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ABSTRACT 
T he goal oí this pnpcr is to find the quantizatio11 condi tions oí Bohr· 

SommHfeld or SC\'eral qunntul!\ Hnmiltoninns Q ¡ (h), ... , Q. (h) acting 0 11 R" ' <lc
¡>endmg oo a small parnmctcr /1 , ami which commute to each othcr. That is 
we detenmnc , around a regular cncrgy lcvel Eo E R~ the principal tcrm of the 
asymptoc.1c:s in h of cigcnva\11 c11 >.; (h) , l $ j .$ k of the opcrators Q; (lt ) that 
are a._~1ated to a com mon cigcníunctiou. Thus we loca.li:ie the so-cnlled joint 
spect rum of thc opcrntors. 

Under the assum¡>tion th nt thc d ossical Hamil toninn 8ow of thc joiut princi
pal symbol Qro is J>t!nodic t11ith conJtnnt periocb on th e one energy lcvcl qQ1(E0 ) , 

we prove th at thc part of thc joint spcctrum lying in a small neighbourhoocl of 
Eo \S locah:ied 11car a laLticc of size ll dctcnuincd in tem \5 oí actions and Maslov 
indices Tbe mul t ip1icity of thc spcctnnn is also dcteruuned. 
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RESUMEN 
La meta de este paper es encontrar las condiciones de cuantiuu:ión de Bobr

Sommerfeld de varios cantidades Hamiltonianas Q1 (h), ... , Q•(h) actuando en R" , 
dependiendo en un parámetro pequeño h, el cual conmuta a cada uno de los otros. 
Determinaremos alrededor de un nivel de energía regular Eo E R" los principales 
términos asintóticos en h de valores propios Áj(h), 1 $ j $ k de los operadores 
Qi (h) que están asociados a una función de valores propios común. De esta forma 
localizaremos lo conocido como espectro conjunto de los operadores. 

Bajo el supuesto que el Hamiltoniano clásico fluye de el símbolo principal 
conjunto q0 , el cual es periódico con constantes periódicas en un nivel de cnergfn 
qQ 1(E0 ), probaremos que la parte del espectro conjunto se encuentra en una 
pequeña vecindad de Eo que está localizada cerca del enrejado de tamaño }¡ y 
determinada en términos de acciones y índices de Maslow. Además, la multipli
cidad del espectro es determinada. 

Key words and phruea: 1emidiu1ic.al techniu, /ourier inlegral 
opemtor1, hamiltcnion ftow. 

Math. Subj. Claas.: 81Q20, 35530, 47G30 

1 Introduction 

The joint spectrum of severa] commuting operators arises naturally if suitable sym
metries are present. Let us consider for instance the SchrOdinger operator, acting on 
R' 

A,(h) = -h't> + V(x), 

and suppose t hat the potentia1 is realvalued, smooth, and spherica1ly symmetric. 
Then A 1 (h) commutes with the kinetic momentum 

A2(h) = -ih (x28z3 - X38z,). 

The bounded states of A1 (1t) are common eigenfunction.s of A1 (h) and A2 (h) , and if 
we consider a third operator 

which oommu Les wit h t he other two operators , these bounded states are common 
eigenfunctions of A 1 (h), A2 (h) and A3 (h) , and their joint spectrum consists of the 
associated 3-uplets of cigenvalues, 

A(h) = (A, (h),A2 (h) , A3 (h)) E R3 . 

T hcy have a mult iplicit..y cqua.l to 1, t he bounded states are said t.o be completcly 
separated. 
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In fact this exa.mple is integrable (the number of operators equals the dimension) and 
by the Liouvi lle theorem t.he hamiltonian flow is periodic, (see ICH3} far the explicite 
calculat.ion of t he joint. flow far t he harmonic osciUat.or). This e.'\:ample can naturally 
be ex tended to ali dimensions. Few new examples of integrable systems on manifolds, 
inspired by the classical ca.se can be found in the works of J .A. Toth \T l] and [T2J. 

On the other hand wit.h a potential of the form V(x, y) = / (JlxU2) + g(\Jyli2) with 
x E IRk and y E 1R11 - k we can construct examples witb less symmetries, and which 
tlre namore integrable. 

1.1 P seudodifferential calculus 

More general ly we consider k quantum hamiltonian Q 1(h ), .. . , Q1:(h) acting on \Ru, 
depending on a small pararneter h, and which commute to each other. The Q 1 (h), ... , 
Qk( l1 ) are supposed to be h-admissible pseudodifferential operators , as int.rnduced by 
B. Helffer and D. Robert in [HRIJ and [HR2] (see \robertJ fa r the general theory) . 
Let. ¡> be a weight function on IR 211 = T " IR11 , i. e. a continuous funct.ion from IR.211 in to 
nt+ which satisfies thc fallowing property : 
t.herc exist constants C > O, m > O such that 

V(x,0,(x', (') E 111'" p(x,() ~ C p(x',() (1 + lx - x'I' + I{ -('l'l"' 

We denote by Sp the space of all the functions a E C00 (t!t2") such that far ali 
(a 1 {J) E N2" there exists C0 ,13 >O satisfying 

1 8~&,'a(x,{)I ~ C0 .o p(x, () V(x , () E a'" . (1.1) 

To sud1 a symbol a we associate a 11-pseudodifferential operator A(h) = Oph(a) acting 
011 functions tP E S(R"), the Schwartz space of smooth functions rapidly decreasing 
ut infinit}' together wi th their derivatives, defined by the Weyl quantization : 

More gene.rall y we may assume that. the symbol a depends on h : if there exists a 
sequencc {a,} teN E Sp such that 

a(h,x,() - I>'•;(x,() 
i ?:O 

where ,.... means that far ali N E N the difference 

N 

'N+ I = 11-(N+I) ( a(h,x,() - 'Lh'a;(x ,O) 

(1.2) 

defines a írunily 'R.N+ I (h) = Op;:'(rN+i), 11 EJO, li0 ] of bounded operators which is 
bounded (unifarmly in h) in .C(L2 (1R 11 )) ; then we say t.hat the operator A(h) is h-
11dmi33ible. 
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We suppose that we have Q;(h) = Op~(qi) are h-ad.missible, so there exists a 
sequence {Qij}ieN E Sp such that 

q;(h,x,f,) - L h'q;¡(x,<). 
i?:O 

(1.3) 

Then Q;(h) belongs to C(S(Il!"), S(ll!")) for each j = ! , ... , k. 
We also assume that each operator Q1(h) admits a selfadjoint extension to L2(1R: 11 ). 

lt is the case if the principal symbol Qo; is itself a weight and if Qi j E Sq0 ; for ali i, 
and more generally if q0i is bounded from below [robert] . 

In our case, we always can reduce to this situation by means of the functional cal
culus, if the weight is p = llq0 !J 2 +1, and if the operator r::;= 1 Q/(h) is h-admissible: 
\et/ be a C 00 function on JR+ such t hat f(x) = x for x E [O, cj, (w ith O < e< 1) f 
is increasing and asymptotic to 1 at infinity and define g(x) = f(x )/ x a C00 function 
on IR+, equal to 1 on the interval [O, e]. Then, for E0 E IR", the new operators dcfincd 
vectorially by 

P(h) = g(IJQ(h) - EoJl)(Q(h) - Eo) 

are h-admissible pseudodifferential operators (remark tbat the operators g(llQ(h) -
Eo ll) are bounded) with bounded symbols, so every principal symbol is a wcighl 
bounded from below. Moreover the Pi(h) commute to each other if t.he Qi {li ) have 
this property ; furthermore, on the domain {(x, {), llq(h)(x, { ) - Eo ll $ e} one has 
p(h) = q(h) - E0 , so p(h) is proper if q(h) is. 

1.2 Commutativity and H amiltonian fiow 

We suppose that the operators Q1(h) commute to each other 

[Q,(h) , Q;(h)j =O on S(ll!") Vi,j = !, .. ,k , V h >O (1.4) 

\Ve denote by q0 = (qo1, Qo2, . . , Qok) T • llln -t IR" tbe joint principal symbol 
ofthe operator Q(h) = (Q,(h),Q2 (h), ... ,Q,(h)) , and by q, = (q,.,q, ,, ... ,q,. ) its 
sub-principal symbol. 
As a consequencc of the commutativity, one has {q0; , Qoj } = O, and the associatcd 
symplect.ic or classical flows 4>~ also commute. 

The 4>~ are defi ned as follows : with the canonical symplectic form w oí r·ocn : 
w = L7=• d{J /\ dxj one can define the Hamil tonian field H ; o ( q0; by : 

dqo; = - H i _j w (1.5) 

then t.he tf.i~ are t.he symplccti c transform ations satisfying : 

<T•~ = I d · !(J.> 1. = H · o <J.> 1 ) · at 1 ) 1 · 
( i.6) 

\Ve want to look al spectral properties fo r t he operators Q1 in a neighbourhoocl oí a 
value ~ E !!l:k on which we makc the fo llowing assumption : 
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(Hi) E0 i.f a regular value o/ Qo anti Qo is proper in a neighbourhood o/ Eo : there 
cxist3 a compact neighbourliood K1 o/ Eo in IR:'° 3uch that q.) 1 (K 1) is com¡mct. 

Note tlmt t his assumption is fulfi lled far t he example above ií 

- oo < lim inf V (x). 
l•I~ 

Morcover , the condi tions above imp ly k :5 n. 
The joint. spectrum ¡\O(h) oí commuting operators, as QJ (h), has been defined 

in (CHl J, and it has becn provee\ tha t , under t he hypothesis ( H 1), li1e part of the 
joint spectrum contained in any compact /( included in the interior of J< 1 consists in 
finitely mnny joint. eigenva.lucs of finite multiplicity, i.e. 

1\ Qi>I íl K = {(,\,(/o)),e1¡1,¡; 3w: E L 2(Ill") 'Q,(11) .;: = ,\~(h ) .; : Vj = !, ., k) 
(1.7) 

wherc l(h) is fin ite. 
Th asymptotics of these eigenvalues can be prccised with an assumption of peri

odicity of the classical flow . We will make a very weak assumption as follows. Suppo!:le 
that I< is sufficicntly small to be composed of regu lar \•a.lues of qo. A s a conseq uencc 
of (f/ i) , for ali E belonging to K , the set Et:= qQ1 (E) has the structure of a sub
rnanifold oí IR2" of codimension k, EE is compact and invariant under t he action of 
thc l lamil tonian Row which is symplectic. Moreover the Hamiltonian flelds H 1 are 
inclependant, and HJ .J w vanishes in restriction to the langent. plane of EE, so Lhis 
manifold is ccrisotropic . 
Thc Hamiltonian fields H 1 commute so the joinl Row defines finally an action PE of 
IR" on EE : 

PE lllk X E¡:; --+ E.s 

(( t1 , ... ,t ir ), v) i-+ 41~ 1 0 .• o ~~• (v). (1.8) 

Wc will supposc 1 hat the joint Aow is period ic wit.h constant. periods on one leve! 
Eo = Ee0 • More preciscly wc makc the fol\owing hypot.hcsis : 

(1-1-i ) Alf thc pomLs o/ E0 = r¡01(E0 ) m-e periodic untler the action o/ th e joint flow 
Po = P&. w1th the 3ame fotti ce o/ periodl. 

Lct (c 1 , ••• ,e1: ) be a basis of t.his lattice ; it is a basis of R" \·erifyi ng for a li v E Eo 
nnd far ali := (.:1 , ••• ,z1:) E Z "' : Po (21TL1=• .. ... ir zJeJ, v) = 11. 

So Po can be regarded as the action of a torus T" on E0 , that we will still denote by 
Po · By the las\. hypoth is thi!; act io11 is ft -ee, i.e. without fixed points. 
Comparisoo M""ilh die Jiypotllcsis of {CHJ} ruid notations. - In this previous work 
it wn.s mode an assumption of periodicity on a open s t. of energy. More precisely it 
wns supposcd tbat. thc.re cxists a function / E C0 (R", !R.") such t hat the principal 
symbols of t he opera tors f ( Q( h)) are periodic in a neighbourhood of the energy level. 
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In our case let (cj)J:5i:5k be the canonical basis of R.1: and define a E Eml(R• ) by 
ei = a(éj ) = E,·a;1é;. 

Then the new syrnbol Po = CPo 1 , ... ,Po1;) = a(q0 ) satisfies 

and the corresponding Hamiltonian flow iIJ¡ is 211"-periodic on the energy level a (Eo ) 
in view of (H2). 
Consequently the operators P(h) = a( Q(h)) satisfy the pointwise equivalenl oí t.hc 
hypothesis of [CHlJ. 
We will denote F = a(Eo) and Ki = E; a;; H; the Hamiltonian field of Po;· 

We can now give our main result : 

Theorem 1 Let Q¡(h) = Oph(q;), l S j S k be k commuting h-admissibles psetJdod
ifferential operators essentially sel/ adjoint and satis/ying the following liypot.J1escses : 
(H1) the joint principal symbol Qo is proper in a neighborhood of a regular 11aluc Eo , 
(H2) tl1e classical /low is periodic with constant period on the energy leve/ 
Eo = q0 1 (E,,), 
(H3 ) the subprincipal q1 vanishes, 
(H4) th e surface Eo is connectcd. 

' 
Then the parto/ thc joint spectrom A Q(i.) lying in any k-cube fl ]Eo1-hc1 , ~1 + 

i=I 
hc1[ centered at Eo is discrcte a11d localizcd modulo O(h2 ) near a lattice 

¡( 1 O¡ 1 0,1; ) E,,+ a- (-;¡µ1h-;¡;;+Zh) $ ... Ell(-;¡µ,h-;¡;;+Zh) , 

where the µ; are the Maslov indices o/ the basic cyclcs o/ the torus acting on E0 , Oj 

are the action o/ thcse cyclcs anda E Gl(k). 

Comments The hypothesis (H3) can be weaked in 

(H3) Thc integral o/ the subprincipal symbol q1 on a closed tro.jectory o/ th e joint 
Jlomiltonion flow is independent o/ tl1e point on the eneryy leve/ E0 , it dcpends 
only on the pcriod. 

sec the Theorem 2, subsection 2.6. below. 
\Vhen the hypothesis (H4 ) fai\es each connected component gives a part of t.he 

discrete spect.rum. 
About the m e thod We will Jook al theoperators P(h) = a (Q(h)). Far theseoncs 
the Hruniltonian flow of each component Poi of the principaJ symbols is 211"-pcrioclic, 
we rc.mn.rk that µ1 t he Mas lov index of t he 211"-periodic trajectories of t.he Hamil ton ian 
ílow oí Poi is constant on Eo as un invariant of homotopy ¡ as v.-ell t he action oí such 
n tmjcctory, o1 , is const.nul on Eo. We will denote by /J respectively o the k-vector 
dc.fined by thc ~ l aslov in<lcx, rcspectively the action, of Lhe basic cycles. 

In ordc.r lO localiz.c the eigcuva lue!! of P(/1) lyi ng in Lhe k-cube íl j"=iJF1 - ch, F1 + 
chl modulo 0(112 ) wc supposo fo r thc momcnt t.hat t he subprincipal symbols are 
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m111 and look al the fo llowing opcrator {(PU•l- F> 8(P(h)), where ( and 8 belong t.o 
C0 (!!l") und 8(,\) = 1 for ,\ in n smaller neighbourhood oí F and compare it. wit.h 
(( 1'\l•i- F) mcp-* < 1', P(h) > 9(P(h)) whcre TE 2'1'1'Z" , the lattice oíperiods. 
Wc will do this b}1 approaching these operators by Fourier lntegraJ Operator. We 
will scc that thcir Lagrangian rnanifold are ident.ical and their principal symbol diffcr 
by n sc;.llar which is determincd by t.he Maslov index and the aclion of t he closed 
t.rajectoric:; , consequently the L2 norm of t.he d ifference between (( PlhJ-F) 8( P), and 

the opcrator (( P(hl - F> ex p - *(< T, P(h) > +o+ ~ /J l1) 8(P) , is only O(h). 

This mcthod , consisting on espre11sing t hc evolution operator e-·h- ' <t.P(hl> by 
mcans of thc theory of Fouricr Integral Operators wa.s initiated by Duistermaat
Gui llcmin [DGJ and Colin de Verdiere [Cdv] for compact manifolds, and Helffer and 
llobert \H R3J in the scmi-classical case. We espccially tried to mak clear the appear
nucc of thc Maslo\• lndcx. On t.he other hand one can find in lac l j, a construction, 
by symplectic geometry, of new symbols with the strong propcrt.y of periodidty and 
which approach thc flrst oncs. Dut the ncw opcrators do not commute anymore. 

This paper is organiied as fo llows : in the second section we will prove the t,heorem 
1, i:rnd in the Lhird onc wc will look at t he mult iplicities of the joint eigenvalues. 

2 Proof of theorem 1 

Lct ( be a íunction belonging lo S(lll") with a compactly-supported Fourier-transform 
(, a nd 8 bclonging lO C.f(!!lk) wi th a compact support \ying in a neighbourhood of 
F aud verifying 9(,\) = 1 for ,\ in a smaller neighbourhood oí F . \Ve can wrile 

(( F - P(/1>¡ B(P(/1)) = _ I _ { . - ;o- ' «.(P(o)-Fl>((t)B(P (li))dt 
h (2•)' J •• 

Using th íunctional calculus developcd in [CHl], we consider 8(P(l1 )) as a pseudod
iffcrcntial operator with a dassical symbol supported in a compact neighbourhood of 
Pii '(F). 

2.1 Tbe evo lut ion operator 

lt is proved in !ChaPo}, se.et.ion 2, t hat t.here exists a Fourier Integral Operat.or (F IO) 
Ü1, which approaches modulo O(h00 ), fo r t E [-T,TJ11 , t.he ope.rator 

Uo ,1,(t.) = c_¡¡,- 1 <•.P(h)>9( P). 

Tlw general mi·clns.<Jical FIO" theory u.sed by Charbonnel and Popov in \ChaPo] 
is bnscd on lhe pre:,e.ntation of Duistc.rmaat [DuJ. ( R.crn ark that , in the cont.ext, of 
first ord<'r dass.1 al l'lliptic opcrntors on a compact manifold , Guillemi11 11 nd Uribc 
luwc de\'t'lopt'<l, in IG }, a PI calculus for systems of commuting opcrators quite 
similar aher lhE' pionnicr works of Colin de VerdiCrc ICdvtJ and jCdv2]). 
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More precisely Üh E ¡ - k/ 4(1R2"+k,A;h) with C =A' the canonical relation 

C = { ((x , <) , (y,~),( t ,r )) E T"(lll2"+') =T"lll" xT"lll" xTl'!'; 

T = -Po(y,~), (x ,{) = ~'(y,q) ; (y,q) E 0} (2.9) 

where wt is the joint flow of Po : 

tlf 1 = llf~I O •••O wi• 
and O= qi} 1(K ) is a compact neighbourhood of E0 which is invariant by thc fl ow. 
\Ve parametrize e by (t , y, 1¡) E [- T, T]k X O; then the principal symbol of üh is 
written: 

u (Ü,)( t , y , •¡) = exp (ih - '(-{p0(y, q) , t) + A(1'(y , ~))))u, ® u2 (2. 10) 

where o 1 is the half density ldt /\ dy /\ d17¡ 112 and <J2 is a "fixed section of the Maslm• 
bundle", see below, ¡ 1(y, 11) is the path 

/(y,q) ={~"(y,.¡); O~ s ~ !} 

and A is the action of the path in T*(IR") : A(/1) = Í-r' {dx. 
Note that t he funct ion O does not appear either in the Lagrangian manifold , nor in the 
principal symbol of Uo ,,,(t), far O(P) is a pseudodifferential operator, so its Lagrangian 
Manifold is the graph of the identity, and its principal symbol is equal to one in a 
small neighbourhood of E0 . 

2.2 The action 

The manifold !Rk.(y,17) == {1lt1(y,r]); t E JRk} generated by the flow from onepointis 
isotropic, because its tangent space admits the K j, 1 $ j $ kas a basis; on the other 
hand d(~dx) == w the symplectic form of r•(JRn); we conclude then from the Stokes 
fo rmula that the action is constant on the homotopy class of a path in JR.k .(y, r¡ ) and 

i = k 

A('Y'(y,q)) = LA('Y';(v; )) 
j=I 

jf t:: ( t1 , ... , tk) j V¡== (y,17); Vj+ I == IJ'Y(vj) and /t;(Vj ) = {'l' j(vj); Ü $ S $ lj} · 
Bu t Eo is a connected manifold and two points v0 , v 1 E E 0 can be connected by a path 
v&· On {\JI:; (v,); t i E IR,O $ s $ l } the symplectic form is null ( because I<r.J w = O 
on E0). Now if Tj E 21fZ is a period the Stokes formu la gives that t he action of the 
path ¡ 11(v,), ti E [O, Ti] <loes not depend on s E [O, 1] and we ha.ve proved the 

Le uuna 2. 1 For ali pair of points vo and (y,71) in E0 and for all periods 
T == (T1 , . •• , Tk ) E 21fZk we have 

j = k 

A(7'(y,,¡)) = :L AC1';(vo)). (2.11 ) 
j=: I 
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2.3 The Maslov bundle 

\Ve first recall the results of Arnol'd [arnold]. Let L(n) be the Grassmannian manifold 
of the Lab>Tanb>i an subspaces of T • !Rn and make the identification L(n) = U (n)/O(n). 
The application Det2 is well define on L(n). lt is proved in [arnold] that any path 
"Y : S 1 ~ L(n) such that Det2 º"Y : § 1 ~ S 1 generales Il 1 (§ 1) gives a gencrator of 
Il 1(!L(n )) . Consequently Il i{ L(n))::::: Z and the cocycle µo defined by 

'oh E n1 (L(n)) µo(-r) = Degcee(Det' o ?) 

gives a generator of H 1 (Il... (n))::::: Z. We can define a canonical Maslov bundle Ml( n ) 
on L(n) by the representation exp(iiµo ) = i,.. 0 of n, (L(n )) . This bundle is a bundle 
of torsion because M(n)®4 is tri vial. 

Now the Maslov bundle of a Lagrangian submanifold C of r ·an is thc pull back 
of M(n ) by t he natural map 

<p.,' ¡; --+ L(n) 

v i-t T.,C. 

Arnol'd shows act ually t hat Jt = <Pn •}Jo is the Maslov index of l. It can be writteu 

,, , n 1(CJ __, z 

[?J >-> < µo , <p,. º ? >= Degcee(Det2 o<p,. o?). (2 .12) 

We have to take care of t he structural group of this bundle. As a U( l ) it is always 
trivial. But we will concider it ata Z4 = {l , i 1 - 1, - i}-bundle. Actually we can see 
with thc cxpression of the Maslov cocyclc O'jJ: given in [Ho2] (3.2.15) that the Mas\ov 
bundle has a tri via l Chern class but ªik can not be in general '''riten as a coboundary 
of a constarit cochain . 

\Ve recall now t he result of the Proposition 3.2. p.132 of jGSJ. 

Prop os ition 2.1 (Guillemin, Sternberg) Let il be an isotropic subspace of di
m ension m in T · [R(n+ ml and define St. = {>. E L(n + m)/ ..\ :::> il}. Th en S11 is a 
submanifofd o/ L(n + m) of codimension {n + m ), and if the map p is defined by 

L(n + m) ~ L(n) 

,1 ,.... >.nó"/>. n ó 

{ilw denote the ortlwgonal of il for tl1e canonical symplectic form w} thcn p, which 
is not continue on L(n + m) itsclf, is smoot/1 restricted to L( n + m) - 511 and m ake 
this spuce as a fiber bundle on L(n) witl1 fib er 1R(n+ m) . 

Mo1·eouer the image o/ t/1e genernto1· o/ n1 (L(n+ m)) is sen t by p to thc gcncmtor 
o/n, (L(n)). 

This last. result. is easily secn if one choose symplectic coordinates (x , ~) such t ha t 
il = {x = O,f = O) . A gcnerator of Il 1 (L(n + m )) is given by U(n+m¡(t){ ..\o), O S t S l 
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where >.0 ={~=O} and U(n+m¡(t) .is given in t he complexe coordinates Zj = x1 +i(J 
by U(n+m¡(t)(z¡, .. ,Z( n+ m¡) = (e' ,,.tz1,z2, . .. ,Z(n+m J)- The (x' ,e) give symplectic 
coordinates ofT"IR" and p(U(n+m¡( t),\o) = U,.(t )AQ. 

lf we return now to A, we rema rk, as [Ho4] p . 264 fo llowing [DG] p.65 , that 

Lemma 2.2 tlie /lfaslov bundle o/ A is trivial (as a Zrbundle). 

Proof. Actually h,(t ,y ,11) = (st,y, TJ) far O ~ s ~ 1 makes a retrack A, of A on i\0 

such that AQ = {(v, v,{0,-q0(11}) ) ;v E T" llr } and Aocan be seen as a Lagrangian 

manifold in T" !R.2" . We now apply the proposit ion 2. 1 with 6 = { (O, O, (O, 1')) E 

T " IR'1 x T " IR" x T"IRk }· The image ¡p2.,+.1:(A, ) never meets SA so the Maslov bundle 

of A is as well the pull~back by Pºr.fJ2 n+k of M(2n), but there is an homotopy bctwcen 
po r.p2 n+dA) and r,o2 n(Ao) and the application r.p2n is constant on J\0 C T •IR.211 . 

Then u2 = l in t he formula of t he principal symbol (2 .10). 

2.4 Composition 

Now we have to compase the FIO Üh(t) with the operator B(h) defined by: 

(2. 13) 

B(h) is a Fourier Integral Operator from l!lk to l!lº if we take x as a parameter. lts 
canonical relation is equal to 

CB =A',, = { (t , r ) E T" (D!' ) ;r = - F). (2.14) 

\Ve remark that the Maslov bundle of C8 is trivial because t he appl ication !/Jt is 
constant on it. Its principal symbol is equal to u(t, - F ) = ~ 11 eih - 1 <1,F>((t)ldt¡1/2 

and B(h) E ¡ -1.: / 4 (JR 11 , J\ 8 ; h) . We have now to compase t his two FIO. 

Proposit ion 2 .2 We can avproximate modulo O(h00 ) the operator <( f) B(P) by 
a FIO in 1- 11 / 2 (!R2",A1;h) with 

A',= CoCu = { (x,(,y,ry) E T•(D!") x T"(ll!" ) ;3t E DI'' 

(x,<) = 'l' '(y,1¡), Po (y,ry) = F) (2.15) 

and if we write for (y 1 17) fixed, ªJJ]J lying the hypothesis (H3), 
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tite ¡Jrincipfll symbol is 

uo(x,,,y,•¡) L _ I _ (27rh) - n/2 eih - 1<t,F>((t) x 

(' , (>.O=•' IM)) (2•)' 

exp(ih- 1 ( - <Po(y,ry),t > +Ab')))exp(il¡µ(i"-~'0 ) ) u1 

L _ 1_ (2•h) - n/2 ((t)x 
(' ,(-,<)=•' I•·")) (2•)' 
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exp (ili- 1A(1' )) exp (i!f µb ' - ~'')) u 1 • (2. 16) 

The s1m1 in (2.16) is discrete and locally finit e, because the support of ( is compact ; 
a 1 is the canonical half dcnsity. 

Proof. To understand the introduction of the Maslov term we have to make some 
rccall 011 the composition of canonical relations. 

lf C1 is a canon ical relation in T•!Rm x T · 1R11 and C2 a canonical relation in 
Tº !R. 11 x Tº !RP t he composition C1 o C2 can be defined as a canonical relation in 
T ºIR.111 X Tº !R.P if C1 X C2 intersects transversally r·!Rm X Ó.r-R" X TºJRP (with the 
notation 6 ·r-R" = {(Y, l") ; Y E T•!ll"} C (TºlR")2 ). In fact it can be defined 
when the intersection is clean but in our ca.se this intersection is transversal: Jet 
(W1(y, 1¡), (y , 71), (t , -F), (t , -F)) be a point of t his intersection. \Ve will first ca\
culate the orthogonal , for the canonical scalar product , of the sum of the tangent 
spaces. 1f (X,Y,T ,T' ) E T(Tº IR. 11 ) x T(T. IR.") x T(T•R:'' ) x T (TºIR.k ) is orthogonal 
to T (T ºIRº x T ºIR.11 x .ó. r· R•) then it is of the form (0,0, T,-T ) now if it is orthogo
nal to O: 1JjK1 , O, (U, O) , O) obtained by moving on ly the variable ton A, and writing 
U = (1i 1, ... , uo1: ) then T = (O, T2 ), finally by moving only (y, 11) our vector must be or
thogonal to (di1' 1(V), V, (O, - dAJ (V)),O) for any V E T¡y,r¡)T• IR.n but dPo is surjective 
by hypothesis (Hl ) so T2 = O. We will then follow [Ho2J. 

lf we denote by C.Cn this intersection, t hen C o Ce= 7r (C.Cs) where 

11": r·IR2n+k X r • IR.\: -+ r · IR.2" 
(X,Y,T,T') >-+ (X, Y) 

and 
11" :C.Ce-+CoCn 

is a covering map. 
Indeed in ou r case 

e.e. = {('l"(y,ry),(y, ryJ,(t,- FJ ,(t,-FJ); i>o(y,,1) = F) 

e o en = { ((x, <), (y, ry)); Po(y , ry) = F a nd 3 t; (x , <) = ~'(y,r¡) ) 

So t he fiber of ií is isomorphic to 27l'z.1: (ie. C o Cn = C.C8 /2nz 1<) by hypothesis 
(1-1 3) , and 11" realizes an injection of n1 (C.Cn) in íl 1 (C o Cn) denoted by tr ,. Wc ha.ve 
t hen an exact sequence : 

(2.17) 
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(See Theocem 3, Ch 4 19 in [DNF] .) 
Now if Me, Mc 8 and Mcoco are the Maslov bundles of C, Cs and C o Cs re

spectively, one can make the following construction on C.Cs : denoting by rr1, ;r2 the 
projection of e X Ca on each factor, Jet 

M = 1Ti(Mc) ® 1r2(McB)¡c.Ce 

be the rest riction to C.Cs of 11'j(Mc) ® 7r2(Mc 8 ), which is the Maslov bundle of 
C x C8 . By construction t he bundle M corresponds to the representation ¡>. of 
Il 1(C.Cs) in e· with: 

~~ E 11 , (C.CB) ; ,\(,) = µ(« o~)+ µ(~2 o~). 

But we have noted t hat Me and Mc 8 are trivial , it means t hat ...\(¡)=O in our case. 

Lemma 2.3 There is a natural relation 

M::::1rºMcoCB · 

Proof. We can consider this result as Theorem 21.6.7 in [Ho3] ; actually define 
6. e Tº IR211+2.i. 

li = {(0, 0, V, V) E TºIll" X TºIll" X T"Ill' X TºIll') 

!:::. is isotropic, one can identify í::J."' /ó. '.::::'. TºIR:2n as a symplectic space and we can 
apply the proposition 2.1. Consider the fallowing diagram 

C1 .C2 

<P2n+2.I: l 
L(2n + 2k} 

~ C10C2 

"''" 1 
!. L(2n) 

where <P'2 n + 2.t (v) = T.,(C x C8 ). The map pis defined as follow : p(,\) = ,\ n 
6 "' /,\ n 6 far,\ E L(2n + 2k) . This map malees the diagram commutative. 

So t he lemma is preved if one can see that the range of <P2n+2.I: is included in 
L(2n + 2k) - SA. Indeed foc v = (w'(y,~),(y,~).(t,-F) ,( t,-F)) a vector in 
T.,(C x C8 ) = T,.d.,)C x T,. )¡ .,¡C8 is a sum of terms of three types: 

( [ a;K;(w'(y , ~)) , O , (O, a ), (O , O)) for a E Ill', (dw '(Y), Y, (O, -dPo(Y)), (0,0)) for 

Y E T(1J, 111r · JR" and (o,0, 0,(.8, 0)) far PE I!l". But it is impossible to write an 

element of .ó. in such a way and we have <P2n+2.1:(t1) n 6 = {O}. • 

Consequence of the lemma : 

V7 E 11,(C.Ce); µ(n , (7)) =,\(,)=O. (2.18) 

Then al i t.he non tri viality of Mc ocu comes from the action of the Hamiltonian fl ow, 
by (2.17). It means, using the exact sequence (2. 17) t hat any section of McoCu can be 
represcnted by a C-value funcLion f on C.C8 which satisfies the equivariant relation: 

(2. 19) 
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if we parametrize C.Cn by (t , y, r¡) E IR:1' x E0 an<l if we notice that1 because of the 
connexity of Eo, the Maslov index of the loop ¡T = {(W ªT(y ,17) , (y ,1]). 0::; s::; l} 
is independent of the point (y117) ; because of the homotopy of the loops -y7 and 
-y2 11 'r,e, + + 1 2 11 T • e• if T = 2w(T1e1 + · · · + Tk e,t) we can write: 

j ::::: I: 

'rf TE $ 1992ttZ ; µ(¡T) = LTi µi with µ; = µ (-y2ire'). (2.20) 
j = l 

Let now ((x ,{) , (y , 11)) E C o CB. At each time that we choose t E !R.1: such that 
(x,{) = wt(y ,11) we have a natural local isomorphism between M and Mc 0 c 11 as 
described in [Ho2] p. 181 ; but when we change t , say we take t0 and t0 + T with Ta 
period of our lattice, it corresponds to a change of trivialisation of t he bundle Mc 0 c 8 

around our point . By definition of the Maslov bundle, the transition function is iµh) 
where ¡ is the loop 

Notice that µ(¡) does not depend on t he path that we draw in C.C8 joining t he point 
((x,0, (y, '/ ), (to, - F ), (to, - F )) lo ((x, ~),(y,~), (to+ T , -F), (to+ T, - F )) because 
of (2. 18). 

The conclusion is t hat to define t he product of the two symbols, we fix to and then 
mul t iply the product of the two symbols at ((x, {),(y, r7), (to + T , -F), (to+ T , - F)) 
by il•h'º+T -1'º ) and make t he sum fo r all periods T. The result of this calculus is 
just (2.16) in t he sens t ha t the function cr0 (t0 , y , 11) defined by t he fo rmula (2.16) is a 
4.::- valuc function on C.C8 witch satisfies the equivariance (2. 19). • 

Remark T his lemma 2.3 is certainly the way to understan<l that "there is an iso
morphism between the two bundles" (with our notat ions M and Mc 0 c 8 ) as in [Ho2] 
p. 181 : in our ca.se one is trivial but t he second is not trivial in generaJ so they cannot 
be really "isomorphi c" . l t would be campa.red also with Lemma 4.2 of [BUJ given 
without proof for thc Mas lov factor . 

2.5 End of the proof 

Let To be a per iod of our lattice ; we want now to compare (( F- : fh) )O(P) with 

(( F- ~(hl) exp -k(< To , P(h) > )O(P). One has 

({ F-:(h) )e- t<To. P{h)> 9(P) = e-12:7/> ÍR• e-t<t+To.(P(h )-F )>(( t)9(P)dt 

= e- t¡:f:;º~ F> ÍR• e- t<•.( P(h) - FJ>((t - To)9(P)dt. 

We can conclude by t he previous calcu lus t hat (( F-:{hl)exp-k < T0 , P(h) > 9(P) 

can be approached by a FlO with t he same Lagrangian t han (( F- : (h) )9(P ) and with 
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principal symbol 
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e-i;-<To,F> L ~ {21Th)-n/2 ((t -To) x 
{t ;(z,()=IJl'{y,r¡)} ( 211") 

exp (ih- 1 A(/ 1)) exp (iiµ('/ - ¡ tº) ) CT1 

e- i;- <To,F> Í: _l_ (21Th)-n/2 ((t) X 

(td•.<l=•' (y,ql) (h)' 

exp (i h- 1 A (¡t+T0 )) exp (iiµ (¡ 1+To - -y10 ) ) u1 (2.21 ) 

ei(1i-1 (A(-rTº) -<To, F>)+ ;.,,.¡..,To))uo(x, {,y, 11). {2.22) 

\Ve conclude that the two FIO 
e- •( h-i(A(.,.Tº)-< To.F> ) + -jµ.(.,.Tº))(( F - :(h) )e-t( <To,P(h)>) IJ(P ) and (( ~)8(P) 

have the same Lagrangian and the same principal symbol, if we remark that A(1Tº) 
and µ ('YT0 ) are numbers depending only on To but not on (y , 1¡) E E0 . So their dif· 
ference is a FIO for which the amplitude has a compact support and a factor 11 ; we 
concl ude by the t heorem of L 2 continuity (we can use the theorem of Asada-Fujiwara 
[asaJ) t bat there exists a constant C > O such that 

Remark We will give a precise estimate of the constant C below with Lemma 3.2. 
Now if f is a commun eigenfunction of our Pj(h) with joint eigenva.lue ,\ = 

(,\¡, ... , ,\,) and if we suppose llF- "11 ~ch and 1(1 2'. d > O on the set¡, E 
IRJ: ; ll ::i:ll Se}, the prcvious cvaJuation gives 

II - e - i-(<To,A-F>+ Ab-Tº)+h-jµ(l'To))I S h~ . 

This gives the theorem by taking far To the ha.sis of the lattice. 

2.6 Extension 

What happens if one relaxes the hypothesis (H3 ) ? Following the fo rmula (2. 11 ) of 
[ChaPo] we see that appears a new term in the principal symbol of the cvolution 
operator : 

exp (-i fo 1 < p1(\I1"1(y , 17)) , t > ds) 
a.ne! in the comparison between the principal symbol of (( F-:Chl )e-H<To, P(h)>)O(P) 

and ((~) O(P) wil l appear a new term wbich a priori depends on (y,1¡): 
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The hypothcsis (H3) assures that this term is constant, Jet us denote it by e- i6(ToJ. 

Following t he preced ing proof we obtain 

Theorem 2 Under the assumptions H 1, H2, H~ and H4 , the parto/ the joint sJ>ec

' trum A Q(h) lying in any k- cube TI JEoj - hci , Eoj + hci [ centered at Eo is localized 
j :: I 

111od1tlo O(h2 ) near a lattice 

1 ( ó, µ, a: , Ói.: µi.: º" ) E0 + . - ((;¡;; - -¡-)h - ;¡;;+Zh)© ... <ll((;¡;;--¡-)h -;¡;;+Zh), 

wlie1-e ói an~ the integral o/ tlie subprincipal symbol on the basic cycles o/ the toros 
acting on E0 , the µJ are the Maslov indices o/ these cycles and Oj are the action o/ 
these cycles. 

3 Multiplicity 

For simplicity we maintain in this section the hypothesis (H3 ). 

Theorem 3 For n E zi.: denote by In(h) the k -cube with size 2Ch2 antered al Eo + . 
a- 1(-f; - ¡1i + oh} and suppose that In (h) C fi JEoj - c; h , Eo1 + c1 h[. Then the 

j = l 

number 
N0 (h) = U( l0 (h) n Spec(P(h))) 

mlmits tl1 e /ollowing behaviour on h : there e:rists a sequence (11(n )) JEN suc/1 that 

for any m EN 

N 0 (h) = hk- n L: l;(n)hi + O(hm-n) (3.24) 
o 

<md lo (n ) = lo = ~ fl:o dv where dv denote the Liouville density o/ E0 . 

As befare, we work wit.h t.he new operators P(h). The Liouville density of E0 is 
defined as follows : t he map Po : Tº IRn -+ IRA: is a submersion on a neighbourhood 
of Eo because of hypothesis (H 1) and then defines a dcnsity on E0 by "divid ing" thc 
cuclidean dcnsity dxr-R~ by the pu llback pQ (dxR•) of the euclidean density of IRA: by 
thc submersion. Act.ually JJó(dxR•) is a well defined density on a transversal of E0 

and <l11 must satisfy at the points of E0 

lf we use the R.icmannian structure of the subman ifold E0 of the euclidean spacc 
r·IR11 ancl denote by dS the associat.ed R.iemannian clensity, then 

dS = 11 <11'01 A · A <1110, lldv. 
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Proof. \Ve will just sketch it because we just follow [kn:D] herself inspired by [BUj. 
We want to approach Nn(h) by a trace 

Trc(h) = Tr((( F-P(h)) O(P(hJJ) = Tr(-1- { e-t«.(P(h)-FJ>((t)B(P(h))dt) 
h (27r)k }R• 

with ( to be chosen satisfying two conditions : ((O) = 1 and the support of ( is a small 
compact such tha t O is t he only one period of the joint flow belonging to Supp{(). 

On one hand we can calculate Trdh) using the stationnary phase theorem Md 
obtain t he development (3. 24) with the expression of 10 as mentioned in [ChaPoJ 
Theorem 5.2. 

On the other hand we cut Trc(h) in three terms 

Tr,(hl= ( ' L + L + L ) <( F~l )D(l) 
.\; lfj j.\¡ -F; l < hci l : "i ll¡-F;l< hl -'<J .\ ;3j j.\;- F;l2'. h 1-•c1 

3jl.\;-F;l2: hc; 

and we will choose f and (. The thi rd term can be controlled by Oc(h'N) for any 1\' 
because ( E S{R" ). We just ha ve to take N such that !N > m + k - n when e is 6xed. 
lf we want t hat the firs t term approaches N n(h) we must choose (. 

Lemma 3.1 For a.ny NEN there exists a function 'PN: IR"--+ !!l satisfying 

.PN E C¡)'(IR'), <PN(t) !?, 1 + O(lltll N) and 

3c, Vm E Z' - {O} l<PN(t)I ~ cll t - mll N· 

(J.2;) 

(J.26) 

P roo f. Remark first that Cor a function / , j E C¡f(lll} and / (0) = 1, the function 
¡p(x) = / {x) 5inJ;;z) satisfies 

,PE C¡)' (IR); <P(x) !?, 1+ O(lxl); 3c > O; Vn E Z - {O} , l<P(x)I S clx - "i 
(see Lemma 2.5.l of [kn:D]) . The function 

k ( N) N 'l'N (t., .. ., t,) = II 1 - (! - <P( t;)) 
j=I 

satisfi es the properties of t he lemma. 

Define now for any m E Z 11 

p., = 2;h o+ ~µ - m , and (( t) = <PN(t - Pn) (J.2;¡ 

then, by thc Theorem 1 

L ( L (( F~,\ )D(l)) 
mez• >. ;U>.-(F-htJ.., )fl <C h2 

L ((~")B(,\)+O(h""-'l 
A;llA -( F - htJn)fl<Ch2 
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if we use (3.26) to bound each other term an<l Lcmma 5.4 of [ChaPo} to bou n<l t he 
numbcr of such terms by O(hk- 11 ). Then using (3.25) we obtain 

Corolario 1 For any m E N if we define ( by the formula abovc with N > m then 

1 N. (h) - L: ( (F ~>. )O(>.) 1 ~ Chm+k-n 
.\: Vjl.\;- F;l< l1c; 

For t.he second term we necd a refined version of Theorem 1 by the control of the 
constant e in thc inequality {2.23). 

Lemma 3.2 For <1 function ( such that ( E C¿'°(IRk) and b E l!Pº define (b(t) = 
~C(i). There exists bo,h0 ,C > O such that for any h < 110 and b > bo , 

l!(b( F - t (h)) (Id - e-i-(<To,P( h)-F>+AhTº)+hi1•(1Tº)) ) 8(P )tli, ~ b2 - k hC. 

P roof. Wc will write hcre the kernel of the evolution operator as an oscillatory 
integral. If we remark that (b( t) = ((bt), the kernel of the operator 
(b( 1" - :;(li)) ( Id - e-tt <To. P(h)- f">+ AhTº)+hi µhTº)) ) fJ(P ) can be wri t.ten {local\y in 

(x,y)) 

J ((br)eth'.1(t.r .11.B)+<t.F>la(t ,x, y,8,h)dt d8 = J é.¡(' ·" ·11·8lií( t ,x,y,8, h )dt d8. 

Thc relation between the µhase funct.ion and t.he amplitu<le with the geomet.ric objects 
already dcscri bed are: C = {(x,y,t,¡J>~,¡J>~,¡J>;);4>0(t,x,y,8) =O}. The amplitudc 
a has compact support and by the previous section we know t.hat ií(t,x,y, 8, h) = 
h-" L hjli.J(t , x , y , 8) and iio( t , x , y,8) vanishes on the canonical rclation of our oper
ator : A'¡ . rvioreover for any integer l therc exists a const.ant e, > o such that 

(3.28) 

whcrc D1 is any composition of l partial derivatives. Finally we can remar k t.hat , 
the phase function ;¡,is non-degenerated in the sense that t he function (x , y,t,O) ~ 
(4>; + F,tf>'o) is a submersion. This fact is a consequence of t he descri ption of 4> given 
in [C ha Po] Theorem 4.2. 
Bccausc the phasc function is non-degencratcd and iio vanishes on A'1 which can be 
dcscribcd as J\ 1

1 = {(:c , y ,;¡,~,;¡,~);;¡,;(t,x ,y,9):;:; o,;¡,'o(t ,x, y ,8) =O}, there ex ist C00 -

fun ct ions with compact support. 'Y; and X1 such that ii0 =< ""f, ;¡,; > + < x, ~'o >, 
ancl as t hey are defined in terms of deri vatives of ii0 and as Go satisfies (3.28) t heir 
derivative.s of arder 1 are controlled by b1+1 . Finally an integration by part.s gives 

j et~f1, :r .11.BJ ( < 1 ,;¡,; > + < x.4>0 >) 

~ j et•l'·'"·'l ( L: 87i + ¿ 8X1 ) O(hb' - ' ) 
l i 8tj 1 881 

if wc remember t.hat Supp((b ) c]'lf, H''. 
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Corolario 2 For any f << 1/2 i/ ,\ = ,\(h) is a joint eigenvalue o/ P(h) such that 
llA - FJl00 ::S: ch l - < then there exist C > O and m E zk such that 

11>. - (F - h/1m}ll '.<; Ch'-'' 

wit/1 /Jm defi11ed by (3.27). 

Proof. We use Lemma 3.2 with b = h-< remarking that l(b(t)I ;::_: ~ if Utll00 ~be. lt 
follows that if lf,\ - Ffl00 :::; ch 1-< t hen 

The conclusion goes as far Theorem 1. 

Consequence U..\ is a joint eigenvalue occurring in the second term oí 'Ir,(h) for thc 
special ( defined by (3.27) , then it can be written F - h/3m + O(h2 - 2') with m 'f u 
an (((F~.\)8(.X) = O(hNP- 2 d) by (3.25); as previously we can bound the numbcr of 
terms occurriug in t his sum by O(hk-n), we obtain finally 

L ((F ~ >.}8(>.) l '.S ChN(l-2< )+>-" 

l : Vjl.>.;-F;l<~I-«; 
3jf.\;-F.il~h<:J 

it can be wTitten as O(hmH-n) if N(l - 2f) > m. Therefore we bave proved that far 
any inleger m tbere exist C > O and a function ( such thal ((O) = 1 and O is che only 
period of tbe joint Bow belonging to tbe (compact) support of ( and such that 

for Ji small enough. This concludes the proof of Theorem 3. 

Received: April 2003. Rev ised: June 2003. 
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