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ABSTRACT 
Thc pa¡>cr prescnts au cx plicit fo rmula for t hc number oí fixcd points of a C"" 

nrnp oí a segmc11t [a , b] C R. Whi!c t hc formula can be derived frorn thc Lcíschct:1. 
flx«I point thoorcm for gcncrnl CW -complcxes, t hc nc w proof is instruct ivc and 
highlight.s thc co11t ribu tiom1 of dcgcncratc fi xcd points . 

1 Introduction 

111 1910 Orouwer (cf. IB ro l 2]} provc<l that any continuous map f: S --t S of an 
n -dimensional slmplex has at least one fixed point p E S , i.e., J(p) = p. This rcsult 
cxtcnds to cont.inuous maps of any compact convex body in a finite dimensional topo
luf(kal v('Ctor spacc and has numcrous applications to proving exi stcnce t heorcms for 
divcrst~ equations. Morcovcr, thc flxcd point t hcorem geucralises to infinite dimen
~i01ml topologica1 vector spaccs. Whcn thi nking ovcr this resu\t, Lcfschct.z jLef'26] 
showcd a formula which cxprcsscs t hc numbcr of fixcd points of a map of an oricntab lc 
lopological manifold th rough the traces of thc cor responding pull-back operators 0 11 

thc cohomology. Alt.hough a fixcd point thcorcm a la Lcfschetz has nowadays bccu 
k11own íor general CW -complcxcs , cf. [Dol72J , it gives no explicit. dcscription of t hc 
eonlribut1on of n non-interior fixcd point. In IBS9 1] an explicit fo rmula is obtaincd 
íor thr rontribution of a simple boundary fixed point . A fi.xed point on the boundary 

1AMS SubJ«I Cla..~ification : prinmry : 32850; seoondary: 58G 10. 
Kl.'y 1ll"O rd~ l.nd phrues: de ru1a111 complcx , Lcfsch(l li uumbcr. fixed point.s . 
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contributes to t he Lefschetz number only in the case when it is attracting. Thc pur
pose of the present pa.per is to explicitly evaluate contributions for arbit rary isolated 
tlxed points on the boundary. While the proof of [BS91J is an exposition of argumcnts 
of jAB67J in the context of Boutet de Monvel's algebra [BdM7l], the present paper 
uses a constructive approach elaborated in !Tar95j. 

To make the proof complete!y transparent we restrict ourselves to the case 11 = l. 
Let M = [a , b] be a closed in ter val on the real axis, and f be a smooth map of [a, b] 
to itself. 

2 The Neumann problem 

In arder to derive an integral formula for the Lefschetz number oí f we need a 
parametrix of t he de Rbam complex on [a, bj 

O___, E[a,b] _!_., E1 [a,b[ ___,O (2.1) 

where l"1[a ,bj is t he space of differential forms of degree l wit.h C00 coefficients on 
[a, bJ. 

Thc Neumann problem at extreme step 1 consists of finding, for a givcn F E 
l'1 [a, bJ, a differential form u E l' 1 [a, bJ such t.hat 

ddº u = F in (a , b) , 
n(u) = O on 8(a,b) , 

(2.2) 

where el' is the formal adjoint for d. Not.e t.hat t.he Neumann boundary condition 
n (u) = O appears from the consi<lerat.ion of dº as the Hilbert space adjoint., d. for 
ins tance § 4.2 in [Tar95]. 

Write 
F = F1(x)dx, 
u = u 1(x) dx, 

Lhcn the problem (2.2) becomes just. t.he Dirichlet. problem for t.he íunr.t ion u¡(x), 
namely 

- u1{ = F1 in (a , b), 
u 1(a) = u1(b) = O. (2.3) 

T he general solution of - u.1i = F1 is 

u 1(x) = (Ax + B) - J.'(x - y ) F,(y)dy, 

and the substitution of this cxpreMsion to the boundary conditions gives 

D - a A. 

A = J."~ F¡(y ) dy . 
" b - n 
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Tl1c !!Olulion 

r• b r 
u1(x) = (x- a)¡

0 
b =~ F1 (y) dy - J. (x-y) F1(y)dy 

is 1) 1la, bj ·Orthogona l t.o t.hc space OÍ solut ions OÍ t he homogenoous problcm corre· 
sponding i.o (2.3), for thi11 lattcr is zcro. lt fo\lows t ha t t.he Ncumann operator a t 1:1tep 
l is 

NF(x) = [ F(y) ((x - a)!=~ - (x -y) 0 (x-y))dy, (2.4) 

t.lw intrgral b ing ovcr y E [r1, bJ. 

3 A parametrix of the de Rham complex 

Civcnany F e C1¡a, bJ,sct 

PF(x) d' NF (x) 

J.' (e(x - y)-:=~)F(y), (3.1) 

i.c., P :: d"N . 

Le n:ima 3.1 A., ílefinc<I in (9. 1}, thc opemtor P satisfie., 

Pdu u - Sou forall u El'[a,bJ, 
dPF = F - S1F foral/ F EC 1\a, bJ, 

(3.2) 

where 

i r' Sºu ;:: u-~ Jo u(y)dy, 

S1F = O. 

Proof. lt sufficcs to provc only thc first cquaJit.y oí (3.2) , for the second oue is 
obviou.s. To this end, writc 

P du(x) { ' ( b - Y) J. 0(x - y) - ¡;-::--;; u' (y)dy 

( ) b - y ¡· J.' b - y u (x) - u (a) - b _ a u(y) 
0 
+ 

0 
u(y) d ¡;-::--;; 

i r• 
u(x) - ¡;-::--;;J. u(y)dy, 

a,.¡ des1red. 

o 
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4 A formula for the Lefschetz nurnber 

By the Leíschetz number of the map f : ¡a , b] -+ [a , bJ is meant 

L(J) = t o· (H /)o - te (H f ), 

where 
(H /)o Hº(o·¡a,bj)--> Hº(o '[a,bj) , 
( H f ), H 1(o' [a, bj)--> H ' (o' [a,bj) 

are cndomorphisms of t hc cohomology of thc de Rham complex on lc1,b], indu1,;cd 
by t hc pull-back opera tor ¡n on differentia l fo rms. Sincc Lhe cohomology is fi 11 it(' 
dim('nsional al C\'ery stcp , t hc t races of these endomorphisms are well dcfincd. 

o. 
Note that in fact. L( f) = 1 in our special case , fo r Hº(l [a, bJ) ~ C and H 1 (l [a , b]) ~ 

Lemma 4 .1 Sup11ose all jixcd¡minls of ll1e ma¡J f on [a , bJ are iso fot cci. Tlw11 

l b b " ) L(f ) = P·' · d( 0(J (y) - y) - b = . 
" a 

(4 .1) 

Proof. Applying t hc pu \1-back opcrator r to both sidcs of equalitics (3.2 ) WC g1' I 

(f'P )d f ' - f' Sº. 

d(f1P) = f ' - f'S' . 

for ¡: and d rninmuLe. 
Sincc ¡: P maps E1 [a , b] to ljri , b] wc deduce t hat / 1 and /' S are l iomotopic· cndo

morphi:-;ms of th€' de Rlmm com plcx . Hencc t hcy induce the samc endomorphisms of 
thc cohomology, i.c ., fl f = fl (JDS). !t. fol lows that L(/ ) = L(P S). 

\\'(' now ob:;crvc t.hat J DS is a trace dass endomorphism of t.he de JUmm complcx . 
Dy thc nltcrnat.i ng su 111 fo rmula (cf. for inst.a.ncc Theorcm 19.1.1 5 of [HOr85]) wc 
obtain 

L(f) Tr J' Sº - Tr J'S' 

[ ll.'(U x l )'Kso - (! x l )' K s•) 

wh('rr ~ stands for t.hc diagonal map [a ,bJ -+ [a .bl x lo ,bJ. ancl Ks is t hr Schw<1rlz 
kernel of 

By as.-.ump1ion, thc set Fix(f, [a, b]) is discrc tc. Since thc intcgran cl is of cla."'~ 
l 1 j11. bJ. W(' gf'l 

L(f) = li"' 1. ll.'(11 x l )'Kso - (/ x I )'Ks •) 
' 'º ¡ .. .1,¡\ U, 

wlu•rt• ( ' I!' l lw M't of al l ¡wi11ts y E [a ,bl whosc distancc to Fix( / . [o, b]) is l t~ss thai1 
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Wc no~ make use of cqualities (3.2) to evaluate Lhe integrand in the latter integnll. 
Nnmcly, tlhey imply that 

d~Kp = -Kso, 

d~Kp = -Ks• 

mvny from Lhc diagonal oí [a, b] x [a, b]. IL follows that 

holds on la, bJ \ Uc, whcnct: 

L(f) 

T hii; provt.'S thc formula. 

t-•(-d~(f x 1)'Kp+d.,(fx 1)' I<p) 

d(t>'U X 1)'Kp) 

lim { d(t:::..~ (f x l)~Kp) 
€-~u Í¡n,bJ\U, 

pv[ d(8(f(y)-y)-:=~) 

5 Fixed point theorem 

o 

'1'111• sccm1d term in t hc inLngral (4. l) is easily evaluated , he11ce t.his for1nula trm1sf111·n1s 

'" 
L(f) = l + p.v. [ d8(f(y) - y) . 

T heorem 5.1 Let f be 11 C 00 mav of tite sr.9me11t !n, b] with isofolerl jix1~1i ¡min/ .. '1. 

'l'lie11 

L(f) = 1 + 8(/(71) - 11) r-+ L µ(p) 
n+ pEFix(/,(n,b)) 

wlum~ ¡1(1' ) i.s thc loco/ dcgree of 1 - f at p. 

Proof. Writ.r r1 < p1 < ... < PN < ¡, for 1.111' fixccl points oí f Lha1. lit• in l.lu~ 01w11 
i11t1•rv11I (u ,b}. Siurr 1.ht! f1111ct.\011 0(f(y) - y) is c:onstant away from tlw set. of fixt~d 
poin!s uf f w1· ~1·t 

r1 - • N 1•~+1 -• b-t 

L(f ) = 1 + I d8(f(71) -y) + L: I d8(f(y)-y) + I d8(f(y)- y) 

o+c k = l l'~ +c p ,, +r 

fur 1111 ( > O Rnmll r.nouRh. lfoncc it follows t hat 

n+r N 1•1+t 
L(f ) = 1 - (-l(/(71) - y) I,_, -L: 8(/(y) - y ) I,.._,. 

k = l 
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A passage to the limit when € ~ O+ gives the desired formula, for the local dcgrcc of 
1 - f at. pis opposite to that of f - l . 

o 
lf a is a simple fixed poini of f then t he sign of (1 - / )(a+) already unic¡ucly 

determines the local degree of any smooth extension of l - f t.o a ncighbourhoocl 
o f a. amely t he local degree of 1 - f at. a just. amounts to sign (1 - /)(a+), or 
sign {I - /'(a )} . The same rcasoning applies to the case where bis a simple fixcd 
point off. Howcver these arguments no longer work if a or b is not simple, for f can 
be extended to a smooth function in a ne ighbourhood of a respectively b in divcrse 
manners. Fa r this reason we need another specification of fixed points of f 0 11 thl.' 
boundary. Supposc / (a) = a. T hcn a is said to be an at.tracting fixed point off if 
(1 - /)(a+) > O, ancl repul!iing if (J - f)(a+) < O. lf f(b ) == b thcn t he fixccl point 
bis called a t tracting if ( 1 - J)(b- ) < O, and repu\sing if (1 - j)(b- ) > O. F'or thc 
atLracting fi.xcd points on the boundary we define t he local degree or 1 - f to be 1, 
and for thc repulsing fixed points wc defi ne the loca l degree of l - f to be - 1. Thcn 
Thcorcm 5. 1 can be reformulatcd in t hc following way. 

Corollary 5.2 Let f be a C00 map of the segment [a, b] with isolated fixed 11oi11h. 
Then 

L(f) = µ (p), 
11EFix( / ,(n,b))UFix!• I( / ,O(o .b)) 

F'ix1ª 1(/,8(o,b)) being the set aj attracting fixed points o/f on tlie bo1mdary. 

For thc smooth mapg or [a, b] the fixed point theorcm of Brouwer [Bro12J is an 
obvious consequcnce of Corollary 5.2 because L(/) == 1. 
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