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ABSTRACT 
Onr can prove fiurly s harp rcsults 011 th c cxis1cncr of •••·ak <,0lut10 11s to t.lu.> 

rnm¡1lrx \ long<'-.\mpl'rc r q1111tio11 npplymg thl' mrthod.-. ba.-.rd on thc couc11pt. of 
1hr po.111 \'f' currrnt \Vt' 1m rvcy t hosc rcsult ~ both m a ~tnctly psrudoconvcx 
dom.un and on a compact ]( iihlur manifold. 

O. lntroduction 
A funct ion t• defincd on 1U1 open subsct íl of C" w1th va.lues in !- , + ), a nd not 

idl'ntirnll~· is callcd plurisubhnrmonic (shortly psh) 1í 1t is uppcr scmicontinuous 
in íl and "ubharmonic on 11 11y i11 wrscction of fl with a romplcx line. W hcn a psh 
funrtion ¡.,oí cln.ss C 2 thc n t hc complcx Hcssian (~)is positivc scmidcfinitc , 

t.hat. l:<i 
82 u ¡:: OzJBE1i WJWli ~ 0 

'" íor nny \'t"('tor w e C" . Thc last incqunlity says that thc dilTc.rential fo rm 

d<fu = 2ifJ~u 
dcfincd b)' means oí the opcrntors 

. "' {) {) 
d = {) + 11, ,f = 1(11 - 8), {) = L., {):,' 11 = L: 8:¡' 

J J 
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is posith-c. LCl us observe t hat a psh íunction is subharmonic and the positivity of the 
1-1 ian is the complex analogue of the condit.ion defining smooth convex functions. 
So psh íunctions share noL only ali t he propert.ies of subharmonic functions but also 
Lheir bchnvior often resembles ·t hat. of the convex functions. However, in pluripotcntinl 
thcory we nnher use methods which are not. derived neither from theory oí convex 
íunct ions nor classicaJ pot.ent.iat t heory. 

The plurisubharmonic functions have been investigated since 19-12 when P. Lelong 
and K. Oka indepcndent ly introduced t.hcm in t.heir st.udies of sorne problems in se,,cral 
complcx variabl . An exceltent hist.orical account oí t he development of pluripotcntinl 
throry (theory of plurisubhnrmonic functions) t he reader will fi nd in e.o. l(iselman's 
survcy IK12J. Plurisubharmouic functions constit.ute t.he natural class of solutions of 
the cornplex l\longe-AmpCre equat.ion 

82u 
det(8zj8i k ) = / , (0. 1) 

wh re u is unkno .... ·n and / is a nonncgative function on a given domain in C 11 • i n 
particular t he Oirichlet problem far t.his equation is well posed if ";e require u to be 
psh. Rccall that in the st.udy of the real Monge-A mpCre cquation 

(0.2) 

wc (usually) look for convcx solutions. One way of attacking equation ( 1) is to apply 
t hc mcthods of íully nonlinear elliptic equations which give good results in solving (2) 
(scc ( N JIGTJ). This approa.ch provecl to be successful at least in the non degenera.te 
case f > O (see CK'.\1SJ ). In t his article, howevcr, we shall look at (1) frorn a differem 
' 'icwpoint. As it is explained bclow t.hc equation ( 1) makes sense also for non srnooth 
u with n positive Borel measure on Lhc righl hand side. Our focus will be on finding 
out which mea.sures yicld solut ions in prescribed families of psh functions. It is easy 
to compute lhat íor u E C2 

const.dct(8
82

8"_ )dV ~ (dcl'u)", 
Zj Zk 

whcrc th<' power on 1he right is takcn with rC!:ipcct to t he wedgc product nnd el\! 
dt'nolcs th<' l.cbesguc mensure. We slmll sce that thc form on the right hnnd side 
is wcll dclined aJso for locnlly boundcd psh functions if we legafü,e differcntial íorms 
with disLribution cocffid cnts. (or currcnts). T his is possible due lo the fact t haL dcfCu 
is positi\'C. T h gen raJizcd dcfini t ion oí (dd' u)11 is consistcnt with tbe classical onc 
s111re 1f Wt' takP a scquencc of smooth psh functions u 1 clecreasing lO t he giv n locally 
bounded psh function u t hcn thc mcasurcs (t1dcu1 ) 11 co1werge to (Mu)" in the wcak· 
s tn.r topoloe· Th dcJinition can be extended to somc classcs of unbounded functions 
l\S\\ JI 

Thc st udy oí those gcncralizcd solutious oí t hc complex i\longe-Am~rc cqun· 
tion. rnitiAted by E. Bedford nnd B.A. Taylor in jOTIJIBT2] (and prior t.o thc rcsulLS 
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mcnt.i ncd abo\'e) is intimntcly rclatcd t.o t.he st.udy of cen a.in propenies of psh func
tlons, cspecially t.he co1wergcncc propert.ics or scquences oí psb funct ions . Wc shall 
d ls us.s tbe rcsu lt.s from [BTI] and [OT2J aJter a brief revie•· oí the propertics of 
¡>Otliti vc fornu and cu rrents. Bcdford and Tny lor sol\'ed lhe Dirichlct problem fo r 
t.hc complcx Mongc- A mpllrc cqua.Lion in a strictly pscudocom-ex domain fo r contin
uom:1 ci nta. Scc:tion 3 n.nd Section 4 nre d votecl to the present.ation of more general 
existen e thoorems wlth cert.a in cl asscs oí Borel measures on t he right hand side. 
Th06c rcsulLS IU'(' Ulk n írom t hc papcrs of U. Cegrell ICE2JICE3] and t hc author 
jKO IJ{K02J[K0 3J!K0 1IJ[l<06]. \Ve can givc fo.irl y sharp sufficient conditions on the 
mensure to obla.ln continuous solutions. lí we look for solutions in ccrta in classes 
dC'fi ucd by Ccgrcll t hen it is ¡>ossible to charactcrizc measures far wh ich t he Oirichlet 
problcm is aol"ablc. 

Thc Mong~1\ rnp~rc eq untiou is nlso in tcnsivcly studied on Kihl r manifolds sincc 
its solut1ons givc Kiihlcr metrics wi t h prcscri bed Rkci cun-ature. 1( (gi~) is a J<iihlcr 
uwt ric and / 1s 8 positivc íu nction on t hc mani fold then the ~longe-Ampbrc equ a tion 
has thc form 

(0.3) 

olutíon.s oí a litt lC' bit more general cqua tion oí Mongc-A1n¡X!re typc, with th c 
right hru1d sidc dcpcndi ng Riso on u, yield l(iihlcr-Einstein mctrics. Thc lattcr are, 
in n SC' nS<", canonical mctrics on a givcn complex manifold . Th ir mctric tensor is 
¡noportional to thc Ricci curva t urc tensor. Thc works o( E. Calabi /CA] , T . Aubi n 
!A IJ and -T Va u !YA} a re milcstoncs in the romplex goometry. Thcy solvcd t hc 
abOVt' N¡uat1ons íor smooth non dcgencrate data. lt is possiblc t.o gcncrnlizc those 
rcsu lts droppmg thc smoot.hncss and 11on dcgcneracy assumptions (IK03][K07]) . For 
cxnm plc, if (suitably normlllizcd) / ;::: O bclongs to !.''(,\/) for p > l t hen thcre exists 
n cont inuous solution oí (3). In t hc las t two sections we discuss those resul ts. 

F"or mort' bAckground on plu ripot.entia l t hoory we ref'er to fBEJ [K 12] [l<L] . Most 
oí t hc prooí.s oí thc results pr scntcd bclow can be fo und in [l<O J. T hey a re too long 
to be included m t his survcy. 

l. Positive forms and currents 

Lct us deno!A! by C(p,,.)(O) 1.hc set o í n.11 smooth di ffercnt1al forms oí bidegree (p, p) 
dcfincd in an opc.n set O e C 11 • Thus n.ny fo rm w from CC:.,.l(O) is givcn by 

W = .¡P¿:;Jl• p.I Kl=PWJ Kd=J /\d.Z K , 

whcrc WJK are C functlons in 0 , d.z; = dz, 1 /\ d=n /\ ... /\el:.,~, dZJ = dij1 /\ dih /\ 
... /\ d=, •• and I:' indicates thn.t wc sum up O\'tr mu lli indices J = (j1 , ... , j,.) , /( = 
(k1, ... , k,.) uch thllt J I < h < ... < j p; k1 < k2 < ... < k,.. 

A (p. p) form is pos1twe if 1rnd only if its rcstri t ion to any complex analyti c 
im brn ruufold o( dimension JJ i11 n is cq unl to the \-Olu me form or t he submani fo ld 
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muh.iplied by a nonnegat.ivc funct.ion . Equivalently, w is positive (w 2: O) if 

wAO< 

is n nonncgalive measure for any tl' which has a representation 

a= iPcr1 /\ &1/\0'7 /\ 02 /\ ... /\0n- p/\Ón- p (1.1) 

whcr o1 E C(l.O)(O). It. is cnsy to check t ha t a {1,1) fonn w = 4 'f:, w;1:d:J /\ d.!1: is 
posith-c if and only if (w;k} is a positive semidefin itc Hermitian mat.rix. Hencc for 
u E PS H n C"(O) Lhe form 

is positivc. In particular 

is posith·e in C". The wcdge product. fiTP" givcs t he standard volume forrn in C". 
T hcrc is a theorem (see [LE1J) saying t.hat. a weclge product. o í a (1, I) posit.ivc form 
ru1d any othcr positive form is again posit ive. nt is essential that. e ne of the forms 
is of bidcgree {l , l ).) T hus for a collect ion of smoot.h psh funct.ions u 1 , w2 , ••• , 111: th 
fonn 

(1.2) 

is positi,-e. ince wc do not want. to restrict ourselves to smooth fu nctions w are 
going to define t hc above clifforent inl form so t hat its coefficients coulcl be identifled 
with distributions. Here t.he not.ion of a cun-ent comes in handy. 

Lct Dc11.,.1(0 ) d note t.he space of smooth, compactly supported forms (shortly: 
test forms ) in íl oí bidegrcc (p, q) equippcd wit h Schwartz' topology. Any continuo\lS 
linar functional on t.hc space Vf,,,,,¡ (íl) is ca lle<l a current of bidegree (n - p, n - q) 
(equh7llcntl)•: oí bidimcnsion (J>, q)) in n. T hc collection oí such currenLS will be 
dc.noted by V(p.ir>(O). Whcn for TE 'D(,.,p¡ (íl) we havc 

(T ,o) ?: O 

for anr tes-t formo giv nin {1.1 ) we say t hat. T is a posit iue current. An important 
property oí a posi1ive currcnt is t.ha t. it.s action can be extended to forms with c:on
Linuous, compa.clly supporLcd coefficicnts . T hen t.hc coefficicnts of t.he current. ca.u be 
identificd wlth Rndon mcasures. O ne can d iffercntiate currents in t.he same way ns 
dist.ributio~ 

l t is a • -ell known foct t.hnt any (pluri-)subha.rmonic fu nction u is (locally} t.he 
decre.."'\Sing limit oí a sequcncc of smoot h (pluri-)subharmonic functions which nr the 
com-olutionsof u wilh PJ (.i:) := j 2" p(jz ), whcre p E C8°(8 } (8 is the uni t. ba.11 in C") 
is a nonnegati\1!, rotation inva.riaut funct ion with J pdV = 1 (dV always denotes t hc 
LA!bcsgue me.asure). The scc¡uence tJ i = u •Pi will be called reyulan.zing .feqmm cc for 
u. Any rea.sonable defi nit ion oí (1.2) for non smoot.h functions should be stnble with 
rcspect to lhis typc oí rcgulnrizution. 

The: follo••ing proposit.Lon wns proved in IBT I ). 
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P ropoNitio n J.l For u E PSH n Lfoe(íl) arid a clo.,ed po.i11twe cummt T 011 íl the 
CIHl•t:nl .f uT and 

dcfu /\ T := dcJC(uT) 

(lftl wdl de/incd. Mortouer, tlie llltter c un-ent i.! clo.,ed and positrue. 

Proo r Thr s tatcmcnt is local, so one can use a rcgularizing sequence u, nnd nssume 
t lmt it i~ \lniforrnly bounded . Sinrc we know that distribulion coefficients of T are 
e 111pll'x mrn.sur lt follows from Lcbcsguc's dominated com-ergencc theorcm LhaL 
1111' conwrgcs wcfl1dy t.o uT. Hcnce ddc(u1T)-+ dt/C(uT). For smooth Íllnctions 11.j 

wr hnvr d<Y(u,T) = dd~u1 AT ri.ncl so ddcu /\ T is cquaJ to thc limit of posit.ive closed 
currcuts dd'u1 /\ T . • 

f\ pplying Lhi~ ¡>roposition rcpcatedly one can define ( l 2) for locally bounded psh 
fuuctions. \Ve shaJI sec that t his defin ition can be extended furthe.r to cover some 
cln.sses OÍ Unbounclcd funct.ions but thc foJlowiug cxamplc. due LO C. Q. l{iselman 
[IO IJ, shows tlnu wc cannot npply Lhc Monge-Ampe.rc opcrator to all psh functions. 
Exum p lc Tlle functiou 

"(:) = (- logl:il)'1'(1>'1' -1) 

for: =(.:a.:') E e X C"- 1 is p.'lll iu ll1c bnJJ 8(0, 1/ 2) bul 

! (dd'u)" = 
IJ(O,rJ\/, 

fN i = {: : 1 = O) nnd ,. E (O, 1/2). 
In 1969 S.S C'hcrn, H.I. Ll.l\1 i11c nnd L. Nircnbcrg ICL:\J provccl a vcry useful 

ilwqunlit~· whid1 gi"cs a hound 0 11 t hc Lota! vnriation 11 11 of the mea.sure dd.:11 1 A 
dflcuJ dd"-111¡ in t. rrns of 11 · lloo norms of uJ '5 

T h corc m 1.2 lj lf CC U ce íl ce C 11 , T 1.s a clo.scd posrhue cmn.mt aml "i E 
PS N n l (O), j = 1,2, ... ,k t.lllm for a constant C dependrng only 011 I<,U,n the 
jollowmg 11u:q1Jalit11 hold,, 

Proof h is known 1huL for 11 positivc (J>,p) curr nt we ha,·c the following estinmt.c 
for its total mrintion 

llTllK $ C, /, 1" A {J"- •, 

" whcrc C1 dcpcnds only on Lhc dimension. Lct us takc a non ncga.tivc Lcst funcLion 
q, in u wh1cl1 is cqunl 1.0 1 0 11 /( nnd docs 1\01. l!.'<CCed 1 clsewhcrc in n. Applying 
Stokrs' thoorcm (which is ju!lLifiecl for t hos curre.rus) and thc above cstiirnate we get 
for a (n - J - 1, n - j - 1) c11rrcnl T: 

lfdd'u, A T ll K $ C1 l if></d'u¡ A T A/J' = C1 l u1 dd'~A1" A {JÍ 

S Ciludlvll1"llv. 
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whcre C depcnds on C1 and t.he second order derivaLives of <P. T hc stat.emcnt. follows 
by induction. • 

Ocmn.illy fDEI has strengl:hened t his inequality by replacing one of t ite norms on 
tite right hnnd s:ide by Li norni. 

2. Convergence of psh functions and 
capacity 

IL is wcll known (sec e.g. /H0 1j¡H02J) bha t. g ive n a locally uniformly upper bouuded 
SC<¡ucncc of subhannonic fuuct.ions iu some open connect.ed subset of R" whidi does 
not. l nd to - locally uniformly one can extrnct. a subsequence which converges iu 
l .. }ot to a subharmonic funct.ion. F\uthennore, if subharmonic íunctions u1 tend to 11 

ns dist.ributions thcn u, -+ u in LJoc· 0 11e can strengthen t he last. statement when u1 
nrc psh. Thcn thc sequence converges in L:~c fo r p E p, ). 

Mowc,·er c\·et1 if u, ~ 11 in l:~c it. cloes not imply t.hat (d~u,)'1 --t (dt/C1i )'* as 
mensures (see fLE2J(CEIJ). In [BT2] Bedford ami Tuylor have shown that the Mongc
Amp(!r opera tor is cont.inuous wit h respect to monotone scquences of psh funcLions. 
Lnt r , Y. Xing !XJJ íound out, !Jmt the convergence in capacit.y (defined below) cntails 
thc corwergcnce oí corresponding Monge-AmpCre measures and that, in a wn.y, t his 
rcsull is sharp. Thc capncit.y has been introduced in [BT2J and is nowadays culled 
tl1t Dedford- Taylor capacit.y: 

cnp(E, n ) = sup{ l (dd',,)" '" E PSH (n ). - 1 '.5 u <O) 

for n Borcl subse.t E of íl. lt is a Choquet capacity and in bounded n it vanishcs 
cxnctly on pluripolar sets. Recalt t.hut a set E in C" is pluripolar iJ for any z E E 
thc.rc exist.s a neighbourhood V oí z and u E PSH(V) such that E n \f C {v = -oo}. 
Dcflnition A scquence uJ o/ fm1 ctions definetl in O is said to conu~rye: in capacit11 
lo u 1/ /ar ony t > O and K ce íl 

lim cap([( n (11'- u; I > t} , n) = O. ,_ 

Thc ).longe-Ampbe operator is contiuuous wit h respect to sequences of psh func
tion.s com-crging in this manner. 

Theor c m 2. 1 (Convergencc thcorem)IXI] let {u! }~ 1 be a loc.olly uniforml11 

bounda/ .scqucnc:e o/ psh j11nct.io11s in D for k = 1, 2, ... , n ; and Jet u{ --t u.1; E 
p fl n l¡oc(fl) m capacrtv as j -t oo for k = 1, 2, ... , n . Then 

dd'u{ /\ ... /\ ddcu1, --t d~u1 /\ ... /\ dcJCun 

111 thc u.'Ulk topology o/ current.s. 
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One cnn show t11Rl R dccreo.sing, lo nlly uniformly boundcd. scqu nce of psh func
t.ious converges in cnpnclty. T hc snm • is l ruc for an increa.si~ 9(!(\uence convcrging 
nlru~l cvcrywhcre lO n psh function but. this foct can be sho•tn only wit.h a.n ap
plknti 11 of Thoorem 2A bclow whlch in turn rcquires thc con,-ergcnce theorem for 
lncrrasing wqucnt'(.'S (Thoorcm 2.3). Thus w ncred a proof oí Theorem 2.3 which i!; 
lr1clrprndcm of Thcorem 2. 1. For this proof onc nccd ru1 impon.ant propcr ty of psh 
funt·tion!'I kno"n M qt.11u1cont111111ty ancl givcn in thc íollowing thoorem. 

T h corc m 2 .2 IBT2J For an¡¡ ¡Jsl1 /unctaon u dcfincd m O ond on¡¡ positivc number 
1 tmr ran fmd an 011en s~I U E O w1th cav(U. íl) < < and sudt rhnt u rest,;cte<I t.o 
n \u u ro111111uau.s 

T l11"orr111 2 .3 (Couvcrgen co Lhcorc rn for i11c re o..s i1.1g sequ en ccs [BT2]) The 
,t t11trmrnt o/ ThrorY"m 2.1 renumu t1'11e 1/ u~ t 11,t almost tttr¡owherT. 

A dass1ci\I Pot •ntial thoory thL•OrC'm , duc t.o 1-1 . Cartan, says that any 11egli9ible 
St't, thnl Is A M"l of thc form {u < 11 "}, whcrc u is a ~uprcmum ovcr a íamily of 
subhnnuonic funcl ions, is poln.r. In '60 P. L long conjectured that the corresponding 
statC'lll<'nt should be true for psh functions, namely, that a negliglble set for a family 
of psh func:-tions is ¡>luripolar . lt is ea.sy to sce that tht" oon"erse- is t rue. lndeed, 
if E: C {t• = - } for 11 E P S H (íl) then E is negligible sincc E C {u < u'} for 

supJEl't t•/J The L<>long conjcct.urc was provcd by Bedford and Taylor. 

Thoorcm 2.4 IBT2J Ntgl191ble sets are 11luri,,olor. 

Th" 1m.'fi"ding t hror<'ms in t.his scction nrc t hc csscntml ingredicnts in t hc proof oí 
Throrrm 2 1 M -·di M thc solut ion 1.0 t hc Oirichlet problcm ror thc Monge-Ampere 
l'quntion whidi •-e shnll d iacuss in thc ncxt scction. T his theorem ha.s found many 
nppllrotl ns in complrx i:ull\lyslR, <:spccially in npproximation theory n.nd t.hc thcory 
or cxt rc•ma.l íunruons (sec c.g. /SICI) . 

3. Bounded solutions of the Dirichlet 
problem for the Monge-Ampere equation 

L<'t n b(' i:\ striC"tly J>S('udoC'onvcx domnin (n sublc,·el set oí a C2 smoot h sLrictly psh 
íunt tion ... ho:se gradicnL doca noL vanish on 8 0 ), let be a conlinuous function on 
80 and lcl / be a non ncgativc íunction in O. \\'e consider the following Dirichlet 
problcm 

" e PSH nC(i'I) 
(dd'u)" = f ti\ ' 
pn~ u(()= <p(:) : e DO. 'I' e C(80). 

(•) 

Thcorc m 3 . 1 (BTIJ Thc Dirichfct ¡H'Oblem ( •} has a umquc .solut.1on wlicn J is a 
ronhnuotu jknchon on thc clo:wrc of O. 
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Jl bout U.e proo/ The proof is too long to give ali t.he details bUl we shall highliglu. its 
mnin ideas. Thc uniqucness follows from the compacison principie. 

Compru-is ou principie Let n be nn 011e11 bouridcd subset o/ C". Por u, u E PS H n 
L (O) ••l.,fying !im.:~, (u - u)(() 2: O fo•· any z E 110 we have 

j (dcfv)" ~ j (dd'v )". 
{u< u) {u<11} 

/11 ¡10rl1cular the m.equnlity (ddc11) 11 :5 (ddi:v)11 implie.s u :5 u. 
The compari.son principie is also a main tool in ihe prooís of cxistencc thoorcms 

which follow Lhis one. 
As for tbc cxist.cnce pnrt of Theorem J.] , a difficul t. technical point is lo hruidlc 

dct( ~) for non smooth 11 .• A dcvice l.hat does the job is t.hc Coffmann ancl erin 

{CSJ construction of a scalar mensure associated to a vector valued mcasure \•in a 
gi\'t'll homogcncous superaddit ive fu nct ional. For our purposc ""C use t hc functiorml 
:F dcfincd on C . 1hc cono of n x n. nonncgat ivc Hcrmit.inn maLrices · by t.hc formuln 

F(A) = det 1i" A , A E C. 

lí 11 is a C- \-alucd mcasurc on íl t.heu t.he 8<.:alar mensure .F11 is gi"en by 

F ¡;(E ) = inf L F(¡c(E;)) , 

"'here 1hc in6mum is takcn over 1111 part it ions { Ej} oí E int.o n finit.e number of disjoin1 
Oorcl ts. ince for any psh function u its second ordcr deri\18.Lives are mea.sures onc 
can define 

fJ2 u 
iJ>(u) == ' l(n!)l /n.F(8zj8i.1: ). 

For sm oOlh u \\"'C havc (dc/Cu )11 == (l111 (u)dV. F'rom t.he corrcsponding properties of 
F11 (see IG )) one can infcr tho following propertics of <P. 

Propo ition 3.'2 

I} 4>(1u) = lol>(u) for t. > O and •l>(u + v) 2: •l•(u) + <l>(v) . 
H) 1/ p u a lat ftinct.ron tlicn el>( u • p) 2:: lli(u) • p. 
3) lf o .scqucna: o/ vfuri.subharmo11ic f1mctions u1 temh ww.klv to u and 4>(u1) u 

u.'Olkly c:ont'Ciycnl ihen ~1(11 ) 2:: liin cJ>(uJ} · 
.l) For thc rcg1Jlon ::mg scr¡ucncc o/ u we hove lim 1l>(u1 ) == 4'(u). 
S) <l<(max(u, u}) 2: min (~•(u) , ·~(v)). 

ln • •hat follO\li'S t )-4) Rllow us to work wilh smoolh psh functions and 1.hcn lO 
drn.•1 a condUSJon passing to Lho lirnit . T hc lnst poinL is importa.ni sincc wc sha.11 
dc6nc lhc solulion of ( • ) ns thc suprcmum ovcr a family oí psh íunclions. FinB..lly, 
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tite supcrnddith>jt.y of f11 plays n crucinl role in estnblishing the second order a priori 
ust.lrua tC! for thc solution. 

Lct us nov• define 1.hc cnndidntc for t hc solution 

whor 

u = sup v1 

s 

S ~ (u E PSH(fl)n C(i1) ' <~(•) ~ /~ d\ ', "10<1 $ \P}. 

(3. 1) 

To provc tluu u rcnlly solvc!I t hc cqunt ion wc stnrt with lhe íollowing proposit ion. 

PropoBit.io n 3.3 Tite / 1111ctio11 u i., contirrncms tmd IH!longs t.o S . lf j !; am l l{J rn'C 
l 1p.Jcl11t.: lhcn so 14 u . 

Thc proof of t hose focts uses nu nrg:umc11t of Walsh (\\"A J which allows us to 
Hhow thnt for 11 E S ruHI smnll lnl Lhc function u(u + -) suit.ably modified close to t he 
boundnry also b<'longs to S. 

111 t hc nc..~t step of t.hc proof of T hcorem 3. l we find sccond ordcr a priori es ti mates 
íor thc> solution in thc case n is cqual to a hall. 

P ro¡>ositio n 3..1 Tlic fm1 ct.io11 u i11 (3.1 ) lrn" boundcd .second order den'vativcs 1f we 
1u:Jm11c lhal O u tqual lo U1e 1mit b11ll 0 1 ¡ !E C1·1(8 ) and r.s C1·1. 

About lht. proo/ \\' scck for a good cstimat.c of t.hc cxprcssion 

ii(z + h) + u(.: - Ji) - 211(.:). 

whon Ji is n small ' 'CCLOr. Sincc 11(· +Ji) is not defincd c' -c.rywhcrc in 8 and we need 
to work with functions from S, we slmll replncc u(· + h) by u o T,, , where Ti, is a 
holomorphic aut.omorphism of 8 wit.h thc propcrty 

n (z ) = : + h + O(lhl'J. 

T his is ..... hcn? """e nccd t ho l.\.SSll lllJ>Llon n = 8 just to ha ,·e a rich group of automor
phlsms . Usmg thc su¡>crndditivity of et> une cnn show t hat for sorne uniform const.ant 
e t.hc íunctH>n 

~(u o Th + u o T- l'l) -Cllif1 

bC'lo11p to S From t.his t.he rcquircd cs tima te rathcr eosily follo\\'S. In t.he course of t he 
proof nl.50 'he following ncnt. formula for t he Mong AmpCrc measure of a composition 
of u psh funruon 11 \\•it.h n holomorphic nmpping T comes in handy 

<l> (u o T ) = 1 dc<T'l'' "<l>(u) o T , 

whcrc T' denol(:s thc J acobinn oí T . • 1-lnvmg Propoc1tion 3.il onc cru1 show Lhc following theorcm. 
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T h o r e.in 3.5 uppose OS f~ E C 1•1 (fJ) and i.p E Cl.1(88 ). Then the ftmction u 
111 (3.1} bclongJ to c1.1 (8 ) rmd solves tlie Didchlet problem ( •) in the tmit boll. 

LeL us now derh'C Theo1:em 3. l in llhe case O = 8 from Thoorem 3.5. Onc 
cnn fix two sequences of smooth functions Íi, cp J which tend uniformly to f and 'P 
respccth"t!.ly. From the comparison principie it follows thaL t he solut.ians UJ of (•), 
which corrtspond lO 1h dnt.n ¡1,ip1 converge uniformly t.o a psh function u. Oy the 
co1wcrgcncc theorem 

so u is thc dei.ircd solut,ion. 
Tite proof or Theorem 3. 1 for general n casily follows from that specin.I case. 

lndood. by PrOJ)OSition 3.31 it. remains t.o prove t.hat (dt/Cu)" = f dV. Lct us fix a ball 
8 0 e O and dl'note by 11 1 t,he solution of t.hc Dirichlet problem (dtf'u)" = J dV in 
80 , 11 1 =u on 8Bo. Then 11 equal to ·11 1 in 80 and cqual to u elsewhere in íl bclong!l 
to S . Hencc l' Su. Since, dueto t he compnrison principie, t1 1 ~u in Bo wc concludc 
thnt u 1 nnd u are cqual in Do which .shows Lhnt (c/cr:u}" = f dV in íl beca.use the 
abo\-C is true for any ball in n. 

On can pro\1! ¡he exislcncc of solutious to ( .. } unclc r wea.ker a.ssumpt.ions on f , 
uppcse n mcasure 11 sat.isfies Lhe inequalit.y 

/J.(/( ) S F(criv(!<, fl)) , /( compact, 

r( ) ; lx 4 o 
' • = h(x- 11") ' · > ' 

1o1i•herc h : ' -t (1, ) snt.isfies thc cond itions: 
1) h is continuous ancl incrcu.sing, 

2)j, ••• ).¡.,"" < 
J) ÍOr 90"1(' O> l , b > \ tuld Xo > Q WC h6\!C /i(ax) S b/l(:i:) for X> ZQ. 
Thtn one can pro"c a priori L00 cstimntes for the solutions oí 

(dd'u)" = d¡, 

(3.2) 

" '•lh gl\~ conlinuous boundary dat.a. G ivcn /t as a bovc ali such solutions are uni
r rmly boundro (sce tKO l]p<O•IJ). T hosc cstimat.cs a llow us LO prove thc followlng 
cx4'lfmct' rcsuh.s 

Thoorcm 3.6 JKO 1) !K01J lct tM define thc family of non negaJiuc Borcl mea.TIH"CI 

in O O.UOClolal lo o ft.mction lt , 1Ja,isfyi119 01c condit1ons aboue, ond o pos1Liue constant 
A 

A.z 
J"(A,h) = 11• : ¡•(I<) $ F'(c"¡1(/(, O)) f o• F'(<) = h( z -•I•) 

and tmy comvact K C íl) . 

Thrn tJic. D1nclilc.1 prob/cm {• ) !Hu a tm1quc .fOlul1011 for ony d¡1E.F(A , 11 ). 
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Thoo•om 3.7 jl<Ollil<06] /,e< 

J e 1,"'(eo) = {g e L ' (íl): g ~ o. fo lf>,(gJcll' $ <1>J. 

lf>,(<) = l<l(log(I + ILl)) "h(l og( I + l<I)), 

t1J1tli 11 ª" abouc. Tl1e11 tJ1e Dirichfot vrob/em ( •) hw a .10Jul1on_ Monwver, all .mch 
.1olu ti11r1& Jor fiud 11 ,eo are equiccmtúmous ond um/onnly bound~-

As n cousequencc oí thc lnst tiheormn wc geL t.hc following suuement. 

Corollary 3.8 Por ony v > 1 and rmy f E [,11(!1) tJ1c equaJ~on (•) r.s solvable. 

Onc. can takc 

\\,(f) = l<l(log( I + 1<1))"(1 + log( I + log( I + ltlllr . m > n, 

In Th rcm 3.7. Thc fo llowing oxnmplc, duc r.o L. Persson (PEJ , shows that the 
Ml!IU111ptlons in LhiS thCOrClll Cll1 1110t be :rn bstant ioJJy weak-coed. lf x(t) = ]'ti l(log( l + 
ltl ))"', m < n thcn t.hc Monge-Ampbre eq untion admits unbounded solutions with 
polnt.wis • singularitics for sorne rnd ial!y symmeLric dcnsities írom L1 . lndeod 1 one ma..y 
vorify ~lull t.h íunctiou f (z) = lz l- 2" lag- • 21zl- 1 belongs to L'(B) íor k > m + 1 
n.nd th • corre:;ponding solut.ion is oqmll - at O for k < n + 1. 

Lcl us now consider a sli ght ly more gonernl Oirichlet problem in u sLrictly p!leu
doconvex doma.in. Herc wc no longar requirc Lhe solulion be continuous . 

ue PSNnl (íl), 

(dd't<) " = d¡• , 

lim t<(() = <p(z) ro, : e 8íl. 
e~. 

A bounded psh fon cLion v i!I u subsolution to ( .,. ) ií 

¡ .. ¡ 

u.nd thc boundary condlLion is met . 'l'he followi ng theorem pro,•idcs us wi th a large 
clo.'ls of 80lullons. 

Thuorcm 3.9 (KO'lJ I/ IJ1 era exists c1 .'11b.1olution for Uie. Dinchlet problem (u) then 
tla c. problttm IJ' Jolooblc. 

Appl)'Íng Theorem 3.9 one can l!Oh•e ( .. ) for ma.ny specific measures which are 
slugulnr a"1th respcct. w t ho Lcbc!lgue mea.sure. 
Exumplc Fbr O Jet us 1.n.kc Ll10 uni t bnll O. By Br we deno1.c t.he ba/J of radius r 
rt.mtcrt.-d a• ihe ongin. Consider 

u(:)= mn.< (log 1;J. O) 
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in 8 . ince log!;I b .'Jermonic away from O on a.ny complex plane coni.aining tha ori¡Jn 

cite ¡\ fonge--A.mph-e measure of v is concentrated on 88,. = {.::: : log l;J = O). This 
mCMure is al.so rouu.ion im'lll'iMt ami tlms it is proportional to the surfocc mensure 
clor 011 88,. . Ffom Theore.m ·3.9 it follows tliat for any bounded measurablo f tite 
Dirid1lct problem (o •) wir./1 d¡J = f du,. and v; =O is solvable. 

Onc can pro\"C an analogous stntement for a surface mcasure oí a smooth , sLrit ll)• 
COll\"CX h)1persurface and 11rbit.rary 1fJ but it. requircs a lit.tic bit more cffort sincc lh 
aubsolution ""'ill not be explicitly givcn in general. 

4 . The exdended definition of the 
Monge-Ampere operator and the Dirichlet 
problem 

As thc Kisclman examplc from Scction 1 shows t.herc is no hope for a good definit\011 
or lhl' Monge-Am~re opcrator on aU unboundcd psh funct.ions. However, t.he Mongc-
AmJ*rc opc.ralor can be deflncd on some classes of psh functions in such a wny t.lmt. 
(dlf" u)" i.5 locn.Uy fin it nnd t.lmt. iL is coutinuous wit.h respect lO monotone se<¡u nces 
of p!h funct1ons. In Lhis sect.ion wc shu.11 follow U. Ccgrell's work {CE2J [CE3J. 

Throughout thc scc1ion n will denote a fixed hyperconvex domain in C" , FI >l. 
Wc e.ali a domllin in C" hypcrconvcx if t herc exists nonzcro u E PSH(O)nc(m such 
thot u = O on 00. Thc set. of such funcLions snt.isfying fn(d~u)" < wc denote by 
C..,. Obscn"t Uln1 o polydisk in C" is hypcrconvex. A psh function in a 1>ol}1disk which 
is conunuous up lO 1h boundnry cnnnoL assumc arbitrary continuous boundnry vn.1-
ucs. Thi! follo-"S from t.hc fact t.hnt Lhere nre complex disks in the boundary ru1d thc 
bounda.ry \alucs on thosc disks nrc ncccssarlly subhru-monic. Thereforc t.he Oirich· 
lct problem in a hypc.rconvex domaiu mny uot. be solvnble íor arbit.rnry cont.inuous 
boundruy dnta. 
DeOnition Wc av tl1ot. a pluri3ublrnn11011ic function u bdongs to E.11 , p ~ 1 i/ thcn: 
e.tut.s u1 E Co lC1lh u1 J. IJ,SUJ>; J0(-u;)11(dd~u;}" < A functton from Ep bclong.! 
to F, •/ rop, J0 (Mu,)" < oo. 

Thr foU09o'lllg lfüldcr-likc c.<JLimnt.c is a crucial t.cchnicaJ Lool in t.hc proofs of Lh 
tefUlt.s OÍ lhl.S $4..'CtiOll 

Tbc.-or~m -1. 1 (CP) For tJ, u E [;0 arul v ~ 1 

L (-u)' (dd'u); A (cld'u)" - ' 

$Cú, p)( L ( - u)'(dd'u)")lv+;l/(n+p)(l (-u)P(dd'u)")fn-,U{n+p) 

onllo Cú. p) = 1 •/ p = ) and C(j, JI) = vú>+ j )(" - i)f(p- l ) othenuue. 

TIK" fMuhes ol funcl ions inLroducc<l nbovc hnvc íollowing propert.ies: 
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1) ¿·0 e :F,. e E,,. 'F., e :Fp for q > 11· 
2) Ep Md 'F,, n.rc COn\!cX eones. 
J) C,, nnd :F11 n.rc closcd wi1,h rcspccL LO t.hc opcrat.ion of u1.king ma.x imum of a 

f\11 \l(• uumber of func1ions. 
Onc cnn dC'finr Lhc Mongc-AmpOre op rnt.or on G.., appl};ug the next. sLat.ement .. 

L' hoorcm ·l. 2 S11ppo1e u e P S N (íl ) "' //ic limll o/ o dttrmSmg sequen ce u 1 E lo 
1urh tlial o= su¡>, f0 (- u,)"(dr/Cu1 )" < . 1'1um {dtJCu,)" u wcakly com'.e~'!J ent to a 
111ra~1irt d11 idi rch ,., 111dr11rr1da11t o/ l.h11 choice o/ u1 :.cduhftng the co11d1t.1<m abovc. 
7'1rn~~ tmt c:on de/inr {tltr'u}'1 = d¡i. 

lt 1 ~ po!!-"<iblc to chnrncrnri 'l,C llhosc ñnitc mcnsur "'hidt gfr rise tio a fundrio11 
from :F" ns n solu1.io11 of t.hc Olri chlot. problom . 

T hoor m 4.3 jCE2J lct ¡i bt;. a JJO.~itiue rnca$urt w1th fimlc lo t.al mass in íl . Titen 
tJU;n; UUl41 O t.m1qu e 11 E :F11 solui11!J 

(dtfu)" = d¡J 

1/ n111t onlv 1/ /t1r •omr 1xMill1w A fli c follow1119 mcquolllv holds 

f <-u)"d1• :S A(/ (-u)'(<ld'u)")-:'r.. 

jor tHllJ L- E l.(, . 

L1•t u ob.i1T\l' 1hnt funclions from :Fri ha.ve l!S.'ient iallr zcro boundnry vulues. Pre
tltwl)·. hmsup oí ~uch n flm cLion with Lhc nrgurncnt npproadting thc boundury is 
t•qul\I lo LC'JO. Tht• ln.st t.hl'Orum <·1111 be gcnernliicd to CO\"Cf other boundary da.tu. 

LN ~ bt• a COl'llinuous funcLion 0 11 00 such tlmt Lhere cxisls a soluLion ll.p OÍ t.hc 
homo~t·nf'OU..< Mong<"-A mpbro cquut.io11 ((d~u,.,)" =O) which is cont. i1111ous up to é)íl 

ami l'C¡ual to .; on 8n. Í'br JI ~ l Lho el~ .1'11 ('f'} consists of lhosc fun ot.ions 11 for 
whkh lhen• ('-X\51.S u E :F1, such Llll\L 

Thoorem -1 .4 1 E2) lct.11 be a vo.s 1tiuc m CC1$t1rt w1th finitc tat.al mc1ss in íl 1md lct 
l{J be thc /urict1on jrom f11 c liis t varagm11Ji . Tht:m thcre e:b3t.s o Junction u E F1,{1fJ) 
1Jolu1119 

(d<l'u)" ~ d¡• 

i/ a11d onlr 1/ /or &Orne po3itú1e A ll1c foflowiug mequaiity holds 

/( - u) 1'd¡• :S .4(/(-u)'(dd'u)")-:'r. , 

far anv L E !G. 
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!..el us now sce ho"' far can wc go in extend ing the act.íon of the Monge-Amt*'e 
opcnu or. In (CEJI ·• Ccgrcll definod a clu.ss E = l'(O) of ncgativ psh functions 11.nd 
pro\'Cd t.h11.t it is Lhe larg t f~mily which sntlsfies the íollowing two conditions: 

1) lí u E [ Md u is 3 ncgat,ive psh function Lhen ma.'((tt, u) E C. 
2) lí u E €. and O~ u; E PSH n LJ:c(n ) wiLh u, ,J. u then (dcfCuJ}n Is wcn.k' 

con\-Crgcnt 

Thc cl C(O) consis1.s of chose u - negative psh functions for which givcn z E O 
onl' cnn find a ncighbourhood of t:his poiut and a sequc.ncc u, E Co(fl) with 

nnd sudt thal u, .J. u in U. Far func~ious from C(O} one can define t hcir Mongc
>\ m~rc- mearutt dueto thc following Lhcorem. 

T hco r 111 'l .& 1 E3J Por u E l'(íl) anti 11; E l'o(fl) with u, u tJ1c mca6m'U 
(d,r-u,)" c:om .. "Cf9C m th wcnk' l.ovology. 1'/ie limit 1 , by dcfi11ition, equal to (dc/Cu}'1• 

imillltly one can define 

íor u1. u1 , . • ut E l'(n). 11. is possiblc to provc (scc ICE2J) thnt t he function in C1 

gwtn by 

u(:1 ,:,) = - ( - lag ¡,,I)º 

bt>lonp lO C(B) (B is 1hc unlt. bnll) i f nnd only if a E (O, 1/2). 
dC\'clop a.n inu:rest.ing t.heory one nccds Lo consider n smaUer class F(O) C 

C(O). 1\ íunnt0n u E E(íl) b longs to F(fl} if t.here exisLS a sequcnce u1 E lc,(O) wit.h 
u, u In íl and 

To ha,\ u E C(íl) h. wrui cnough to fi nd u 1 conv rgcnt locnlly lo u. ln Lhc cla.ss 'F 
ont- ca.n pcr!otm mlqTBllon by ¡mrt.s und provc t.h comparison principie. As fer t.hc 

lutwm ol thc DinthJe1 problcm 0 110 con reduce thc solution to lh e.a.se of a singular 
ln\'~ur"C ..-h1th at.rril'!d by u pluripolnr s L. 

h r c m ·l.6 ( E3I IA:t I' be " vositiuc mctuurc 111 íl ""'" J0 dJl < . Thcn onc 
nm find u E Ío(A), /E L1((dctru}") <111tl " rncruurc 11 comed 6-11 o plunpolnr .fcL 1uch 
f}ull 11 - /(Mu)" v F\1rt11cn11orc, i/ tliorc e:ruLf 11 E .F(fl) cetllt (M11)n = d11 lhcn 
lhrrc_ cn..1tJ "- E F(O) 1.mfh (dc/cw)" = d 11. 

~ iOluoon or lh Olrkhlct. problcm for mea.sur carried by a pluripolar set Is 
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1tJ1 l n ~t:rcsting open problcm. 

5. Th complex Monge-Ampere equation 
o n a compact K iihler manifold 

ThC' g<'Onll't<'rs hrwt> good rcnsontt to sr.udy thc comple.\'. ~longe-Amp~re cqunt.ion 
0 11 Klih lcr mMifolds. So far thc !Jntisín tory rrsu ll!l ha\"C OOcn obtained fo r com· 
pllC't KM1ln nuuiifold"· Lct us c;onsidcr ne mpact n·dimt'ru.1one.I l<iihler mn.ni fold M 
1•qulppcd "-11h the fundam ntnl form w whirh is given in local coordinat.es by 

w:::: ~ L Y11;d.z 11 /\d:1• 

"' 
(5. 1) 

F'or n lh•muunn mnmíold t. hc nmLrix {g11;) is pos1uve definne and Hermit.ian sym· 
uwtdr ni. l\Jl) 1>0mt. A llcrmlt lan uumi fo ld Is K3hlcr ií á..: =O. Therc is n theorc.m 
:111y!11g thnt loc.Llly in a 11('ighbourhood of 1t gi"o.n point in M thtre exisL., a psh function 
111mrh th. t 

w:::: d<f u. 

Thl11 rnndilion mR)' nlsa dC' fi nr Kiihlcr mnnlíold!I runong H<.-mlitian enes. For t.ho 
bnrkground m Kiülkr goomc1.ry wc 1·c ~ r l O IA t Jl'f ll 'Al 

Thf' Mongl'-- m1~rC' NJUlltion li fl.':I t.hc íollowi ng íorm 

(w+ti<f i.p) 11 :::: f w" 1 w+dd'"lf) ~O, (5.2) 

whnt• ¡.p i lh<' unknown function. T h givcn non ncgnll\'C íunclion f E l) (M ) is 
11om1nlizcd b)· thc condilion 

h, f w" :::: h, w". 

Sl nn•, b} che Lok llu..'OrCm, t.h . integral Q\·er ¡\/ or thc righl hand siclcis cqual to 
J..., w", th1!\ nonna.liU\L1on Is ncrcss11ry for t.hc cx:i!"'U'llCI.'.' o( a ~lution Observe thnL iu 
nny oprn 'l('l "'·bett"" = dt/Cu Lh cqunLiou is noL n•nl ly difft'r<'nl írom thc onc studicd 
HO ÍM 

(d<l'tH <¡>) " = / (d<l't•)". 

wlth l ' r ,.• P"h Thc poinl is t hat. u .. i.p is not psh on thl' •·bale manifold sincc t.he 
only ¡.r; lob:i.lly dr&n,'(f psh funcLions on M are consta.nu 

Thr \'Olwnr f, nn ILW)Cillt d to t.hc ll crmititm mclric (5. l ) i.s gh'en by n-Lh wcclgc 
1not\ud ;!a-" ~ Ot"°' lhnl thc so\u t.ion OÍ (6.2) prO\•idCS °' wilh B J<.ihJer lll Ctric whose 
volurnl' íorm lw- bf.cn prcscrlbed. Th«J cqualion has becn studied since flfLies when 
E. Cnh.\br ~:n-cd thnl 1u solution g\v n ncw Kfihlcr mctric •'ith 1>resigned Ricci 
r u1vaturt'. Rl"Q11 Lhn.t íor n Kiihl r mnniíold (M.w) thc JLcci cun1lturc for m is given 
by 

m c(w) = - ~dtf(logdc<(g, ¡ )J. 
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T ht> Calabí conjccture says that g iven a (1, l ) closed fonn R' on ( M ,w) rctpn!:9Cn1~ 
lng tht> first Chem class one can find a Kiihler mctric w' (in given KMI r clMS) wh.h 
íl1c(w') = R'. A short. calcula~ion and t he foct t hat an)' plurihannonic funct.lon on .\I 
mll!"t be consuuu lcad t.o Lhc conclusion t ha t to provc the Ca.Jabi conjecturc on nl'Cds 
to ~h (S.2) ío r smoot.h (strict ly) posit ive f. Calabi fCAJ pro\'Cd the uniqucncss oí 
tht' solution up to an addi1.ivc consl.a nt and s uggested t hat the continuit,y mcthod, 
which •'Orles in ca.se of 1.hc real Monge-A mpCre equalion, should be employud for th 
prooí oí th exisumcc o í a soluLion. He provc<l somc a pr iori estimate:S íor t.hc dcrl\'a· 
th'"l'!' or the solulion. His work wns completcd only t.wem.y years lnter by .-T . Ynu 
who dcn\'ed the missing L00 csiiimates. 

1'heor m 6 . 1 ( AJ W t f > 0,j E Clº(M) , k ~ 3. Then lhere en.st.1 n .!Ol11ho11 10 

(S '2) bdonging lo 110/dcr r.hus c1.-+ i.0 (M) Jor ariy O :So< l. 

In contrMl lO the case oí t hc Monge-Amp~rc cquat.ion in n s t.rict.ly p udocon\'t.x 
domtun • h3\ no "' pluripoten~ial" proof or t hc cxis tcnce part ar l his t heorcm. ,\n 
llllt'rc5lm.g lasll: is lo find onc. Howcver, wc can use t.he methods o í pl11ripotcu1ial 
Lh f')' to gcncralir.e this resulL and obt:ain wcak solut.ions oí t.h equat.ion undcr shnlln.r 
llMUmplion lo 1hose imposcd in cuse oí Lhc Dirichlet. problem in a pscudocon\'CX 
domtun 

Let U5 rnll M uppcr seinicont inuous funcLion '(J on M w-pfunsubharrnonic if rltttcp+ 
~~O on .\/ Fbr such i.p wo wriLe 'Pe PSH (w). Ch•cn a Borcl set. E e M one cru1 
define 1\$ capa.et r by 

In l<TTm oí lhi.s ca¡mcit.y wc define som families o í functions on /lf . 

.T(A, h)= (! E l ' (M)' J ~ O. { / w" = { w" , ),., J,~, 

l f w" S. l''(c" ' '"(E)) for any Oorcl set E e .11) , 

•her F ~ g.l\ni m {3 2). 0 11u cn11 sh w t.hnt. t.hc solut ions o í th hl ngc-Ampb.rc 
t'QUA1 n (~ l ) •h<·n J vnrics ov r F (A , h) nrc uniío rmly boundt'd This J., n priori 

tUTJAlr t.\ a aurlal JU~p in ! he J)fO Í OÍ t.hC following existente result. 

Th t'C.ln 6.'2 fK03]1K07J 1/ F i.t 91ue11 m (3.2) ond 1 E .1'{A, h), t.hcri for any 
/ E F (." . hl llrrn; a:uM a coutmuou.t .!olu11on o/ (S.2). Moreovcr tJ1cre c:r:ut.1 a 
C'PI 10',,, o(A.h) o •1u;J1 tJwt. CHIY .t0/ut10 11 o/ 

(tld'<P +w)" = / w", ·~,')""' = O. 

!Ir/ F -4. A) 10ILJ1/ir" ip _ - o(A, /1) . 



Tlw complcx ¡\fonse-i\m~rc t..'<lunlion ttJl(f mctl1od.s of pluripcuenúaJ tl1eory 275 

Agnin M 1n tlon 3 wo hnvo Lhc inclusion 

L .. (<o) e J'(Jl,h), 

whuro 

L• • (q,)= {JEL1(M),/2:0,f. f w" = I. w" , f •{f)w"$co ), 
l'il M Jo 

wlth 
1b.(t) = ltl(log(I + ltl))"/1(/09( \ + ltl)}, 

nnd l1 sMl.rl°)1ing thc condltions in (J.2). In pnrt.iculnr Lhi.!1 gh"C:S u.s cont.inuous solut iono 
Lo (5.2) íor ~uhably normnliicd f e L''(M) íor any p > l FW-thermore t.hc solut ions 
corrcspondmg to t he dntn frorn fixcd V·~,. (eo) are cquicontinuous. Thcy n.re 1liso stable 
wlth rettpt'Cl to !illlllll \1nrla1io11 of Lhc elata f in l 1 nonn. Hcre is an cxnmple of a 
11tnb\lity thl'Of('IU. 

T hcore.m 5.3 {K07J Suit.11bl¡¡ nor71wli:ctl W· JMli $Olut1onJ o/ th~ equat.ions 

(tltf'P + w)":: fw", (dcf~, +w)":: g...;" 

/or f ,g E l"'~ (eo) nnd 11(.r):: :r" $al.i$/y 

11'1' - v1ll $ cll/ - 011:"'"+>1, 

u11tJ1 e dq>enJrng only ori q,. 

6. The complex equation of Monge-Ampere 
type on a compact Kiihler manifold 

Wl' havr sttn lhnt lhc study of Lho cquntion (~.2) originnted in an cífotL to pro\'C 
Lh•· nlab1 <"OnJ('Clure. i\1101,h r vital g<iomct.ricn.I problcm is to find a Kiihlor·Einstcin 
mutrk on • gi"l!n Kñhler manifold. Oy dt:.finition su h n mctric obeys t.hc cc¡uat.ioll 

Ric(w) = cm1.d.w. 

Tht• :mlut..-. botls down t-0 sol"lng thc cquntion oí Monge-A.mpb-c t.ypc 

(w + dtl'<P)" = cxp(op + J)w". (G. l ) 

whure CM constAll1 e dcpends on Lhc ílrst Chcrn clBSS c1(M). lf c1 (iW) is negntive 
tlw11 e = l . ir r1 (M) is ¡>o9i l.l"c titen e = - l. In thc hmer case t hc ~quat.ion is 
not sol\-ablr m gcocnd (scc jAU2JISIUJITIJ). Thll! lhcrc may be no Kti.hler-Einst.ein 
mctrica oo M . e = 1 n soluLion nlways cxist.s ""hich íoUo--s from Theorcm 6.1 
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(below) proved by T. Aubin and S.-T. Yau independently. We shall consider the 
equation of Monge..Ampere type in its genera! form 

·rw + dd")" = f (<p, ·)w", (6.2) 

with a normalizing condition 

r / (to, ·)w" = r w" 
jM Í M 

for so me real to. 

Theorem 6.1 [AUl ][YA] /f fin (6.2) is positive, smooth and its partial derivative 
with respect to the first variable is strictly positive then there exists a smooth solution 
o/ (6.2). 

This result can be generalized along the same lines as Theorem 5.1. Suppose that 
f from the equation is non negative, increasing and continuous in the first variable, 
and 

f(t ,z) ~ canst.g(z), 

with g E F (A, h), where F(A, h) is a family from the previous section. 

Theorem 6.2 IKOS] For J satisfying the above assumptions there exists a continu
ous solution solution of (6.2) . 

Under sorne natural assumptions the solut ions are stable when f varies slightly 
(see [K07J). 
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