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ABSTRACT 
\Ve present here a review of sorne recent existence, uniqueness and regularity 

results for elliptic equations witb infinitely many variables. Operators considered 
here are: tbe Gross Laplacian, t he Ornstein-Ublenbeck operator and tbeir regu
lar perturbations. 

RESUMEN 
Presentamos acá algunos resultados recientes acerca de existencia, unicidad 

y regularidad para ecuaciones elípticas con infinitas variables. Se consideran los 
operadores Gross Laplacian, Ornstein-Uhlenbeck y sus perturbaciones regulares. 
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1 Introduction 

We a.re concerned with the following differential ope rator 

Ko<¡>(x) = ~Te IQ D2 <¡>(x)J +(Ax+ F(x), D<¡>(x)), x E D(A) n D(F), (1.1) 
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on a separable Hilbert space H. Here A: D(A) C H -t H is the infinitesimal gen· 
erator of a strongly continuous semigroup etA in H , Q: H -t H is a symmetric 
nonnegative bounded linear operator in H (possibly t he identity operator !) , and 
F: D(F) e H -t H is nonlinear. Moreover, Dt represents the deriva.tive with respect 
to t, D the Fréchet derivative with respect to x and Tr the t race. 

Let {e.i.:} be a com plete orthonormal system in H and set Xk = (x, ei.:) and Qh ,k = 
{Qe11 , e1:) for ali x E H, h, k E N. Then we can write Ko as 

~ ~ 

K0 <p( x) = L Q,,,,DhD,<p(x) + L (Ax + F (x), eh)Dh<p(x), 
h,k=l h=I 

where D1i rep resents derivative with respect to X1¡. Therefore K 0 can be seen asan 
ellipt ic operator with infinite many variables xi:, k E N. 

U Q is invertible and Q- 1 is bounded we say that differential operator (I.l ) is 
strictly elliptic, otherwise that it is ellipt ic degenerate. 

We are interested in t he parabolic equation 

{ 
D,u(t,x) = K0u(t, x), t > O, x E H, 

u(O, x) = <p(x), x E H, 
(12) 

where cp E Ct1( H )1 the Sana.ch space of ali uniformly continuous and bounded map
pings rp : H -t !R, endowed with the norm 

ll'l'llo = sup l'l'(x)I, 
>EH 

and in t.he elliptic equation 
!.,P-Ko.P = /, (1.3) 

where ,\ > O and f E Cb (H) are given. 
One of the mai n motivation to consider the operator K 0 comes from t he following 

stochastic differential equation, 

{ 
dX (t,x ) = (AX(t,x) + F(X(t,x)))dt + ,/Q dW (t), t > O, x E H, 

(1.4) 
X (O,x) =X. x E H, 

where W (t) is a cylindrical Wiener process in H and E represents the expectation, see 
e. g. ¡t2J . Equation (1.3) is an evolution equation in H perturbed by noise. Severa! 
equations in Physics have t his fo rm , we mention t he reaction--diffusion equations and 
the Burgers and Navier-Stokes equat ions. In t hese ca.ses often H is an L2 space, 
A is the Laplacian with su itable boundary conditions and F rep resents a non linear 
funct.ion describing interactions. 

There is in fact a strict connection between the process X (t, x) and the solutions 
of (1.2}i( l.3), gi ven by t he formul as (which have to be justified !), 

u(t,x) = E[<p(X(t ,x))J, t ~ O, x E H , ( I.5) 
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and 
r+~ 

.P(x) =Jo e-"Elf(X (t ,x))Jdt , x E H , (1.6) 

rcspectively. However, we shall not use these formulas in this paper, but we sha\l only 
consider deterministic tools as functional ana.lysis and mea.sure theory, in particul ar 
Gaussian mea.sures. 

There is an increasing interest in equations with an infinite number of variables, 
starting from the pionering work of L. Cross [16] and Yu. Da1eckij [8], see [14] and 
referenccs therein. Since the theory is still at the beginning, we shall confine in this 
paper, to the more understood ca.se of a regu lar F (but with A being unbounded in 
general). Also, fo r the sake of simplicity, we shall look for solutions of {1.2) and (1.3) 
in spaces of continuous functions. For the important ca.se of irregular nonlinearities 
and solutions in spaces LP(JJ , v) wherc " is an invariant me.asure fo r X(t , x) we rcfcr to 
[14] and references therein , see also the approach based on Dirichlet forms, [l ],[2],[21 ) 
nnd J25J . 

Let us outli ne the contents of thc paper . Section §2 is devoted to thc ca.se whcn 
A = F = O, the l1eat equatior1 , section §3 to the ca.se when F = O, the Omstcin
Uhlenbeck equation. Finally, in §4 we shall present sorne results for more general 
cc1uations . \Ve will follow closely [14] with the exception of §4.3. 

We end this section by giving some notation and recalling the defin it iou and somc 
properties or Gaussian probability mea.sures in a Hilbert space H which will play an 
importru1l róle in what follows. \Ve shall outline sorne proofs1 fo r details see c.g. [14, 
Chapter lJ . 

We shall fix in ali the papcr a separable Hilbcrt space H (norm 1 · I, inner product. 
{-, ·)) and denote by L (H ) the Banach a.lgebra of ali linear bounded operators in H 
cndowed with the usual norm: 

llTll = sup{ITxl' x E H , lxl = l}, TE L( H ). 

Since e1" is a strongly cont.inuous semigroup, there exist M > O and w E IR such that 

ll • 'All :5 Me"' , t '.;'. O. (1.7) 

Wc shall denote by L+(H ) the subsct of L(H) of ali symmetric, nonnegative operators 
aud by L1(H ) (resp. L{(H)) the subset of L(H ) (resp. L+(H )) of ali operators of 
trace class. One can show that a li near operator Q E L +(H ) is of tmcc class if 
and only if there exists a complete orthonormal system {et} in H anda scquencc of 
nonnegati\-e numbers { A1;} such that 

( 1.8) 

and 
~ 

TrQ ,= ¿: .x, < +oo. 
k= I 
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Fo r a ny a E H a nd Q E L{(H) we define the Gaussian probability measure Na,Q in 
H by identifing H wit h f 2 ( 1 ), and setting 

00 

Na,Q = IJ Nª• ·"• • a,1: = (a ,e1: ), k EN. 
.l: = J 

(J.9) 

O bviously, the measure N a,Q is defi ned on IR00 , t he product space of ali real sequences, 
but it is concent rated on f 2 (that is µ(f.2 ) = 1) since, in view of the monotone con
vergence theorem, we have 

lf a= O we shall wri te N11 ,Q = Nq far brevity. We shall a lways assume Ker Q = {O} 
in what follows. 

lf H is n-d imensional, n E N, we have (since det Q > O). 

Let us list sorne usefu l ident ities about integraJs with respect to the measure 
Jl := Na ,Q· They are straightforward when H is n- dimensiona! and they can be 
proved in the general case letting n -+ oo. We have 

l lxl'1,(dx) = 'Ir Q + lal2 , ( 1.11 ) 

l (x ,h)µ(dx ) =a, h E H , (1. 12) 

1 (x- a, h)(x- a, k)µ(dx) = (Qh ,k), h,k E H . (1.1 3) 
11 

1 e;(•.hlµ(dx) = e;(o,h)e-! (Qh,h), h E H . (1.14) 
11 

The range Q'f 2 (H ) of Q112 is called t he Cameron- Marl.in space of N0 . If H is infinite 
dimensional Q112 (H ) is dense in H but different from H and it is importa nt to notice 
that 

No(Q' l'(H)) = O. (1.1 5) 

Let us int roduce the Camcrnn- Martin formu la . Consider a measure No and the 
t ranslated measure Na,Q with a E Q112 (H ). lf H is fi n ite dimensiona l, i t fo!lows from 
(1.10) lhat NfJ,Q and Nq are equivalent and, 

(1.1 6) 

1l 2 is the space of a!l sequcnccs ( xk) of real numbcrs such that l:z: I:, := [:~ 1 /:z: ,1,1 2 < +oo. 
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This formula does not generalize immediately in infinite dimensions. In foct in ~his 

case the term (Q- 112 a, Q- 112 .x) is only meaningful when x belongs to Q 112 (H) which, 
however , is a set having No measure O by (1. 15). 

To glve a meaning to formula (1. 16) in infinite dimensions, it is convenient to 
introduce the white noise function W. Let us start with the function 

w0 'Q'i'(H) e H--> L'(H, µ) , f--> wy , 
where 

WJ(x) = (x,Q- 11' !), x E H. (1.17) 

In view oí (1.13) we bave 

L WJ(x)W~(x)µ(dx) = (QQ - •12¡,Q- ' i' g) = (! , g), f , gE H. 

Thus, Wº is an isomorphism and, since Ql/2(H) is dense in H , it can be uniquely 
extended t.O a mapping W from H into L2(H,µ). 

lf f E H it is usual to write in t he literature ("par abus de language") 

W¡(x) = (x,Q- 11' !) , x EH, 

even if this is meaningful only when f E Q 112 (H). We shall also foUow t his convention. 
Now t he fo llowing result can proved by a straighforward limit procedure, see e.g. 

['14, Theorem 1.3.6] for detai ls. 

Tbeorem 1.1 Let Q E Li(H ) and a E Q 112 (H). Then the mea.mres N,.,Q and No 
are equivalent (2) and 

We stress the fa.et t ha t the term (Q- 1f2a,Q- 1l 2x) in the exponential above, should 
be intended more precisely as Wo-112{1(x). 

2 The Heat equation 

2.1 Int roduction 

We are here concerned wi th the following problem 

{ 
D,u(t, x) = ~ Tr (QD'u(t, x)(, t > O, x E H, 

u(O, x) = 1¡>(x), x E H, 'PE Co(H). 

where Q E L+(H). 

11í 11 'l. Q 1'1 (Jl) lhcn Nci.Q nnd No are singular. 

(2.1) 
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A íunction u : [O, + oo) x H -+ IR is said to be a strict (resp. clruMica/) solution 
to (2. I) if t he derivatives D1u(t,x) and D2u (t , x ) exist for ali t ~ O (resp. t >O) 
and x E H, are continuous and bounded on {O, + oo) x H (resp. (O, +oo) x H) and u 
satisfies (2. 1). 

When H is finite dimensional (H = l!ld , d E N), problem (2.1) can be written as 

¡ D,u(t , x) 

u(O,x) 

1 d 

;¡ L Q;; D;D;u (t ,x), t > O, x E ni' , 
1,J = I 

<p(x) , <p E C,(lll'), x E ni', 

(2.2) 

where Q,; = {Qe;,e¡) and {e¡} is an orthonormal basis in IRª. In this case it is well 
known (recall that det Q > O) that there exists a unique classicaJ solution of (2.2), 
given by 

J. <p(x + y )N 1q(dy), x E ni'. 
•' 

(2.3) 

Moreover, sett ing S,¡p(x ) = u(t ,x) , S1, is a strongly continuous semigroup of linear 
bounded operator in Cb(IR.11 ) (3 ). 

Assume now that H is infinite dimensional and Jet Q E L+(H) . Thcn the last 
integral in (2.3) is still meaningful provided Q is of trace class. This is in fact a 
necessary condit ion if one want to solve the problem for "enough" functioos, see [14, 
Proposition 3.I.2j. 

From now on, we shall assume in t h.is section that Tr Q < + oo. Then we define 
So = ! and , for any t > O, 

S 1<p(x) = { <p(x + y )N1q (dy ), x E H, <p E Co(H ). (2.4) 
},, 

l t is easy to see, see 114, Proposit ion 3.5. l J that 51 is a strongly conlinuous semigroup 
oí linear boundcd operators on Cb(H ) and that 

llS1'Pllo ~ ll'Pllo, t ~ O , <p E C,(H ). 

We shaH denote by A its infini tesimal generator. For any r.p E C,,(H ) the function 
u(t, :z: ) = 51¡p(x) is called a generalized solut ion of (2.1). 

5 1 is called the heat semigroup, it has been introduced in a different setting by L. 
Gross II6J , see also Yu. Daleckij [8J. 

3Notice 1ha1 if one replace C,,( H ) wilh the epa.ce of al i conlinuow and bou nded fun ct ions on 11 , 
then Si is not s t rongly cont inuous. 
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lt is important to understand how the generator A looks like. The usual way is 
to find a corc (• ) YA of A , where A has an explicit differenlial expression. When H 
is finitc dimensional , a core is provided by Cl(H ) (~). However, when H is infinitc 
dimensional Cl(H ) is not dense in C6(H ), see ¡22] (one can show, however, that 
c ; "(H ) (' ) is, see [19]) . 

To define a core we shall proceed a.s follows. First we shall introduce, following L. 
Cross [16J the concept of Q- derivative (or derivative in the directions of the Cameron
Martin space Q 112(H )). A mapping tp : H --+ R is called Q-diflerentiable if fo r any 

z E fl the fun ct ion F (y) = ip(x + Q 112y) 1 y E H , is differentiable at O. In this case 
wc set Dotp{x:) = DF (O) and call Dorp(x:) the Q- deri vati,,e of V' at x . lf rp E q (H ) 
then it is Q- differentiable and we have D0 rp(x) = Q112 Drp(x:). We shall denote by 
Cb(H) the set of ali rp E C&(H) that possess uniformly continuous Q-derivatives. In 
a similar way we define second arder Q- derivatives and the space Cb (H ). 

Now, the following subspace is a core for A, see !23]. 

(2.5) 

Moreover, if tp E YA we have 

Befa re proving in §2.3 existence and uniqueness for equation (2.1 ), we shall present 
in §2.2 the maximum principie. This result will be use.ful to obtain uniquencss. In 
§2.4 we consider the elliptic equation (1.3) and presenl Schauder e'timates. Fina11y, 
iu §2.5 we study a generalizat ion of equation (2. 1), taking Q = C(t) dcpcnding in 
time. This will be used in §3 to study the Ornstein- Ultlenbeck equation. 

2.2 The maximum principie 

We shall prove the maximum principie for more general equations of thc form 

{ 
D,u (t., • ) = ~ Tr [Q(t , x) D' u(t , •)J, 

u(O, •) = '!'(•) , •E H, 'I' E C,( H). 

whcre Q : ¡o, +oo) x H--+ Li (H ) is continuous. 

t > O, x E H , 
(2.6) 

~ That is a dense subspace Y of Cb( ll ) which is also dense fo r the doma.in D(A ) of A endowed 
wl th its graph norm. 

3For any k e N, c :(lf ) is the subspace of C&(H ) of ali fu nction.s 'fJ : 11 -+ R which aro k t irnu 
f't'échet di ffere:ntiable on H with uniformly continuous and bounded derh'!.tivcs D" ip with /1 less t han 
or equa.I to k . 

11c~ · 1 ( 11 ) is the space of all fun ctiona ip E C~ ( J/ ) such that Dip is Lipechitz continuous. 
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Let T > O be fixed. Assume that u, not identically equal to O, is a strict solution 
of (2.6). Setting v(t,x) = e-tu(t,x), we have 

D,v(t, x) = ~ 'If [Q(t,x)D'v(t, x)J - v(t, x), t E [O, T], x E H. (2.7) 

If v attains a maximum on (to,xo) E [ü,T] x H then t0 =O, otherwise (2.7} will yield 
a contradiction. Consequently, in this case we have 

sup e-'llu(t,.)llo ~ lll"llo· 
te[O,T] 

(2.8) 

We are going to show that (2.8) is always true (maximum principle), the problem in 
proving t his fact is that v <loes not atta.in a maximum in general. To overcome this 
difficulty, we shall use the following Asplund lemma, see e.g. /3]. Roughly speaking 
it says t hat, given a continuous and bounded function u defined on a bounded subset 
I< of a Hilbert space X, it is possible to change "slightly" u by a linear function in 
severa] ways so that it attains a maximum. 

Lemma 2.1 Let X be a llilbert space, K a closed bounded subset o/ X , and ( a 
bounded real continuous functio11 on K. Then there exists a dense subset E o/ X s11ch 
that the mapping K -t l!t, x -t ({x) + (x, y} , attains a maximum in [( for al/ y E E. 

Notice t hat we cannot apply the Asplund lemma to our function v (t, x) defined above, 
since it is defined on [O, T] x H whicb is not a bounded subset of the Hil bert space 
X= !!i: x H. However, it is not diffucult to find a hall BE H anda function V clase 
to u such that 

sup{v(t,x)' (t ,x) E [0,Tj x H) = sup{ü(t,x)' (t , x) E [0,Tj x B), (2 .9) 

so that we wilt able to apply the Asplund lemma to the function V(t, x) . More precise!y 
the fo llowing lemma holds, see [14, Lemma 3.2.6J. 

Lemma 2.2 Assume that ](is a closed subset o/ a Hílbert space X, and that u is a 
bounded and contínuow; function on K. Then, for any €>O there exists p E Cg:'(X) 
and e > o such that 

{í) u + p attains its maximum on K, 

(;i) llPllo + llDPllo + llD'vllo ~ Co. 

Now the proof of the following maximum principie is straightforward, for details see 
¡t4, Theorem 3.2.7]. 

Theorem 2.3 Let (/)E Cf(H) and let u be a strict so fution of (2. 1). T/len 

sup e-'llu(t, ·)llo ~ ll \Ollo· 
tE[O,T) 
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2.3 Strict solut ions 

Ju tihis subsectiion we show that i f the funct ion r.p is sufficiently regular then (2.3) 
defines a strict solution to (2.1). Nobice first that, by a straight.íorward change oí 
variables, we can write 

S,<p(x) = L <p(x + .¡¡ y)No(dy ), t >O, x E H . (2.10) 

Now, wc can prove tibe following resu lt. 

Theorem 2.4 !/ r.p E Cl(H), then the function u(t , ·) = 511{) is thc uniqu.e st1·ict 
so /utio11 o/ (2. 1). 

Sketch of the Proof. Let rp E Cl(H). By (2.10) it fo llows that u(t, ·) E Cl {ff) far 
ali t ~O and, 

(Du(t., x), h) = /, (D<p(x + .¡¡y) , /1)No(dy) , t ~ O, x E H, (2. 11) 
11 

(D 2 1<(t ,x) h , h) = L (D 2<p(x +.¡¡y)· h , h) No(dy ), t ~O , x E /J. (2.12) 

lt remains to show that. u is differentiable with respect to t and (2.1) holds. 
By the Taylor for mula we have that 

1<(t., x) = <p(x) + .¡¡ { (D<p(x),y)No(1ly) + ~ t/, (D'<p(x) · y , y )No(dy) +r(t.,x), 111 2 H 

where r(t, x) is a "small" remainder. Since No has mean O, the second term of t he 
right hand side vanishes by (1.12). Moreover , by (1. 13) 

wherc D,. r.p(x) = (Dr.p(x),e11}, y¡,= {y,eh} and {eh} is defined by {1.8). Consequ en!.ly 

u(t, x ) = <p(x) + ~ t Tr [QD2 <p(x)] + r(t, x), 

and we deduce that 

D/'u(O,x) = ~ Tr[QD'u(O,x)J, x E /J , 

so that u fulfills (2 .1) far t =O. Using the fact that S1 is a semigroup , it is standard 
to see t.hal u fulfills (2.1) far any t ~ O. The existence is proved. Uniqueness follows 
from the maximum principie. • 

We end this subsection by proving some regulari ty rcsu1ts of Rrv>· We notice t.hat 
if H is infinite dimensional tbe operator Q is compact and consequently its inverse 
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is not bounded. So, the operator i Tr [QD2ip] is never strictly elli ptic in this case. 
As a consequence, if 1P E Cb(H) and t > O we cannot expect in general that S1rp is 
more regular than '{J as in the fin ite dimensional case. As proved by L. Gross, see [16J, 
S1ip is different.iable infinitely many times a long the direction of the Cameron- Martin 
space Q 1f2( H ). Let. us give an idea of this interesting fact. 

Theorem 2.5 Let rp E Cb(H) and u (t, ·) = S 1¡p. Then for ali t > O, and x E H we 
haoe u(t , ·)E C'¿,(H) and (1 ), 

i r 1/2 (Dou(t , x) , h) = 7t JH (( tQ)- y,h)<p(x + y)N,o(dy), 

(Dbu(t, x) · h, h ) = ! { (( tQ)-'i'y, h)' N,o(dy), 
t JH 

Sketch o f t he proo f. Let. x, g E H , t > O and a E llt We have 

By the Cameron-Martin fo rmula (1.16) i t fo llows that 

dNr.Q 1n9,tQ (y)= e - ~l91~+-7,(g.(1Q)-1nv> . 
dNtQ 

Therefore 

h E H, (2.13) 

h E H. (2. 14) 

Taking the derivative with respect to o ata:= O yields {2.13). Equation (2. 14) can 
be proved similarly. • 

2.4 E lliptic equations 

\Ve are here concerned wit h the elliptic equation (1.3) which we wri te in the more 
convenient form , 

!.,P(x) - ~ TrlDb>f(x)J = f(x), x EH, 

wherc !. > O and f E C,( H ). 
We say t hat. 1/J defi ned by 

r~ ,¡, = (!. - A) - ' f = fo e-"S,f(x)dt , x EH, 

(2. 15) 

(2 .16) 

71n formulas (2. 13) and (2.J<\) wc havc to rcad ((tQ)- 112y,h) = W¡., (y) wh cre W i9 t hc whitc 
noisc function relatcd to thc Gaussian mca.surc NrQ· 
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(which is wc.11 defined by the Hille-Yosida t heorem) is a generolized solution of (2. 15). 
1jJ is said to be a strict solution if 1/1 E Cb( H ), Dbl/J E C11 (H , L 1( H )) and fulfills (2. 15) 

('). 
There is a misprint in thc second line of Page 89: (Qx11 , e1 { sbould be rep taccd by 

(Qe.,e,(. 
lt is well known that, even if H is finite dimensional (with dimension grcat.cr 

than 1), a strict. solution of (2. 15) does not exist in general since the domain of A is 
not C:í(H ). However, severa] regularity results far the solution l/J can be provcd , see 
[M, §4.2J. \Ve rcca.11 in particul ar a max imal regularit.y result. wh ich ge11ernlizcs thc 
clnssical Schaudcr estimates, proved in [4]. 

\Ve need t.hc fo llowing nota tion . For any () E (O, l ) we set 

C~(H ) = {,¡,E Co(H )' >b(Q' ' '·) E c:(H ) } . 

\Ve define C~+ 6 ( H ), k E N similarty. 

T heorem 2.6 Let Á > O, () E (O, 1) and J E Cb(H ). Then 

and thert ezuts e > o such that 

ll>bllw.Q ~ Cllgll•.o· (2. 17) 

Remark 2.7 lt is not known whet.her D2l/J(x) E L1(H). However, onc can show, sec 
124], t hat Dbl/i(x) E L2 (H ) (the space of ali Hilbert- Schmidt opcrators) ru1d thcrc 

xists C!.A > O such that 

11 Db>b(Q' 1' x)- Db>b(Q' 1' Y)lli •f 11 ) $ C~,;l(x -y)J1 , x , y E 11 . (2.18) 

Remark 2.8 Theorem 2.6 can be used to salve, by using maxi mum principie and 
the ontinuity mct.hod , thc fo llowing hcat equation with Yariables cocflk icnts: 

Á•¡,(x) - A v1(x) - ~Tr [F(x)Db >b(x)] = g(x) , x E H. (2. l9) 

In facL, the followi ng result was proved in l4J. Far a more general cquation, in volving 
lowcr order lenns sec [28]. 

Thew em 2.9 Let 6 E (O, 1), ,\ > O, g E C~(H), and FE c:(H ; L, (11 )) be such t.hat 
l + F (7) E i+( H ) for all :r. E JI. Then there exist8 a tmique strict solution 1/J to tlie 
equal1on (2. 19). 

'Thal ~ 1r 1b ~longt to t hc corc )'.A defi ned by (2.5) 
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2.4.1 Potential 

It is well known that if H = IR:n, n ~ 3, and f E Cb(H) has a bounded support then 
there exists a unique function (up toan additive constant) !/J, called the potentia{ of 
g , such that 

-~ <l,P =g (2.20) 

Moreover, r/J E Ci +º(H) far a li() E (O, 1) and it is given by 

100 J. g(y) 
'l'(x) = P,g(x)dt =C. -1 ¡•-' dy , 

O R" X - y 
X EH, (2 .21 ) 

where Cn is a positive constant. 
This resul t was generalized in infinite dimensions by L. Gross , [16). We have in 

fact, see j14, §4.3] . 

Propositio n 2. 10 Let g E Ct (H) with bounded sv.pporl. and set 

,P(x) = /,+oo P,g(x) dt , x E H. (2.22) 

Then <PE YA (thc corc of A defined by (2.5)) and 

- ~ Tr IDbu(x)J = g(x) , x E H . (2. 23) 

2-4. 2 The Liouville theorem 

\Ve say that function t/J E Ch(H) is híJrmonic if it belongs to D(A) and A'ef; = O, or, 
equivaJent ly, if S1 ip = t/J for al i t ~ O. 

T he following result is a general izat ion of t he classical Liouville t heorem, see [14 , 
Theorem 4.3.4]. 

Theo rem 2.ll Any liannonic fun ction in C6(H ) is constant. 

Ske tch of the proof. Let i.p E C6(H) be such that P,,¡p = i.p , t. ;:::: O. Then by 
Theorem 2.5 it follows th a t cp E CQ(H ). Moreover, from (2. 13) it fo llows, using t he 
Hólder inequa lity, t hat 

1 
IDq<p(x)I ~ Jt ll 'Pllo, t ~ O, x E H . 

Let.ti ng t -too we see t ha t Docp(x) = O fa r ali x E H. T his implies t hat. i.p is constant 
in Q112 (H). Since Q112 (11 ) is dense in H , it fo llows that ¡pis a constant as requi red . 

• 
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2.5 A generaliza tion to time dep endent coefficients 

We consider here the problem 

{ 
D,u(t , x) = ~ 1T [C(t )D'u(t, x)], 

u(O, x) = <¡>(x), x E H , 

t >O, .xE H , 

91 

(2.24) 

where C is a mapping from [O, T] into L(H) such that. C(-)x is cont.inuous for ali 
.e E f/ . 

When H = !Rd , d E N, (2 .24) can be writ.t.en as 

{ 
D,u (t , x) = ~ ,.L:.

1
.' __ ' 

1 
C11(t )D1D;u(t , x) , t. > O, x E 11!', 

(2.25) 

u(O, x) = <¡>(x), x E 11!', 

where C11(t) = (C( t.)ej,e1) and {e¡} is an ort hononnal basis in ~d. 
Notice that. equat.ion (2 .25) is ellipt.ic and its coefficients depend on t but not. 0 11 

z . Then, if 
(C(t)x,x) <'. v[x[ ', x E 11' , 

for sorne 11 > O and vi E C¡,(IR'1) , t.here exist.s a unique dassical solution of (2.25) , 
given by 

where 

f <¡>( x + y)NQ, (dy), x E IR' J., 

Q,,'X = fo' C(s) xds , x E H . 

(2.26) 

(2.27) 

lf H is infini te d imensional, formula (2.26) is still meaningfu l providecl Q1 is of t race 
classforall t E [O,T]. 

Proceeding as befare we can prove the following resul t. 

T hcorem 2 .12 Assume that 

Q, E Li( JJ ) for ali t <'.O. (2.28) 

!/ vi E q(H ), t.here exists t1 uniq11 e strict solution u to (2.24), given ÚJJ 

u(t, x) = { <¡>(x + y)NQ, (dy) , x E H, t E [O, Tj. (2.29) 
},., 

llemark 2.13 In order t.hat. condit.ion (2 .28) is fulfilled it i.s not necessary t,hat. C{t) 
is of trace da.ss fa r some t E [O , T] . \Ve sha ll see an example of t.his sit.uat.lon in thc 
nc:<t section. 
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3 The Ornstein- Uhlenbeck equation 

We are here concerned with the following equation 

{ 
D1u (t , x) = ~ Tr [Q D 2u (t ,x)] +(Ax, Du(t , x)) , 

u(O, x) = \l'(x), x E H , 

t >o, X E D(A ), 
(3.1) 

where A is the infinitesimal generator of a strongly continuous semigroup e1A i11 H 
fulfilling (1.7) and Q E L+(H ). We set 

Lo\l'(x) = ~ Tr [QD2\l'(x)J + (Ax,D\l'(x)), t >O, x E D(A). 

We caJ I (3.1) Omstein- Ulile11beck equation because i t is t be Kolmogorov equation 
corresponding to the Ornstein- Uhlenbeck process X (t,x) , which is t he solut ion of t.he 
following differential stochastic equation, 

{ 
d~(t , x) = A X (t,x)dt + ,/Q dW(t), 

X (0, x) = x, x E H . 

t > 0, x E H, 
(3.2) 

A function u : [O, +oo) x H -¡. IR is said to be a strict solution to (3. 1) i f the 
derivath·es D1u(t , x) and D 2 u(t ,x) exist fo r ali t ~O and x E D(A), are cont inuous 
and bounded on [O, +oo) x H and u sat isfies (3 .1 ). 

ln arder to solve equation (3.1), we make a cbange of variables, see [8] and [<I], 
setting u(t , x) = v(t ,e1Ax). Then v satisfies the following problem 

{ 
D 1u(t, x) = ~ Tr [e'AQe"1• D'u( t , x)J , t > O, x E H , 

(3.3) 

u(O,x) = \l'(x), x EH, 

which is of the form (2.2,I}. T hus 1 ln order to apply Theorem 2.5, we have to assume 
that the operator Q,, 

(3.4) 

is of trace class fo r a ll t > O. In t his case, if VJ E Cl(H ) by Theorem 2.5 iL follows 
that problem {3.3) has a uniq ue strict solution given by 

u( t., x) = /, \l'(X + y)Nq, (dy) , X E H , t 2: o. 

" 
Coming hade to u we fin d the following rcsult. 

(3.5) 
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'rhcorcm 3.1 A.uume Ornt Q1 is o/ trace class for afl t >O. Le.t rp E Cl( fl ) be such 
Oiat QD2rp E C6 (H ; L1 (f/ )). Th e,1 probfem (3.1) has a unique strict solution u given 
by 

u(t ,x) = /, <p(e'• x+y)Na,(dy) , t 2! O, x E H. 
11 

Now we defi ne the Or-nst.ein-Uhle11beck semigroup setting 

(3.6) 

R,<p(x ) = /, <p(e'•x + y)Na, (dy ), x E H, t 2! O, 'PE C0(H ). (3.7) 
11 

\V shall always assume from now on that Tr Q1 < + fo r aH t > O. Note thut 
this condition does not imply that Q is of trace dass . So, it can happens t hat the 
opcralor Lo is strictly ell iptic as the fo llowing example shows. 

Exomple 3.2 Assume that A and Q are such that 

Ac.1: = - o .1: e.1:t Qe.1: = ,\.1:e.1: , k e N, 

where {e.1:heN is a complete orthonormal systcm in H and {o.1: }.1:eN. {,\.d.1: eN are 
se<1uence oí posilive munbers. 

Then we have 

Q1 e.1: = 2,\"' (1 - e-20 ~ 1 ) t?o1:t k EN. 

'" Thus, the condition Tr Q1 < +oo is cquivalent to 

f ~ < +oo. 
k= I Ok 

For instance, it is fulfillecl if Q = l ancl 0:1 = k 2 , k E N. • 
The scmigroup R1 is not strongly continuous in C,(H), unless A = O. In íact , ií 

¡p,. (z) =e'<"' ·">, z e H with h E H different from O, \l." bave, by a direct computat ion, 
thnt 

R1rp,. = ipe. ,, .. ,. , t > 0. 
Now, it is ea..sy to see that Rt <Ph does not converge to t.p11 in C,(ll) as t --+ O. 

3.1 The case when Lo is strictly e lliptic 

Lct us as.sume that the opcrator Lo is strictl}' elliptic, that. is Q- 1 E L(H). Thcn 
n1 is smoot.hmg (as in fi nitc dimcnsions), that is it maps C,(H ) into Cb (H) for a ll 
t > O. Let us gfrc an idea oí Lliis foct . 

Pro pos iiio n 3.3 Assume tlwt Q- 1 E L(H) and ip E C,(H). Th en for ali t > O we 
haue R1 E C:°( H ) an ti, in 11a1·tic11fnr (9 ), 

(DR, , h) = /, (f (t )h ,Q; 1i' y) <p(e"x +y)Na, (dy), h E H, (3.8) 
11 

11 t n formub1 (3 ) we hove to rcnd (f(l )h, Q; 1/l¡.r) = 1Vq1)11 (11} wht'-re 11' is thc whitc noisc 
fun ctlon rela.led to thc Caussitm mcMurc Nq, . 
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where the operator 
f (t) = Q~112e1A , t > 0, (3.9) 

is well defined and bounded (10). Moreover, there exú1ts e > O suc/1 th(lt (1 1) 

llDR,<pllo $ ct-11'e"' ll'l'llo. (3. 10) 

Sketch of the proof. By a straightforward change of variables we can write 

R,<p(x) = /,, <p(y)N,,•,,q, (dy) , t ~ O, x E H,<p E Bo(H ). 

In arder to differentiate Rtip(x) with respect to x we shall use the Cameron- Martin 
formula (1.18), by replacing integration with respect to Ne'"' 'Z ,Q, with integrar.ion with 
respect to Nq,. To apply (1.18) we need that 

(3.11) 

In fact (3.11) always holds when Q- 1 E L(H), see t he discussion below. Now, by 
Theorem 1.1 it follows that 

dNe'"''Z ,Q, (y)= e- ! jr(t ):rl2+(r (l )7. ,Q ; 11211>, y E H. 
dNq, 

T herefore, we can write 

R,<p(x) = /,, <p(y)N ... . . q,(dy) = /,, . - 1 lfl'l•l'+crl'l•.Q~'"»<p(y)Nq,(dy) 

and, differentiating with respect to x , (3.11) follows. For {3.10) sec next commcnt . 

• 
In order to understand the meaning of condition (3.1 1), it is convenient to consider 

the following deterministic cont.rolled equat ion in !O, T J, 

y' (t) = Ay(t) + ./iJ u(t), y(O) = x, (3.12) 

where x E H and u E Ll(O, T; H ). Herc y(t) represents is the state and u(t) the 
control of system (3.12). Morcover E(u) = J0T lu(-')Jlds is called t he energy of u. The 
mild solution of (3.12) is given by 

y(t; u) = e1Ax +fo' eft-•)A ./Q u(s}ds. (3. 13) 

ystem (3. 12) is said to be nul/ controllable if for any T > O thcre cxists u e 
l 2{0, T; 11) such that 11(T; 11) = O; in this case u is caJled a control rlriving t he statc 

101t IS u.sy Lo IM'e that Kcr Q1 = {O} SO thai Q; 112 111 well dt.fined bu1 it la not boundf!d ¡11 general . 

º>;~::~1'~:~,r~1~11i~~c,:~:c~;1(~ .;). mt.a111ha1 e'A{ll) e Q:n(lf), 1 > O. See thc di11Cu&11ion below. 
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y to O in time T . One can show1 see [27], t hat system (3. 12) is null controllable if 
nnd only ií condition (3.11 ) is íulfilled. ln this case, the minimal energy for d ri ving y 
from x to O in time T is precisely lr(t)zl 2 where r(t) is defined b:y (3.9). 

When Q is continuously invertible it is easy to see that (3 .12) is null cont roll ablc 
so that (3. 11 ) is fulfille<l . In fact in this case, fix ing T >O and choosing Lhe following 
control ( 11 ), 

u( t.) =- ,fo e'AQ - ' i'x, t E ¡o,T), 

we find by (3. 13) that y(T, u) =O. Moreover, far the minimal energy lf(T)xj 2 we 
lu.we, recalling ( l. 7), t hat 

Th refore the fo llowing useful estimatc holds 

llr(t)ll :<; ct - 'l'e"' , t >O, (3. 14) 

fo r some e> O. By using t he HOider inequality in (3.8), it im plies (3.10}. 

Remark 3.4 Condition (3. 11 ) may be fulfilled even ií Lo is not strictly elliptic. Ii1 
this case we say t hat Lo is hypoclliptic because when H is finite dimensional , condi1.ion 
(3. 11) red uces precisely to t he Húrmandcr's hypoe!J ipt icity condition fo r t he operator 
l 0 . In this case t hc conclusions of Proposition 3.3 sti.11 hold . 

3.2 T he infinitesimal generator of R, 

As we have noticed befare, the semigroup R1 is not st.rongly conti nuous in Cb(H) 
when A # O. R1 belongs to a cla.ss of semigroups , called 'lt - semigroups, extenslvely 
studicd in j23] , see also j15]. Howcvcr, a notion of infinites imal gencrator oí R 1 can 
be d fiued a.s follows, see [6]. Consider t hc Laplace t.ransform oí R1 , 

r oo 
F(i.)f(x) o= Jo e- >< R,j(x)dt , f E C,(H ), ), > O, x E H. 

Then , it is easy to see that. F(>.) is one-to-one and that fuJfills the resolve11t identity, 

F(>.) - F(tt ) = (>. - µ)F(,\)F(µ) , >., µ > O. 

Conscquently, there ex.ists a unique closed operator L in C.(H ) such that F (.>.) = 
(.>. - L)- 1 far any .>. > O. Lis clearly m- dissipative in C•( H ) (13); it is ca llcd the 
infinitesimaJ gen rator oí n,. 

11 u is ROi lhe control of minimal cncrgy in gcucraL 
uTh1ll l.s the reoh-ent se~ of L includc.e (O,+ ) and its r('S()h-ent fulfills U(A - q - 111 /,(Cl,( ll )) ~ 

A- 1 for a.11..\ >O. Jf A,¡.. O then D(L) is not dense in C6( 1f) and L is not thc infin itesimal gcncrator 
or (1 111rongly Conlinuou11 scmigroup in C&( 11 ). 
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R cmn.rk 3 .5 By (3. 10) it follows easily, taking Laplace t ransíorm , that 

D(L) e ct(H ). 

lt is useful to define a subspace Y of D(L), that plays tbe róle of a core, where 
the expr ion of L coincides with L0 . Following j7J , we denote by Yi the set of ali 
cp E C.(H) such that 

(i) <p E Ci(H), 

(ii) D<p(x) E D(A ") for ali x E H and the mapping H -> ~ . x -> {x, Aº D<p(x) ), 
belongs to C6(H ). 

(iii) QD' E Co(H ,L1(H)). 

lf cp E Yi we have 

L<p(x) = ~ Tr [QD2 <p (x)J + {x , Aº D<p(x)) , x E H . 

Moreover , the set l ' i is pointwise dense in Cb (H ) in the follow ing scnse 
Far arbit rary cp E c i(}I) there exists a sequence {cpn} C YL such that 

(i) ll<P"llo '.S 2ll<Pllo, n EN, 

(i i) cpn -t cp uniformly on any compact subset of H . 

3.3 E lliptic equations 

We are berc conccrned with the elliptic equation 

; <p(x) - ~ Tr[QD2<p(x)j - {Ax , D<p{x)) = /(x), x E D(A) , 

where ; > O and f E Co(H). 
We say that cp defincd by 

<p = (; - L)- 1 f = 1+= e- >• R¡f(x )dt , x E H, 

(3.15) 

(3.16) 

is a genemlized solu l.ion of (3.15). cp is said to be a strict .!Olution whcncver cp E Yi . 
As in the case of the heat cquation, there is no hope Lo give a simple charactcriza· 

tion of the domain of L. The situation could be better in lhe space Ct(H ), O E (0, ! ), 
the space of al i O- HOider conti nuous and bounded real functions on H . lt is ensy 
to see t hat. Ct(H ) is invariant for Rt· Lct us denote by Rf the restriction of R, to 
C:{H), and by L8 the pa1l of L in Ct (H) ' 

L' = L<p, \f"' E D(L') = {<p E D(L) n c:{H ) ' L<p E ct(ff)) . 

Also the characterization of the domain of L8 is sti!J an open problem. How ''er 
two ma.runal regufnrity results are known when Lo is strict ly elliptic. The first onc, 
ge.nera.lizes the classical Schauder estimates 1 see [1 l j and f5J. 
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Propos ition S.6 A.utJme that Q- 1 E L{H). Let f E c:{H), with 9 E (O, 1) and 
,\ > O. Set r.p = (,\ - L8)- 1 J. Tllen we have r.p E c;+8 (H ) and there exists N > O 
(independent on ,\ and on f) sucl1 thal 

(3. 17) 

The sccond one is the following, see [10] 

Propositio n 3. 7 Assume tliat Q- 1 E L(H). Let f E c:( H), with (}E (O, 'J) tmd 
,\ > O. Set = (,\- L8 }- 1 f. Tllen D¡p(x) belongs to D((-A) 1f 2 ) /or any x E fl a11tJ 
that (-A) 112 D<p E c:( H ). 

Both results can be used to study more general equations with variable coefficients. 

4 The case when F is nonlinear 

Hcrc we still assume that. t he operator 

is of trace cla.ss fo r auy t. > O, so that the Ornstein- Uhlenbeck semigroup R, in Ci,( H) 
is well defined . We still denote by L its infinitesimal generator. We are given in 
addition a uniformly conti nuous and bounded function F : H ~ H . 

We shaU consider t he linear operator 

No<p(x) = L<p(x) + (F(x), O<p(x)), <p E D(l) nC~(H ), x E H. (4. 1) 

ln §4.l and §4.2 we shall assume in addition that Q = I so that No is strictly elliptic. 
lu this ca.se we know by Remark 3.5 t hat D(L) e q (H), so that the tcrm (F(x) , D'P) 
is wcll defined for any r.p E D(L). In this case we say that tbe operator No is a 
p rturbalion of L. Then it is not difficult to solve the parabolic equation concerning 
No by a fixed point argument, see §4. 1. Moreover, one can show, see §4.2, that the 
opcrator 0 is m- dissipati ve (14 ), t hat is it resolvcnt sel. includes (O, +oo) and the 
following timate far the resolvent holds 

More difficult is the situation , treatcd in §4.3, when the operalor Q is general, 
sine in this case we do not know whethcr D(L) is included in G~ (ff ) or not . We can 
only show Lhat No is esse11ti(llly m - dissi¡mtive in C6(H ), t hat is N0 is dissipative and 
its closure (a- priori multi- valued) is m- d issipative. 

'~ N doca not genuate 11. s lrongly continuouJJ &emigroup beca.use iu doma.in D(L) is not dense in 
c.ulJ 
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4.1 Parabolic equations when Q = 1 

\Ve assume here t hat Q = l and cons ider the problem, 

{ 
D,u(t, x) = ~ Tr [QD 2u(t,x)J +(Ax+ F(x) , Du(t , x)), t ~ 0, x E D(A ), 

u(O, x) = <p (x), x E H, 
(4.2) 

where V' E C1i(H ) . 
We shall writ.e problem { 4.2) in the following more abstract form 

{ 
D,u( t., ·) = Lu(t,-)+(FC) , Du(t ,·)), t~O, xEH, 

(4.3) 
u(O,·) =<p. 

We say that u is a mild solution of (4.3) if it fulfiUs the following integral equat.ion 

u(t , ·) = R,<p + [ R, _, ((F(·), Du(s, )))ds, t ~O. (4.4) 

Since, by Proposition 3.3, R1 maps Cb(H) into C~ (H), it i.s natural t.o try to salve (•1.4) 
by a fixed point argument in a space of differentiable funct ions. So, Jet us consider 
the following space Zr consisti ng of aJ I functions u : [O , T] x H -t !11: such that 

(i) u is continuous in (O, T] x H. 

(ii) u(t , ·) E ci (H) for ali t > O. 

(Hi ) sup t' ' 'l lu(t, -Jlli < +oo. 
IE(O.T] 

We notice t.hat condition (iii ) i8 ispired by estimate (3.10). It. is easy to check that 
Zr, endowed wit h the norm 

is a Banach space. 

llullzr := llullo + sup t' 1'11u(t, ·)11 1, 
te(O,Tj 

Now, Lhe proof of the follow ing result is a straightforward application of t he con
t.ractions principie, see [14, Proposition 6.5. 1] for de1.ails. 

Proposit ion 4.1 Fo 1· any 'f' E Cb( H) there is a tmique mild solution o/ et1uatior1 
(<1.2) . 

4.2 m-di ssipativity of N0 

Here ""'C ma.ke Lhe same assumptions a..s in §4. l and consider Lhe operator N0 wit h 
domain D(L) . 
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Propoeit ion 4.2 N i..! m-disaipotive in Cti(H). 

Sketch oí the p roor. 
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Step l . There exists Ao >O such tbat (Ao, + oo) belongs to the resolvent set of 
No. 

Let us consider in fact the equation 

(4.5) 

whcre .\.>O and f E C&(H) are given. 
S tting 1/1 = >.rp - Li.p, equation (4.5) becomes 

1/J-T,,¡, = / , (46) 

wh re T>. is defined by 

T,1/J(•) = (F(x),DR(,\, L)1/i(•)), 1/i E C,(H), •E H . (<17) 

Tnking the Laplace transform of (3.10), we see t hal 

llT,1/Jllo :> e~ llFllo 11\Vllo. 

Therefore, if >. > >.o where 
(4.8) 

T;i. is a contraction in C6(H) and so, equation (4 .6) ba.s a unique solution i.p. Conse
quently, equation (4.5) has a unique solution too i.p E D(L) given by 

and Step 1 íolJows. 

It rema.ins to show that No is dissipative (' 6 ). 

Step l U F is in addition Lipschitz continuous, No is dissipative . 
lt is convenient to introduce far any E > O an operator N, approximating N0 , 

wher 

J',<¡>(•) = ~ ('1'(•1(<, •)) - <¡>(<)) ' 

nnd r¡ is the solu tion to t he initial value problem 

q1(t,•) = F(q(t ,x)) , q(O, x) =•E H. 

(4.9) 

1 ~ 1n fKl , U ss •"'-11 known lhat a dl1111ipall \•e Opt!ralor ill rn-diaai~th-e if ~d only if itll rlll!Olvcnl 
set contalns • poah ive nu mber. 



100 Giuseppe Da Prato 

Clearly for any rp E Ct (H) we have 

)~ l'«P = (F, D<p) in C,(H). (4.11) 

Now, given ,.\ > O and f E Cb(H), we consider the equation 

>.<p, - L<p, - J', <p, = f , (>1.1 2) 

which can be solved as befare by a standard fi.xed point argument depending on Lhc 
parameter E- \\le have clearly 

lim "Pt: = rp in Cti(H ). 
'~º 

Now by (4.12) we find tha.t 

(>. + D <p, -L<p, = f + ~ 'l'(~(h,z)), 
and so, by the dissipat ivity of L , it follows that 

11'1', llo ~ >. ~ ~ (111110+ } 11'1', llo) • 

which implics lllPi: llo $ ± 11/llo· Consequently, letting E tend t.o O yields 

ll'l'llo ~X llf llo· 

Therefore N is dissipative as requ.ircd. 

S t ep 3 . Conclusion. 

(4.13) 

By l26J tbere ex:ists a sequence {F..} of Lipschitz bounded functions from H into H 
whkh converges to F in Cb(H, JI). Set 

N"<p = L<p + (F,. (z),D<p), <p E D(L) , n EN. 

Givcn ,\~.\o (defined by (4.8)) and f E C6 (H), consider the equat ion 

>.<p,. - N,.<p" = f , (4 .15) 

which can be solved as before by successive approximations. Oue to t hc uniformity 

in n oí t he estima.tes, we have that 

,,1!¡~ <p" = (>. - N)- ' f in C, (H; H ). 

Moreover, by Step 2, N 11 is dhisipative so t hat ljip,.Uo $ Í 11/llo· As n-+ oo we find 

ll'l'llo $ X llfllo. V z E H, 

and consequenlly No is nHlissipative. • 
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4.3 Essential m- dissipativity of N0 

We o.re again concerne<l with the linear operntor N0 defined by {4.1) , where now we 
n.OIBumc thnt FE C~(H ; H ). Let us write No in t he fol1o9i.'ing fo rm 

whcre :F is the linear bounded operator 

:F<p = (F( ·),D<p), 'I' E ci( H). 

Noticc that :F is t he infinitesimal generator or a strongly conlinuous semigroup or 
contractions e1F in Cb(H ) given by 

e'-'<p(z) = <p(r1(t,z)), t <: O, z E H, <p E C,(H ), 

whcre '1 is thc solution to thc initial value problem {4.10). Thercfore :F is m
diS!lipative in Cb(H ). 

lt is useíul to consiclcr thc sequencc {Fr }r>O approximating :F defincd by (4.9). 
Clcl\J'ly, F, is also m--dissipative. The fotlowing result is preved in 19]. 

Thcorem 4.3 No¡_, di.!"ipativc and its do3ure No iJ' m- di.uipative in Ct,( H ). 

Sketch of the proof. We claim that N0 is di.ssipative in C.(H ) and that the range 
oí ,\ - No is dense in C6(H ) for ,\ large. This will imply the conclusion by the 
Lumcr-Phillips theorem, see [20]. To preve tbe claim, '11."e introduce t he fo llowing 
approximating opcrators 

N,<p = L<p + :F,<p, <p E D(L), < > O. 

W know from Stcp 2 oí Proposition 4.2 that N, is m-dissipative. This e<.LSily implics 
that N0 is dissipative. 

l t remains l.O preve that thal t he rru1ge of ,\- N0 is dense in C"(H) íor ,\ IMge. To 
Lhis purJ>06e, fix / E C~ · 1 (H) . ,\ > O, and consider the solution "Pi E D(L) n C~ (11) 
of thc equation 

>.<p, - L<p, - :F,(<p,) = / , (4.16) 

which is equivalenL Lo 

>.<p, - No<p, = f + :F.(<p,) - :F(<p, ). (4.17) 

Wc clnim now thaL 

!~~i!:F, (<p, ) - :F(<p,) j =O in C,(H). (4.18) 

This follo'A'! from thc estimates, sce \9, equations 2.11 and 3.2J , 
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and 
fl<¡>, fl.,, Se,, 

for a suitable constant c1 >O. From (4.18) it follows that 

Hm{A<¡>, - N0<¡>, ) = f in C,(H). 
e-~o 

Therefore tbe closure of the range of A- N0 includes C~· 1 (H) which is dense in Cti(H ) 
by [19] and tbe result follows. • 
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