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ABSTRACT 
\ \ '1' di."'('USS symple.·tie , rontiu:t. anti locally <'onformal ~ymplcc:tir s lrurt.mc•:-.. 

\V1• l'lhll'"'' how lhl'y are CO TL11 l'rti:d a nd how thcy organizc lhCmM>lvf's in~id ~· t lw 
1·0.Lt'KOry of Jocobi strnct.urc8. An mnpluu;is is ¡mt on thc rolC' of thf'ir a11to 111or· 
phism group!! s.inc(' thl'y cncodc thc corrcsponcling geouwtry in thf' spirit. of t. lu· 
Erln11gcr Progr1u11nu'. Wc nlso evoque t.hc problcms of C'xistenre ruul (loeal and 
global} d ific&tiou of t lw:.e struct.urcs. For t.he background of thc material clis· 
rn~~I m th~ Mlidc, St.'C (30]. 

l Sorne basic results in Symplectic Geometry 

Symplcct ic Geometry is thl' gcomctry o f a smooth manifold Al 1'q11ip1wd with a 

'1 fnrm H ~'li:;fyiutr 
( 1) díl = O. L<· O is closcd, 

(2) íl is non-clcgcncratc. 
S11d1 a íonu is calk-d a sym¡>lect ic form . 
'omfüion {2) rncau~ t hat 1,hc lrnndh- rn;\p íl : T (M ) -+ T º ( Af ). <L~siguing t.n a 

Wt'tur llt'lll X lhf' 1-form ñ(X) 1k11ut~d ::dso i(X)íl, 11uch that ñ(X)(e) = n(x. o. 
ÍcJr nll e. l.~ NI l~llnOrpltis 111 , 

1109l i\h1llln>10l1u StibJttl Cl w01.11fic11Lio1u; 53Cl2: 53C l 5 
J l\ty lll'l•rcb o.nd 1•ht0JU 11y rnplo~lic form, conlacl fonn , locnlly confonna.1 S)' mpkc t k forr u .. hu.:ohi 

~t n lf lllfl r,. 1 tnlChirt•, ro111p]o•,I( SlfllClllfl', almOSl COnll>ll!X Slfllf'lUN'. !mmih o11ia11 ditfo •n11u 1r· 
11h1Mu:1, Amukl ntnJ«t nrt'. Erhu1¡11•r Pru~rnmmc, Lichuerowica coho111ology 
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This implies t.hat the dimension of M is even, say 2n. The non-degcnerecy condi
Lion (2) is also equivalent lo requiring that 

O"= ílAO/\ ... /\O 

( n times) is everywhere non-:t.ero. The volume form 0" fixes an orientat ion of M . 

The couple (M , O) of a smooth manifold M with a symplectic form íl is callcd a 
symplectic manifold . 

A smooth funct.ion f : M --t IIl on a symplectic manifold defines a vecLor field X 1, 
called t.hc hamilLonian vector field, by t he equation: 

X¡ = ñ~ ' (df) 

i.e i(X / )O = dj . The system of first a rder differential equations 

±=X¡ 

is called the Hamilton equations. 

This naming comes from the fa.et t hat. symplectic geometry started off as a seLLing 
for Classical Mechanics, in which the equations above are the equations of the motion 
of a particule in t.hc " phase spacc" M. 

For each smoo1.h function j , t.he hamilt.onian vector field X 1 satisfics : 

Lx,íl = di(X¡)íl + i(X¡)díl = ,{' f = O. 

Herc Lx is lhc Lic derivativc in t.hc direction of a vector field X and we uscd t.hc 
Garlan formula.. Thc cquation abovc says that if r/>1 is the local 1-parameter group of 
diffcomorphisms gencrated by X 1 , t hcn rp; íl = n. 

A diffeomorphism rp : M -7 Mor a symplectic manifold (M,íl) is said to be 
a symplcctic diffcomorphism, or a symplcctomorphism, if q,·o = O. We just saw 
how Lo gel a symplectomorphism by intcgrating a ha.miltonian vector field X 1, whcrc 
j : Al --+ tR is a function with compact support. This suggests t hat t he set Dij jo(M) 
or ali symplecLOmorphisms of (M, O) is vcry large. How much of Dij jo(M) wc gct. 
by integrating X J? Wc will 1.mswer t his qucstion in section 3. 

l t is clcar tba.1. Di j jn(M) is a group, we call thc group of symplectic diffeo
morpWs m.s of (.M, 0 ). T his is the automorphism group of the symplectic gcomctry 
of (i\!, O). il act.s Lransitively on t hc symplcctic manifold ( providcd that it is cou
ncctcd). H c•.11C\" thc symplect ic manifold (M, O) can be viewed as a homogcncous spacr 
of D1/ jn(M ). The group Dij jo(M) has an cven dcapcr significence: it encocles thc 
symplectic: geomclry, nccording to Klcin's Erlangcr creed l3J. 

Tbeorem l (9) Let (M1 , 11 1 ) cmd (M1 , 0 1 ) be two symplatic m anifolds. Tlic11 tl1err 
exul.J o d1fieomor¡1his111 h : M1 -+ M1 sucli t.hat '1 ' 0 2 = >.n1 for .fome const.aul >. 1/ 

and only 1/tla grouv Dijj11,(M1) is isomorphic to the group Di/fn,(M1 )-
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Tite firt1t l'XIUnple of n syrnplt..><:tic ma 11ifold , d ircct ly rclated to Cla.s:,ical Medmnic~. 
it1 Lhf' Eudicl<'nn s¡>ac Dl2" with thc 2-form 

wlit'rt' (.r¡ •. .. I2n ) flrC coordiua t l'S 011 IR2" . Clearly dOs = o and ns #- o ewrywbt•n •. 

'1'111' forru fls is called t bc ''canonical" o r "sta ndard .. symplrclic form on IR 2" . 

Thl' l' Xample (Ul2" , íls ) is 1hr local modcl of any symplt'C'tic manifold . a11H_•ly. 
w1• l111v1· t lw following 

Thcorcm 2 Dcirbou:r. tl1co,.em 
Ea,.11 ¡Hm1t m a .'iymvll'ctir riuwi/old (M , íl) o/ d1mcrisw11 2n ha.\ ª" 11/H' ll 1u·1,11h

lm1 l1tH1d U. u.·h1r.h r ll1e domarn uf f1 lot·o/ rlrnrt cP: U -i IR'" .uirh l}l(l/ ¡p· n.s = H1U. 

This tht'tlrl'lll t.ays t hat 1lll symph•cl.i~ · ma11ifolds lo k alik<' locally. T hf'rl'frn·I' ! ILl'n· 
1111• 1111 lond 111\'ilrianl li in y111plpc·tk Gcouwtry. llowC\'f'r thf'y arr 111.my glol1al rnws. 
r ... 111Sl/Ull t ' l lll' de Rham rnhomolog_y da.'lS [O] E H 2 (Al. m ) oí thf' !;VlllJtlf'cl ÍI' Í4•1'11l. 

lí Al il'i 1u111pact . t hcn IO*J E H2 4'{M, líl.) 'I O. k = 1, .. . 11. Thi:. is a .11 i11111wdia11· 
n111M·q111·111·1· o í St kcs th<•o n ·11L 

Tlu• 1·1111111iiC"a l :._y111plt•1·tic for111 Us ('Ombiucs thl' usual umn prod u1·1 <. > 011 

ITT '" 11ml tht~ romplcx s 1ruc t1m· J on IR2'1. 11.ccall tha t < l". \ " >= L::" 1 11,11, if 
11 ( u 1 . .. u ,,.).t' = ( 111, .. , 11.,.) a 11d J : IR 2" -i Il12" map s {1•¡ .... l'n·''" ; I··· " :?") !11 

{11,,t 1, ... VJ,,,-v1 •. ,-u.,). Wc havc J 2 =-l. 

lf U = [ U,0/ 8z, ru1d V = [ V,0/0;, , thcn 

!ls(U, \1 ) = ¿1u.v. ... - U,+ .. 1·, =< U.JI '> 

Tlil· ,,i:lohal N¡uin1.lc11t on a srnooth manifold M of thC' inncr produrt <. > 011 IR "' 
ii- a llicmannian m e tric g , ;_u1d Lhc cc¡uivait'nt of t he complex l'ltrurlurt• ./ l •ll Uf.!" 
il'i a bum\11' 111.lp J . TAi TAi :;ucb that J 2 = - l. This huudlt• map is mll"d 
an nlmost complex s tructurc . A vt!ry mild condillon ('n~ur~ 1hat. ali stunoth 
maniío ltls admil ncmanni1111 mcl.rics. Howevcr thcy are :-.í'r iou"' obstructious fu r ev1•11 
di111{'m1io11al mn.nifolfJs to admil almost co111plcx structun~. { ht""' nrf' of liomutopy 
1 h1·on•t1ral natun:"). 

Tlu- l'iltU.\lio n lll tlw E11ditl1•a11 s¡mt t' gC'ncrali7.t•s to uny ~ym¡>l('("tir 111anifold [27J 

T licorc m 3 On RJJU sumvlfrtu· f/Ullll/o ltl ( fil , n ). tl1err {'Jl.St 111/uutely '1/(lll fl l /1' 11/11 11-

,ll(m lflt'hl<' 9. a11d almost comvlrr. stii1dure. J sud1 tliat g(J .\", J}') = y(.\', }') rwd 
H(X . }') q(X J } ') /or all 1•n·1.or· /il'ltl.s X . Y . 
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Alm06t complex struct urcs like in the theorem above are said to be compatible 
with t hc symplectic form n. 

Theorem 4 The set .J(Q, M). o/ almost complex 3tructure,, compatible witJ1 a 3ym
plectic form O on M (with thc compact open topology) i3 contractible. 

Therefore, if we pick J E .7(0 , M ), the Chern classes e, E H 2;(M , Z ) oí the 
complex t.angent bundle (TM, J) are independcnt of t.he choice of J . Hcnce t.hc e, nrc 
invariwlts oí lhe symplectic manifold (M , O). 

2. Examples of sym plectic manifolds and tbe problems of e xistcnce aud 
classiftcation 

2. 1 The canonical symplectic form 0 5 on Ill2º is invaria.nt undcr t ra nslatio11s: 
hcucc it descends t.o a sympJcct ic form 0 Oll t he to rus T 2" = lll2º / Z 2". 

2.2 Any oriente<! surfacc is a symplcctic manifold. The volume form is a symplcctic 
form in that ca.se. 

2.3 lf (M,, íl,), i = 1, 2 are symplcct ic manifolds, then )q7fj0 + ,\2 n-iíl whcre 
1r, : M x M --¡. Mis thc projectiou 011 t.hc i th factor , A, E IR.1 is a symplcctic form 
011 M1 X M,. 

2..1 Let M = T' X be thc cotangcnt spacc of a smooth manifold X a nd 11 : 1'' X -+ 
X thc natural projection. An clement A E T' X is a couple (a ,8) where o = 1f(A) 
and 8 E T~ X . f'o'or {E TA(T' X ), consider the canonical Liouville 1-form: 

h i.s easy lO check t hat Ox = dwx is a symplcct ic form on M . 

We lhus see t hat to any i;mooth manifold M we can assign the symplectic man
ifold (T"M , OM)- Givcn a smooth map f : M -+ N , we gct a smooth map f' : 
T · -+ T ' M such tha t f" O M = f'ON . Hence we get a functor from t he catcgory 
oí smooth manifolds ( wit h !:lmooth rnaps) int.o thc cat.egory of symplectic manifolds 
(wuh symplecl ic maps). 

2 5 Many e.xam¡>lcs come from complex geomct.ry: ali Kaehler manifolds are sym
pl(!(;Uc mamíold.11. Lct M he a complex manifold with comple.x structurc ./. 

t\ K aeb.J.cr form is a closed 2-form n such t.hat O(X, Y)= g(X, JY) for sorne 
hcnmtnm mclric g. 

lt w bcl1c\1cd for longtimc t.hat a symplectic manifold is aJways Kaehlcr uutil 
Tlmniton l33J produccd thc ío llowing cxample: Let. 1i be the discrete subgroup oí 
. ymplcrtcunorphis111s uf Ul4 g1!11cratcd by thc following diffeomorphisms: 

li1 {r1 . J2, Jr'¡,Y2) = (r1 ,:r.:i + l ,y1,y2) 



'ymplectic goome,ry 1wd rel11tcd struc,ures 

h 2(.r.1,X1,J11,J,12) = {:t1,X2,y1, y2 + I} 

h:i(:t1 ,:t2,u1.Jh) = (z1 + t ,x,, y1 , ~12} 

li.&{:t1 ,:t2,y1 , y2) = (x1,x:i + Y2.1/1 + l ,y2) 
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Thr 6ytnploctic form Os desccnds to a symplectic form o on Lhe c¡uotic11t M = 
Dl~ /'H.. This form can not be Knchlcr s incc o nc sccs ca.sily that the 3rd Betti number 
o f M is 3, and cla.ssical rcsults assert that odd Bctti nurnbcrs o í Kaehlcr m11nifolds 
111\lllL b(• CVt:'U. 

In sc(·tion ·1, xample 4, wc give an r:xamplc oí a naturaJ syrnplectic ( in foct 
K11clder) form Oc on t he complex projective space CP" . Thc following ernbcdding 
U1corc111 il4 duc Lo Tischlcr j32], sec also Ca.squi [!5J: 

Thcorcm 5 let M , O) be <1 .~ymplcctic 111(111ifold, sur.h tliat thc cohomology dass !O] E 
l/2 (M, Ul) actually belongs to l/2 (M , :Z) ( we soy that O l1a.J mtegrof ¡miods), Uum 
1111',.C 1s tlll t-mbctlding e: M - > Q';P"' / or .~omc m suc/1 that e"ílc = íl. 

W(' :m.w plcnty o í cxnmplcs o f :-iymplcctic manifolds. Yet thc p roblC'm oí t?xh1t.cnce 
uf Nyrnplcct1c- Slru('turcs 01111 givcn manifold is s till unsolved. Thcy MC' two ca .. '!t'S: t.hc 
compact ca.'K' ancl no n cornpaC't. onc. 

Th{' non comparl case ha.s bceu :-icl.Llcd by G ro mov, using hi~ '' h-p rinriplr" 
a11 opeu manifold has n symplt:ctic forrn if a nd only if it has an ahno:n c:oiupll'x 
s trurturr ¡J7J .. This is a hoino topy thcorntical problcm . Nrunely thc vanishi11g of 
Wu '¡.¡ dmmclcristic classcs is t.lu• ncccssary ami sufflcicnt conditi n to guarant.Ct' tlw 
cxiíllcncc oí an aJmost complex structurc. 

0 11 tite othc hand , nothing much is known in the compacL a.se. 

Thc ch.\SSification pro blc m rcnmins a myslcry a.s well. Recently, Taubcs, w;ing a 
íormidnblc machin ry ( C romov-Wittcn iuvariants) [3!J, showOO that nll symplcctir 
strnc·t11r~ on thc complex projcd.ivc spucc ICP2 are cquiva.lcnt LO thc syrnplccl.ic fo rm 
l11 ux.arnpl' ·I, in,· t ion ·1. Orsidcs tld:¡ rcsult, t herc is ru1 old elcgru1t rc:su lt o f Moscr[ 
28] stnting the following : 

Theorcm 6 Ut O, be a .mwotli /amily o/ symplechc /omu on a com7mtt 1111111i/old 
M surl1 that lh~ cohomology cfosscs !íld E H2(M , Dl ) art 111dc-prndeul o/ l .. llt t> r1 llt t>1·1• 
1s 11 !Jmooth /amily o/ d1ffcomo11ihü ms ¡/J1 , with 4>o = Id a11d q,;01 = 00 . 

Thi11 beauliíul Lhoorem is " wcak 11 since thc hypothesis thal two symplect ic forms 
1m• connccted by a s rnooth path of symplcctic forms is very hard LO check. Thcrc arr 
n ft•w sim ple e.xamplcs whcre this is true: 

l. Whcn the symptectic forms 0 1 and 0 2 are 1 e.lose. 
2. When 0 1 and 0 2 havc thc same compatibl a lmost complex sl.ructun·. i11 

particular 1í thC'y a.re both Kachlcr in Lhc samc complcx manifold. 
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3. Symplectic d iffeom orp hisms 

Thc support. of a diffeomorphism <P M --t M is thc closurc of Lhc subsct 
{:i; E M li/>(x) '#:- x}. Let. DU fo(M)<: be t he subgroup of the symplect.omorphisnu1 
of a symplcct.ic manifold (A(O) wilh compact supporl. We cndow the subgroup 
Di/ /o(J'v/)K of Di/ fo (M)c forimed by those t ransformations wit h support. in 11 fi>:cd 
compnct. set. K with t.he C00 compact-open topology, and t.opologizc Di/ fo (M)., 
a.'! thc dircc.L limit of Dij fo(M)K· Let G 0 (M) denote t.hc identity componcnt iu 
o;¡fo(M),. 

Thc struct.urc of t,hc group Di f /n(M),, has been st.udied in l2J. Scc [3] fa r 11 íull 
cxposit.ion. For inst.ancc thc foll0wing r<.>Sult was obt.alncd: 

T heorc m 1 Therc is (1 .~mjcctive homom o17)/iism S from Gn(.M ) to n q11ot1er1/ 

1:1:(M , tll)/r o/ H~ (M , IR) ( the de Rlwm colwmology with compact .sup¡mrl~~). 

Tli Kernel o/ S is cq111J/ to /.he commul.ato1· subgroup [GnCM), Gn(J\•!)J. 

1/ M u· compnct, t./1e11 l<e.rS = [Go(M).Gn(M )J is n simple group. 

/11 particular K er S is <~qua/ lo the 91·ouv .r1e11emletl by l.i111e-oue flows of h1m1il/,m1wu 
1wrto1· fields. 

Thc group K erS is also r.:allud ~he group of hamilLonian diffeomorphi:m1s. a11<I i~ 

oflcn rdcrnd LO as /fomo(M) . Elmncnt."! o f Hmno(M) are Lhose diffeomnrphis111s q, 
such that ó = tf11. where 1/1, is an i~olopy such LhaL Lhcrc exisLS a smoot.h family of 
func:tions / 1 : 1\I -t Ill 0 11 /L1J so Llmt: 

(8/81).¡,,(~) = X 1, (<f,,(x)) 1md 'V>o(x) = x . 

Thc group of ha.milLonian diffcomorphisms occupicd Lhe thought of severa! gcnn· 
nt1ons of math matida.ns primarly because of Lhe Arnold conjecture pj. T his coujcc
LUrc ha:. bren thc driving force for SymplecLic Geometry in last two decadcs. 

Arnold onjecture. 
út 9 ix- o hormltonitm diffeom11171hism of a comvr1ct .~ympleclic ma11i/old (M, íl). 

Supp<m lhat cach ftrctl 11oi11t uf 1/1 is r1or1-clcgcnemte: i.c tl1e 9rnpf1 o/ </1 mcrls t/if 

diagonal ,:,') : t.r.r} e M X M tnm.sucr-s1il/y. 

Tl1t:n lhr numbcr o/ jixcd voml.~ of 1i 1.~ bo1mdcci /ro rn be.low by t11e .s11111 of Detf1 
numbrn b, = drn1 H' (M ,Q). 

The C'On,JtttuT'(' is 11wtivlll.1:d by 1·0111Jidcri11g 4' a Lirnc on ftow of a lrninih.oniau 
\ 'l."f"tdr 11 Id wuh ha111ilt.011i a11 a Morse function . T hc conjt!f"Lure redur s 10 oue of 1lw 
r.unuu ... Mn11it' incquali1i<•s. 'l'lu• prouf of t.his conjccu1rc íor ha.inihonifu1 dilfi'Omor· 
¡>h!.!<m::i rl~ C' ck™' 1ll l.hc idm11,i1.y is a11 cn.sy conscqw•ncc of Mors<' t lwury ¡;J. 

In l 2. Conley rual Z1·h11dcr [ MJ fou 11d ll proof of Lhc Arnold conjccl.urt· for t.Jw 
1>-ullruh\I' !.; •m1>lt"'C'1ic 111n11i fuld ('/'1" . íl) of cxnmplc 2. 
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Thcy t.ranslat.ed thc prob lem into a variatonnal problcm in infini te dimcnsion. 

But th deci.s.iYc move came frorn Flocr in 1985. In his paper "' Witt.en complex and 
lrdiuit.c Morse Thcory" l20J he const.ruct.ed ( undcr scvcral hypolhesis) a homology 
t.hí'ory, where lhe chains nre free abetian groups wi th generalOrs lhe fixed points of 
t.hc lmmiltonian diffoomorphism, and then showe<l that. this homology is isomorphi c 
with t.hc ordinary singular homology. Thc conject.ure íollo~'S (under t.he rcquired 
hypothcsis) . This homology is cnlled nowadays the " Ftoer homology"'. Severa! pocplc 
iuctud ing Flocr himselí, Ruan-Tian, Liu-Tian , F'uknya-Ono et.e .. ha\1e been working to 
rr111ovc thc additional hypot.hesis. T ite goal scems to be "almost " achieved nowadays , 
nlthuugh lhc au tho r thinks t.hcy are still unckecked details ( herhaps mistakcs) hern 
and therc. For a comprehcnsivc ox position of Floer homology, see j29J. 

O •forc wc closc th is scctiou on sy mplcctomorphisms, leL us ment ion 1.hat. from the 
work of Cromo'• [18] 1 it emerged t..hat Symplectlc Geometry is topologicnl in 
noture. This can be replml.'lcd i11 terms of thc group of symplectomorphisms [27] : 

Theo rcm 8 (Elrn.~hberg-Ho/1;r) 

Ld (M,O) be t1 sym71lect.ic manifold. The. group Dif/o(M )c i.s Co- 011tm in the 
g1vu11 o/ ali C diffeomorpl1i.mu o/ M . 

4. Contact manifolds 

Thc odd dimensional a naloguc of Symplccti c Ceomelry is Cont act Geometry . 
Thi!i is t.he geomctry o í a n odd dimensional manifold , say of dime.nsion 2n+ 1, cquippcd 
with a 1-form o such t hat a/\ (da)" i8 everywhere nonzero. Such a 1-form is call cd 
n coutact fonn . For inst.a.nce , t..hc 1-form as = y1dx 1 + ... + y,.d.z,. + d z on lt2 "+1 , 

wiLh coordinates (:r 1 , •. , r,,,y,, .. , 71.,, z ) is a contact. form . U•: IR.2 "+ 1 -. m.2 " is thc 
projcctiou (:r 1 , •• , x,, , y 1 , •• , y,,, z) - > (x1 , . • , x,1, Y1 , .•. y,.), then dos = 7r "Os , whcrc Os 
lM t hc standard ym plcctic form ou JR.2" 

Thcrc is also 1\ Oarboux thcorcrn , a.sserting t hat., locally, ali the ont.act. forms look 
likn ns . 

Lct n be a contact fo rrn 011 M. Thcrc cxists a unique vector field {, ¡;;llicd t he 
t hnrnctcrislic wxt.or fiC'ld of o, or Lhe llccb fi cld, such that o(()= 1 and i(!)dcr = O. 

Lct o be a conta.ct. fonn on a smooth mnnifold Al. 'fhc hyperplane ficld E C T (M) 
uf kcrucls of o L'l CAllcd t.hc cont,act st ructurc dcfined by o. Clcarly, ií f : M -+ lil 
ls a 11 mooth non \'anishing f1111ct ion on M , then /o is again a cont.act. form with the 
s1ur11' kernel as o. i.e. definiug thc samc cont.act stru ct.ure. We may also say that. t lw 
c·o11tart struclu!"{' E is t he sitme thing as thc cquivnlence class oí cont.act forms whcrc 
o aud o ' are equh'l\lent iff 0 1 = / a, for sotne nowhe.rc zero function . Thc cou ple 
( M , 6) . where E = K ero, i ~ cnllcd n cont.acL manifold , dcfi ncd by t he coutnct fon 11 
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The restriction of t he form da to t he bundle E = kera makes it a symplectic vector 
bundle ( i.e. for each x E M , da(x), restricted to Ez is a non-degenerate bilinear two 
form}. The sections r(E ) of E are called basic vector fields and the sections r(E") 
are called semi-basic 1-forms, ·and da induces an isomorphism da : r(E) -+ r(E") 
Jike in t he symplectic case. 

An automorphism of the contact structure E defined by a contact form a is a 
diffeomorphism <fi such that rp•a =fa, Cor sorne nowhere zero function. The set of 
such diffeomorphism is denoted Di/ fs(M), or Di/ f(M, a), and is called the group 
of contact diffeomorphisms. We denote by C(M, cr) the Lie algebra of vector fields on 
M whose local 1-parameter groups belong to Di/ j 8 (M}, and call it the Lie algebra of 
contact vector fields. We havc C(M ,a) = { XILxa = Ao} for some function A. Each 
funct ion f : M --+ IR on M defines a vector field , we denote by Y¡ by t.he equation: 

Y¡ = f~ + (d0)- 1)((dj(\))a - df) 

wherc {is t he characteristic vector field of a. It is easy to check that Ly1 o = (dj(~))u . 
Le. that Y¡ is a contact vector field . In fact the map above from thc space C00(1H ) 
of smooth functions on M to C(M, a) is an isomorphism. 

Like in the symplectic case, we see that Dij f e(M) is very large. It acts transitivcly 
on thc contact manifold, (if t.his manifold is connected) , and aJso encodes thc contact 
geometry [IOJ: 

Tbeorem 9 Let (M;, E;) be two contact connected manifolds, wl•ere E; are tlefi11ed 
by two co11tact forms a , . There exists a diffeomorphism h : M 1 --+ M2 such tlrnt 
h ' o 2 = fa ¡, for sorne function fon M1 if and only if the group Di ffe 1(Mi) is 
isomo1phic to Di / fe~ (M2) 

Unfortunately, the algebraic structure of the group of contact diffeomorphisms 
remains a mystery. 

Contactization and sym plectiflcation: If o is a conta.ct form on a manifold 
M , then íl = d(e1o) is a symplcctic manifold on M x IR, here t is t he projection of 
M x Ill to nt. The obtaincd symplectic manifold is called the symplification of thc 
contact manifold (M,a) . 

lf f! is an exact symplectir. form on M , Le. íl = dO, t hen if N = M x IR, 
and 11': N --+ M, t : N --+ JR the projections on each factor, then o = ¡r'O + <lt is a 
contact form on N : this contact manifold is called t he contactization of the symplectic 
manifold (M, íl). 

The following result , provcd by Boobthy and Wang [I3j gives another construction 
of a contact manifold out of a symplectic manifold; 

Theorem 10 Let (M, í!) be a symplectic manifold su.ch that the cohomology clas.~ 

[ílJ E H 2 (M , Ilt) is in fact in H 2 (M , Z ). Then M is the base o/ a prfocipal cirde 
brmdle 11' : P --+ M where P h11s a co11 t<1ct formo sucli that 7f·n = do. The characler
istic vector field o/ o ,qenernte tite actio1l o/ S 1 011 P . 
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Exa mples o f contact manifolds 

l . T hC contactization of (T• M, dú.JM) gives a contact structure on T•(M) x IR)~ 
J 1 (M) , thc bundle of 1-jcts of functions on M . 

2. Martinct proved that any compact oriented 3-dimensional manifold has a con
tact fo rrn [26]. 

3. Vcry recent ly, it wa.s proved t hat odd dimensional tori carry contact forms [12] . 
A contact form on T 3 is well known: the 1-form () = cos(21f z) dx + sin (27r z) dy on IR.3 

defi nes a contact form on T 3 . A contact form on T 5 was known to Lutz for longtimc. 
The reccnt resul t generelizes Lu tz const uction. 

•l. All odd dimensional sphercs have a contact form. Let () = L~/ x,dy; -y,dx;, 

in coordi nates (x 1 , .. , x .. +1 ,y1 , •• , y0 +1 ) ofIR.20+2 . The restriction a of(J to 8 2"+1 is 
a contact fo rrn . Its characteristic vector field i s ~ = ¿:,1 x,a¡a y, - yJJ/ Ox;. T bc 
orbi ts of ~ generatc an actiou of 5 1 on S2 11 +1 . Thc quoticnt spacc 8 2"+ 1 /51 is the 
proj11ctivc spacc O:: P" , and the projection 7r : S"2+1 ~ O::P" is the Hopf fi brat ion. 
Th<' kernel of da· is gcnernted by the vector field ~ · Moreover, da is invari ant under 
~. hcncc dcsccnds to a closcd non degenerate ( i.e a symplectic) form on O::P". 

Thc pul\ back of thc Hopf fibration by the Tischlcr-Gasqui embedd ing (theorem 
5) provides an 5 1 principal bundle ovcr an integral symplectic manifold . Compare 
with thcorcm 10. 

Existence and class ification of contact structures 

T he general problem of existence of canta.et structures is still an open problem. 
Howevcr, t hey are more results than in thc symplectic case. For instance, Martinet 's 
theorem of cxistence in dimension 3. Thomas and Geigcs have provcd severa! existence 
theorcms in higher dimcnsions. 

As far as the classification is concerned, the on ly general result available is an old 
rcsult of Gray 11 7}, rcproved by Martinet [25]: 

T heorem 11 Let M be a compact manifold endowed with two contact fo rms a and 
u' induci11g the same orientation on M . There is a di.ffeomorphism h of M such that 
f1•n' = f a, far some posítíve Junction J if a11d only íf then~ is a smooth family oj 
contact fonns n r such that cr0 = cr and d = cr 1 . 

5 . Locally conformal symplectic s tructures 

T hc existencc of a symplecti c form 011 a smooth manifold puts strong restrictions 
on the topology of the manifold. We alrcady obseved that the problem of existe1u:e 
of symplecti c structureg on compact manifold is still unsettlcd. The esistence of a 
11011-dcgencrate 2-form is the same as the existence of an almost complex structure. 
1'his is a homotopy problcms and thc obstructions are known ( Wu characteristic 
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classes). The real difficult problem is to determine whether the non-degenerate 2-
form is closcd. We may want to generalize this last condition. One comes up with 
the notion of locally conforma} symplectic structures 

A locally conforma! syinplectic (les) form on a smooth manifold M is a 
non-degcnerate 2-form .íl such that there exists an open cover U = (U;) and smooth 
positive functions A; on U; such that 

íl; = A;(íl¡u;) 

is a symplectic form on U; . If for ali i , >.; = 1, the form O is a symplectic form. Lee 
[.J observed that t he 1-forms {d(ln >.;)} fit t.ogether into a closcd 1-form w such that 

díl = -wA íl. (1) 

Such 1-form is uniquely determined by n and is called the Lee form of O. 

Conversely, if a non degenerate 2-form n satisfies (1), and U = (U); is au open 
cover wit h contractible open sets, then w¡u, ==din>.;, for sorne positive function >.; on 
U, and >.,OJu, is symplectic. 

We have the following "Darboux" type theorem ; 

Tbeorem 12 Each point in smooth manifold equipped with a les form n has a11 open 
neigborhood U and local coordinates (xi , .. , Xn,yi, .. , Yn) , with Y1 f:. O, such that 

íl¡u = y,(L dx; A dy; ) 
i=I 

andw¡u = ~· where O is the Lee form o/O. 

Two les forms n, ff on a smooth manifold M are said to be (conformally) equiv
alent if O' == /O , for some positive function f on M. 

A locally conforma! symplectic (les) struct.ure S on a smoot.h manifold M is an 
equivalence of les forms. If a k s forms nis a rcpresentative of S , wc writ.e: íl E S. 

Let w be a closcd 1-form on a smooth manifold M and Jet AP(M) be the set of 
p-forms on M . One defines an operator 

O ~dB +w /\ 0 

lt is f'asy to scc t.hat {!l..,)2 == O, and hcuce that (A· , d.., ) is a complex. lts cohoruology, 
which was int rocluced by Lichncrowizc, is denoted 11:,(M). We will called it thc 
Lkh11crowicz cohomology. lt is casy to scc t hat if w is an exact 1-form, then H:,(M) 
is isomorphic to the de Rham cohomology. 
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The conditiou n = - w /\ íl meatlS then that íl is d.., -closed. Hence a locally con
forma\ symplectic form is a non-degenerate d..,-closed 2-form. This defi nition matches 
thc dclinition of a symplcctic form in case w is exact. 

T hc category of locally conforma! symplectic man ifolds is larger t han t he catcgory 
of sym plcctic manifolds: 

T he cartesian productM = N x S1 of a contact manifold (N ,a) with the circle 
5 1 has a locally conforma\ sy rnplectic form . Let íl = d,..(7r;o ), where Tr; are the 
projections on each factor, and w = 11':i(C), whcre C is thc Jength form on S 1 . It is casy 
to sec that íl is a locally conforma! symplectic form. For instance S2"+1 x 8 1 admits a 
locally conformaJ symplcctic fonn, and we kuow it does not admit a symplectic form 
sincc H 2 (S2"+1 x 5 1 , Dl) = O. 

Observe that on the compact manifold S2"+1 x 5 1 , wc have the d..,-exact locally 
conforma.l symplcct ic form íl = d..,(11'ia). We saw t hat asymplectic form on a compact 
manifold can not be exact! In theorem 17, we characterise d... exact locally conforma] 
8ymplcctic forms. 

The cxarnple above can be generalized in thc following resu lt ( see far instance [5], 
[34J)o 

Theorem 13 Tlie total space of a fiat S 1 -principal bundle over a contact manifold 
ct1n-ies a locally conformal symplectic jorm. 

Thc fo llowing simple remark [6] givcs a link between symplectic geometry and 
locally conformaJ symplectic geometry: 

Theorem 14 Let (M ,S) be a les manifold, and fet n ES Let 11': M-? M be tfl e 
minimu m regular cove f-ing oj M associated with the 1-fonn w. Let A : M -? Ill be a 
positive function on M such that 

~ ·w = d(/n,\). 

Tf1en ñ = A(7r . O) is a symplectic form on M and its conforma( class S depends only 
on S, i.e. U independent oj the cl1oice of íl ES ando/ A. 

lt is wcll known t.hat the group A of automorphisms of the covering M, is e<¡ual 
to thc group of periods of w. I t is easy to see that for any r E A , (A o T) / ,\ = <:? is a 
constant number, independcnt of the choice of A an<l T i-t ei- is a group homomorphism 
e from .A to t he mu lt iplicativc group m.+ of positive real numbers. 

Lct Di/ fs (M ) be t he group of automorphisms of a les struct ure Son a smooth 
man ifold M . lt is clear that for any les O ES, thcn Diffs( M ) is t he set of a li 
diffeomorphisms q, of M such that ¡/>"íl = f~íl , where f~ is a smooth function on M . 

Tbeo rem 15 (21) The group Dij f s(M) determines the locally conformal symplec
tic geom etry. 



!34 Augustin Banyaga 

In local conformal symplectic geometry, we also have a version of Moser theorem 

l•l 
Theorem 16 Let nt be a srr.woth family o/ les /orms on a compact m anifold M . 
Stippose that for- ali t, the Lee form o/ ílt can be writte1l as w1 = w + dft, where f 1 is a 
smooth /amily o/ functions, and that llr - 0 0 is dw - exact, then there exist a smoolh 
family o/ diffeomorphisms tf>t with <Po = id m1d a sm ooth family o/ Junctions f 1 such 
that <Piflt = f1f20 . 

The Líe algebra Xs(M) of infinitesimal automorphisms of S, consists of vector 
fiel<ls X on M such that LxO = óxO , where Óx is a smooth function 011 M , and 
í! E S. 

A short calculation shows that for such vector field X : 

d(w(X]) = Lxw = - cú5x. 

Hence w(X ) + Óx is a const.ant l(X), and the correspondance X i-t l (X ) is a Lir 
algebra homomorphism called the extended Lee homomorphism. If M is compal't 
aud nis uormalized so that the volume V = JM(f.!)" = 1, then /5): 

lx = f w(X )(í!)" . 
}., 

For any X E Xs (M) , S<!tting () = i(X )!l, we havc: 

dwO = l(X )f!. 

This shows that if there exists an infinitesimal automorphism X with l (X ) f: O, thcn 
n is d..,-exact. T he converse is also true. 

Theore m 17 A locally confon11al sym plectic form O with Lee form w i.~ d..,-exact if 
and 011/y if there exists X E Xs(M ) with / (X ) f: O. 

Another intercsting foacture of the extended Lee homomorphism is the followiug 
íact j6]' 

Theorem 18 Let X E Xs(M ) and X ali/to/ X to tl1e covcr M, the11: 

Lxñ = l(X )ñ 

H en<'e if 1he Lee homornorphism is idcntically zcro, thc infinitesimal automor
phisms of the local conforma] symplectic structure on M lift into symplcctic vector 
Hclds for thc symplectic ma nifold (Ñ! , Ó). This implies that non d..,-exact lc;s mauifolds 
( Al, U) ht'havc likc thc symplr.ct ic rna11ifold M, Í!) . 

011 the other hand , rl,.,-~xac.:I. les manifolds are very Spf'Cial. Wc havc t.he following 
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Theorem 19 út (M, 0) be a compact les manifold with O= d..,8, where w is tlie l ee 
fom1. Suppose ti) has consta11t mnk. Then M is fibered over S1 and the rest1lctio11 
of 8 0 11 each fiber is a contact form. 

Thc Lec homomorphism can be globalized at t he group lcvel j6]: 

Theorem 20 Let (M,S) lm n connected fes manifold, O E S witli lec /01111 w, 1T : 

A°I -+ Al the co11erin9 associoted with w , ti ftmctio11 A : ftf -t IR such thot 1f' w = 
d(ln!.). 

F01 m rli tj> E Di/ / s(M)0 • let ;¡, : Ñ1 -+ A1 be a dif!eomor¡1/11sm coue1-ing </i • 
.01rl1 tlrnt .,. o~ = 4' o 1f , the1J 

1.1 <1 1w11 zero consta11t b¡,, independent of the choice oj A. 

lf ~ ,.., ar1otlte1· liftm9 of </>. tlum b¡, = o.b¡,, wliere o E A = c(A). 
1'/ie COnY:.'lJJQlldcmce : 4> ~ b¡, is a weff defined group homomorphism: 

1:: Dij f s(M)o -t IR+ / A 

111/ur li dou not depend 011 lhe cho-icr oj íl E S , i. e. 1s a conjomrnl ;nuarirmt. 

(1) 

1'J1e numbff b• is tl1c .,imihl.11de rntio of ;¡, , 1.e. ;j,·ñ = b.¡ñ . Hew;e tlu· Kn..,wl 
G' o/ C u a 1wmwf subgmuv which can be identifiecl with a quotieut of 11 c01iru~drd 
,,ubgroup of the group of sym¡Jfectic dif!eomorphisms of (A1 , ñ ). 

Let <Pt bt the local l ·1mm111der grou¡J of dif!eomorphisms genemtecl by m1 infi1iit.es· 
mwl outomorphis rn X E Xs(M) , tl1cn: 

" ;¡¡(ln(b0, ))I•=• = l(X) 

A .~ a r01ueque11ce if 1 is smjective, theu C is non trivial. Tl1is in turn imvlies tlrnt. ñ 
IS eJllCl. 

6. Jocobi structures [24J 

If n is an locaJly conforma! symplcctic form on a smooth manifold M , then ñ : 
'l'(M)-+ T "(A/ ), X ....+ i(X)íl is an isomorphism. Thc inverse of ñ defines a section P 
of A2T(M ). i.c. a bivecto" P(A, B) = !l((ñ)-1(A), (ii) - 1(8 ) for all A, B E T ' (M). 

Thc condiLion dfi = - w /\ íl translates as 

(i) llP. PIJ = 2E A P and (ii) [[E, PJJ =O, 

whcrc E = P (w) , and I[, IJ is thc Schouten brackct ( t his is a natural cx!.cnsion of 
!lit' Lie dt'riva1ivc lo skcw syrnmctrk contravariant. tensor ficld!l:). 
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A couple (E, P) where E is a vector field and P e A2 (M) is a bivector, satisfying 
the equations: 

[IP, PJI = 2EA P and [IE, P]J = O 

is called a Jacobi structure. 

Therefore a local conforma! symplectic structure gives raise to a Jacobi structure 
(P,E) on M , where P comes from an invertible bundle map from T º(M) to T (M ). 

A J acobi structure (P, E) where E = O is called a Poisson structurc. lt is simply 
given by a bivector P such that l[P, P ]J = O. lf P is invertible, then P comes from 
a symplectic form. Hence Poisson manifolds, i.e t he couples (M , P) of a smooth 
manifold M and a bivector P satisfying [[P, PJ] = O, are particular cases of Jacobi 
manifolds, and gcneralize symplectic manifolds. 

lt is easy lo check that contact manifolds also are Jacobi manifolds. Hence all thc 
structures presented in this expository paper are Jacobi structures. A good conclusion 
oí this paper is t he following result of Guerida and Lichnerowiz [19) : 

Theorem 21 Every Jacobi manifold (M , P) admits a generalized foliation (in the 
sense of Stefan-Sussman), with the property that even dimensional leaves are loclll 
conforma/ symplectic submanifolds and odd dimensional leaves are contact sub111a11i· 
folds. 

1 would like to end this paper by a 

Question 
lt is easy to define the yroup Di j f (M , (P, E)) of automorphisms of a Jacobi ma11-

1fold (M , (P, E)). Does tflis group determine tfle Jacobi structm-e (P, E) P 
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