Sln1CtCd pOtCllt.inl (/1 

~1·1wrn1,· th<· data from whk h it. was reconstructcd? 
In I . p 205), there are two clniins: 
C'l.um •) 1hA1 q,(r) gcnrrntes t hc originn.l s hif1s {ó,) Mpro"idcd thnt {ó1} a r(' not 

.. i·xr .. phon.a.r aJ1d 
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Claim ii) that NS procedurc 11 yields one (only one) potenlial which dccays fast.cr 
lhan r -4'"' and gencrntes the origi nal phase shirt.s {6¡}. 

lf onc oonsiders NS proccdu~e as a solution to inversc scatlering problcm oí findiug 
an unknown potent.ial q from u ccrtain class, for example q(r ) E L1,1 := {q : q = 
q, Jo rlq(r )ldr < oo}, from thc fixcd-energy phase shiíts, generated by this q, thcn thc 
proor. gh-en in !CSJ, of C luim i) is not convincing: it is not clcar why thc potentinl q1 , 

obtained by X procedure, hns the tnmsformation operator generated by t.h potcnlil\! 
corrcsponding LO t,he origi ual data , that is. to the given fixcd-cncrgy pitase shifts. 
In fact. & follows frorn Proposit ion 6.4 . l below, lhe potemial q1 cannot gcncraw 
thc kernel A"{r, s) of the trn11sformntion operator corresponding to n gencric originnJ 
pot<'ntial q(r) E L 1,1 := {q : q = (j, J0

00 r lq(r)ldr < oo}. 
Claim ii) is incorrect. bccausc the original generic pot.e:ntial q(r) E Li,1 gcucrntes 

thl' pha.sc shifts (61 } , and if r¡1 (r), t.l•c potcntia l obtained by NS procedure nnd t.hcrc-
fore not cqual 10 q(r) by Proposit.ion 6A.l generales t he samc pha.se shifts {6¡}, t hcn 
one has twodifforenL poteut.ials q{r) nnd q1(r ), which both decay fastcr than ,.- t a.nd 
both g nerat.e the o rig i1111l phase shifts (ó1}, contrary LO Claim ii). 

Our mm is LO formulnt.c and justify the following 
Conclus ions: Claim N I mul ansatz (6.4. l ) · (6.'1 .2) a~ not pro11cd by R. Newton 

nnd, 111 9encrol, llrc wmn(¡. Moreoucr, 0 11c cannot avproxmiate w1tl1 a v rcscnbcd accu· 
roq¡ m the norm l1 <1ll : = J0

00 r!q{r)ldr a gcnen c potential q(r ) E L1,1 by U1e votcritial.t 

uh1rh m19ht poss1bly be obfoinctl by tl1e NS vroccdure. There/ore NS vroce,iurc camio/ 

IH J1Htified rt•er1 fl.i 1w upvro:1;i11u1tc il111er.~1on v roccdure 

Lc t us jus t iíy t.h csc conclns ions: 

Ch\lm '.\'1 formuhncd nbovc uud basic for NS procedure. is wrong, in general , fo1 t.lu.• 
íullowing re8...."iQW 

Ci\·1.·n fixcd~encrgy plm.sc shifts, corr ·ponding ton generic potcnt.inl q E L 1,1, Olll' 

111hrr cannot carry through NS proccdure becausc: 
:.) th<' !.ys1cm (12.2.5ll) in [CS], which should de termine numbers c1 in formula 

1 6. I '2), gi\·('n 1hc phasc shifts ó1, mny be not soh-nblc, or 
b) 1í the abm·c sysl.cm is solvo.blc, cqunlion (6.11. l ) may be not (uniqu ly) solvnblc 

for "'<>me r > O, t.md in t hitt cuse NS procedurc br aks down since it yields a pote:nlial 
"h1ch l.~ not lornlly intcgrnble {seo !R9J for a proof). 

H rqua11on {6.4.1) if1 salvable íor a.11 r >O nnd yiclds a pot.ential q1 by formula 
16.13). thC'.n this potcntinl is nOL cqunl to the origmaJ gener ic potential q E L.1,1, as 
follo• from Proposit.iou 6.4 .1 which is pro"cd in IR9! (see also !AR.SI) : 

P ropo. it ion 0 .4 .1 . !/ 1•1¡11atw11 (6..1 . I} r.s soluable far alt r- > O ond yu:lcl.s a votenfl{J/ 
'11 b-¡¡ formula (6A.J). 1./11:11 tlm f/1 1.:1 a rcstnct1on to (0, } o/ a / tm ct1on tmal11t1c w 
o nc1yhborliood o/ (0, oo). 

mn: a gl·nerlc pott·ntinl </ E lu is not. a. r lnclion t.o (0 , ) of nn analyt.1r 
func-uon. cm(' e nrludcs thnt ('VCn ií cquation (6A 1) tS solvable íor a.11 r > O, t.hc 
pol('nlla.I q¡, dt'ílncd by íormuln (6.4 .3), is not. cquaJ to Lh ongina.l gencric potcnlinl 
q l1 1 and lht'r('ÍOrt' lhí' lnvcrsc srnuering problem of findmg a.n unknown q E L.1,1 
from llt- fixcd·('ll(·rgy phn..~I' shifts is not soh-ed by N procedurc. 
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Thr snMti (6.-1.1). (6.4 .2) íor the transformntion kernel i . in genera l, incorrect , 
M fol\ows A.Isa írom Proposition 6.:1. I 

fndc«I , ií thc ru1snti. (6.11 .1) • (6.4.2) would be true and íormula (6.4.3) would 
ylcld t.hc original generic q, that is Q1 = q, this would contradict Proposition 6.4. l If 
formu la (6<1 3) would yield a q1 which is diffor nt from the original generic q, then NS 
procrdure does not solvc t.he invcrsc scatt. ring pr blcm formulated abO\'C. NoLc also 
tluit it 1!! prcr.1.'d 111 [RIOJ t.hnt indcpcndent oí th nngulnr momenta / transforma.tion 
oprr(llor, rorrt'9J)Onding to a gcnoric q E L1, 1 docs exist, is unique, a.nd is defi ned 
h)' n k1•rncl K (r. !) which can not lrnvc rcprcscntntion (6.4.2), since it. yiclds by Lhe 
formu la Nimilar 10 (6.'1.3} t.hr originnl gcncric potcntial q. which lS no1 a resLricLion of 
nu nnnlyuc in a nc1ghborhood of (O, ) funct.ion to (O, ). 

'fh(' condm:ion, conccrning impossibility of approximat1on of a gen ric q E L1,1 
by poll'ntinh q1, whidi can poss ibly be obtaincd by NS procedure, is provcd in 
Ónim 6.4.3 !le('t ion 2, scc proof of Clai rn 6.4.3 th re. 

'fhulS, our conclusions are justificd. O 
LPt us givl' somC' additional commcnLs conccrning NS procedure. 

l ' 111qm·nt>:."1-s of thc solulio11 t.o Lhc invcrsc problcm in case 1 was first provcd by 
\ (; Rilmm m 19 ; (S('(' [R;J) for n clnss of compactly supported potent.ials, while R. 
~1·wto11\ ¡nocrdurC' wa.-; published in [N2], whcn no uniquenes..-. rcsuhs far 1 bi s i11vcrsc 
prnhlt·rn v.rrl' known. lt 1s still 1u1 open problem if íor lhc standard in sca1,tcring t.hcory 
dJL'I~ uf Lu pot('nlials 1hr 11niq11N1css t.hcorcrn far thC' solution of 1he abovc iuvcrS<' 
'l!'l1Tt1•ri11K probll·m holds . 

\\'(' d1'1Cu ... the irwcrsc scat.Lcring prob lcm with fixed·cncrgy phasr shift.s (as t.hc 
d111n) for pot4'n11als q E 1.. 1,1, brc1111sC' 01 1\y for this dass of pot('ntials a general Lhco
n•m oí 1·u"t1·nu· and uniqucncss of t.he trnnsformation operators. indepenclcnt of 1,Ji c 
IUlKulnr momMJta 1, has bcen provee!, sec [R IO]. In j 12j. j:'\), and in [CSJ this res ul t 
w1ui nol formuhued and prov('d, and it. wa.s not clear for whal class of potentia l:1 t.hc 
trn11<1ínrmat1on opc>r.uors, inclcpendcnt of l , do exist . For slowly decayi ng potcntials 
1lw 1•lo~t4·n«" of thf· transformation operators, independent oí l. is not est.ablished. i11 
w·nnn.l, <lml tht· pou•ntinlii . di8cusscd in ICSJ and !NJ in com1CC"t1on with NS prOcl'durc, 
nr1• 1dowl, d1'C'a, mg. 

Stnrtm •1lh f:\2j, INJ, ru1cl [CSJ Cla.i m Nl wa.'I not provC'd or the proofs g iven (ser 
[C'TJ) V.Nt 1nrorr«t (Srt' (R1 !J). 'fhis eq uation is uniquely soh"Rblc for suffi ciently 
~rnnll r >O. but. m general, 1t nwy be. uot !oluable for 3ome r >O, and 1/ it is solvable 
/or ali r > O. lhrn it vrcldJ by fonimln (6A.3) a potc11t1al q1 • u:h1c;h LS not equo.1 to tlw 
m 1qm11' grnmc pottnlrnl (/E L1,1 , us follows from Propos1hon 6.4.1 

l::xl.1tf'nc:1· of ~tran'ipa.reuL" potontials is oí ten ci le<l in thr hleraturl'. A "1.ranspar· 
t•n1" po'rnhal 1.. .. a pot('n lia l which is not equal to zcro idcnlically, but gcncrates t hc 
flxt·d·i'nt"r~ htíts which nrC' nll cqm1l to i.cro. 

In {C . p !07}, th~rt .., a rc11wrk co11ccmmg thc erutencc o/ "trrmspM-cnt" voten
hab Thu rrmari. u not ¡ustified úecausc 1t u not provt.d thal for tJ1c values c1, 11sed 
111 {CS. p .. 07}. aJUatton (6.il . l) is soluable foral/ r >O. l/ 1t 1.s not soltiaú le cue11 /or 
IJIU' r o. lhn1 N procctlure úrc11ks down and thc cn.stl'rlcr o/ trrlflSJllU'CJtl votentials 
1• riul tdoMuhcd 
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In the proof, given for the existencc o f Lhe nt ransparc.nL" ¡>0tcnLlnls in ICS, p. 197], 
formula (12.3 .5}, is used. This formula involves a certain infinitc mntrlx M . lt is 
dn.imed in ¡es, p. 197], that tl~ is matrix J\/ has 1he property MM = / 1 whcrc J h1 
die unit ma.1rix, nnd on [CS, p. 198], formula (12.3.10), iL is claime.d thnt n \"l'Ctor 
u =I O exist.s such t.hat. Mv = O. lfowever , tben M Mu = O nnd at Lhc snme tim 
MMt' =u :f-0, which is a contradiction. The difficulties come from Lhe clnims nbout 
in6nite matrices, which m e not fo rmulate.d clearly: it. is not clcar in wha t. space M , as 
an opcrator, act s, what is t.he domain o f definition of M , and o n wha t. s t. o í vcc::LOrs 
fonnula (12.3.5) in [CS] holds. 

ThC' cons1 ruct ion of tbe "t.ransparent" potent.ial in [ J is bnscd on the íollowing 
logic: take ali t.hc (ixed-energy shifts cqual to zero aud find e.he corresponding c1 

from the infinit.e linear algebraic system {12.2.7) in ICSJ; than const.ruct th kernel 
/ ( r. ) by fo rmula (6.'1.2) and sol ve equation {6.-1. l ) for ali r > O; finully consLruct Lh<.> 
" trnnspnrent" pot.an1.ial by formula (6A.3). As wa.s notcd above, it. is not preved thal 
cquation (6..1 .1) wit.h t.hc cousLructed abo\·<? karnel / (r, s) is salvable for ali r >O 
Thcreforc thc cx is tcncc of Lhe "Lransparent" potantia!s is not. csLablished. 

Thc ¡>hysicis t.s havc becn using NS procedure without q uest.ioning its validity íor 
SC\'eral decades. Appmenl!y Lhc physicis ts still belie\•C that NS proccd urc is "nn nno.
log f 1hc Gel'faml~LcviLan rncthod'' for inverS<? scattcring problem with fixed-auergy 
phn.se shiíts ns i he doLu. 111 fuct , Lhc NS p roccdure is not." valid inversion mcthod. 

mee modificat.ions of NS proccdure are stilt uscd by some physicist.s, who bcliC\•(' 
that this proccdurc is 1111 i11versio n thcory, the autho r pointed out sorne qucstions 
conccrning this p roccclurc i11 [ARS] all{I [R9] and wrotc this paper. 

Th1s co11cl11des l.ho discussion of case 1. O 

Oiscus:sion o f cuse 2: 

upposc. now t.lw/. one u11111ls jusl to construct a potenl.rnl q1, 111/iich 9cncrotcs tJ1c. 

pha:ic sh1/1s con~.,¡10ndin!I to .wmc q. 
This probl m is ncLunlly not an inuc.r.sc .scatten119 problem be.cause one docs 110 1 

rt"C'O\"Cr an originul polontinl from t.he scaLtering data, but rathar wanLS Lo co11struc1 
~me ¡>0tcntial which gcrternt.cs Lhcsc data and may ha\re no physicnl mc1.uling. Thcrc
íore this problem is 11111ch lcss iutcrcsting prncticnlly than thc irnrcrsc scnt.Lcring prob
lcm 

llou·tt'C'r, NS ¡1roccclm·e does 11ot .soluc tJ1is probfem ettlu:r: therc is 110 guarantr.e 
lh01 thu pror:tufurc l.'i a11vficable, tlUJt is, tiUJt tl1c .slcp.s a) arul b), descnbcd m tlw 
111.sl1/icol 1on aj t.lic ronc/11sio1is1 ran be done, 111 porl.1culor, thal equat1011 (6A.1) l.f 

1m1qucl51 .solvnblr for "11 r > O. 
lf th s t.cps c ni1 be douc, Lhcn onc nccds to check that the pot. ntial q1 , obtaincd 

by íonnula (6..1 .3), gc11ura~cs t.he originrU phase shiíts. This was not. done i11 [. 12] aud 
(:<) 

Thl.!o conclud1•N tlw disc11ssio11 oí case 2. O 

Tht N..,I o f thc pnpcr o ntnins íormulation and proof of Rcmark 6A.2 :111d 
Chum61J 

1t •A." 11MUÍfJ111•d in [NJI t.hat ií Q := J0"' rq(r}dr #:O, 1bc 11 Lh e numbl'r:. r1 111 

íornmlR (6 1 2) rn11110 1 snt isfy the conditlon [ 0 (QI < . This o bservuti n c n11 lw 
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ohtnuwd tú._"'° from lhC' follow1 11g 

lle 111o r k 0.4 .2. For twy J>OLential q(r) e L1.1 .rnch tliat Q ·= Ío rq(r)dr #:- o t/1e 
OOur rquahon (6 . 1 1) u not .wlvable for .tome r >O cmd onp dio1ce o/ r1 such tlrnt 

L1'11lr1I < 

Sum• K(·nt·nrally, for q L1, 1 , onc has Q i: O. this gi,1.':i an add1lional illust.rution 
tu tlw wnclus1on lhat ('Quntion (6.4.1), in g ncral, is not ~hct.blr íor somc r > O. 
( 'und1uom1 [ 1 0 lc1I < nnd Q i: O arC' mcompnt1bl<' 

111 jC' p 196). ll W<'akrr couclit i u ¿:, 0 1 .llr1I < '- '" tL...-.d bul in th{' <•xamplcs 
(!C'S. 111' 1 9-191J). C'¡ - o r r oll / ~ lo >o. so thnt L;" r¡ < in ali or ! h {'SI' 

l''{•UllJlh" 

('Jni111 6 . 1.3 . Thr 1rt oj the potf'11trnb 11(r) E L1.1. whirh con po.mbly be obtai11crl by 
lhr NS 111'0N'tfort. 1..t r1ot den.lr {m ll1c 11onr1 11'111 ;:;; fo rlq(r)ldr) in l.hr set L1.1 · 

L•t u ¡nm·(' Rrmnrk 6..1 .2 a nd laim 6.4.3. 

/ln"><1/ o/ RrmarA 6' !! \\'dting (G.'1 .3) a.s K (r, r) :;: - J J; q¡(s)tls and 1L"IS11 rni 11g 
Q t n. ont· p;t·l .. lh<' íollowin~ rC'lat io n : 

(G.'1.4 ) 

lf (6 1 1 1!1> !OOh'nble íor all r· > O. theu írom (6. 1 2} and (6A 1) it íollows t lmt. 
/\'(r.11} L, 0 c1-t1(r) 11¡ (.•), whl't'(' v>1(r) := u1(r) - J; K (r, t )u1(t)1t 1 so tliat I - 1( 
I• n 1rnn .. rorm1U1 n oprrnlor, wht•n• 1( is Lh(' opNntor with kC'm<'l /\{r, s), v>/' + 4/JI -

~),.!l.,.~, - q1 r)..;1::; O. Q1(r) is giw 11 by (6A.3). VJ1 = 0(r"'" 1). as r-+ O, 

( '' ) . ( ,. ) t11(d - 4'111 r - 2 , tp¡( r ) - lfil sm r - 2 + Ó1 as r-+ oo, 

'AhNt' ó¡ arr th<' pha..__IO{' shiít.s nL k :;; 1 and F, is 1hc J oM fonrlion at k :;;: l. Onc cau 
prm-t• th<lt up1 IFrl < . T lms, lí ¿:1_..0 Jcil < , thcn 

(G.4.5) 

ir Q -¡O 1h<'n (6 1 S) rontrndicts {6.<1 .4). IL follow:. thnt ií Q #-O thC'11 cquation (6.4. I) 
1 •ll11h1t lt4' umqu('J~ <,Q!vnblr for nll r > O. so thn1 ~S pn1C'('(fon• rn111101. h<' <'lu'l'i<'cl 

thnmKh ir Q -LO ruul }:1 0 l<'d < . This prov('S RC'mark 61 2 O 

l'n,.1/ o/ Oium 6 ¡ 3. ~ uppo!ic lhnt u(r) E L1,1 and Q1. := J0 ru(r)dr = O, b CC'l\llS(' 

lll lwnn... prnr._•,for<' mnnoL hr cnrril'd lhrough ns wa.s prowd in Hcmark G.4.2. 
ir tJ. O. thfn th<·rr is nlso no gunrnmcc t hnt N prOC'rdurC' can be curriecl 

1hruu1th HOT<t \l.·r., wr clnim Lhnt ií onc ru;.suml'!J lhnt 1t can he carricd t hrough, 
1 lwn tho ~ ol J>Ol'-'nU&ls, which cnu ¡>ossibly be obtamrd by N proccdurl', is nol 
1lt·n~t· m L11 m th(' norm 11'111 :=fo.,., rlq(r)lrlr. In fnn. any pote111ial q such 1hat 
Q J: rq1ridr 'f: O, nnd Lh<' sN oí such 1>otrnuals i. dm5<' m L1,1 , ci:rnnot be 
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npprox1mnled wilh n prescribed nccuracy by the potentials which can be possibly 
oblruncd by the NS proccdurn. 

Lct us prov<' 1 his. Suppose ~h a !. q E Lu , 

Q9 := fo 00 rq(l')dr .¡.O, and Jlun - qJI-+ O as 11 -+ 

whcre thc pot.cnt.inls 1J11 E L1, 1 are obtained by thc 15 procedurc, so Lhnt Q., := 
f0"' nn(r)dr =O. \Ve nssume v ., E L1.1 because o thcrwise u11 obviously cannot con· 
\'l'rgl' m the norm 11 · ll to q E L1,1. Defi uc a linear bounded on L1 .1 functionnl 

f(q) '= /, rq(r}dr, l/(q)( :S llqll, 

whcrc l!qll := J0 r(q(r)lffr . The potent.ials v E L1•1 , which can possibly be obt.nined 
by th<' :'\S proced ure, bclong LO t.hc null·spnce of j , that is f (v) = O. 

Ulim., .• ;x: llu11 - ql[ = O, Lh cu lim,. ._. lf (q-v11 )I ~ limn .... llq-vn ll =O. Sine(' / Is 
1\ hnt:ar bounded func t.ionnl 11tid /(11., ) = O, one gets: / (q-v11 ) = /{q) - /(un ) = /(q}. 

1f /(q} j. O 1hen Jim,,_, l/(q - u,.)I = lf(q)l .¡.O. Thcrcfore, no potent.inl r¡ E L1 .1 
v.ith Q,. 1 O n:i.n be 1.1pprox im11t.cd arbitrarily nccuratcly by n potcntial v(r) E Lu 
wtnrh can l~"ihly br obt.11i 11 ud by t.hc NS procedurc . Claim 6..1.3 is provl!d . O 

6.5 Formu la far the radius of the upport of t he 
potentia l in terms of scattering data 

Th1· a.1m or lh1~ SC'Clion is to Jll'OVC formul a. Lel us make thc following a.ss11111 ption 
A!'>.!tun1ption ( A) : IJ1e ¡1otc11trnl r¡(r), r = [:rl, 13 spl1cncall11 symmctn c, rtal·1m/11cd, e q 4 dr < 'X, anrl q(r) =o /or r > a, but q(r) f;. o on (a - t,a) /or ali suffic1rntl11 
mtJlt O 

Th•· number a >O wc C'nll thc rnd ius of c-ompactness of thc potcnt.ial , or simply thc 
rAEhu~ of thl· J>Ott•ntull . L<:t A(o',o) dC'notc t.hc scauering amplit.udc corrcsponding 
to tht• pot~ n110.I q at n llxC'd P111·rgy 1.-2 > O. Without 1 e; of gcncral it.y lct us Lnk<' 
.l a l m • hrH follows. Oy 0 1 , o S 2 thc umt vectors in thC' d1rC'C'Lion of t.hc srnttcn.-<I, 
r l)('fll\ dy. mc-iclcnt wavc, nrc 111ca11 t , si is t hC' mul sphcrc m R3. Lct us use formulas 
(5 1 19 .U>d (5. 1 20). 

h 1 f mtl'T1•.s1 to obtnin SOlll l' information nbout q from th (fixcd·cncrgy) scnt· 
h nn~ data. tha1 is. fram ! hl' srat.tc.ring nmplitudc A(n'.o), ar, <>quivn.I nt.ly, from thC' 

fho ni-' A1(n). Vt•ry fow rcsulls o í such Lypc are known 
\ re uh of !'.urh typ<: is 11 m•ccssnry and suffiri('nl condilion for q(x) = q(lxt): il 

"•'"-" pro'i-d jR, p.131 ], t.hM t¡ (.r) = q(l..cl) if and only ií . .\(o' ,o)= A(a' ·a). Of coursc, 
thr n'-"C1 ~11\ of this roudil,ion was n common knowlcdgt>. but the sufficicncy, t.hnt is, 
tlw 1mphc-.'.'lt1011 ..t(n' , n) = A(n' o)=> q(r) = q(l.rl), ~a nev.• rcsult [R2J. 

\ (mochftN:i) ron1r·r1 un• frorn ¡n, p.JSGJ any!J thn.t aí 1h po1cn1i n.I q(r) is compnctly 
~uppoo<"d. iu1d 11 > O i~ its ra.dius (dcflnrd for norHiphrncally symmctric po t.cntinls 
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111 1hf' 11amt" ••a' as íor lhc sph<.'ricnll • symmetric). thcn 

v. twr<• 6, ru(' the fixl'<l-<'ncrgy {A: ::::= l) ph ns<' shifts. \\'e pron.• (6.5.1) for t he sphcricnlly 
'l\·mm1•trir JlOlNltin.ls q = q(r) . 

lí q q(r) tht'n A.1m(n) = ñ11't111 (0) wh<'r<' Ü1 dC'pt•rul" onl) on 11t11d k , lrnt no! 011 
n or n' Smrt· J; - 1 is fixC'd , O, d('p(111ds only 0 11 ( for q - q r) ,.\ ..,!';111~ q(r), 
mw lnlu -t(o'.n} - . t (n' · n) ami rnlrulat<'!'I A,.,,(n} =J.,., .\(o' 0))·1111(n1)c/o' = 
ii1l 1,,.fo) whnt' n, , ¡1 1 A(t)C:~ 1 ( t )tll . I 0, l,'2. llPrc \\'l ' l11wc mwd 

'· 1( 1) 
ín111111l.1 l I 1 16) m l lll\ , p.-1 13], nnd c:111(t) an· ttw C1 rnbaun JlO\ynominls (Sl'{' 

[llh. ,pllJ: S11m.•c;t 1 P1{1) , Pr( I ) = l ,wl)('n•P1(t)Ml·thl U-gcndrc polyno minls 

( t'i'. 1· ~ :ni\ p. 109Jl. mw gi:·1s: a, 2tr ¡' 1 .. l{t)P1(t) dt 

Fnrnmla 6 ; 11 for 'I = q(1·) ('1111 lw wri1 lt'n ns <1 = ITiñ, ...... ( ~10111' ) . 
lrnh-."'11 up , ..,, Prrnl O ( d),nsi~wi•llknown(""f' l"¡.1. .~ IP,p.26 1 ]). Tlm:, 

l<rn(l 

hm1 (up ·~ ,i ) 1.,, (tt)I)~ - l , mul fnrmulafort6j . l ) yu·lds 

' rn' 
(6.5.2) 

\ul+' llt.1l "" um¡Hwn (A) nuplit•s 1..hl' following a. ....... urnpt1011 

A<t~umption ( ' ) tl1f' ¡ml.t'rtlwf r1(r) dor.~ not rhcmgr H911 m wn111 h•fl 11r1ghbor-

li(lf1tf uf lh,. '"' 11 

!"111 -~ lllllllt.011111 J)rllftkr is 1101 t"('StriC'ltH', bOWl'\"l'f, ª'"hU\\ll 111 !ll , p.282j, !hl' 
pnt1·11t1,1I •h1'h 1isrillnH• iufirdtt•ly nf11•11 iu H ut>ighborhood of thl' rip.lu l'lid of 1twi1 
uppnrl. m;\\ han.• ~lll<' U('W propC'rlirs whkh 1lw pot1•nt1a.h. wi1ho111 this propí'rty 

rlu nol ha' fi•r t'X<unplr, i1, ii; prowcl in [R. p.2"2J. that ~uth infini t<•ly oscillnting 
pot1•nt1.U llld h.n1• 1nfi11itf'ly m1my pmdy imagi1Mry rC':!OllMlct"'.'>, whill' tlw pt>H•utials 
wlurh ti•> htJt ch•lUf{.t' i;:ig11 111 n neighhorhood of 1lw riglu 1·nd of thcir suppo rl rn11110 1 

lum· mhnnth tn..l.n~ purrly i11111ginnry rcsonRntcs. íhl'n·fore ll is of intt.'rcst to lind 
1111! IÍ • 1U1¡1tw1n \ ' is fll'('('SS1\1 ,Y for lh(' mlidity OÍ (6.5.'2) 

rhf' ma.in r uh 1~ 

T hcorem 6.S. l. UI ruuumvtiou (AJ l1old. Thcn fonnulo (6.5.2) holds 1mtl1 ITi'il 
rrplurrJ •• hm 

fhl! r uh nn be. lnled C'<¡11ivnlcmly in tcrms of lh(' fixed-cncrgy plrnsc s hift 61: 

. (21+1 1r) hm --1611 =a. 
1- • e 

(6.5.3) 
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IW!o'lli-. w prO\'C im nuxillary rcsulL: 

Lcmmn 6.S.2. lj q = q{r) E l 1 (0, ), q(r) i.s rml-ualued cmd dCH!$ not cl1an9c s1gn 
m _,omt' mun•ol (r11, o] whcre ai < a, tmd a 1.s the rnd1u.s o/ q, thcri 

1 ~ I~ n = liui,,1-100 fo q(r)rmdr ,m = 1,2, .... (G.S.4) 

Bt·I~ lli pro\·(> (6.5.3) nnd, t,licrcfore, (6.5.1) for spherically symmctric pottnt11d!tl 

I'roo/ o/ krnma 6.S.11. Fin;L, wc obtnin a slightly d1ffercm r(>lo;ult tho.u (6.5. 1) os ru1 
111un1"'h•Ue con:-.t'C¡U('llCC of thc Pn.ley-\.Viencr thcorcm. Na.mcly. wc provc Lcmmn 6.5.2 
\\1th "conunuous pnrnmo!cr t rcplacing thc inwgcr rn nnd fun rC'placing lim. Thi11 •~ 
dont> for q(r} E J}(O, ri) 11ud wiLhouL adclilional a.\.,.umption.s about r¡. llowl'\'('r, .,.., . 
.uc not a.hlr 1-0 prO\'C Lcmnrn 6.5.2 ussuming onl)· thnt q(r) E L2 (0,a). 

'"'" q(r) is \Ompactly supportcd, one can write 

1 !." !'"º /(1) := q(r)r' rfr = q(r)etln,. dr = q(eu)c"c1"du. 
o o -o.. 

(O.SS) 

¡_,tu ... n All tha1 P11ky· Wi{•11c•r r.ht•orcm implieo; lhc> íollowing daim (se<> [i.A.'\'J): 
l//1:) = J:.' 9(11)1·· ""r/11 1 (01, 11:.iJ u tl1e smnllrst rnlt>n,al contru11m9 tJ1r .H1p¡K1rl 

u/!lt'd 011dg(t1) J .. 1 (/,1, 02), 1/ic11 

(1 ' ln i/ (<1)1) = J;;;;, 
In I J:: g{u)r' "dul 

+~ (G.S G) 

Thu.. ... u..-.111g {6.5.5) uml (6.5.6), onc gcts: 

In o = n;;;,_, ,~ (1- 1 In [!':· q(c")c"c'"du[) . (6.5.7) 

formuln (G.S.7) Is 11inillar Lo (6.5.il) wiLh m r placed by t and lim r plnced by ITiñ. 
R~mnrk 6.5.3. Wc hour uscfl formula (6.5.6) U11th b1 = - , wlnlc 111 tJ1r Pnleu· 
it"u·1ur t.ht'Orrm •f 13 r1ss11111cd tlrnt b1 > - . Jfowcut"r, /or b1 < b-i, g ~ O on 
r1>. .~J /or ª"" e> o, 011(! l111s. 

Thta hm, .• ..__ T.;fH = O, 1111d 

¡- h1 ih1 (I) + lo·¡( l)i 
1m1. 1 

=¡;¡;;, . In 11.,(1)1 + hm 111 IJ + o(l)I = ¡¡¡¡;,_ 
1 · - · t 

In ¡1,,¡1)¡ 
---= lna 

1 
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Thrrríorc fonnuln (6.5. i) íollows. 
Tu prO\'t' (6.b.-1), wc use n diffc.ront nppronch indcpcndcm of 1 he Paloy-Wioner 

tht'OH'lll Wr will use (6.S .. 1) bolow, in íorrnuln {6.5. 19). In this formulR t hc role of 
q(r) In (6.5. 1) L• plnycd by rq(r)[ I + ,¡.., l)J, whcrc < ~ 0( j ). U,1 us provc (6.5.4) . 

/\ "-'lmm: wuhoul lo~s oí g n rnliLy thnt. q ?: O ncar a. Let 1 := J0n q(r)r"'dr = 
J~'' 1¡(r)rmdr + J:. q(r}r.,.dr := /1 + 12. Wc have 111 I < mj". C"1(0 - r¡)"' < 12 < c20"' , 
wht•rt• r¡ l.!1 iUl arb\trnry smnll positivc numbcr. Thus. 1 > O íor ali sufficicntly lnrgr 
m, uud 11·'"" ~ /~ /m( I + ~) 1 1111 , Onc hns t 1 - '1 S /~/m So and ~ O ns m -t 

S111r1· r/ i~ rburnr~· smn.11, it follows t.lrnt límm-•o. f l/m =o Thi. ... completes t hc proof 
oí ((UH). l.A>mmn 6.5.2 is prnvccl. D 

froo/ n//om111la (6.5.3). From (5. 1.19) nnd (5. 1.23} dtmo1mg a1 := e161 siuó1 , 0 1w 

1(1'1" ..l{n' nl = L:~ 0 ñ1 l 'r(o)\'r(o') := •In- Et 0 n1)'1(n)}i(n'), whcrt•, or := ~. 
4· l. nnd a1 - ~ = r'"• sin Ót. 

n1 = - fo ltru,(r)q(r)1.-•1(r), (6.5.8) 

11•lwu•u1(r);; r1t(r) -sin (r - f:¡.) nsr ~ ,jr( r ) arcthesphcric-al Bcssel futwtions , 
Jf(r} J'T;J1'1 t(r), ttnd tJ11(r) solvc:t (5. 1.15) · (5. 1 li). and the in1cgrnl 

g1(r ..-) ;; -ll1(r)1Uf(.~). r < s; 

•·d•l := .~rr;.;\(s). 
nd u:º u thc Hankel function. 

lt ¡, krtoT>·n IRK, p..IOi] 1.hnL 

g1(r, ) = g1( .r), 

J.(r) - (.".'.:)" - 1- , lf!"(r) - - • f2. (.".'.:) 
211 .,/2ifí, V~ 21, 

J..(r) H!"(r) - _.!__, v-+ + 
ffV 

nnrl (AR ApJ>('ndix •IJ: 

1 
V>- . 

•I 

(6.5.0) 

(6.5.10) 

(6.5.11) 

(6.5. 12) 

(6.5. 13) 

lt foll°' hom (6.5. 12) t lmt. it 1(1') clocs not. h:we 7..C' rOS on any fixc<l int.erva\ (O,a] if f 
lit 11ultlcwn1h· lugc Define v,(r) := ~· Then (6.5.9) yiclds 

111(r) = 1 + 1" Yr(r, •()u)¡(s) q(•)u1(.•)d 

o "' r 
(6.5. 1•1) 
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From t6:, 10} and (6.5. 12) ouc gets 

,. (')' g1(r, s)"" 2f+I ; , ,. < 11, (-+ + ' (6 S.IS) 

~ - ( ~ )l+I 
u1(r) r · 

1 .... + (6.S 16) 

fhw 

u1( ) . 
!Jt(r,.<i)u,(r) - U""+I" 

Thi: 1mpli1 that for ::.uflidrntly l11rgr l ('Quatiun (6.5. 11 I ha.' "mflll k<>rm·I nnd llwtt· 
!ur~ as Luuqm·ly ~l\"nh lr in C'(O,fl) ancl onC' hn." 

t 1(r) ur(r) [ l -+ O ( ¡)] a. ... ( -+ +""A;, O_ r :S a, (6.5.18¡ 

un1hr11h •1lh 11· .. p1·r1 10 r [O.a] 
fo llu: M ( /Nj fon1 wlu (!!J. 180). wl11rh q11·u tJ., cuvmptullr brhat•wr o/ S, /ur 

latyt" I u r111•frn1fmq /111• 11•111111rufrr 111 fhn fnrmula u o/ orrJ,,,. u'111rlt ' ' m11d1 q1Tt1trr 
1n ~nnrd fhcrn 01r nrdrr o/ tJ1 e tllfllrl trro1 111 thr~ formulo Th111 i<i why w1• hnd to 
tmd a d11í 11111 .1pp1n11rh, whk h yil'ldC'd formul11 (6 5 lkJ 

From 11 l ), (6.f1. 11 ). {6.5. l 'l), ami (6.S. 18) nrw hn;. 

,, { •fr'l(rl ul(• ) [1 + (} (:)] 

[ tlrt¡(•)•·'r" [1 +ne) l J ( )ll+I 
11+'.? 21: 1 

hm 1r1/rq\r)r1r I h za 
1 .. lo 

n.mirnn 6 s 1 1 prm·rd 

(65.19) 

(6 5 20) 

o 

1lf'mArlc .S.4. Smrr li1 > O 111 I 1 + , ami m61 - f.,. r''• - 1, º' d1 • O, 

/ ' "da~ tJ ~..'O) nru/ 111 - 1 ''11 11i11d, 1r11plJ1 lnn 1 , .._. (~ 11lr):... a. uhrrr d, u /Ju 

11. •'n/1 al a /uf'fl '~ "fl1•r rnrrg~ Thu u formula 6 S 31 
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7. Inverse scattering with " incomplete 
data" 

7.1 Un iq ueness r esul t s 

Ccm11ldn t'<1mu1011 (1.2.3) 0 11 thc lnu•rvn] [0, lj with boundary rondit lona u(O) 
u( I) 1 (or me other sclíndjoinL hornogcll( .. 'OUS scpnrnt«I boundary cond it ions), 
fUld q tJ, q E L' IO. !J. Fix O< b $ l. Assumc q(z) on ib. IJ is known anda subsct 
( ,\,,.¡111 lvn 1 'J. or th c.ige:nvn lucs ,\ ,. = A:~ oí thc ope.rator t rorrcsponcling t.o t,hu 
rhrlfl1•n b<.>undtu)• conditlons is known. He.re 

m(n) = .!.c1 +E 11 ), o = const. > O, fe,.¡< l , !n ~O. (7. 1.1 ) 
" . 

\\'1• l\.'l.'IUllW "°mt· tunes thn 1 

2::1• .. 1< (7.1.2) 

T tworPm 7. 1. 1. /f (7. l.1 ) hold.~ rmd o > 2b, tht!11 the dol<J {q(I),b $ J º $ l ; 
f.\,n¡udvn} rJ,-frnm ne <1(r ) 0 11 [0 , /Jj u111q11 ely. !/ (i .1.1 ) ond {j 12} hold, tite 1J1Jm f! 

ro r1 rl11.11on holdt also 1/ o = 2b. 

1'111" numbn o 11' Mlhc pC'rn• nLagl'" oí thc s pcftrum of ( wlud1 1s suílicicnt lo 

rl1·tl'tnmw q on ¡o. b} if o ~ 20 nud (7. l .2) holds. For cxamplc. if o = 1 1.md b = 4, 
th1•11 "onr "'P''(""lrum" dNcrmincs q Oll Lite half-intcrvnJ 10. n lf b = ~' (1 = 4, Lhc11 
''lrnlí uÍ th•• p<'<"lrum" dNC'rmincs q 0 11 !0, !J. Oí C"Olln;(', q i~ assumNI knowu 0 11 [b, l j. 
lf h 1, o 2. l)1t·n "two spcc Lrn" determines q on lht• wholc int<'rval. 13y "Lwo 
'llll'flrnn Uf (Jl('an.!I l)ll' SC't (..\ 11 } U {¡1 ,,}, whCr(' {¡1,,) is the s<'l of cigcnvnlUCS OÍ f 
rcim·~11•mdmg to thc MmC boundary ro nd ition u(O) = O at onr t'nd, s11y nL x = O, 
anti 'lnlll" oeh"r ~dfodjoi ru. bo11 11cl111'y condi t iou at thc othl'r end, say 11 1( ! ) =O or 
u'( I) + hu(ll =O, h = consl > O. Thc la.sL rcsult is a wcll-known thcorC'm oí Oorg, 
whirh "" •\.."' twngthtned in [t-.1], whcrc it is provcd thnt 1101 only 1hc potcntin l bu1 t h<' 
hounrlan corui1tioru as wcll nrc 11 11iqucly determine<! by two Sp<"Ctrn. A vc rsion of 
"or11• "í"°' uum· Mult wns 111cnLioncd in [Ll , p.8 1]. 

r,,,,,¡ uf nf"Orrm 1.1 1 F'irst, llSSll lll(' o > 2b. H thcrc are q¡ and q2 whi ch prod U('(' 
th1• ... ~uw dat.a tht'n ll!I nbovr, onc gcts 

G(.ll 

:11 ..:1 - .,,,, p := q1 - r¡~, k = ./),.. T lms 

g(k ) =o nL ¡. = ±,¡¡:::;::. '= ±k. (7. 1.'1 ) 
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Tht'.' function G(,\) is nn en tire function of ,\ of arder ! (scc ( 1.2. 11 ) wllh k = ./X), 
nnd is nn entire c,1cn function of k of cxponcntiaJ t.ypc :S 2b. One has 

(7 l.~) 

T be mdiclu .or of g is dcfined by the formula 

(7 1.G) 

whcre J: = rc' 11 • i11 cc llmkl ::: rl siu 01, onc g ts from (7 .1.5) and (7. 1.6) thc foJlo.,,•mg 
1~t1mnl<' 

h(O) S 2b/ sin O/ . (7.1.7) 

h LS known JLcv, for ruul11 (11. lG)] t hat. fo r any cntire function g(k) ~O of expan~n 

ual typt> one hos: 

11 {r) 1 ¡'• lim - :S - h1 (8) d0, 
r-:r5!I' ,. 2l'i' o 

(7.1. ) 

whNl" 11(r) is tlw munb r of zc ros of !J{k) in t.hc disk lkl :S r . F'r m (7 .l.i) 011 <' gt>ts 

1 ¡" 2b ¡'• ·IÚ -2 h, (O )dO S -2_ /• 1118/ dO = 7 
1r o " o " 

From (i l 2) 1md 1 ht• kuow n 11!lymplo tics o f t he Oirichlct igcnva.lucs: 

..\,. = (1m)1 + c+ o{l), n-t , c=const , 

on<" ge-1. for thc nu111bcr of zcros t hc csLinmtc 

*1 <: 2 ¿:: 1 = 2~P +o< • >1. , 
";" [•+o(")/<• " 

From (7 l ), (7.1.D} and (7 .1.11 ) it follows tlrnt 

(J s 2b. 

(7.1 9) 

(7 l. IG) 

(7.1.11) 

(7. 1. 12) 

Tlwr. ÍOIC. lí O > 2b, t.hc11 fl (k ) : 0. lf g(k) : 0 lh("n. by prOJ> rly C~ 1 ¡1(r ) - 0 
Th1:'0frm 7 1 1 i ~ ¡n·o\l(•cl iu Lh case o > 2b . 

.\ ~umr no~· 1 h111 o = 'lb 1md 

I: 1•.1 < (7 1 13) 

\\ r climn chal 1f :tll l'tlLirt• íunctiun G(>.) 111 (i 1 3) of otd<.'f ~ "anls hcs nL thc 1>0\nL" 

(7 1 11) 



nml (i 1 l3) hoM11. tlwn G{.\) 
ft)K>\T 

lf th is is provNI. tht·n T ™"orcm i 1 1 is ¡>TO\"f'd ns 

1 !'! u~ pr0\1' tht• churn Or flnr 

'~(,\) :- ñ (1 - ~) 
"1 Á,1 

4>o(.I) "''.'"- ,\). rr' (1 - "). 
n./>. " 1 1•11 µ,. 

Smu G \,.) O, thr fu11r 11nn 

,.,(,\ ) 
G(.I ) 

<I•(.\ ) 

1 1 ntm ol ord•·r · ! U:•1 " " llM' 11 Phrngnll'n-Lindrlof lt·mnM 

(7 1.1 5) 

(7. 1.IG) 

(7. 1.17) 

l .1•111111 7 1.2. /L<I' Throrni1 I :JI!/ 1/ ari rnt 111 /unrtu>n ti:(.\.) o/ mYlr 1 < 1 lrn.'i 
thr ¡1m¡ n.- •u¡ l11•(1y)I < t', tllrn 11'(-\) ,. 1/, m add1tum u•(1¡¡) •O us 
11 • • 1>,,nn\\ 

\\ ,.u· th ltnumt to Jll O\'t' 1hn1 w(.\)::: O lf th1 .. 1~ prowJ tlwn C(.\) O ami 
rlwutrm i 1 1 b ¡nm·N:I 

l h1· fom to1 u(.\) i<t t·11111 '' of m dn ~ < 1 
l 1·1 11 thtd: th.tl 

.sup 111•(111}1 < <, ....... 
. 11111 1h.11 

lm(111)1 O R..'i lf - ~ + 

(7. 1.1 8) 

(7. 1 19) 

llm• h.u W.mJ' {i 1-5), (i. 1.15), (i. 1 16) nnd t11km« mto .-1rrount thnl o 2b: 

G ••1 4>o(•U)I < r"11mY.•I (~) 1 ( ~ 1 + ~) ¡ 
+ •wl 4>o(•u) (1 1 lull 1 11u:I Il 1 ~ ¡? 

llo 1 ' .. 

' ( Il ~) ¡ < _< IT ro 1:T.il1 ., ! 1 + lt.I) $ -1 + luli · 
"'• (ri,.,.<.\,. )/l n - 1+1111(,.,. .. <~, 

llnr • )u, Wil"<t t·lrnwntn1y luet¡unlitics 

l•n l + 
i7J < d IÍ fl ~ d 0~ ( + :~ $ ( IÍ 0 ~O.$ d, (7.1.20) 

w11h u ~ J f!. Md lhr n..~umption (1 1 l 3} 
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\\"e al.so used t.hc rclntion: 

1 
sin(ofl!i) ¡ .... eªll mJ'ii) 

o,/íy ' 2u[/lyl as y-+ + 

Esumat<' (7. l ) implics (7.1. 18) nnd (7. 1.19). An es1imnte simill\r to (7.1) hns b«-o 
usetl in the ln.ernturc (scc [CSJ). 

Thoorem i . l , 1 is pro ved . O 

7.2 niquene s resu lt ompactly up port el po-
t ntia l 

Con.~Hkr Lh<" rnversc !icnLL r ing problcm of Scction 5.2 and a.ssume 

q = Oforx ~a>O. (i 2 1) 

Theorcm 7.2. l. lf q - Li. 1 .rnlisfie$ (7.2. 1), then any one o/ the data (k), 6(1:), 
/lkl / .1:), dttrnmnr <1 un11111cfy. 

Proa/ \\t· 5>row fin11 (k) :::> 'I· 1 ate thnt wlthout 8.S.1umption (i.2.1), or tul a..o,,~um¡.,. 
t1on •h1ch 1m1>IU'.:M t hn1 / (k ) is 1111 rnurc íunct1on on C. thc> ro;ull doei not hold. lf 
F 2 1 hold' or ('\'('ll 11 wcnkcr n.'lsumpl10n 

(i 2 2) 

1h~n /( ), «he• Ja~l íu11tL1011 ( 1.2.5), is n.n cnt1r<' funclion of k, and S(k) is B nu·romm 
ph1c funcuon on e wit h tl1t' only pales 111 C+ Bl the pomu rk,, 1 s ) ~ J ThlL'f, k1 
.u1d J .u1 d11.n11111wd by S(k). s1ug ( 1 2.16) and { 1 2 11 ), which hold!i for n.11 k E C, 
hK:uur Jtq ;rnd j(J, k) ar(• <'ntlrc• Íllnctions of k. mu..• finds A1 - 1 R~t .1, S(k). 
Thl~ .\ll thP rhlltl (l 2.17) m(' round fr m S(k) IÍ (7 2 1) {or (7 2 2)) hold~ . lf th(' <hlln. 
1'!1; arr kno\\n, th1•11 r¡ 111 uniquf'ly dC' tcrm1m'tl. ~· Tht'Orc'm S 2. 1 

U~ .1; u K1''<'n tlwu (k) c'1dfi l, 80 6(k) => q lf / (l· ~ gi,·tn thrn (k) lfitr. 
so J .l ~ q. lf j'(O, k) i!i glvrn, thrn onc ran uniqul'I)' find J(k) from (1 2 11). lndN'd, 

un'K" tl11 N· .uc lwo f(k), j 1 nnd ¡,, corr pondmK to th1• ll'·rn f'(O. k). Subtrnrt 
from (l J 11) \\ tlh f /1 l'quation ( 1 211) w1th J ;;.. h. dt·note J. - h :- u1. ru1d 
g t I • ) /'(O. qw( k) - j'(O, - k)w(k} or f.Wt¡ = fco1-¡ incr w( ) =O, ruul 

/(O l J 1l - A(O, O) t J0 A, (O,y)e•••t111. oncean ronclud<• thrH m - O ifonc rM 

cM · th.l1 ¡.M 1 i. rrnalytk \u C._ Tht• funct1nn /'(O, k) has 11.1 m~l finll<•ly ml\11)' 

ttt In C •• uut thl'~t· lt'Tl).'l l1rr !IÍ111plc Prom ( ~) onr fOndud<"lt tlrnt if f' (O,t<) .;s O, 
..., { C. th1 n 1i•(,. ) O, herlHISt' ií J'(O, ,.) =O th('n /'(O, - ) ;. O ( (1.2 11 )). T lnll 

n ·¡· "'JW.Jy11r 111 C ; '\mllnrlv /ih~ ll) 1.S n.nnl)'l tc IQ e,. ThCS<' lWO ÍUn('t ioru• 

""'"' on t~ t,·n.I ruciL'I, hO, by Annlyt1c c.ontmun11011, th<- func11on ~ i1 ru1nly11c m 

C • . uwt \1U'lt'h nt h1fluiL Thu.ot lt \'Mlllhcs 1dt·nt1c.all)· u'(k) = O, j 1 = ¡,, o.nd 
J b umqur-ly drt('rmhwd by J'(O, k) Thua TIH.'Ofnn i 2 l 1.1 pro\'cd O 



7.J In r cattering on the full lin by a potential 
vani hing on a ha lf-line 

1111' .&c:1-ltll'rtnJt probll'm on thc foil llne consisu oí find111g tht- G uüon to: 

tu - k2u = O, z e R. 

u • t'' lu + r (k)t'- ,..,_ + o( I) . r. - -

u = t (k}r'lz t-o( I }, r -++ 

(7.3.1) 

(7.3.2) 

(U.3) 

-.lwn• r(k) a.11d t{I•) art', r 1>cctivrly, lh(' rC'flrction ru1d tr~mL""'º" rocrticknts. Th(' 
1thm¡· !lr.\w·nn" problrm d('l;C'ribC'~ plnn<' wnw ~('l\ttrnng b~ a powntial , t hc plnnr 
•11\'t' lt 11u·1•li nt from - In lhl~ ¡>OsiLlvc dlrN:t ion of 1hr r.·AXL" Thl" mvcrsr scat tcrlug 
11rnhh·111 ron'''' oí hndmg q(r ) givcn th<' scnttrnng data 

(7.3.'1) 

~h1·rr •, >O .m· nunmng c-onstl\nl s, k1 >O. nnd - kJ an> tht' nrgtt.tn·t> rigt:nvnluC'S oí 
tlw n¡wra'm t 

h1!1k.ll'l""n1\tJ. thAltlw datn (7.3A) dcu·rminrqE L11IRI = {q q: 1¡, J "' ( 1-t 
lrl)lqi1Lr } umqurly A.'l.~111111• 1 bat 

q(r) = O, r < O (7.3.5) 

Tlieorr m 7.3 . 1. lf q E / .. 1.1(R) arid (7.3.S) holdJ, lhcn tr{k)h·t >O dctcnnmrs 11 
uruqurlv 

l'rr1t1/ tr F 3 S) hold,, thl•n u = cih + r(k )e-•11 íor r <O, and u = t (k )/ (r , k) for 
r > O. •h 'f(· /(A. r) 1~ thc J~t solulion ( 1.2.5). Tlnu 

ol(l - '(k)) = u'( - 0,k) = u'(+O,k) = /'(0.k) = l (k). 
1 + d k) u(-0, k) u(+O, k) /(l} · (7.3.G) 

lhrrr(mf" r l dNetmin~ f (k) , so by Throrcm 3 1 2 q 15 uniquely <ll'tcn ni11cd . O 

. R ry of quarkonium y tem 

8. L tal ment of the inver e proble m 

f'hl' prl'llhldn dllt"U5.._ot«\ in thls Section is: to whru e.x-u-m d~ 1hc spcc-1rum of a 
11uM JUm f} tom 1ogcther with other experimental data ~1nmmcs thc i11w rquark 
110,rni.aP Th problem wn.s discu.55l'd m ITQllJ, whert" one can 11ncl furthcr reí· 
1·rrnrr TlM- mt1hod gwrn in [TQ!ll íor !!Oh•ing th1- probll'm tS 1his: onc has fcw 
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ac~\th•nn da1.fl E1, !JJ, which wlll be defincd precisely huer, nnd on c:o1mn1cta \U 

inK &h•· kna•m result.¡¡ o f iuvcrsc scnLlcring thcory A B&rgmnnn ¡>0l('11tiftl with Uw 
un<' tca.m.-rinR dn1 11 1Utd con¡¡id rs this potentiN a solulion to the problt'm. Thb 

1\PP' h .. -rong h<.'Cnusr t.ho scn t.toring thcory is npplic.ablt- LO cht- potcn1irili.: .,.,hkh 
trnd lo a.ro .1t infiní ty, whllr our confin ing ¡>01.cntial.s grow IO infinity Bl lnílnil)' l\nd 
no Oargmann potcntinl ClUI np prox im ntc a confi.ning potential on 1hc whol1• M'.'rma.x: 
(0 ) Our .lim ifi to givr 1111 nlg rithm which is co1tS1.Sten1 rutd yicJdA n M>h1110 11 

b> tM a ,,. problcm. Thc nlgor\Lhm is ha.sed on the Gcl'fand· Lc>\•lln.n proct'tlurt· of 
"f'UOI\ -fJ 

Vt fonnulntt' t.hr problcm prcciscly. Consider che Schroedingcr C'<¡untion 

.JI ) 

•·hrrir q\r) L" 11 IC'nl-vn luC'd sphorh.:ully synun<'lric potcntial, r := lrl , .:c E Rl, 

q(c) =,. + v(c ), ¡1(r) = o( J) .. r ( 1 2) 

Th1 run hOI\!> 1.'j(r ), ll 1'1Jll 1.~ 1R' J = 1, nrc tite bound l:i l.Al~. E, IU'C thc 1' Ul' rg1t of 
'htv ·.a1o \\'e dt•finc.• Uj {r) := r l/•J( r ). wh ich rorrcspQnd to .s- wnvc.'!, OJld ron~idtr 
'bt- rt'S 1hm t-qunlio11 for u;: 

0~ ClUl mt.'l."\lrt' 1 llC' l•11crgic8 /:JJ oí li1C' bound SlnlCS and lht' qunntiLil'S ·'J u~(O) 
rl.prtm~nt.flll~ 

fh•·rrfon· lhí' fo llowl ng \m'l' ISl' problr m (JP) IS OÍ lnlct<'51 
1rJ «mn 

CN\ n•co..-n p( r )'! 
In (TQRJ thi11 qucs1\on wn., n>nsic\rrcd bul 1hc nppTOJCh in [TQRJ i:t 11u·onalsw111 

and oo l?l:ACt 11·,111\ 11 art• oblni1wd. Thl' inronsiswnc-y of thl' a1>pl'03t"h in ITQllJ i11 tlw 
l ng •111111' nn<• hrmd [TQ R] ust.'8 thc ill \'CNll("atU!rintt throry which i:t appllr.n. bl1• 
, 1hr po\rn1tal11 d1'C'11yl11g suílkh•utly rnpidly n.t 111 fimly on 1hr othN hnnd , fTQRJ 

C"Q1l(rfU+d Wllh J>Ol('!ll!ids whkh ft rOw lo inAnlt ~· w. r-+ + lt L .. 11('\'('llht'I( or 
llllDl'" llllf'f• 1 lhn t 1111111N1rnl H'Sults in jTQRj M'Crn lO gt' !o!OIUP approx1molion oí 
&ht pot~t 1 m " nt'1Khhorhood or Lht! ongm 

flnt' •'\" flH""itnt n rigurowi 11ppronrh 10 IP ami pro'~ th<" following rl!l'l:ult 

rh ~m . l. l. JI' l111J 111 mo.,t on r 1ofo11 011 and tlu- po rrn rial q(r ) can br rr.ron 
~'Mi(I~ /l m da ta (8. 1 •I) nl9onl11111u:all11 

Tbr r"«'Oru-1111r 11011 11l1torith111 Is bnst"<I on 1hc Ccl"fand·l<-, 1UUl ¡nOC<'durr for 1h 
r'l"(Of\:!ltuchou c.f q(r) f1om rlw Mpt'<' trnl hmr 11on \\'l·. i.r..· thRt 1hc dntn { .1 4) nlluw 
GIX" lo •nh tllt' "IU"f"Unl fu11 r tiu11 of lhC' srlfadjomt m l'(O. ) o¡~toU;) r l , dtfirtt'd 
tn lbt d1ff•'f11 ntud 1•xp 1 1·s~ i011 (8 1.3) ru1d th" boundcu) cond11.lQn ( . 1.3) nt zc.ro. 

In ~ J ¡noof" n11• g1vl'n nnd tht' rtt0'1'f'I• pron-dun> i.J deKribl'd 
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Inri• In t'Xpt"rímcmt.s one hns only 6n1Lcly mnuy clntn (E1 ,.!1 }t s1~J, t he qucst.ion 
nr\~'fl: 

/fo1u dOf'.• oric u.se: thr•c d tilt1 /or t11e recouery a/ t.he pofcrrt1al 'I 
W.· ~IVI' tbf.' foUo"•lng reclpc: t.hl' uuknown ronfining po1cnüal b assumcd to b 

oí thc fonn ( t 2), n.nd it i!I 1w mnocl t hni. íor J > J thc dD.la (E, • .s, },>J for Lhis 
IK>Mitlnl tu r thC' MUn<' M íor 1.ha unpcrLurbcd potcntinl qu(r ) = r In this cnsc 0 11 

M .. 11;y l\IK1.mlhm i.' glV(lll ÍOr flncling q(r ). 
fhl11 nlgnnthm l'I drscrlbNI in ('f'tion 8.J . 

. 2 Pr 

Wp prnvc• Tlu n;-m .1 1 by rcduclng (JP) lo t hc problcm oí n.'C'O\'l!f'Y oí q(r ) from t.hc 
11¡1t'tt rnl í1111ruon 

l.4'l U!'I rttall thnt thr S<'lfodj 1111 opcrntor L hns cli~crctc ~pccuum sinc:c q(I') -~ 

1'111' formuln ÍOr tht• numbcr OÍ cigcnvnlucs (energics OÍ the bound Sl.nt.cs), not. 
1•xn~'fl i11,; \ . 1u1o"'n'. 

L 1 :: N( >. ) - 2-1 ¡>. - q(r)J ldr 
I>,<>. 1T .,¡ ... )<>. 

l'hl!< fmmuf., Hdcb, tmdl•r !hC' 1i.si111111p1ilo11 q(r ) - r ru, r - • lh<" ío llowing 11sy111p-
to111 11 aí t tw M~MwnJul':'I: 

Tlw 11¡wt tral ÍwtCt.M>n p(.\) o ( 1.hc opomLor L is dcfi 11cd by thc íonnula 

( .2.1) 

wlwrc n 1 """ 1t.· normn.llzing corrn l.1111 l~1: 

o1 := fo tJ>;(r }dr .. ( .2.2) 

llt•n• ¡p,(r) - O(r_ E,) nnd IP(r, E) Is Lhc uniquc ~lution of 1hc problc•m: 

L .. • -ó" + q(r ) .. : Sef>. r > O . .0(0. ¡:;¡ : O. <O'(O. f:): 1 ( .2.3) 

lí F E,, •hrn º> = 6{r, EJ ) e /)1(0, ). T hc font t ion Q(r. E ) is 1hc uniquc sol111iio11 
to thr \ ohtn• mt<'gt'al l'qmu..\011: 

~, n: sin(./E, ) J.' sinj./E(r - y)j ( )"" ~) 
"' • ~1 ./E + 0 ./E q N "\U• ~ dy . (8.2.4) 



100 A.G. R.amm 

For My fixtd r t.h íuncLion fjJ is nn cntírc funct ion of E of ordcr ~. thn1 IJ , 161 < 
crxp(ctEJ1fl), whcrc e de not.cs vurious posith-c construu . AL E = t."',, whm 1-; 
are- lhc- o ·nvn.lucs oí (S. l.J}, .011 0 hns ~r, E1 ) :=,;,,E l 2(0, ). In foc1, if q(r) ... 
n-•, o O, 1hcn J4>1l < caxp(- ;r) for some > O. 

Lc.-t u.s relnH! n, und s, . Ft·om ( .2.3) with E = E, nnd from ( . 1.3), il fol~ 
1h1:u 

T hrrt"forl" 

4', =~ . ,, 

0 , '= ll<P, llh o 1 = :', •, 

( 2.11 

( 261 

í h1" dttu1 ( .1..1 ) dcll 11c uniqucly thc SJK"Ct.rBl function of the op rntor l b)' 1111· 
formula 

1•< .1> ,= ¿: .;. ( H ) 
B,< ~ 

Gnvn p( \ ). onC' rn n us<· Llic C: cl' fnn d· Lcvitn.n (G L) mt'l hod for r<..'CO\•c_ry of q(r) 
Accordmg 10 this me1hod, dcfl 11C' 

o( ,\ ) '= p(.1) - Po(Á) . ( 2 ) 

• ~~u· 1 ( .\) l!o 1 ht• spl'r rrnl fu11 ction of t ht' un pC'rt urlwd probl<'m , wh lch in our fll..."'4.' IJt 

lh•· p robll·m with <1(r ) = r , ~hcn set 

L(T, y) '= /_ .,;,,(>, .1).,;,, (y. ,\)riD {.1). ( 2 9) 

•h<'fr C\;J (r , ;q n1 c• tlu.• dg 11f1111cLlons of thc problcm ( .2 3) wilh q(r) = r , nnd 110h-r 
th• nd kmd FTedholrn hu.cgrnl cqunti n for t h<' kcm 1 1\ (r , y): 

/{ (r , u)+ [ l<(r , t )L{t ,y )dt =- l (z.v). 0$ u$ r . ( 2 10) 

lllo'· 'tnt'1 L(r , y) lu l'qunLlo n ( .2.10) is gh«•n h} fonnuln {8 2.9). lf k° (Zd l} tt0h 1 
t :? I0). 1lwn 

' >o ( 2 11 ) 

.3 H. n t ru ·tion m thod 

dt- 11lw tlw nl~orlihrn we pro¡>O.';(' for rN:O\Tt} o( 1Jw íuru.•11011 q{r ) frorn fn. 
''""' rn11l1 <ln 1n {J~J· .1J )• <r J Ornou· by (Ej> .... ~) 1 ~,.9 thc dntn rorr 1mndl11A 
h) -., r 1 ht'"'' dnrn 11rr known :lnd th<' rorn'31)0l)d1ng eigt·nfunction"' ( 1 J) <IUl 
br r J14~•., ,.j m 11•111111 of Ai ry íu11cuon A1(r) . wh1r:h .!loh t ht' equnu on w" - r111 • O 
Af'KI dr.-~p .11 + . 1tn· [l,,¡•hj. Ttw 6 1~lml íu ncuon of ab o¡X'rnlOr lo rorn~1)0 11din ¡\ 
IO 'f • 911• r 11'1 

Po{ .I) ( 3 11 
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nd 

p(.1) := Po(.1) + o(.1), 

o (.1) := L •J - L (•~)'. 
ti,<>. h""'f<>. 

J J 

L(r ,v) := L •:•*· E¡)~(u, E,) - L(•~l'c>,(.r)<>,M. 
1 1 J 1 

(8.3.2) 

(8.3.3) 

( .3.'1) 

wh1•rr O(r, E) can lX' ob1nincd by solving t hc olt<'rru cqunl1 n ( 2.5) with r¡(r ) = 
11o(r ) r Md r(1>rcscntcd m 1 hr fortu: 

,., " ) _ sln(S112, ) (' /'( )sin(E' 'vid (8.3.5) 
V\z , i;,, -~+ Ío ' r , y E•' y, 

wllt'n' /, '(r,Jf) ~ thc 1rn.11s íorm11Lio11 kc•rncl torrespondmg to lhc p01entinl <¡{r) = 
11n(r) r, and 6 1 nn' lhC c.igcnf1111ct.ions OÍ thc unpcnurbcd probtem· 

-o;+ •<i, = E,~, 1· > O, ~,(O)= O. o;(o) = 1 ( .3.6) 

:'lim1· 1h.1t fm f:-¡. eJ 1tw funr 1lo11ii ( .3.5) do not bclong to l 1(0. ). bu1 q)(O. E)= O. 
Wr d1•1111tf'd m dus ~"("tion t lH• fllgf'11fu11rt.ions of lhc• llflJ>f'rltJrbal problt'm by <PJ raLhor 
1J11111 1Pri1¡ Íor 'llmpll('lly OÍ 11011\lÍOnS, Rilll"C~ Lhc oigcnfunc-tion~ OÍ th<' perturbed problom 
Art• nnt uM-tl m 1h1.t s.'Ctlon. On<' hns : ¡pi(r ) = c¡ A•(r -1:..."'<)). \.\ hCn.> C'1 :;:: [Ai'( - E'J)J- 1 , 

J·~ O 1~ tlll• 1-1h ~1tÍ\'(' ro 1 if Lhc cquntion ..li{- E) = O and, by íorm11l11 ( .2.6) , 

n11t• hl\.'1 11~ (r,fo .tlt7(r - ej>)rJ1·J- •l 1. ThCM> íorrnula..s malu.• lhe cnk 11lnLion of 
(l,(.r), f~ Md •: ª'Y !!lllC'C' t hc Lublc:; o í Airy íunc1ions an· 3\-ailablc [LcbJ. 

Tlw 1'f¡u.\hon .umlogous to ( .2. JO) is: 

(8.:J.7) 

~·luin· •'1 1 (1) - I E1 }, r1 = 1'j , l :S J :S J. nnd 1J11 ( t ) = 01-J(l). c1 . J=(s~)1 1 ./+ l :S 
J <'AJ l-:qu.uaio ( 3 i) hM d1•gr nL•rntr kcrucl nnd thcrr íorc ran be rcdurrd Lo n lincnr 
11IK11hnur ) &Nn 

rr " ''·•) lound rrom ( .3.7) , thcn 

r~•l = 2-," tí(•, •), q(.) =' + Pl•l. ,.. ( .3. ) 

l::c111 ~1~1ti11 t 210) M d, 111 pnrLiculnr { .3.i ), is uniquc.ly soh-abh.• by 1.h c F'rcdholm 
hll11r1mt~W &ht- homDgl'MOUB vcr ii\0 11 OÍ ( .2.10) hns only lh<' trivif\J solut.ion. lndccd , 

1( 11 f J: LI•-• h(l }dl = 0,0 $ y $ x , thcn IJl11i' +). lhl'idp(.\) -Ai(.1)] = 0,so tl111t, 

h~· rur~'''"'I rqu.AlnJ. J lhl1 dp(,\) = O. llcrc h := J; h(l)O{t . ..\)di . wherc f/i(t., ,\ ) nrc 

th•llm~I bli ( 3~} Thu1 101pllc..'I Lhol h(E,) =O for ali J :;:: l. '2. incc h(>,) is nn 
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rnuft" runt1t0n of cxp 11cn1.inl typc $ .e, and srncc Lh dmsu> of lh M'c¡uN' F.1 *' 
mfimlf." 1 l' .. lun .\__. ~ = , bccnuse E, = O(J'l1). •-as shown In thr ~inn1n 
or Km 2. it íollows t h11t ;; = o ru1d consequentl)' h(t ) = o. drlhnt'd 

ln condU&1on e nslclor Lhc cn!ic whcn E,= ~· "J = .s~ for ali J:?: l , Md (Eo. ) 
~ 1ht- ~· ci,g1:1mdue, Eo < Ef, wlt,h thc correspcnding dnut ~· In thiJ ~ l(t,¡o) 
~Jo.,(t E'o)llf>o( JI , Eo), so thnt. cquot.ion ( .2 10) t.akcs thc fonn 

K(r.y) + ·•iolo(y) { f(( x,t)\!o{t. Eo)d1 = -•~óo(r, Eo)<i>o(u, Eo) . 

Thw <111 gets: 

9. r 111 catt ring 

.1 lntrod uc tio n a nd d rip t io n of t h 111 t h d 

(' rlri ut\·11 .. 1• i;rl.l!ll' rlu., problt'lll :stu<li<"<I m Chnp1er 5 .md for :;im¡Jhrll) o...uumt 
Mil dtrn arr 110 bmmd .1t.nlt·.t. This a..-..'imnplu)n l!i t mo\'t'd in t'C'l 11111 9 •I 

fbl.! rh.-•11tt1 •M 11 rci11111 w11tnry to Krcin's Jl:ll r (KI J. lt C'Ollll\m!( nul only n d1· 
1.ulnl pr J uf tlw T{'!ll l lt~ 1u111ount't'tl in Jf\ !J but a.J.so a proof uf du• 11('\\ tt"l'IUh 1101 

mrn1amwd m 11\ tJ. In 11nrtk11\nr . il ronta.ins an nnal)"~Of t!IC' 11wC'rL1bllity of tht> 'lf'I 
m 1hc> 1n u~1011 prott•durC' bnscd on t\re:m's r ulu. and "' proof of Lh<' ron,illH uq 

1h¡s prort....-lun•, 1hnt Is, n pr r of th<' fact thnt 1h ni:i1rur1<.'d pot('nti1d Al'll· 

l'f 1 lh•· -.-.n1 tt•rmg dnt n frorn which u wru: rl'COru.truc1ed A nmn<'riru.I M'h<·1111• fui 
\mg lh\11"-t' M'l1ttt•d11g problt•m, bn:.cc:I on t\H·in· m\"M"'IOn m •thud. i~ JlfOI 'ti. 

:uwl u a.cf,·.mt.flK<"·" rompnn•cl with thr '.\ ln.rrhrnko a.nd Ccffond· lA'\'iUU1 mc1hocb 1\H 
d Scmt{' of llw fl' Aul ui nn' i; tl\h 'CI 111 Tht'011 ·m 9 1 2 Tlu r('m 9 1.5 brlow 

Con~' 1lw !'Q11n tion for n íu nction r., (t,a) 

I + 11,¡r, r, (1.•) +f.' // (1 - u}r, (u,•)do = // (1 - •), O~ 1,• ~ r (O 1 1) 

i-:..¡ uan (~ 11 ) Hhn"'l'i Lhnt r ., =-(/ + 11.,) 111 = / -(/+ /l.,) 1, 'iO 

c1 + 11 ,J ' - 1 - r, (O 1 21 

11 , ci - r, J '-1 !9 1 J I 

l.rt Ut unt•· 1'1111 1/ (1) \11 n tt•nl•\1\IUl.'l"J e"·• n functKIQ 

// ( 1) //{t ) // (1) e L' R n l '( RJ. 



1 - Ji(k) O. Ji (k ) := j ll (t )r'" d1 = 2 1 · coo(kt)lf (l)dt . (9. 1.'1) 
·~ o 

r ht•n (9 l 1) ~ un1q11t'h' &0lvnblr for a n ' .r > O. nnd lhcre t>Xi:!I~ a hmi1 

rc•.•l = }!~" r,(• .. •) := r ''">· '"?:o. 

1 {1 _, + L J/ { f u}r(u,.'!')du = f/ (1 - lf), O~ r .. < 

thl'll // (1) Ont' In~ (9. 1 1), f\ndíl r , z{.'!',0). thru dl'fint':'lt 

(9. 1.ó) 

(9.1.6) 

(9.1.7) 

(9. 1.8) 

J· r1t11111ln l9 l Jt1V1. n 0 111'-t o-01w rorrc•spondl'llf"C' ht' t\\ttn E:(r. k) and r:i ,.(.~, O). 

l\tqnnrk 1.1. '" , ,.,,, rv(O .. <t) IS •m·d m 11furr o/ r~,. ~.O\ m t}¡(' rlefi111t1011 o/ 
f(.r, k) º" Jonnuln (9 2.22) (.1r1· St•rt1tm 9.2 bt'lou:J onr ha.:t f,(0,r) = r.r(J·,O). lmt 
1 ,(O,,.)¡.. r, O} in t¡t>111•ml '/'/u· tl1c1Jry prt.'!'nlt1d 1Klo1.1 cunnot bt- ron.vtr 11r l l'rl 11111h 
11,(0, -") m plorr <>/ r ,, (..,,O) m jomwln (9.1.8) 

'.'i111u tt...1 

ami 

~urtlwnno••. 

E(r, k )-1·"'1( k)+o(I), r + , 

!(!·) := 1 - J. re•>• "'d•. 

l"(s) := llm r .(.•,O) := r ~(•.O). 
'• I 

\(r.k)= c1" /( - k) - c-•'' / (k) +o( I). z--t + 
2. 

(9. 1.9) 

(9. 1.10) 

(9. 1.11 ) 

(9. 1. 12) 

Nntr t..• z I J - l/ (k)l,ln(kr+6(k))+o( l ). r --t + • .-hr1t /(k) = )/(k))i·- '" ' I, 
ol(k) 1). k E R 

l'h .. funcuon 6(k) i.s rnllcd Lht• phnsc shiÍl. O nc lm.s (k) = c1•61k). 

\\'"ta..~ ch.a.ngt'd Lht nolílLiOnl! from !K lj in ordl!r to sho-· 1he physical mcnuiug of 
th1• Cun.ct1PD i9 1 9)· j (k) Is t lw JosL fun tion of the scnurnng thoory. Thc íunct lon 

17f;Tl ~ 1 tDlu1'°'1 LO llw RtllllUring problcm: it soh ~unhon (1.2.J), und sntisfics 
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th{' conM bound1try condit.ions: -%r =O. a.nd ~ = t"'f"1sin(kz+6(k)) + o(l) 
Mr-• . 

l\mn fK I] cnlls S(k) := ~ t.hc S-íunction, n.nd (k) is tbc -mn.t n.x tlM'd in 

phf,lC' 
~~ummg no bouncl sLnlcs, onc cnn soh"t' 

Tht tm>eru .frn llcnug vroblcm (ISP): 
Curn (J.·) Vk >O, fired q(x). 
A 10-luJttm o/ t11r ISP. lirw•rl 011 t/1e N!julü of /J< l}. r"On.tL.fb of four tl.rp~ 

1 G1,en ~ (k), lind /(k·) by solving thc lli ml'llm probl<'m {9 2 3 ). 

:?) Go'ln j(k}, cnk11l11t<' // (1) m;iug thc fonnuln 

1 + ii = 1 + J~ l/(r)<"'dr = l/!~ll'. 

Jh Gl\.,-n ll(f). solw (9.1.6) far r .. (t,.,) nnd tht'n find f11 (2r, O}. O :S: r < 

1 Odlnt 
n(.c) = 2r2,. (2r,0}. 

a (O) = 2//(01. 

Md calruhur dw po!<mt.lnl 

q(r) = n'(L) + a'(r). a(O) = 2//(0) 

ÜM' e;;m tÜ."O r oJrulnt.<· r¡(r) hy thc formulo 

q(r) = 2;f,:¡r.,(2L.O) - r ,.(O.O)). 

(0 1 13) 

(01 11 ) 

(O 1 I~) 

(O 1 IG) 

(O 1 1;¡ 

lnd,.,..,I 2r,,(2r ,O) = o(f), s•c (0. 1.1-1), f. r,, (0.0) = - 2r1,(2x, O) r ,.(0, 2r) • ...., 
(9 2 2Jl . .,,,1 r,,(2r.O) = r,,(o. 2z). "'"(O 2 22) 

Thf'lf' u. nn lli1rr11(1ti\!l.i wny, bn.'K'<I on lht:' Wi~ner-~•)' 1hoor •m, to do !!Ll'I> 1). 
Amrl, , An1·n . (l.·), íl11d 15(k·), Llll' ¡>hll.5(' shift . tlwn calrul.'11.<' Lht íunctlon 9(1) 

- ~ / 0' • l 'm(kt)dk, 1md li1111\ly tnlculnte / (/.-) = r.:xp 1/0 g(t)r'"'dk) 
Th<- pott'Tillnl q e L1 ,1 SCllCrl:\lCS l hc S· mntnx S(k) •1lh ahach \l.'(' llUlrU .. •d ¡lrov1dt'<J 

1h..\1 lho· folkr•mlg C'Onditio11a (9. 1.1 ) (9 l 21) hold 

(k) = S(- k) = s - '(k), k E R, 

1br fi1\nb.r 11Mds for complt'X <'0•\Íugnuon. Md 

rnd,S(k) O. 

1 F(r)ll,-tM,\ + ll/"(Lli11•1R.1 "-llrF'(rlll<•<R.I < 

(9 1 1 ) 

(O 1 19) 

(O 1 20) 
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F'(r) := ..!.. j 11 - S(k)J<'"dk. 
2" . 

(9. 1.2 1) 

u~ t l1t· l11dr:c (9 1 19) 011(' 1ncru18 thc incrcmcml or t hc argumcnl of (k) { wh n l.: 1'111111 
Crnm 'º ,Jong the rcnl fL"(ll'!) dh•idcd by °2if Thl' function (9. J.7) sot.isfics 
1 111Mlon ( 1 'l ~) Rt J\ll 1 h 1 wr lrn11c. 11u 11111t:d thal therr orr no hound .1t11t.c.s. 

In Srt·uoo 91 lh l>O\'l' mNhocl Is justlfü'<I nnd the follcni.'ing 1heorcms nr provcd: 

' l'h•·Orcm 9 . Ll. l/ {9.1 1 ) (U. l.20) hold. thr11 q{..r) drfinttl bu (9. 1. IG) JS tlu: 
un1111u •nl¡,l1on lo J P and tJ11, <1(r ) ht14 (k) ru tht .•collt-n11g m.aJnx. 

·r hnnrliln 0 . 1.3 . Tht /trnr.lron /{l.:), dnji11 c.tl bu (9 1 10). u th~ Jo.,t /1m r.llo11 t·011·1·· 
•¡1C1ml1111110 1}{Jtrn11ol (9 l IG) . 

'l'ht<Ort•m 9. 1..1. Ctmd11 1011 (9. 1..1 ) 111ipl1e.5 thal rquol1on (9 11 ) 1.J .!Olvahlc /or ali 
t O und 1h ~oluho11 u 11r11qur. 

1'1H•Ortim 9.1.5. Jf C'Q11d1tin11 (9. IA} hol1b, tl1c11 rrlot1on (9 1 11) holds 1mtl r(s) := 
f' , {,., 0) 1..• lhr " 111qu l" ~oluhor1 t.u thr c1111at1011 

r¡.¡ + 1 // (.< - u)r(u)t/u = // (.•}. '~O. (0.1.22) 

l lw tl1. .un t'Xllhuning 1 lw hM1rsio11 mcthod for • l\'ing 1 P. bnscd 011 1\ 1·oi11 '~ 
tr 11h11 frnin t\ IJ. r1m h(• sh wu now: 

e• J:,Ul ll ( !) (Q~ l ) r _,(/ , ,.f) (tr~ial) f :u{2c.O)ll bu¡ a(.r} (O ~lOJ q(.r) , 

· ~ ·~ • l " '" 
(9.1.23) 

In llu~ 1l~.m .., di•no1cs s1.cp 1111111bcr m . tcp.s -'l· .,~ , .'f and .•e nrc trivial. SL •p 
•1 1" llifnGll. ln\l.o'Ü 11 1pquirrs HOl\·lng ll llicmnnn problcm \\·1th 1ndc:x z ro nnd cnn be 
rlt•ur 1ln.U111C.llh 1n clOM'<I form. Stop ·':i is thr basic (n n·Lri,•íal) s1.cp which rcquinm 
"fllrn111. 41. f.unil f A~~hohn~Lypc lhlt'nr illlrgm.1 cquntioru,. (91 1) Thcsc ccp1111ii 111:1 
Mr 111m¡•1<, tr tolu.blr 1f tt..'>SU111pLio11 (9. 1..1) hold.s, or if ump11om¡ (9. 1. l ) (9.1.20) 
hnlrl 

In S.·nlOO q 'l W•t• tumlyzC' t.he luvC'rllbillty o r Lhc . (('1)5 in dio¡ra.111 (9. 1.23). Nol.t' 
1tl<1n ~IMt '' onr &.'"tlllll'S (9. 1. 1 ) (9. l.20). dingrnm (9 1 23) CM b uscd for .solving 
lll!• '"""' JI" km~ oí flncling 1¡(.r) from l11c following dnUl 

n) ír m J Y'l >O. 

h) írum l/t ' \fl >O, or 

r) frum 1 J""CltAJ fu11r1!011 1/p(,\). 

lnd .. rd d (9 1 1 ) (9. 1.20) hold, Ll1t.'n n) nnd b) 11rt' conlaincd in dingrnm (9.1.23), 

{ 
ü ,, ,\> o 

llntl c:)fol ftomthr known íorrnulndp(#\)= -'I llCJ'l.W " 1 LctA = J.::r. 
o, ~ < o. 

f'h1•n f,.ldl ~.111 1111\ (9 1 19)) ont' ho.s· dp = z;: miwdk , k >O. 
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Nole t hat t he general case of the inverse scattering problem on the half-axis, when 
indRS(k} := 11 :f: O, can be reduced to t he case 11 = O by the procedure, described 
in Section 9.4, provided that S{k) is the S-matrix corresponding to a potential 
q E L 1, 1(1R+)· Neccssary and .sufficient conditions for this are conditions (9.1. 18) -
(9. 1.20). 

Section 9.3 contains a discussion of the numerical aspects of the inversion pro
cedure based on l<rein 's method. There are advantages in using this procedure (as 
compared with the Gel'fand-Levitan procedure): integral equation (9. 1.1 ), solving 
of which constitutes t he basic step in the Krein inversion method , is a Fredholm 
convolution-type equation. Solving such an equation numerically teads to inversion 
of Toeplitz matrices, which can be done efficiently and with much less computcr 
time than solving the GcPfand-Levitan cquation (1.5.4). Combining Krcin's and 
t>.larchenko's inversion rnethods yields an efficient way to sol ve inverse scattering prob
lems. 

lndeed , far small x equation (9.l.l ) can be solved by iterations since the norm of 
the integral operator in (9.1.1) is less than 1 for sufficiently small x, say O < x < x0 . 

Thus q(x) can be calculated for O 5 x 5., by diagram (9. 1.23). 
For x ~ x0 >O onc can solve by iterations Marchenko's equation ( I.5.13) for the 

kernel A(x,y), where, if (9.1.19) holds, the function F(x) is defined by t he ( I.5.11} 
with F,,1 =O. 

lndeed, for .i· > O thc nono of t hc opcrator in (1.5.11 ) is less than 1 and it tcnds 
to O as ;e-+ + 

F'inally !et us discuss t he following question: in the justificatiou of both the 
Gel'fand-Levitan and l'vlarchenko methods1 the cigenfunction cxpansion t heorcm and 
the Parseval rclation play t he fundamental role. ln contrast, the Krcin mcthod ap
parently does not use the cigenfunction expansion theorem and t he Parseval relation. 
Howevcr, implicitly, this method is also based on such relations. Namely, assurnption 
(9.1.4) implies that thc S-matrix corresponding to the potential (9.1. 16), has indcx 
O. lf. in addition, t his potcntial is in L u(IR+), then conditions (9. l.18} and (9.1.20) 
are satisfied as well , and the cigenfunction cxpansion theorem and Parseval's equal
ity hold. Necessary and sufficient con<litions, imposed directly on the function H (t), 
which guarantee that. conditions (9.1.18) - (9.1.20) hold , are not known. However. it 
follows that con<litions (0. 1.18} - {9.l.20) hold if and only if H (t} is such that thc dia
gr:un (9.1.23) Jeads to a q(x) E L 1,1(!R+)· Alternatively, conditions (9.l.18) - (9.J.20) 
hold (ami consequeutly, q(x) E Lu(lR+)) if and only if condition (9.l.4) holds and 
the function f(k), which is uniquely defined as t he solution to the Ricmann problem 

<l>+(k) = 11 + H(k)J- 14> _(k), k E 111, (9.1.24) 

by thc formula /(k) = 4'+(k) , generates the S-mat rix S(k) by formula (9.1. 15), 
and this Sp,:) satisfies conditions (9.l.18) - (9. l.20). Although t he above conditions 
are verifiablc, they a re not quite satisfactory because they are implicit, they a re not 
formulated in terms of structural properties of the function H (t) (such as smoothness, 
rate of decay, etc.). 

In Section 9.2 Thcorcn1 0.1.2 - Theorem 9. 1.5 are provcd . In Section 9.3 numcrical 
aspcc1s of the invcrsion mcthod based on Krein 's result.s are discussed. In Section 9.4 
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thc ISP with bound states is discussed. In Section 9.5 a relation between Krein's and 
Ccl'fand-Levitan's methods is explained. 

9.2 Proofs 

Proof o/ Theorcm 9.1.4. If v E L2(0,x) , then 

(v + H;rv,v) = ~[(íi,V) i21R) + (lÍíi, ii}i2¡R,] (9.2. 1) 

wherc lhc Parscval equality was used, íi := J0r v(s)e1*' ds , 

(9.2.2) 

Thus J + H;r is a positive definite selfadjoint operator in the Hilbert space l2(0, x) 
if (9.lA) holds. Note t hat, since H(t) E L1(1R.), onc has iÍ (k) -t O as lkJ -too, so 
(9.1.4) impJ;es 

1 + ií(k) 2 e> o. (9.2.3) 

A. posith·e dcfinite selfadjoint operator in a Hilbcrt space is boundedly invertible. 
Thcorcrn 9. 1 A is proved. O 

Not<' that our argument shows that 

(9.2A) 

Ocforc wc prove Theorem 9. l.5, let us prove a simple lemma. For rcsults of this type, 

'°' [K2[. 

Lcrnma 9.2.1. lf (9.1.4} holds, tl1en thc operat01· 

(9.2.5) 

1s u boundcd operator in LP(!R+l. p = 1, 2,oo. 
F'or r.r(u.s) E L1(1!l+) one has 

11 f,00 
duH(t - u) f ,(u,s)((L'(O.<) ~ c1 J,00 du(f ,(u,s)(. (9.2.6) 

P••of. Let ll'l'llp o= 11'1'111.•(R,)· One has 

lllll'(li ~ sup roo dtlH(t- u)I roo l'l'(u)ldu ~ roo (H(s)ldsll'l'lli = 2llHlli ll<Pili• 
ueR. Í o Ío }_ 

(9.2.7) 
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where we have used the assumption H(t) = H(-t) . Similarly, 

Finally, using Parseval 's equaJ.ity, one gets: 

where 
X 2: O, 
X< Ü. 

Since IH(k)I '.S 2llHI/, one gets from (9.2.9) the estima te: 

llH'l'll2 '.S ,¡z¡,;llHI/, 11'1'11" 
To prove (9.2.6), one notes that 

(9.2.8) 

(9.2.9) 

(9.2.10) 

(9.2.11) 

{ dtl l oo duH(t-u)f,(u , s)l2 '.S "'.~~,[ dt/H(t-u)H(t- v )l(l
00 

/f, (u , s )/du)' 

'.S c,¡f.
00 

du /f ,(u,,)i)'. 

Estíma te (9.2.6) is obtaine~I. Lemma 9.2.l is proved . o 

Proof of Theo1·em 9.1.5. Define f :z:(t,s) = O fart ar s grea ter than x. Let. w 
f ,(t , s) -r(t , s) . Then (9.1.1) and (9.1.6) imply 

(I + H,)w =loo H (t - u)r(u, s)du := h,(t, s ). (9.2.12) 

If condition (9.1.4} holds, then equations (9.1.6) and (9.1.22) have solutions in L 1 (IR+ ), 
a nd , since suptER IH(t) I < oo, it is clear that this solution belongs to L00(1R+ ) an<l 
cousequent ly to L2(IR:+), because ll1Pll2 S ll1Pllool liplh - The proof of Theorem 9.l.4 
shows t hat such a solutior.t is unique and <loes exist . From (9.2.4) one gets 

(9.2.13) 

For any fixed s >O one sees that sup,. ~Y llh., (t, s)ll --t O as y --too, where t he norm 
hcrc stands for any of the tbree norms LP(O,x), p = l , 2, oo. Therefore (9.2. 12) and 
(9.2.11 ) imply 

l l wllI~(O . .r ) :'.S c-2 llh::i: llI2{0,.:r) 

'.Se- ' 11 {~ H(t - u) f (u, s)dull 11100 
j.¡ (I. - u)r(u ,.•)du/I 

l ::i: /,1 /0 ,.r ) .r /, 00(0.::i:) 
5 const ]lr(u, s)/l~,( :.: ,oo) --t O as x --too, (9.2.14) 
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since f (u, s) E L' (IR+ ) for any fixed s > O and H (t) E L1(R) . 
Also 

llw(t,s )lll.-(o .. 1 S 2(11h,lll.-(o,.¡ + llH,wlll. - (o,. ¡) 

S cill r(u , s)lll. •i..ool + c,sup llH (t - u)llJ., (o .• ¡ llwlll.' (O,•i' 
<ER 

where e, > O are sorne constants. Fina lly, by (9.2.6), onc has; 

(9.2.15) 

(9.2.16) 

ll w(t,s)lll,,(O.<) S C3(f,
00 

lf (u, s)ldu )2 --+ O as x--+ +oo. (9.2.17) 

From (9.2. 15) and (9.2.17) rela tion (9. l.11) follows. Theorem 9.1.5 is proved. O 

L.et us now prove Theorem 9.1.3. We need several lemmas. 

Lcnuna 9.2.2. Tlie function (9. l.8) satisfies the equat ions 

E'= ;kE - a(x) E_, E(O,k) = 1, E_,= E(x , - k), 

E~= -ikE_ - a(x)E , E_(O,k ) = 1, 

wherc E'= <J/f . and a(x) is defined in {9.1.14) . 

Prooj. Diffcrcnt iatc (9.1.8} and get 

We will check below that 

a r , (t ,s) 
----¡¡;--- = - f,(t ,x)f ,(x,s) , 

and 

r , (t ,s) = r. (x- t,x - s). 

Thus, by (9.2.21) , 
a r ,.(s, O) 
--o¡h) "-r ,.(s, 2x)f,,(2x, O). 

Thcreforc {9.2.20) can be written as 

E' = ikE - e- ih a(x) + ª(x )cik:r fo'h r2:r (s, 2x )e- •kl ds. 

By (9.2.22) one gets 

r,. (s, 2•) = f 2,(2x - s,O). 

(9.2.18) 

(9.2.19) 

(9.2.20) 

(9.2.21) 

(9.2.22) 

(9.2 .23) 

(9.2.24) 

(9.2.25) 
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Thus 

(9.2.26) 

F'rom (9.2.2•1) and (9.2.26) one gets (9.2.18). 
Equat ion (9.2. 19) can be obtained from (9.2. 18) by changing k to - k. Lemma 9.2.2 

is proved if formulas (9.2.21) - (9.2.22) are chccked. 
To check (9.2.22), use H(- t) = H (t) and compare thc equation for r2 (x - t,x -

s) ,=<p. 

r ,(x-t, x-s)+ /,' H (x-1.- u)r, (u,x - s)du = H (x-t-x+s) = H (t - s ), (9.2.27) 

with equat ion (9.1.1). Let 11::;; x - y. Then (9.2.27) can be written as 

<p + /,' H (t - y)<p dy = H (t - s), (9.2.28) 

which is equation (9.1.1) for r.p. Since (9.1. 1) has at most one solut ion , as we have 
proved above (Theorem 9.1.4) , formula (9.2.22) is proved. 

To prove (9.2.21 ), differentiate (9.1.1) with respect to x and get : 

r ;(t,s) + /,' H(t - u)r; (u,s)du = - ll (t - x)r ,(x,s), r ; ,= º8';. (9.2.29) 

Set s= x in {9. 1.1), multiply (9.1.1) by - rz (x,s), compare with (9.2.29) and use 
again the uniqueness of the solution to (9.1. 1). This yields (9.2.21). 

Lemma 9.2.2 is proved. O 

Le mma 9.2.3. Equation (1.2.5) holds fon/; defined in (9.1.7). 

Proof. F'rom (9.1.7) and (9.2. 18) - (9.2. 19) one gets 

l/i ' = E" - E~ = (ikE - a(x)E_ )' - ( - ikE_ - a(x)E)' . 
2i 2i 

Using (9.2. 18) - (9.2. 19) again onc gets 

lf/' = - k 2 1/J + q(x )l/J, q(x) '= a 2 (x) + a'(x). 

Lemma 9.2.3 is proved. 

(9.2.30) 

(9.2.31) 

o 

Proof o/ Theorem 9.1.3. Thc funct ion t/J defined in {9.1.7) solves cquation (1.2.5) and 
.s<\lisfics thc couditions 

l/J(O, k ) = O, l/J'(O, k ) = k . (9.2.32) 
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The first condition is obvious (in [Kl] t here is a misprint: it is written tha t ?jJ (O, k ) = 
1) , and the second condition follows from {9.1. 7) and (9.2.15): 

l '(O k ) = E'(O, k)- E~(O,k) = ikE - aE_ - (i k E_ - aE)I = ~ = k 
'JJ ' 2i 2i :t ""O 2i 

Lct f (x, k) be the Jost solut ion. Since f (x , k ) and f (x , - k) are linearly independent, 
onc has 1/l = c1f{x , k) + c2f (x , - k), where c1 , c2 are sorne constants independent of 
:r: bu t depending on k. 

F'rom (9.2.32) one gcts c1 = 1.Jyfl , c2 = ~; f (k ) := f (O, k). Indeed, t he 
choice oí c1 and c2 guarantees that t he first condition (9.2.32) is obviously satisfied, 
while the second fo llows from t he Wronskian formula: f' (O, k )f (-k )- f (k)f'(O, -k) = 
2ik. 

Comparing this wit h (9.1.1 2) yields the concl usion oí Theorem 9.1.3. O 

lnvertibility of the steps of the inversion procedure 
and proof of Theorem 1.1 

Lct us start wit h a discussion of the inversion steps l ) 4) described in the introduc
tion. 

T hcn we discuss the un iqueness of the solu tion to ISP and the consistency of t he 
inversion met hod , that is, the fact t hat q(x ), reconstructed from S(k) by st eps 1) -
4), gcnerates t he original S(k). 

Let us go through steps 1) - 4) of the reconstruct ion met hod and prove t heir 
invertibility. T he consistency of the inversion method follows from t he invcrt ibility of 
the steps of the inversion method . 

~ 5(k) "° f( k ). 
Assume S(k) satisfying (9.1.1 8) - (9.1.20) is given. Then solve the Riemann 

problem 
J(k) = 5(-k) f (-k) , k E ll!. (9.2.33) 

Since indRS(k) = O, one has indRS( - k) -= O. T herefore t.he problem (9.2.33) oí 
fiuding an an a.ly tic funct.ion ! +(k ) in C+ := {k: lmk > O}, f (k) := f +(k ) in C+, 
(anti .tualytir function / _ (k) ::::: f (- k) in C_ := {k : Imk < O},) from equation 
(9.2.33) can be solved in closed fo rm. Namely, defi ne 

/ (k) =cxp{ __l_, f 00 ln 5 (- y)dy } • lmk> O. 
21n } _00 y- 1• 

Thcn /(k) solves (9.2.33), ! +(k) = f (k) , f _ (k) = f (- k). lndeed , 

In ! + (k)- ln f _ (k ) = In 5(-k), k E ll! 

(9.2.34) 

(9.2.35) 

b}· the known jump formula fo r the Cauchy integral. Integral (9.2.34) converges 
absoh1tcly at infi ni ty, ln S( - y) is d ifferent iable with rcspect t.o y fa r y f: O, and is 
hounded on the real axis , so the Cauchy integral in (9.2.34) is well defi ncd . 
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To just ify t.he ab0ve daims, one uses the known properties of the Jost function 

(9.2.36) 

where estimates (1.2.26) and (1.2.27) hold and A(y} is a real-valued funct}on. Thus 

f(k) = 1 - A_(O) - 2_ ¡= A'(t)e"'dt, 
tk ik ) 0 

s -k = ~ = 1 - !!/P - -/;;k(k) = 1 +o(~) 
( ) / (- k) ¡ + !!fP + -/;;A'( - k) k 

Therefore 

lnS(-k) =O G) as lkl-> oo, k E U!. 

Also 

j(k) = i 1= A(y)ye;''dy, 

Estimate ( I.2.26) implies 

. - a¡ 
f - 8k 

1= y jA(y) jdy ~ 21= t jq(t)ldt < oo, A(y) E L2 (U!+) , 

(9.2.37) 

(9.2.38) 

(9 .2.39) 

(9.2.40) 

(9.2.4 1) 

so t hat i(k) is bounded for a li k E IR, f(k) - 1 E L2 (IR), S(- k) is differentiable for 
k f:. O, and In S(-y) is b0un<led on the real axis, as claimed. Note tihat 

f (-k) = f (k), k E U!. (9.2.42) 

The converse step f(k) => S(k) is t rivial: S(k) = 1j(k~ ). If in<lRS = O then /(k) is 

a naly tic in C+, f(k) i' O in C+, f (k) = 1 + O (t) as lkl-> oo, k E C+, and (9.2.42) 
ho lds. 

Step 2. f(k) => H(t). 
T his step is clone by formula (9.1 .13): 

H( ) 1 ¡= -;" ( 1 1) 
t = 2,; }_= e lf(k)I' - dk. (9.2.43) 

One has H E L2 (1l!i). Indeed, it follows from (9.2.44) that 

lf(k}I' - 1 = - ~ ¡= A'(t) sin(kt )dt +O c:
1
,) , ikj -> oo, k E U!. (9.2.44) 

T he function 11.= w(k) := - A'(t ) sin(kt)dt 
k o 

(9 .2.'15) 
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is continuous because A'(t) E L 1 (1R+) by (1.2.27), and w E L2(1R) since w = o (rh) 
ns lkl-> oo, k E IR. Thus, H E L2 (1R) . 

Also. H E Ll (IR) . Indeed , integrating by parts, one gets from (9.2.43) the rela· 
tion' 2• H (t) = ¡ J~00 e-"'[i(k)f(-k) - j(-k)f(kJlmfw ' = fg (t), and g E L2 (1R), 
thcrefore H E L' (IR). To check that g E L2 (1R), one uses (9.2.36), (1.2.26) - (1.2.27) , 
nnd (9.2.40) - (9.2.41) , to conclude that [j(k)f (- k ) - j (-k) f(k )) E L2 (1R), and , 
sincc / (k) "I O on IR and /(oo) = 1, it follows that g E L2 (1R) . The inclusion 
[j(k)f(-k) - j (-k)f (k)[ E L2 (1R) follows from (9.2.36), (1.2.26) - (1.2.27), and 
(9.2.40) (9.2.4 1 ). 

By (9.2 ..13), thc function H'( t) is t.he Fourier transform of -ik(l - lf(k)l 2 )1/ (k)l- 2 , 

nnd, by (9.2.44), k(l f (k)l2 - 1) = - 2 f0
00 .4' (t) sin(k t) dt +O ( rn) , as lkl -> oo, k E 

R. Thus, ll' (t ) behavcs, essenti ally, as A1(t ) plus a funct.ion, whose Fourier trans· 

form is O (Jh ). Estimate (I. 2.27) shows how A1(t) behaves. Equat ion (9.1.1 ) shows 

that f .r(t,O) is as smooth as H(t), so t hat formula (9. l.17) far q(x) shows that íJ is 
essentially is as smooth as A1(t ). 

The converse step 
H (t ) => f (k ) (9.2.46) 

is nlso done by formula (9. l.13): Fourier imersion gives l/ {k)!2 = f (k )j (- k ), and 
fnclOr ization yiclds the unique j {k), since j (k ) does not van ish in C+ and tends to 1 
at infinity. 

~ H => r ,(s, O) => r ,,(2x, O). 
This step is done by solvi ng cquation (9.1.l ). By T heorem 9. 1.4 equation {9.1.l ) 

is uniquely solva.ble since condit ion (9.1.4 ) is assumcd. Formula (9.1.13) holds and 
thc known propcrt ies of the J ost fun ction are used: j(k ) ~ I as k ~ ±oo. f (k ) :f. O 
fo, k #O, k E lll, / (O)# O sincc indRS(k) = O. 

Thc converse step r ,,.(s, O) => H(t ) is done by formula (9. 1.3). The com·erse step 

r ,, (2x, O) => r ,(s, O) (9.2.47) 

ronstitutes thc> esscncc of thc invcrsion met.hod. 
This stcp is done a<; follows: 

r 1.1(2x, 0) (9.~t4 ) a (x) (9 .2. 1e ¡~(9.2.t9) E(x, k) (9~61 rz (s, 0). (9.2.48) 

Givcn a(z), system (9.2.18) - (9 .2.19) is uniquely salvable for E(x, k). 
Note that thc step q(x ) => f(k ) can be done by solving the uniquely solvable 

integral equa.t.ion (I.2.6): wit h q E L1, 1(1R+), and then calculat.ing j (k) = j (O. k ). 

~ a (x) '= 2r,, (2x, O)=> q(x). 
This step is done by formula (9.1.16). The converse st.ep 

q(x) => a (x) 
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can be done by solving the Riccati problem (9.1.16) for a(x) givcn q(x) and t.he initial 
condition 2H (O). Given q(x), one can find 211(0) as follows: one finds f (x, k ) by 
solving equation ( I.2.6), which.is uniquely salvable if q E L 1, 1 (IR+), t.hen one gets 
f(k) := f (O, k). and then calculates 2H (O) using formula (9.2.43) with t = O: 

2H(O) = ; ¡: ( l/(~)I' - 1) dk. 

Proof o/ Tl1eorem 9.1.2. If {9. l.l8) - (9. l.20) hold, then, as has bccn preved in Sec
lion 5.5, there is a uniquc q(x) E Lu(IR+) which generates the given S-mat.rix S(k). 

l t is not JJroved in /Kí} tlwt q(x) defined in {1.19} {and obtained as a final res1J/t o/ 
steps J) 4)) generales thc scattering matrix S(k ) with wliic/1 we started tl1e inversion. 

Let us now prove this. We havc alrcady discussed the following diagram: 

S(k) 19 b34 ) f (k) (D.~ J) H(t) (9b 11 f :i:(s, O):::} f 2z (2x, O) <9·~") a(x) (0.~6) q(x). 
(9.2.49) 

To closr this diagram and therefore establish the basic one· to-one correspondence 
S(J..·).;:::) q(x), onc needs to prove f 2:1:(2x, O):::} r ,..(s,O). This is done by the scheme 
(9.2.48). 

l\otc tha1 thc st.ep q(x) :::} a(x) requircs solving Riccati equation (9.1. 16) with 
the boundary condition a(O) = 2H (O). Existence of the solution to t his problcm 
011 ali of rR+ is guarn.nt.ccd by t.he assumpt ions (9 .1.18) (9 .1.20). Thc fact that 
these assumpt.ions imp!y q(x) E L 1, 1 (1R+) is proved in Section 5.5. T heorem 9. 1.2 is 
proved. O 

niqueness t.heorems for t he inverse scatt.ering problem are not given in !K l]. 
They can be found in Sect.ion 5.5 

R emark 9.2.4. From our analysis one gets the following rcsult: 

Proposit.ion 9 .2.5. If q(x) E L1 •1(1R+) and has no bounds states and no resouance al 
zem, then Riccat1 equutio11 {9.1.16) with tlic initial condition (9. 1.15) has the solt1tion 
o(:r) defined for ali x E IR+. 

9.3 Numerical aspects of t he Krein inversion pro
cedure. 

Thc main step in this proccdun.: from thc 11umerirnl viewpoint is to sa lve equation 
(9. 1.1 } far a ll x > O ami ali O < s < x, which are the parametcrs in equation (9. 1.l). 

Since equation (9.1.1) is an equation with the convolution kernel, its numcrical 
solution involvcs invcrsion of a Tocplitz matrix, which is a wc\I developcd arca of 
m1mcrical analysis. rvloreovcr, such an inversion requires much lcss computer mernory 
and time than thc i11vcrsio11 ba.sed on the Ccl'fand· Lcvitan or Marchenko met.hods. 
This is thc main advantngc of Krcin's invcrsion mcthod. 
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This method may become even more attractive if it is combined with the Marchenko 
mcthod. In thc Marchenko method the equation to be solved is (1.5.13} where F(x) 
i!i dcfincd in (1.5. 11 ) and is known if S(k) is known. The kernel A(x, y) is to be found 
from ( 1.5. ll ) ancl if A(x, y) is found then t he potential is recovered by the formula: 
Equation {l.5. 11 ) can be written in operator form: J + F.i: )A =- F. The operator Fz 
is a contraction mapping in the Banach space L1(x,oo) for x > O. The operator Hz 
in (9. 1.l) is a contraction mapping in L00 (0 , x) for O < x < x0 , where x0 is chosen to 
that J08 0 l fl (t - 11)ld11 < l. Thcrefore it. seems reasonable from the numerical point. of 
vicw to use t he following approach : 

l. Given S(k), calculat.e f(k) and H(t) as explained in Steps 1 and 2. and also F(x ) 
by form ula (1.5.11 ). 

2. Solve by it.erations equation (9.1.l) for O < x < x 0 , where x 0 is chosen so that 
the iterat.ion met.hocl for solving (9. 1.6) converges rapidly. Then find q(x) as 
cxplainccl in Step •l. 

3. Solvc e<¡uation {l.5. 13) for x > x0 by iterations. Find q(x) for x > x0 by formula 
(1.5. 12). 

9.4 Discussion of the ISP when the bound states 
are present. 

lf the gi\'Cll data are (9.1.15), then one defines 111( k} = fl t=l ITT; if indRS{x) = 
-2J and ff (k) = *~· , w( k) if indnS(k) = - 2J - 1, where ¡> O is arbitrary, and 
is choscn so that ")' t-1J, l ::S j ::S J. 

Then one defines S1(k) '= S(k)w2 (k) if indRS = -2J º' S1(k) ,= S(k)W2 (k) 
if indaS = -2J - l. Since in<lRw2(k) = 2J and indRW2(k) = 2J + 1, one has 
indRS1(k) =O. The theory of Section 9.2 applies to S1(k) and yields q1(x). From 
qi(x) one gets q(x) by adding bound states -k; and norming constants s1 using the 
known procedure (c.g. see [M]) . 

9.5 Relation between Krein 's and GL's methods. 

Thf' GL (Gcl'fand-Lcvitan) method in the case of absence of bound states of the 
following steps (sce Chapter 4, for example) : 

Sltn...L Given f(k), thc Jost function, find 

L(x, y):= ~ 100 dk k2 (- ¡- _ i) sin k x sin k y 
• o l/(k)\2 k k 

= ~ 1~ dk (lf(kJr' - 1) (cos[k(x - y)] - cos[k(x + y)J) 
' o 

'= M(x - y) - M(x +y). 
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where M(x) := ~ J0
00 dk (l/(k)l - 2 - 1) cos(kx). 

Step 2. Solve t he integral e~uation (1.5.4) for K(x.y): 

Step 3. Find q(x) = 2 11KJ~·"'l . Krcin1s function, H (t), see (9. 1.13), can be writtcn 
as follows: 

H (t ) = 2_ / 00 (lf(kW' - 1) .-"'clk = .!_ ¡= (l / (kW' - 1) cos(kt)dk . (9.5. 1) 
2;r -oc 7r Ío 

Thus. the relation between the two methods is given by tlie fonnula : 

M(x) = H (<). (9.5.2) 

In íact, the GL met.hod dcals with the inversion of the spectral foundation dp of 

thl' operalOr -~ + q(x) dcfincd in L2(1R+) by the Dirichlet boundary coudition at 
;r = O. However, if indRS(k) = O (in this case there a re no bound slat.cs and no 

resonance at ~-=O), thcu (scc ( l.2.21)): dp(>.) = ~· ' = . ' so { 
2i:2dl: ,\>o ). k'l 

O, A< O, 
dp(,\) in this <'l\S(' is 11niqucly dcfined by f (k), k ~O. 

10. Inverse problems for the heat and wave 
equations. 

10.1 lnverse problem for the heat equation 

Consider problcm (1.5.25) (1.5.28). Assume 

a(t) = O fo•· t > T , !," a (t)clt <oc, a(I.) 1' O. ( 10.1.I) 

One can also takc n(t.) = ó(t) wherc ó(t) is the delta-function. We prove that tlie 
mvffse problcm of finding q(z) E L 1¡o, l], q = q, from the conditions (1.5.25) 
(1.5.28) has at most 011e solutio11. lf (l.5.28) is replaced by thc condition 

u,(O, t ) = bo(I), (10. 1.2) 

tht'n q(I) , in genernl, is 110 1. uniquely dcfined by the conditions ( 1.5.25), ( I.5.26), 
( l.5.27) and ( I0.1.2), bnt r¡ is uniquely defined by thcscdata if, for example, q(4-z) = 
q(~ + .r). or if q(:r) is known on ¡~,!J . 

Lct us takC' thc Laplacc transform oí ( 1.5.25) (1.5.28) and put v(:r., A) := 
J,~ u(x,t)e · "dt , A(A) := v(l , A), B(A) := v,(l ,A). 8 0 (.1) := u,(O, A). Thcn ( 1.5.25) 
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( 1.5.28) can be written as 

l v+A"'= -v"+q(x)v+,\v = O, O '.Ó x '.Ó 1, v(O , ,\) =O. v( l , ,\) = A(,\) (10.1.3) 

v'(!,,\) = 8(,\) (10.1.4) 

nncl ( lO. l.2) takes the form 
v'(O,,\) = 8 0 (,\). (10.1.5) 

Thcorem 10.l.l. The data {A(,\) ,B(A)L known ou a set o/,\ E (O,oo) , which has 
a fi111t e po.ntrne limit point, determine. q unique.ly. 

Prooj. Sincc A(A) and B(A) are analytic in TI+ := {..\ : !JU > O} , one can assume 

thal A(,\) ancl 8(,\) are known for a li,\ > O. 1f k = i,\ ! and r.p is defined in (l.2.3) 
thr n v(x. ,\) = c( k)'l'(x , k), c(k) #O, A(,\) = c(k) 'I'( l. k ). 8 (,\ ) = c(k)>p'( l , k), so 

>p'( l , k) 

>p( l ,k)' 
(10.1.6) 

Thus the function *it is meromorphic in C, its zeros on the axis k ~ O are the 

cigcnvalues of l = - f;, + q(x), corresponding to the boundary conditions u(O) = 
u'( I) =O ami its pales on the axis k ~O are the eigenvalues of I! corresponding to 
u(O) = u( l ) = O. The knowledge of two spectra determines q uniquely (Section 7.1).D 

A11 alteniat111e prooj o/ Theon:rn 10.1.1, based on property C~, is: assume that q¡ 
and <n gcnerate t hc same data, p := q1 - q2 , w := v 1 - v2 , where v1 , j = 1, 2, sol ves 
(10. 1.3) ( IO. l..t) with q = q, and get (>) l ,w = pu,, w(O, ,\) = w( l , ,\) = w'( l , ,\ ) = O. 
Multiply ( •) by r.¡;1 , t 1i.p 1 + ,\r.¡;1 =O, i.p 1 (O,,\) = O, 'P'(1 (O , ,\) = 1, and integrat.c over 
¡o. iJ to get 

(10.1.7) 

Oy propcrty C..., it follows from (10.l.7) that p = O. Theorem 10.1.I is proved. O 

Theorem 10.l.2. Data (10.l.3), (10.1.5) does not detennine q uniquely in general. 
lt dots 1/ q(:r) is known on !t. lj, or i/ q(x + t> = q(t - x). 

Prooj. Arguing rui in the first proof of Theorem 10. l. l , one concluded that the data 
{10.1.3), (10. 1.5) yields only one {Dirichlet) spectrum of e, since 'P'(O, k) = l. One 
spectrum determines q only on "a half of the interval", b = ~ . see Section 7.1. Theo
rem 10. 1.2 is proved. O 

10.2 What are the "correct" measurements? 

From T heorem 10.1.1 and Theorem 10.1.2 it follows that the measurements {u:.:{1, t)}vt>O 
are much more informa.ti ve than {u:i:(O, t)}vt>O for the problem {l.5 .25) - (1.5.27). In 
lhis S4X:t ion we state a similar result for thc problem 

111 ::::: (a (r )1.')', O~ x ~ 1, t > O¡ u(:r.,O) = O, u(O,t) =O, (10.2.1) 
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u(l ,!) = f (t). (10.2.2) 

The extra data, that is, meas.urements, are 

a(l)u'(l,t) = g(t), (10.2.3) 

which is t he flux. Assume: 

f et; O, f E L'(O, 1), a(x) E IV'-1 (0, 1), a(x) 2: e> O, (10.2.4) 

¡rt.p is the Sobolev space. Physically, a(x) is the conductivity, 11 is the temperature. 
We also consider in place of (10.2.3) the following data: 

a(O)u' (O, 1) = h(t). (10.2.5) 

Our results are similar to t hose in Section 10.l : the data {f(t),g(t)}v1>o detenmne 
q(x) untquely, while rlata {f(t), h(t)}vi>O do not, m general, determirle a(x} uniquely. 
Thercforc, the mrasurcmcnt.s {g(t)}vt>O are much more informative than the mea· 
surf'men1 s {h(t)}vi>O· We refer the readcr to [R9J. 

10.3 Inverse proble m for the wave equation 

Considcr invcrsc problem (1.5.20) - ( l .5.24). Our result is 

T heorem 10.3.1 . Tf1e above i11verse problem has at most one solution. 

Proof. Take the Fourier transform of ( I.5.20) - (1.5.24) and get.: 

ev- k2v = O, X~ o, v(x, k ) = fo00 ei•1u(x, t )dt , (10.3.1) 

v(O, k) = 1, v( l , k ) = A(k) =J. a(t )e"'dt. (10.3.2) 

From (10.3.1) one gcts v(x,k) = c(k) f (x,k) , whcre f(x , k ) is the Jost. solution, and 
from (10.3.2) onc gets v(x, /.:) = lfm1 and A(k) = 1nif = Jiñ, bccause q = O for 

I > l. Thus / (k) = ~ is known. By Theorcm 7.2. I q is uniquely determined. 
Theorcm 10.3.1 is provcd. O 

R e m ark J0.3.2. The tlbovc metlwd allow.s one to con.s1der other boundary conditioru 
ut r =O, s11cl1 tl.'i u'(O, 1) = O or u'(O, t ) = lw (O, t), h = const > O, and different data 
lll z = 1, for examvlc, 11'( 1, t) = b(t). 
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11. Inverse problem for an inhomogeneous 
Schri:idinger equation 

In this chapter an inverse problem is studied for an inhomogeneous Schr6dinger equa· 
tiou . 1\ lost , if not ali , of t he earlier studies dealt with im•erse problems for homoge
ncous equations. Let 

tu - k' u := - u"+ q(x)11 - k2u = J(x), x E IR 1 • :i~I -iku --+ O, /xi --+ oo. 

(11.1.1 ) 
A~ume that q(x) is a rea l·valucd functiou, q(x) =O far lxl > l , q E L00 [- 1, 1]. 

uppo6(' that the data {u( - 1, k) , tt(l, k)}, 'r/k >O are given. 
Tht 11111erse ¡iroblem is : (IP) Given the data , find q(x). 
This problem is of practica\ intcrcst: think about finding t he propcrties of an 

inhomogeneous slab (th e govcrning equation is plasma equation ) from t he boundary 
mca.surcm nls o í the fi eld, generated by a point source inside t he slab. Assume that 

lhl' st"lf-ad1oint opcra tor I! = -~ + q( x) in L'1(1R) has no negative eigenvalues {this 
1s the case when q(:r) ~ O , for example). The operato r t is t hc closure in L2{1R) of the 
symmetric opcrator 1!0 defined on C.f{IR 1) by the formula t0 11 = -11 11 + q(x)u. Our 
rcsult is: 

T heorem 11.1.3. Under the above assumptions JP has at most one solution. 

Proofo/Th eorem 11 .1: Thc solution to ( 11 .1.l ) is 

U ; { lff¡J(x, k ), X> Ü, 

(P.¡g(x , k), X < Ü. 
(11.1.2) 

llcre / (z, k) and g(x , k) salve homogeneous version of equat ion (11.1.1 ) a nd have the 
fol lowing asymptotics: 

/ (x, k) ""'e•h , x--+ +oo, g(x , k) ""'e- •h, x--+ -oo, 

J (k) '; f (O, k ), g(k) '; g(O, k ). 

[!,g] '; Jg' - f'g ; -2ika (k), 

(11.1.3) 

(11.1.4) 

(11.1.5) 

wht're the prime denotes d ifferentiation with respecL to .:r:·variable, a nd a(k) is defined 
by the equation 

f( x, k) ; b(k)g(x , k) + a(k )g(x, -k). 

lt is known Lhat 
g(x, k) ; - b(- k )f(x , k) + a(k) f (x, - k ), 

a(-k); a(k), b(-k) ; b(k) , la(k)l2 ; 1 + lb(k)l2 , k E IR, 

(11.1.6) 

(11.1.7) 

(11. 1.8) 
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a(k)= l+O(~), k-+oo, k EC+; b(k)=O(-); ), lkl-+ oo, k Elll, (11.1.9) 

IJ(x,k), g(x, - k)] = 2i kb(k), IJ(x, k ), g(x, k)) = -2ika(k ), ( 11. 1. JO) 

a(k) in analytic in C+, b(k) in general does not admit analytic continuation from 
!R. but if q(x) is compactly supported, t hen a(k ) and b(k) are analytic functions of 
k E C \ O. 

The functions 

A1(k) 
g(k)/(1, k) f(k)g(- 1, k) 
-2ika(k) ' A,(k) '= -2ika(k) ( 11.1. 11) 

are the data, 1.hey are known for ali k > O. Therefore one can assume the functions 

g(k) f (k ) 
h¡(k) '= a(k)' h2(k) a(k) ( 11. 1.1 2) 

to be known for ali k > O because 

/ (1 , k) =e'', g(- 1,k) =e''. (11.1.13) 

as follows from 1.l1e assurnption q = O i f lxl > 1, and from ( 11 .1.3). 
From (IL I.12), (11.J.7) and (11.I.6) iL fo\lows that 

a(k )h¡(k) = - b( - k)f(k) + a(k)f (- k) = - b(- k)h2 (k )a(k) + h2(- k )a(-k)a(k). 
( 11.1.14) 

a(k)h2 (k) = b(k)a(k)h1 (k) + a(k)h1 (- k)a( - k ). ( 11.1.15) 

From (11. 1.14) and (l i. l. 15) it follows: 

- b(- k )h2(k) + h2(-k)a( - k ) = h1 (k) , 

b(k)h¡(k) + a(-k)h , (-k) = h2 (k ). 

Eliminating b(- k) from (11. l.16} and (Il. 1.17), one gets: 

( 11.1. 16) 

( 11.1.17) 

a(k)h, (k)h2(k) + a(- k)h, (-k)h2 (-k) = h, (k)/1, (-k) + h2(-k)h2(k) , ( 11.1.18) 

or 
a(k) = m(k)a( - k) + n(k ). k E 111 ( 11. 1.19) 

where 

m(k) '= h1(- k )h,(- k ) h, (- k ) h,(-k) 
h, (k)h,(k) ' n(k) '= /1 2(k) + l.,(k) · ( 11.1.20) 

Problem (11 .1.19) is a Rlcmann problem for the pair {a(k),a( - k)}, thc function 
a(k) is analyt.ic in C+ := {k: k E C, lmk >O} and a(-k ) is analytic in C_. The 
functions a(k) and o{- k) tcnd to onc as k tends to infinity in C+ ancl, respect ively, 
in e_. see cqua1.ion ( l l.1.9) . 
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Thc function a(k) has fi nitely many simple zeros at. the point.s i kj, 1 $ j $ J , 
kJ > o. wherc - k~ are 1he negat.ivc eigenvalues of the operalor e defined by the 

diffí'rrnw\l c.xpression lti = - u 11 + q(x)u in L2 (1R). 
Tití' LCros ikJ are t.he on\y zeros of a{k) in the upper half·plane J.~. 

Drfüw 

0111'h~ 

inda(k ) := ~ J00 d In a(k). 
21n _00 

i11 da = J, 

(11.1.21) 

(11. 1.22) 

whrre J is thr number of negative cigenvalues of the operalOr i, and , using (11 .1.12) , 
(11 1.22) ancl ( t l.1.20), onc gets 

mdm(k) = -2¡;,.d h1 (k) + úul h2(k)[ = -2[iud g( k ) + ;nd f (k ) - 2J]. (ll. l. 23) 

Suwr f has no negative eigcnvalucs, it follows that. J = O. 
In thi'i C"ast' iud / {k) = indy(k) = O (see Lemma 1 below), so indm(k) = O, and 

u(k) is uniquelv rl'Covercd from tlw data as the solution oí (1 1.1.19) which t.ends to on<> 
.11 mlinin- -.('(' N:¡uation (I 1.1.9). lf ct(k) is found. t.hen b(k) is uniquely dctcrrnined by 

1'<¡11.uiun 11 1.17) and so thc rcflectio11 coefticient r(k) := :~:: is found. Thc reflertion 
rrnfüri1·11t di·tt>rmin<'s a cornpactly supported q(:r) uniquely jR9J, but wc givc a ncw 

prooí lí q(.r) is compact.ly supportcd, then the reflcction coefficient r(k) := ~ is 

11wromorph1c- Thercfore, its valucs far ali k >O determine uniquely r(k) in the wholr 
rump\1•:< k-planC' as a meromorphic function. T hc pales of this function in t he upper 
hillf-plam• art' the numbcrs ikj,j = 1,2,. .. ,J. They determine un iqucly thc numbcrs 
k,. 1 ~ J ~ J, which a re a part of thc standard scattering data {r(k), kJ, s1 , 1 ~ j ~ 
J}, whC're., are the norming coustants. Note that. if a(ik,) = O then b(ik1 ) f: O: 
oilwrwi~· t'<luation (11.i.6) woulc\ imply f(x ,ik1 ) =O in contradiction to t.he first 
r<'latmn (11.l 3). lf r(k) is mcroniorphic, then t he norming conslants can be calculatcd 

hy tht' formulas, = -i~ = -i Res i.=,,,. , r(k), where t.he dot denotes different iation 
with r~¡x_'Ct lo k, and R.es denotes thc residue. So, for compact ly supported potentia l 
th<' \í\IU(".'. of r(k) for ali k > O determine uniquely the standard scattcri ng data, 
thnt '"· thf· reflcction coeflic icnt , !he bound states -kJ and thc normi ng constants 
.,,, 1 S J "S J. Thcse data determine the potential uniquely. Theorcm 11.1.3 is 
\lrQ\"tod o 

Lcmma 11.1.4 . lf J = O titen inrlf = indg = O. 

Prooj \\'e ¡>r'O\'C md f ::: O. T hc proof of t he cquaLion ind g = O is similar. Sincc 
1ridj{k} rquals to thc number of zcros of / (k) in C+, we have to prove that /(k ) does 
not \Um~h 111 C+. lf j (z) = O, z E C+, t.hen:: = i k , k >O, and - k2 is an eigenvalue 
of lhe operator t in L2(0, ) with t he boundary condition u(O) = O. 

From lht' \1\rtational principie onc can fi nd tbc ncgati"e eigenvalues of t he opcrator 
f in U(R.._) .,,.ith lhc Dirichlet condition at x = O ~ consequitive mi nirna of the 
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quadratic functional. The minimal eigenva1ue is: 

r~ • 
- k2 =in/ Ío [u'2 + q(x)u~} dx := K{), u EH 1 (IR+), 

where H 1 (IR+ ) is the Sobolev space of H 1 (Lit+ )-functions satisfying the condition 
u(O) =O. 

On the other hand , if J = O, t hen 

(11.1.25) 

Since any element. u of ¡°.¡ 1(1R+) can be considercd asan element of H 1 (1R:) if one 
cxtends u to the whole axis by sct.ting u = O for x < O, it follows from the variational 
definitions (11. 1.24) and (l l.1.25) that ~. ~ "'<!· Thcrefore, if J = O, thcn ...- 1 ~ O 
and therefore "º ;::: O. T his means that t he operator ton L2 (IR+) wit.h thc Dirichlet 
condition at x = O has no negat.ivc eigenvalues. This mea.ns t hat f(k) docs not have 
¿eros in C+, if J = O. T hus J = O implies indj (k) = O. 

Lernma 11 . \ .4 is provcr\ . O 

R c m ark J J .J .5. Tite above argument shows that m geneml 

imlf ~J and indg~ J, (11.1.26) 

so that (I l. l.23) irnvlies 
indm(k) ~O. (11.1.27) 

Therefore tl1e Riemann problem (11.1.19) is always salvable. 

Bibliography 
[ARJ De Alfaro, V., Reggc, T., PotentiaJ Scauering, North Holland, Amstcrdam, 

1965. 

!ARSJ Airnpetyau, R., llamm, A. G., Smirnova, A., "Example of t wo diffcrcnt potcn
tials which have pract ically t he samc fixed-energy phasc shifts", Pliys. Lctt . A , 
254 (3-4), (1999) , 141-148. 

IDJ Borg, G. [1946] "Eine Umkehrung der Sturm-Liouvilleschen Eigcnwertauf
gabc", Acta Math., 78, NI , (1946) , pp. 1-96. 

IC J Chadan K., Sabaticr P., lnvcrsc Prob/cms in Quanwm Scattering T licory, 
Springer , Ncw York, 1989. 

ICTJ Cox, J . and Thompson, K., "Note on the uniqueness of Lhe solution of an 
<"quat ion of intcrcst in invcrsc scnttering problem", J . !\lath. Phys., 11 (3), 
(1970), 15-817. 



011e-dime11siona1 inverse scattering and spectral problem s 423 

[DTJ Deiít , P .. Trubowitz , E., " In verse scattering on t he line", Comm. Pure Appl. 
Moth .. 32, (1979). 121-25 1. 

[EJ Evgrafov, M., Analy tic ftmctions, Saunders, Philadelphia, 1966. 

[G] Gakhov, F., Boundary value problem s, Pergamon Press. New York, 1996. 

[Ce] Gel'íand, l. , Levitan. B., "On the determination ora differential equation from 
its spectral function," lzvestiya Akad . Nauk SSSR. Ser. Mat.. 15, (1951). 309-
360. {in Russian) 

!G il/ Gradshtcy n l. , Ryzhik l. , Table of integrals, series and products, Acad. Press, 
Boston, 199-1 . 

[G llS] Gcl'fand , l. , R.aikov, D., Shilov, C. , Commutativc normed rings, Chelsea, New 
York, 1964 . 

[CSI Gesztesy, F. , Simon, B. , "A new approach to invcrse spec1ral t hcory Il . Genera l 
real potentinls and the connection to t hc spectral measure", Ann. of Math. 152 , 
(2000). 593 643. 

/KIJ ~I G Krt' in , "Theory of accclerants and S-matrices of canonical differentia l 
systems", Doklady Acad . Sci. USSR, 111 , N6, (1956). 1167- 1170. 

(K2J --· Tapies in differential ru1d integral equations ru1d operator theory, 
Dirkhiiuser, Bascl, 1983. 

(LcbJ Lebedc\• 1 N., Special functions and t fleir app/ications, Dover. New York, 1972. 

[Levj Le''in, B., Distribution of Zeros o{ Entire Functions, Amer. Math. Soc., Prov-
idence RJ , 1980, 

!L] Levitan , B., lnverse Sturm-Liouvil/e problems, V U Press, Utrecht , 1987. 

(LI] __ , Generalized translation operators, Jerusalem, 1964. 

[L2J --· "On t hc completeness of the products oí solutions of two Sturm
L1otl\1ill<' cquations", Diff. and lntegr. Eq., 7, N I , pp.1-14. 

!M\ \ ' A ~lardicnko, Sturm-Liouvil/e operators and a pp/ications, Birchi"i.user , 
Ba.sel , 19 6. 

[~ IP j ~likhlin , S.PrOsdorf, Singular integral operators, Springer Verlag , Berlin , 
1986 

[NaiJ ;\aimark, M.A., Linear diffcrentia/ operators, Frederick Ungar Publishing Co., 
:\"ew York , 1968. 

[NJ -"••ton R. , Scatwring TJ.eory of Wa ves m >d Particles, Springer, New Yo•·k, 
1 2 



424 A.G. Ramm 

[N2J "Const ruct.ion of potentials from phase shifts at fixed cncrgy", 
J. Math. Phys., 3, 1, (1962), 75-82. 

{N3} ___ , uconncct ion l:ietween complex angular momenta and the invcrsc scat
tering problcm". J. Math. Phys., 8, 8, (1967), 1566-1570. 

IRaJ Ramm, A. C ., Random fields estimation theory, Longman Scient ific and \Viley, 
New 'i'ork. 1990. 

[RJ ___ , f\ilu/tidimeJJsional invcrse scattering problems, Longman Scicntific & 
\\' ilcy, l\cw York, ( 1992). Expanded Russian edition, Mir, Moscow, (199,1). 

[Rl J ___ , "Conditions under which lhe scatlering matrix is anal y tic", Soviet 
Phys. Doklady, 157, (1964), 1073-1075. Math. Rev. 32 #20•19. 

[R2J ___ , Symmetry propert.ies for scat.tering amplitudes and applications to 
inverse problcms, J . Mat.h. Anal. Appl., 156, (1991), 333-340. 

[R3J ---• "A 11 iuvcrse problcm for the heat equation" , Proc.Roy.Soc. Edin
burgh, 123. N6, ( 1993). 973-976. 

[R 1 ___ , ;'Formula for thc radius of the support of the potential in tcrms oí the 
scauering data" , (with .J.H.Arredondo and B.G.lzquierdo) J our. oí Phys. A, 
31. ~l. (1998), L39-L44. 

[R5J ___ , "Rccovcry of compactly supported sphericall)· symmctric potcntials 
from the phase shift of s-wavc'', In thc book: Spectral and scattering tl1eory, 
Plenum Publisbcrs, New York , 1998 (ed. A.G.Ramrn). pp.111- 130. 

!R6] ___ , "Recovery of a quarkonium system from experimental data", Jour. of 
Phys . .-\, 31, N15, (1998) , L295-L299. 

jll7J ___ , "Rccovery of thc potential from fixcd energy scattering data", hwcrsc.· 
Pcoblcms, 4, (1988), 877-886. 

IR8} ---· "Cornpactly supportcd spherica1ly symmctric potcntials are uniqucly 
determined by thc phasc shift. of s-wave", Ph)'S. Lell . A, 2112, N4·5, (1998), 
215-219. 

[R9J ---· "Propcrt.y C íor ODE and applications to invcrsc problems", in t.hc 
book Opcrator T/1cory aud lts Applications, Amer. ~lath. Soc., Ficlds lnslitutc 
Communitations, Providcncc, RI, 25, (2000), 15-75. 

RI OJ ---• ''lnvcrsc scattcring with part of the fixt.'d·cncrgy pha.se sh iflS" , 
Comm. lath. Phys., 207 ( 1), (1999), 231-247. 

IRllJ --·"A c011nt.l'rcxamplc to a uniqu<'nl'S..\ result", Applic. Anal., 8 1, N4, 
(2002)' 833-836. 



One--dimensional inverse scattering and spectral problems 425 

[R12J --· "Analysis of the Newton-Sabatier scheme far inverting fixed-energy 
pha.sc shifLS" , Applic. Analysis, 81 , N4 1 (2002), 965-975. 

[RIJI --· "A new approach to the in verse scattering and spectral 1"roblems far 
the St.urm-Liouville equation", Ann. der Phys., 7, 4, (1998), 32I-338. 

IR14] __ 1 
14An approximate method far solving inverse scat.tering problem with 

fixed-energy data", Jour. of lnverse and Ill-Posed Problems, 7, N6, (1999) , 561-
571. (with W.Scheid) 

jR1 5J __ , "A numerical method far solving thc inverse scattering problem with 
fixed-energy phase shifts", Jour. of Inverse and Dl-Posed Problems, 8, N3, 
(2000) , 307-322. (with A.Smirnova) 

[R l6J --· "Krein 's method in inverse scattering", in t.he book Operator The-
ory and lts Applications, Amer. Math. Soc., Fields Institute Communications 
\'-01.25, ppA41 -456, Providcncc, RJ, 2000. 

[R1 7J --· "Ncw proof of Weyl's theorem", IJDEA (lntern. J of Diff. Eq. and 
Appl. ), 3, NI , (2001) , 31-37. 

[Rl 1 --· "Piccewise-constant positive potentials wit h practically the same 
fixed·cnergy pha.se shifts", Applicable Analysis , 78 , Nl-2 , (2001) , 207-217. 
(••ith S.Gutman) 

[Rl9) __ , "An inverse problem for the heat equation", Jour. of 
Math . Anal. Appl., 264, N2 , (2001), 691-697. 

[R20I __ , "Stability of solutions to inverse scattering problems with fixed
encrgy data", Milan Jour. of Math ., 70, (2002), 97-161. 

(R21 ] --• "Stable identification of piecewise-constant potentials from fixed
energy phase shifts", Jour. of lnverse and ltl-Posed Probl. 1 10, N4, (2002), 
340-360. (with S.Gutman) 

[R221 --· .. An inverse problem for the heat equation rr•, Applic. Analysis, 81, 
N4 , (2002), 929-937. 

¡R23J __ , "Theory of ground-penetrating radars 11", Jour. of Inverse and Ill
Pooed Probl. ,6, N6, (1998) , 619-624. 

[R24J --· "Reconstruction of the potential from 1-function", Jour. of Inverse 
and 111- Pooed Probl. , 10, N4 , (2002), 385-395. 

IR2SI --• "A new approach to in verse spectral theory UI". Short range poten
uah, J . d'Analys~ Ma\h., 80, (2000) , 319-334. (with B.Simon) 

(1126J --· " Property C for ODE and applications to inverse scattering", 
Zeil für Angew. Analysis , 18 1 N2, (1999), 331-348. 



426 A.G. Ramm 

[R27] - - , "Inverso scattedng by the "ability index method", Jour. of lnvecse 
and nl-Posed Probl., 10, N5, (2002) (with S.Gutman and W .Scheid) 

[R28] ___ , "J.nverse scattering on half-line" , J. Math. Anal. App. 133, 2, (1988), 
543-572. 

IR29J ___ , "Example 0f a potent ial in one-dimensional scattering problem for 
which there are infinitely many purely imaginary resonances", Phys. LeLl. A. 
124, (1987), 313-319. (with B.A. Taylor). 

[RK] Ramm, A .G., Katsevich , A. l., The Radon TI-ansform and Local Tomograpliy, 
CRC Press, B0ca Raton, 1996 

[RSJ Reed, M., Simon, B., Methods of modern mathematical physics, Acad. Press, 
New York, 1982. 

[TQRJ H. Thacker, C. Quigg, J . Rosner, "Inverse scattering problem for quarkonium 
systems", Phys. Rev. D, 18 1 (1978), 274-295. 


