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1 lntroduction 

Thc notion of fuzzy subsct appeared in 1965 in a papcr by L. A. Zadeh \38]. This 
notion tries LO show t hat an object corresponds more or \css to the particular cat.egory 
we want to assimilatc it to; that wa.s how thc idea of defining the membership of an 
clcmcnt to a set nol on thc Aristotcli cian pair {O,l} any more but on thc continuous 
intcrval (O , 1 J was boro . lnfac t t he idea of dcscribing a li shades of reality was for long 
thc obscssion of sorne logicia11s.The main purpooe oí this article is to present recen!, 
results rcgarding t he fuzzy ordered rclation proved by the author 13·8]. 

2 Fixed point 

Fixcd point theorcms a re fundamental tool for solving fu nctional cquatious. R<'ccntly 
Hci lpcrn {24], Kaleva [26j, Bosc ami Sahani [13], Park and Jeong [34}, Lec and Cho 
[30!, Ocg {6} and many other authors havc proved fixed point theorems in fuzzy set.· 
t.ing, special ly for fuz1,y rnctrlc spaces. Zadch \39J and Ncgoita a.nd Ralc8cu [32] havc 
iut.roduccd t.he notion of fuzzy order and simil arity in t.heir papers, which wa.s füb!:lc· 
qrn)ntly further dcvclopcd and rcfincd by Vcnugopalan l37J, Or\ovsky [33] , Billol. [l l j, 
Kund u l29J , Beg and Islam \9] ami Bcg \4J. In this scction, wc prcsent rcsu\t.s 011 fixcd 
points of expansivc mappings on fuzzy preordered sets. 
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Let X be a space of objccts, with generic elements of X denoted by x . A íuzzy 
subset A of X is characterize by a membership function µ which associates with each 
element in X a rea1 number in the interval ¡o, l] 

Definition 2.1 A fuzzy preorder µ on X is a /uzzy subset of X x X such that the 
following conditions are satisfied: 

(i) foral/ x E X,µ(x,x) ~ !, 
(ii) foral/ (x , y,z) E X', 

µ(x , z) ~ Max [Min{µ(x , y) ,µ(y ,z)}] . 

A nonempty set X with fuzzy pn~order µ defined on it, is called fuzzy preorderetl set 
and we denote it by (X,µ) or just by X /or simplicity sake when there is r10 confusion. 
A fuzzy preordered set is called /uzzy ordered set if: 

{iii} µ (x, y) + µ(y , x) > 1 implies x =y. 

Remark 2.2 Let X be a Juzzy preordered set. The fuzzy preorder I' is said to be lin
ear if for all x .¡.y, we have µ(x , y) f. µ(y , x) . A fuzzy subset on wl1ich fuzzy preorder 
is linear is called a fv.zzy chain. For a sv.bset A C X , an upper bound (strict upper 
bound} is an element x E X satisfying µ (y,x) ~ µ(x, y) (µ (y,x) > µ(x , y)) for ali y 
in A. An element x is a m aximal elemento/ X i/ µ (x, y) ~ µ (y ,x) /or some y E X, 
tl1en µ(x , y) + µ (y, x) > l. The set o/ ali marimal elemen ts o/ X will be denotetl by 
sup(X) . Minimal elements are defined analogously. A grootest element o/ A is an 

x E A satisfying µ(y,x) ~ µ(x ,y) Jor ali y E A. Least elements are defined in the 
obvious fashion. 

For more details see Zimmerman {'1}, Billot {1 1}, Beg and Islam {9}, Li and Yen /31} 
and Dubios and Prade {19}. 

D eftnition 2.3 A set X is well fuzzy preordered by the linear fuzzy preordered /J i/ 
every nonempty subset o/ X has a least elem ent. 

D eftnition 2.4 A fuzzy preordered set X is called A· inductive i/ and or1ly i/ every 
nonempty well /uzzy preonlered subset of it has a least upper bourld ( abbn:viatcd iu 
lub). 

Deftnition 2.5 l et X be a no11empty fuzzy preordered set. A mapping J : X -+ X 
is called expan.sive i/ JA(x, / (x)) ~ /J(/(x) ,x) for every x E X . 

Definition 2.6 Let J : X --+ X , tl1en a point x E X is called a fixetl poi11t o/ f if 
f(x ) = X. 

Theorem 2.7 Let X be a noru:mpty A. if1ductive fuuy ordered set and / : X -+X 
~ an exparuive rnapping tl1cn f l1as a fi.xetl poirit. 
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Proof. Assume t.hat f has no fixed point.. Since fuzzy order µ is linear t.herefore for 
every x E X . 11(x , f (x)) > ,,(f{x),x). Let. 2 be an arbitrar')' element. oí X. For every 
ordinal p wc define: 

{ 
z ;r p= O, 

/P( z) = f(/P- 1(2 )) if pis a nonzcro nonlimit. ordi nal, 
lub f'( z) if p is a limit. o rdi nal . 
i<p 

Sincc X is A-inductive, it follows t.hat for cvery ordinal p, /P(z) E X. Morcover, 
fo r cvcry ordinal p a.nd q if p 1' q t.hen !1' (2) 1' f "(z) . Now , to every x E X , assign 
<Ul ordinal F(x) as follows: 

F(x) = { p ;r x = f' (z), 
o othcrw1se. 

Obviously, F is an ordinal valued function , whose domain is X . Since X is a set, 
from thc ZF Axiom of Substitu tion (Kclley [27] , page 261 ) it. follows t hat. the rangc of 
F is a\so a set.. Out range of F is co\lect.ion of a li ordinals, which is not a set . Henc<~ 

a cont radict.ion. Thus our assumpt.ion is wrong and f has a fixed poin t. O 

Remark 2.8 Let X be a fuzzy pre.oniered set. Defin e the fuuy semilitude subff:ltition 
...., m X by: z....., y if J' (x, y) + ¡1(y,x) > l. Tl1 e re.lahon ....... betwee. 11 the dif!e1·ent 
st'1111litude clMses is necessadly a11tisymmet1-ic {Ne901ta and Ralescu {32]) . Semili
tude clru$e3 are not 11 ecessarlly disjoint. Jt is ob11ious that there exis ts a fuzzy onler 
hetween semilitude classes. 

O eH.n.ition 2.9 A uouempty suhset E o/ a fu zzy preordered set X ü rullctl f11 zzy 
onler extrema/ pro11ided x ....., y for all x , y E E ; cmd ..e E E wheueue1· x E X and 
¡1 (y,::c) > µ(::c,y) for some y E E. 

Remark 2.10 A f1JZzy order extnmial subset E is alway3 a chain, has a least uJ)J1er 
bound and 1t consisls of maximal elemenls of X . 

Remark 2.11 A siugleton set E = {x} is fu zzy order extrema/ if aud 011ly i/ x is 11 
1111ique lw.st t1pper bound o/ {y: y E X ar1d ¡1{x,y) ~ µ(y.x)}. 

Len:una 2.12 Let X be a nonempty A-ind11ctivefu2::y preordercd set and /et f : X~ 
X be 011 e:rpansi11e mappiny. 1'1ie11 tl1ere e:rists a fuzE1J order ext.remal / -iuvari1ml set 
W m .!up(X ). 

Proof. l.A.!t Y = {D:i: : D'Z. ::::: {y E )( : y ....., :t}}..-e x· Define t.he ÍlliW,y order ,\ 
iu Y by: ,\(D ... , 0 11 ) '2: ,\(D11 , D:i:) if µ(x , y) ~ ¡1{y,::c) {see Rcmark 2.8). Since X is 
A-i nduclivc fuzzy prcordercd set , i t follows that Y is A-inductive fu1,zy ordered set. 
Thc íuzzy ordered set Y ha.s a maxirnal element. W . Otherwise, for ea.ch D E Y, there 
cxist.s a scmili tude class /1(0 ) E Y such that. ,\(D, h(D)) '2: ,\(h( D), D) anc\ h{D) # D. 
Hcnce 1'hoorcm 2.7 is cont.ra.d ict.ed by thc mapping h : Y ~ Y . Clcar!y, t.he mmcimal 
el mcut. W E Y , is ordcr extrema] and lV C sup(X). Morcover , if x E W , thcn 
11(L, / (:r:)) ?: ¡1{/(x) , x), lt. furthcr implies t hat /(x) E W. Thus W is f-iuvari ant . O 
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Deftnition 2.13 An A-inductiue fuzzy preordered 11et X ü said to have nomlal /uzzy 
order structure if each fuzzy order extremal subset o/ X i.! a singleton. 

Theorem 2.14 Let X be a fuzzy preordered set with normal fuzzy arder structu,.e 
and f : X -;. X be an expansive mapping. Then f has a maximal fixed pofrit. 

Proof. Let X be a fuzzy preordered set wit h normal fuzzy ordered structure. lf 
µ(x,f(x)) 2: tl(/(x }, x) for every x E X then t he fuzzy o rdered extrema] set W C 
sup( X ), const ructed in Lemma 2.12 is a singleton, say W = {w}. Sincc W is f
invaria.ut, t herefore f(w) = w. Maximality of W in Y implies that w is a rnaxirnal 
fixed point. O 

3 Fuzzy Zorn's lemma 

Zorn 's lemma is one of the most famous and useful result in mathcmat ics. Chapin 
[ 15] studied the basic logical a.xioms of fuzzy set theory and also introduced the fuzzy 
axiom of choice. 

lf a/uzzy set B of X is characterized by a mcmbership function 'b' which associates 
with each element in X a real number in t he interval ¡o, l], with the valuc of b(x} at 
x rcpresenting the grade of membership of x in B . Let A and B be two fuzzy subsets 
of X , t hen (a - b)(x) = min{a(x) , 1 - b(x)} , (A U B )(x) = max{a(x),b(x)) and 
(A n B }(x ) = min{a(x), b(x)}. A fuzzy set is empty if it is the constant zero function. 
Using Fuzzy Axiom of Choice (Chapin [15] , Ax. 14 ), we choose a funct ion / that 
assigns to every bounded fuzzy chain Ca strict upper bound / (C). For furthcr dctails 
and basic logical axioms of fuzzy set thoory we refer to Zadeh [38,39], Brown [14J, 
Chapin !15], and Zimmcrmann [41J. 

De finition 3.1 1/ e is a /uzzy chain in X and X E e, then we define the /uzzy subsef. 
P (C, x} o/ C by P(C, x)(y) = r(y, x) - r (x, y). A /uzzy subset o/ a juzzy chafo C tlwt 
has the fonn P (C , x) is colled an initial segment in C. 

D efln ition 3.2 A fuzzy subset A o/ a fuzzy chain C is called con/orming i/ the fol· 
lowing two conditions hold: 
{iu} Svery non-empty /uzzy subset o/ A has least element. 
{11} For every x in A , x = f(P(A ,x) ). 

Proposition 3.3 Let A aud B be conforming subsets o/ a fuzzy chain C mul A i- 8 , 
tl1e11 one o/ these two sets is an foitial segment o/ tl1e other. 

Proof. \Ve rnay assumc A - B i- t/J , i.c., min{a(x), 1 - b(x)} '#:- O for somc x E A.Defi ne 
To to bf' thc lcast e lcmP.nt of A - D. Thm.1 r (:t0, y) ~ r(y, xo) if m i11{ a(y), 1 - b(y)} f:. O. 
Thneforf', if r(x0, y) < 1·(11, :r.11 ) , lhm1 cit hcr a(y) = Oor b(y ) = l. WP c:lai111 l hal. 
P(A . :r.0 ) = B . For t.his WP sli11w tbat:( i) P(A ,xo) ~ 8 and (ii ) U - P (A .:r0 ) =</J. 
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(i) lf y E P(A,xo), then P(A ,xo ) > O. Thm1 r(y ,xo) - r{xo , y) > O. It implies 
t hnt r(xo,y) < r (y, zo) . Morcover, y e A by definition 4. Thus b(y) =l. lt further 
implica that P(A,x0) ::; b(y). Thcrefore, P(A , x0) ~ B. 

(i i) Assumc that 8 - P(A, xo) i- iP and let y0 be the least element oí B - P(A, x0 ) , 

l.c., min {b(yo) , 1- P(A,zo)(yo)} i- O and r(y,y0 ) ::; r(y0 ,y) for ali y e B - P(A, x0 ) = 
D - {y e A : r(y ,xo) > r(xo,y)}. It implies that P(B,y0 ) ~ P(A,x0 ). Given any 
clcmcnt u e P(B , Yo) and any clcment v E A such that r(v , u) > r (u , v) . Obvlously 
u E P(Jl , :ro) ~ B . Since r {1t ,yo) > r(yo ,u) then r (v,yo) > r {y0, v). It further imp\ ies 
t lmt u e P{B , y0 ) . Thcrcforc , if z0 is the lcast element of A - P(B , y0 ) , we have 
P(A, zo) = P(B ,yo). Note that r(zo,xo);:: r (xo , zo). Bu t since z = f(P(A,zo)) = 
f (P(O, Yo)) = Yo allCI since Yo E B , we can not have z0 = x0.Therefore 1·(z0,x0) > 
r(.r0 , to) and wc conclude y0 = z0 E P(A , x0 ), contradicting the choice of y0 . O 

R cmnrk 3.4 !/ ti i.s a confom1ing subsct o/ X and x E A, then whenever r(y,x) > 
r{x , y), either y e A or y tloes not belo11g to any con/orming set. The1·efo re, it follows 
llrnt tl1e umo11 íl o/ all co11/orming subset o/ X is co11/om1ing. 

Theore m 3.5 Futty Zon1's lemma: Let X be a fu zzy ordered set with fu zzy orde1· R . 
lf cu1'ry fu u y cham in X lws a11 uvver b01md theri X has a maximal eleme11t. 

Pmof. SuppOSP t hat X has no maximal c\cmcnt . lf C is a chain in X , t hen by choosing 
a11 t1ppcr bound u of C aiid then cl1oosing an element x , r(u ,x) > r(x,u). Wc can 
obtain an element x in X such that r(y , x ) > r(x ,y) for every y in C. Then x will be 
a slricl uppcr bound of C. If x = / {O) then the set Ou [x} is conforming by Remark 
3.4. Thcrcforc x E íl , contradicting the fact tha t x is a strict upper bound of íl . O 

4 Selection 

Onc oí thc most in lcrcsting and important problems in ordered set theory is the 
cxtcnsion problern. Two ordcrcd sets X and Y are given, together with a subset 
A e X . we wou\d li kc to kuow whether every a rder preserving function g : A --+ Y 
can be extended to au ordcr preserving function f : X --+ Y . Sometimes t here are 
add itiona.I requiremcnts 0 11 f e.g., for cvcry x E X , / (x ) must be an element of a 
prc·assignl'd subset of Y. This ncw problem is clcarly more general than the extension 
problcm and is callcd a sclection problem. Even though there is a lot of work in the 
ch1SSica1 set thoory on sc\ection problcms ( sce; Kn aster 128], Tarski [36], Dav is [18] , 
OirkhotT {1 2) a.nd Smithson [35] ). The aim of t his section is to prove the ex istence of 
a fuzzy ordc.r prcserving selcctors for fuzzy mu ltifunctions under suitable conditions. 
A li x1.'<l point thcorcrn for fuzzy ordcr prcscrving fuzzy multifunctions is also proved . 

L t X be a fuzzy ordcrcd set with a íuzzy order R and F : X--+ [O, t]X\{<1>} be a 
fw::.y mult1funclto11 , t hat is, for x E X , F(x) is a nonempty fuzzy subset of X. lf F 
mnps the points oí it.s domain to singlctons, then F is said to be a single valued fuzzy 
/rrn rhon. No dislinction will be madc bctwecn a single valued fuzzy function and a 
fu7.zy multifunction. Thc fuzzy multifunction F is said to be fuzzy order prese11Ji11g 
ií nud only if .z¡.:r2 E X ami y1 E F (x¡) , r(x1,x2);:: r (x2.xi) implies that there 
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is a y2 E F (x2) such that r(y1, y2) ?:: r (y2,Y1). A selector for F is a fuzzy function 
f; X -+ X such t hat {/(x)} ~ F(x) for each x E X. A point x E X is a fi:ud point 
of F , ;r {x} <;; F (x). 

Theorem 4 .1 Let X be a /Uzzy ordered set and let F be a /uzzy order preseroi11g 
fuzzy multifunction on X . lf supF(x) t;;; F (x) for ali x E X , then there is a fuzzy 
order preserving selector J for F . 

Proof. Let / (x) = sup F (x) for each x E X . Then f is a fuzzy ordcr preserving 
selector Cor F . Indeed, Jet r(x 1 ,x:?) ~ r(xz,xi). Since {/(x¡)} ~ F(xi) there is a 
z E F (x2 ) such t hat r(f(x.),z) ~ r(z, f (x,)). But r (z, f (x2)) ~ r(f(x2),z). Hcnce 
r(f(x.), f (x2)) ~ r(f(x2), f (x,)). O 

Theor em 4.2 Let X be a fuzzy ordered set in which each nonempty fuzzy chain C 
has a supremum and X contains a least element u. lf F: X -+ ¡o, l]X\{<P} is a fuzzy 
multifunction which satisfies (I}-{llI) as follows: 

( I). Let there be a fuzzy order preserving fuzzy function g : C ---+ X sucli th(ll 
{g(x )) <;; F(x) foral/ x E C . Then there exists y0 E F (sup C) such that r(g(x), y0) ~ 
r(y, ,g(x )) foral/ x E C. 

(11). Let r(x1 , x2) 2: r(x2 ,:z:i) and let y¡ E F (:z:i), y2 E F(:z:2) with r(y1,y2)?: 
r(y2 ,yi). lf r(x1 , x) 2:r(x,x¡) and r(x , x2) ?:r(x2 ,x) then 

F (x)n {z "(y.,z) ~ r(z , y.) and r(z , y2) ~ r(y2.z)} 1' ~. 

(111) . Let D = {z: r(x 1 ,z ) ?: r(z , xi) and r(z ,x2) ?: r(x2 , z)} / 01· ,-(x1 , x 2) ?: 
r(x,, x.) . If F (x) n D 1' ~ thcn sup(D n F (x)) E D n F (x). 
Then there exists a fuzzy ordcr preservi119 selector f for F 011 X. 

Pr-oof. Let P be the collection of fuzzy subsets Y of X with properties: 
(1). u E Y. 
(2). lf x E Y and r(z, x) ?: r (x, z) then z E Y , a.nd 
(3). Therc is an order preserving fuzzy funct ion g: Y ---+ X such that g{x) E F (.c) 

for all:z: E }'. 
Let ( P, g) = { (Y,g) : Y E P and gis a fixed fuzzy function from (3) } . Dcfü1c 

a. fuzzy order 0 11 (P,g) a.<; follows: (Y1 , gi) < (Y2 ,g2) if a:nd only if Y1 ~ l '2 ami 
91 = 92ly1 • T hcn by fuzzy Zorn's lcmma thcrc is a ma.ximal clcmcut (Xo , / o) nf 
(P.,q). Ir X = Xo, wc are done. Otherwise, suppose X E X \ Xo . and lel. e lw a 
maxima.1 fuzzy chai11 containlng u aud X . Thcn e n X o = Ci is a fuzzy chain iu Xu . 
Let x0 = supC1. Condition (1) a 11d maxima\ity of X0 imply tha t :z:0 E X0 . Now pit:k 
a y' E F (:z:) such that r(f(xo) , y') ?: r(y',j(xo)). Let Y = XoU {z: r(x0,z)?: r(z, J:o) 
and r(z, x)?: r(x,z)}. Defiuc f : Y ---+ Y as follows: 

lf z E X0 , thcn / (z) = / o(z ) a nd if z E {z: r(x0, z)?: r (z, x0) and r(z, x)?: 
r(x, z)} t.hcn 

/ (z) ~ su1>(F(z) n {y ' r(f(xo),y) ~ r(y, f (xo )) and r (y, y') ~ r(y' . y)}). 

51•1 / (:r) =y'. Conditions (11 ) a ud (111) show that J is well dcfincd order prc!lerviu~ 
Íllzzy f11m:t io11. This t:onl.radicts to t he maximality of X o. Hencc X = X0. O 
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Thcorem 4.S Let X be 11 fu u y ordered set in which each 1wnempty fuzzy chain 
C /l(U a .mpremum. Let F : X --> [0, l]x\{I/>} be a /uzzy order preservi11g fuzzy 
multi/unct1on such thllt, given a chaiu G in X and a single val1Jed order preserving 
/11 zzy fu11 ct1on g : e --> X satisfying {g(x)} ~ F(:r) foral/ X E e , there exists a 
·y0 E F (supC) .mc/1 tlwt r(g(x) , yo) ~ r(yo,g(x)) for ali x E C . lf there is a point 
p E X 11ncl y E F(p) such that r(p,y) ~ r(u ,p), then F has a fixed point. 

Proof. Let. p E X a nd \et y E F(p) with r(p,y) ~ r(y , p). Define a collection P of 
fuzzy subscts Y of X by: 

(i) . ¡>E Y . 
(ii). lf r (p,z) ~ r(z ,TJ) , r( z, x) ~ r (x ,z ) and x E Y then z E Y ; and 
(iii ) . lf .r. E }' , t hen t here is a z E F(x) such t hat r (x , z) ~ r (z, x). 
F'uzzy ordcr P by inclusion. Sincc {p} E P. Therefore by fuzzy Zorn 's lemma 

thcrc is a maxi mat elcment Xo E P. Let C be a maximal chain in Xo (existence of C 
is implicd by fuzzy Zorn's lemnia ami \et x0 = sup C. 

Element xo E X o. lndeed; \et there be a fuzzy su bset Co ~ C such that : 
(iv ). zo = sup Co, and 
(v). Thcre is an order preserving fuzzy function g: C0 ---+ X such that {g(x) } <;: 

F (.t) ancl r( x ,g(x )) ~ r(!J( x ), x) for ead 1 x E Co. 
Let Q be the collection of fuzzy subsets of C which satisfi es (v). lf Ci,C2 E Q, 

t.ilt'n fuz.zy o rder the pairs (C1 ,91) , (C2, 92) , where 91 and 92 are fixcd fuzzy functiom; 
from 1.:o nd ition (v) , by (C 1 ,g1) < {C2,g2), if and only if C i <;: C2 and 91 = r12 lci . By 
fuzzy Zo rn 's lcmma there is a maximal set Co with function g0 in Q. Let x' = sup Co. 
lf .t' f. I o t hen there is a u X E e such that r(x1' x) ~ r (x. x' ). By hypothes is, wc 
rnn exlend !Jo lo t he set Co U {.1:} which contradicts t he maximality of C0 . Thus 
sup C0 = x0 . By hypothesis t.hcre is ay E F(x0 ) such that r (g{x), y) ~ r(y,y(x)) fo r 
ali x E Co- But r (x, g(x )) ~ 1·(9(x), x) for x E Co and so y is an upp~r bounrl for C0 . 

T hus r (xo , y) ~ r(y, xo). Hcnce , xo E X0 • 

Since xo E Xo, there cx ists a yo E F(x0 ) such that r (x0 , y0 ) ~ r(y0 , x0 ). If x0 = y0 

, we are done. Otherwise supposc 1·(x0 , y0) > r(y0, x0) . Then put X 1 = X0 u Z, whcre 
Z = {• 'r(xo . ,) i! r (z, x0 ) and r( z,y0 ) i! r(yo ,z) ). 

Since F is fuzzy o rder prcserving, thercfore fo r each z E Z, thcrc is a w E F (z) 
imch thal r(yo,w) ~ r(w , y0 ). But then, r( z, w) ~ r (w,z). Thus (i), (ii) and (iii) are 
satis fü..'<I by X1 , which contrad icts the maximality of X0 . Hence, x0 = y0 and thus 
J'n E F (zo) . D 

Remark 4.4 Tltcorem 4.9. generalizes/ extends several known rnsults ind1tdin.q 
nmo11g tht m are Knastcr {28}, 'l'm·ski {96/, Abian and Brown {1, Thcorcm 2}, Be9 
{:J. Thco~m 2. 4/ and Beg {6/. A/so Theorem 4.1 is a fuzzy analoguc o/ Smithso11 {35, 
Theorem J. Jj. 

5 Extension 

lu N'Onomics, decision analysh1, optimization and game thoory, it, is importa11t to kuow 
11111\r r what conditions a relation has a maximal elcme ut o n a nouernpty set. Many 
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rcsults a re given in the literature to prove the exist.ence of maximal elements for a 
rela tion. Among these results, there are basica11y two st.reams: One stream assumcs 
a convex cone preferences and focuses on a weakening the topo logical conditions (see 
Fan [20J, Bergstrom [10] and Zhou and Tian (40]). The ot her stream assumes a 
certa in nont ransitive preference on a compact set with sorne ot.her topological and/or 
convexity condit ion (see Corley [16,17J). The Zorn 's lemma [42] is a very powerful 
mat hematical too! to avoid compactness assumption (see also [2]). The rnaiu aim of 
t his section is to further weaken the fuzzy transitivity condition without invoking any 
topological assumptions. A necessary and sufficient condition has been establishcd 
to completcly characterize the existencc of maximal elements for general irreflexivc 
nont ransit ive fuzzy relations. 

Definition 5.1 Let X be a set wíth a fuzzy relation R . A Juzzy subset B of X is said 
to be pointwisely dominated in X if for each x in B there is some y E X suc/1 t/l(Jt 
y f:. x and r (x , y ) ~ r(y,x). The fuzzy subset Bis called strictly dominated in X if 
the1·e is some y E X\B such that r(x,y) > r(y,x) =:: O for ali x E B . A vointwisely 
dominant R -Juzzy chain C in X is said to have the dominant property on X , if it is 
strictly dominated in X . When every pointwisely dominated R-fuzzy chain C e X is 
strict/y dominated in X, we say that the Juzzy re.lation R has fuzzy chafo domi1Hmt 
property on X. 

lt is clear from the detinition that, for a fuzzy relation Ron X if t hcrc exi:-1ts an 
element x in X such that r(x, x .) > r(x. , x) =O for all x in X then R has fuzzy chain 
dominant property on X . In a R-fuzzy chain C, t he least and grcatcst elements are 
unique. A R-fuzzy cha in C1 in (X, R) is said to be maximal chain if any R-fuzzy 
chain C2 in X wit h C1 e C2 implies C1 = C2. 

Theorem 5.2 Let R be a fuzzy relation on a nonempty set X and let x be a11 
element in X. Then in X , there exists a maximal R-fuzzy chai11 above x . 

Proof. Let Z be the set of al! fuzzy chains in X above x . Since X is nonempty, 
Z f:. </J. For any two C1 , C2 E 2 , if C2 C C1 then we define a (part.ial) fuzr.y ordcr 
rclation Q on Z by q(C2, C¡) = sup{C1 (x) - C2(x) : x E X}. Then auy chain in 
Z has an upper bound. Indeed, Jet N be a chain in Z ; let B denote t he set of ali 
fi nite fuzzy subsets of N ordered by Q. For each B E 8 , define: Cs = u {c : e E D} 
ami C = u {Cn : B E B} . Now C is an element of Z and q(C, C) > q(C, C ), for ali 
C E N , i.c. , C is an uppcr bound of t hc chain N in Z . Applying theorem 3.51 we 
get a maximal elemcnt, say e· in Z . Hence e· is the maximal R-fuzzy chain in X 
containing x. O 

Theorem 5.3 Let R be a fuzzy rclatio11 on a nonempty set X having the chafo dom
i11ant property /,hen then~ t!Xisls a maximal element x . in X . 

P rYXJ/. Sincc X is nouempty, theorcm 5.2 implies that therc exists a maximal R-fuzzy 
chain e· (say) in X if for ea.ch z in e·' t here cxists X E X such t hat r(z, x) ~ r(x, z) 
ThPu e· is ¡>oint wi.-wly dominat.rnl. Dy thc funy chain domi11anl propcrty, 1.hcrt~ cxisls 
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X E X\C" such that r(z , X) > r(X,z ) = O for ali z in e·. In thi s case, C" U {X} is 
agu.iu a ll-íuzzy clmin . Tlms wc may enlargc the R-fuzzy chain e· by adding X to C, 
aud this will violatc t he maximality of t hc R-fuzzy chain e·. Hence there exists an 
díllncnt x. e e· such that r (x.,x):;:: o for ali X in X with X.¡. x . . o 

Ncxt wc prove that theorem 5.3 is equiva lent to the fuzzy Zorn 's lemma. 

T heorem 5.4 Theorem 5.3 is equivalent to fuzzy Zom's le-mma. 

Prooj. To show thc cq uiva leuce, we only nced to prove that theorem 5.3 implics fuzzy 
Zorn 's lcmma. 

Le t n· be a íuzzy order relation on a nonem pty set X. \\'e define p(y , x) > p(x , y) 
if l' "(y,.i) 2: r"(x,y) ami x .¡.y. Then fuzzy relation Pis f-ant isymmctric fuzzy 
rclation. lndccd thc fact t hat p(JJ, x) > p(x , y) and p(x, y) > p(y, x) imply x # y , 
r "(y ,T) 2: r " (x , y) aud r " (y,x) 2: 1·"(x ,y) . Thcrefore x:;:: y Jeads to a contra.d.iction . 
Tht• fuzzy rclat io11 Pis also f-tramlitive. F'or p(y , x ) > p(x,y) and p(z,y) > p(y ,z) 
imply r "(y, x) ;:: r" (x,y) , ,.. (z,y) ;:: 1· " (y, z). Tbus r•( z, x) ;:: r· (x, z). Sincc x :;:: z is 
impossible, wc lmvc p(z,x) > v(x,z) . 

OefinC' thc complction of P by p · , i.c. , p• (y,x);:: p" (x ,y) if p(x , y) 'f p(y,x) 
Next, wc claim that, if cach R" -fuzzy chain iu X has au uppcr bound , then P has 

thC' fuziy chain dominant propcrty on X. Lct C be a pointwisc dominat.cd P-fuzzy 
d1niu in X . ince P implies W , it is clcar that th is P-fuzzy chain is a.lso a R-fuzzy 
d1ai11 . Oy our assumption tliis chai u has an upper bound x0 (say) in X . Lct x1. x 2 

ht' two clements frorn the chain wi th p(x1, x2) > p(x2, .c1 ); t hen x0 :;:: x 1 will lead 
to p(x0 ,x1 ) > p(x1 ,xo) , a contrad iction to the fact that x0 is a.:n uppcr bound of C. 
T hcrcforc p(x, x0 ) > p(xo , x) for ali x in C, exccpt possibly x0 :;:: x 2 for some element 
:r2, in lhc chain with p(x , x2) > JJ(X2,x) for a li x in C\{x2}. lf such x2 does not. 
cxist in thc cha.in , thcn x0 is a dom inator of thc chain. lf such x 2 <loes ex ist in t be 
chain , then therc are two possibilities: cither Xo:;:: x2 and p"{x , x2);:: p"(x2,x) for 
ali x in X , or t hcre cxists 110 in X such t hat v' {x0 , y0 ):;:: p"(yo,x0) and x0 :;:: x 2. 
Tlic first case is impossi ble by our assumption, so we excludc it.. The second case 
implics that Yo is a dominator of t hc chain under the transitivity of P. So P has 
t.hc chain dominant propcrty. Now theorcm 5.3 guarantee the existence of a maxima.l 
clcn ienL x . of Pon X such tha t p"(x,x.) ';::: p"(x. , x) fo r al i x in X. Let. x E X with 
p' (x. ,:r) ~ p"(x . ,x). Sincc v(x . , x) > p(x . ,x) will violate p"(x , x . );::: p"(x.,x) for 
1\ll .E in X . Thus we have x = x • . Hencc x . is a maximal elemcnt of fuzzy order 
rclation n· on X . O 

R emark 5.5 Theorem 5.3 is a.u exte11sio11 of the ftuzy Zoni 's lemma to geneml non
trcrn.'Htn•e ju.z::y rclatious without invoking any topological assumptions or linear sf.1'1tc
trl1'e. Wt expect tlrnt theorcm 5.3 can be used jor optimization, wl1en tl1e juzzy 1·elation 
u rio11tnm,,1hve for whiclt the 01·i,qinal fuz zy Zoni's lemma fails to fit .. 
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