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ABSTRACT 
In th1' Nticle, wc explore the fundameotals oí an emerging tecbnique app\i

cable. at least, in principie, to robot navigation, or motion planning. Termed the 
S«ond Mt thod of Lyapunov, it is currently a powerful mat hematica1 technique 
u.sed lo 1tudy the qualitatlve behaviour of natura1 or man-made systems t hat 
could bt- modeled, in an npproximate way, by different ia1 equations. We review 
tllt Lyapunov melhod and thcn in a simple and direct way, we use it to propose 

tbeorellcal technique to control the motion oí a planar arm in a constrained 
tnYl.ronmenl. Tbe controllcrs Me mathematical entities whic.h are nonlinea.r in 
nature Computer simulntions are used to illust rate the effectiveness oí the pro
p<*Cl cont rolltrs. 

RESUMEN 
Eo en.e articulo cxplornmos los fundamentos de una emergente técnica ap\i

cabk-, al menos en principio, a náutica de robot o planificación de movimientos. 
El U&mado Squndo Método de Lyapunov es actualmente una poderosa técnica 
m.st:m.áoca usadn para estudiar el comportamiento cualitativo de sistemas nat
&1 o tut1fkiale1 que 1>uede.n ser modelados, en una forma aproximada, por 



132 Jito Vanunla.ilai and Bibhya Sharma 

ecuaciones difcrencinle9. l!:xaminnmos el m!todo de Lyapunov, y en unn forma 
Simple)' diroct.n lo utiliznmos pnra proponer un.11. tknic.11. teórica que permit e con
uolas el ITIO\• imlento de un plnnnr IU'm en un medio ambiente restringido. Los 
conu ol.11.dorc.s son entidndcl:I mntcmátic.l\S no lineales en naturaleza. Simuln.ción 
comput.uionnl Cl:I uWizndn pnrn ilustrlU' la efectividad de los controlndorcs prop-

""'"'-

K e)' wor d1 und phrnui1: L11opuno11 Sto!11/1!11, L11opunou F\mclton , Robot 
Dynom•CJ ond Confrol, Fmdpath Problr:m 
Mo11on Plannin9 

M11th. $ u bj. C \nu.: 3~Dt0, 37Bt 5, 10E60 

Introduction 

In {SJ, Me)'er clcverly brings wit.hin Lhe grasp of mat hema ticians the interesting mat h
emMical a nd pbysicnl concepts a.ssociated with planar robot arms or ma nipulntors. 

;\ n 111teres1ing t wo-dimcnsional gcomct ric problcm arising from Meycr's work is ns 
follows: Gll'en o 1YJ /Jo/. (md a dcscrivt.ion o/ 1Ls workmg spoce or workspace, wl11ch cou/fl 
k cfullercd with s/(11.ionru-y 01· mo/Jile so/id obJCCls or ob.stacles, propose a co/lu1on·/ri'f! 
poth 1hat w1ll lcad thc robot / mm the desircd startm g pomt to t.he desared loca/1 on or 
toryct. T his is known as the /indpc101 p roblem , t hc quest for the solutions o í which is, 
al prcse.nt , one of thc most intcrest ing theoret icnl undert akings in robot ics research. 
For a re\•icw of vnrious findpnth schcmes, sce, for example, Shcu a ll(I Xue !7J. A more 
rec:cnt rc\•iew is by 1\umnr et a l. i3\. 

Mcy r proposed a findpath schcme bn.sed on the \·elocities of the various com
ponents oí the nrm. In this a.rt.iclc, we build on Lhe work of Mcyer by a pplying a 
rclal1vely ncw sch me Lhnt is bnscd on accclernt.ion. T bc scheme givcs us thc nd
\\Ultage of including constra.ints that might affect the opera l ion of the arm. First 
propos.ed in 1990 by St.011icr [8] allCI t.hcn claborated on in 1995 and 199 by Vttn· 
ururulai el al. \9\, [10\, w;ch follow-ups by Ha and Shim ;n 2000 [1] and 2001 [2]. 
the se.heme is bnscd 0 11 elcmcntnry diffcrcntiat ion, and thus, is within t hc grasp of 
thc collegc sophomore. 1-lowcvcr , nt t hc hcart of t he contro l schcmc is a powcrful 
ml\lhcma1 ical teclmiquc, ca.llcd the D1rcct A·fethod o/ Lyapunov !4] o r simply, t.he 
mcthod of Lya punov, tlrnt rcqu ires sorne undcrstanding of the naturc of so lut.ions oí 
autonomous systcms of lirst-ordcr ordinary diffcrential equations. 

We start by rc-looki ng at thc cquat ions uscd b)' !cycr to control thc arm \' io 
\-eloc11 
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2 Velocity Control 

Figure 1 shows a schematic represenation of the simpliñed robot arm considered by 
Mcycr. 

(x.y) 

Link},/ 

e, 

figure l : Schematic representation of the plan ar robot arm. 

'l'hc posilion (x( t.)i y(l)) of the end-effector at time t is given by the forward 
kincnulLic equat.ions 

{ 
x(t) = 1, cose, (t) + 12 cos(e, (t) + e,(t)), 

y(t) = 11 sine,(t) + 12 sin(e,(t) + e,(t)). 

'l'he insLantaneous ''elodty (:i:1(t),y1(t)) can be obtained ÍTom the equations 

{ 
x' (t.) = -ye; (t) -12 sin(e,(t) + e,(t))e;(t) , 

y'(t) = xe'¡ (t) + l,cos(e, (t) + e,(t))e;(t). 

(!) 

(2) 

Onc way to guide thc cnd-effector is to cont rol t he velocities, (:r', y1) and 8'1 and 8~. 
ff wc tranl \O ma.inta.in a constant velocity, say, (x'(t), y' (t)) = {v1,vz) far ali t ime 
1 '2 O, 1he.n our uelocity control scheme is as follows: 
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t cp 1 For t he cnd-cffcct.or, fi x the dcsircd veloci ty, say, (x'(t).y'( t) ) = (v1, t12) at 

ali hine t ~ O . 

tcp 2 Re-cord thc curren!. posit.io n of t hc cnd-e.ffec t.or , say (x , y) = (p1 ,J>2 ), with 
the ldt-ha nd -sidc of ( 1) nnd t.hen derive lhc angu lar posit.ions 01 a nd 02• 

te p 3 lnscrt (r , y) = (p 1, P'.!) , (:c ' ,y' ) = (ui.u,), 81 and 82 int.o (2) nnd thcn dcm•c 
the angu lt\r vc locit.ics Oi a nd O~ . 

Thc comput cr co 11t.rollin g t.he robot t.hen lllO\'CS th e joint.s at th e an gul a r velocit.ics 
9í a.nd s; whilc mnintal nin g th c constnnt. vcloci 1.y (v., v,) o f t.he cnd-cffecto r al 1 he 

poml (z . y) = (p.,p, ). 
Ou r schemc to be proposcd csscnt ially a llows o ne to cont rol the vcloci t ics Oi (1) 

and e;Ct) a l ('\•Cry t ime t by cont.rolli ng the ins ta nt.aneous angu lar accelerat. ions, 0;1(t) 
and 9".:(t). Bu t , firs t , lcl us briefl y look at th c Oirect Met hod o f Lynpunov on whic.h 
our scÍit'.mC will be bnscd . 

3 T he D irect M ethod of Lyapunov 

In 1 92. Lyapu nov [11] cs tabl ishcd a qu a\it.ati ve meth od of a nalyzin g solu t ions of 
auto nomous sys1cms of firs t-ordcr differcnt.ial cquations o f th e fo rm 

{ 
, ;(n= ¡,(x,(t ),x,(t ), 

x :, (t) = / ,,(x,( l),x2(1), 

.. , x . (t)), 

. . , x. (t)) , 

(3) 

w1 lh thc lmown solut.ion , (x1(tl1), .. , :z:.,( to)) , nt some tim t = lo ~ O. T his kn own 
!i0lut1on 1s refo rrcd to as t.h c 1111t1 al .state of system (3) . T hc basic assumption is 
thnt 1he solulions of {3) ex is t. nt a ny given time t and are unique, wit.h each solu tiou 
drpc.nd mg on t.hc in lt. inl s tate a nd continu ablc to + . T hat is, wc h:wc uniquc nnd 
C'08l1UUOU5 SQ) utio 11 5 OÍ t.h C form :Z:¡ (t ) = Xt (t ; l o, :Z:1 (to)) , ···, Xn( t) : X,.( t ; f o , J'n ( fo)) , 

.... ·h1ch m ' be r gardcd cit.hcr ns a curve in t.hc space of t he n + 1 variabl es x 1 , x2 , •.• , 1 
or M a cun·c in t.h c spncc oí rl variables :z: 1 , x2 , .•• ,x 11 wit h t rcgardcd as a pnrnmctcr . 
In t he lau cr en.se (which wil l be our principa l concern). t he cur ve is cnllcd a t m1ectory 

m thc pho.5c spacl" t.h c spacc of n vari nblcs , x 1 , .z2 • . _. , Z n. lf nt. a pa rticular poin t 
(PJ , · Pn) in thc phnsc spncc , we ha"c t.hat (11{p1 , •.• , p,, ), . .. , f,,(p1 , . . , p,, )) E 
(O. , O) for nJI t ime t ~ O, t.hen we say t hat. Lbe point. is an equ1/1br1um pomt of 
"'''lli tem (3) . Wc will hcnc fort. h Msum tha L at least o ne such point. ex is ls. 

1\ qucst ion t hnt. the Lyapunov m thod can an swer is as fo llows: l e / (p1 , .•• , p,. ) be 
oo rqu1l1bn um pom / o/ sy3tcm (3) m a rcg1on o/ thc phose spacc. /f we starl jrom /h e 
11111101 slnl e w1//1111 lh c regw 11 ond closc to the equ 1hbnum pornt, tloes /,he 1m1cctory 
(.r 1(I), , r.,(1)) rc rrwm w1//tm th e rcgron ond closc to (p1, ... ,p,,) for ali t1111 r t'! 

U 1he answcr is yes, tb cn wc say ihat. lhe poi nl (p1 , • .. , p.,) is st able. 
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Prrc•~t'I)", 1f we let x(t) = (xi(t) , ... , xn(t)) , and x· = {p¡ , ... , pn), then x' is a 
11tnbl~ l'<Ju1hbrn11n point of (3) if for a ll to ;:.:::: O and e> O, there is ó(t0,~) > O such 

thnl 
ll x(!o) - x" ll < ó(!o,<) , 

1111phr~ 
llx(!; !o,x(!o)) - x" ll < ', 

ror ali t > r0 . T he benutiful aspect of the Lyapunov method , as revealed in the 
tht0rfm be.Jo.,.., is that we do not necd t he explicit form of the solutions to establish 

Ktnblllt)· 

Theorem 1 ( Lyapunou [4}) Let x· be an equil1brium point o/ system (3) . !/, in 
an oprn nt19hborhood D o/ the equilibrium point, there erists a re.al scalar function 
\ 1 such thot (a) V(x) IJ cont.inuous on D rmd has continuous first partial derivatives 
••lh ,,.,pt<t to x, (b) V(x") = O, x· E Bl, (e) V(x) > O /oc ali x E lll, x ,¡, x · , and 
(d) tht hmt·dtm•atn1e o/ V witl1 respect to sy3tem (3) is 

d " a 
dt [V(x)]¡,¡ = L ~ [V(x)J /;(x) ::; O 

i = I 1 

/1'r oll x E D. lhtn x· u n stable equilibrium point o/ system (3). 

Tht• "'cJlar funct ion \ ' in Thcorem 1 is called a l yapunov junction for system {3) on 
D. To undcr tand thereforc thc bchaviour of trajectories in the neighbourhood of the 
t•c¡mhbrium hinges only on discovcring a Lyapunov function without the need to fi nd 
thr l':tphcu 11,Q)utions, which, particularly for nonlinear systems, are usually difficult 
to formulatr tn closed form. T his single aspect of the Lyapunov method makes it a 
11owerful too! in the stability analysis of nonlinear syst ems. The Lyapunov method is 
now a cnhcal component in spccializations such as cont rol engineering, power system 
rngm~·nn~. robotacs, neural networks, chaos and economics, to name but a few. A 
good rrn""' of the method, including recent advances and several applications can be 
fo111ul m .uuy j6]. 

for our application , wherc wc desire the convergence of trajectories to equilib
num poml. Theorem 1 tells us that stability ensures only boundedness of solu
uo11~ in nt1ghbourhood of x• . 1-lowever, it is known that if in addition f (x) = 
(Ji(x) , /"(x} 1s boundcd for x bounded , then whenever d!V(x )]/dt < O for x 'f; x' 
.wl d\ •' J dt = O in Theorcm 1, t he equilibrium point x ' is not only stable, but 
,,1~0 .utra. t• lra1rctories to it. That is, x ' is asymptohcally stable, which is clearly 
llll>rt' d u~lt lhan stability from a practical point of view. In this paper , to simplify 
our dLJCUsnon. 1t is suffice to guarantee st ability. The computer is then used to find 
111111'1 d1t1ons that guarnntee a ttraction. 

4 cceleration Control 

' " m t 1.-d Mrlier, we intcnd to control the end-effector by controlling the angular 
1\icrl~ut100S, 8i'(r) and O;'(t). lf we are to achicve t.his via the method of Lyapunov, 
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1hen. firs1 , we nced to hnve a sysLem of first.order differenLia l cquations dcscribing 
the mo1ion of t.he plnnnr robot arm. Thus, if we Jet 

.z1 (t.) = t.hc x-component of the position of the end-effcctor , 

::i;l(t.) = the y-componeut. of the position of t he end-effector , 

z1(I.) = the angular posit ion, 81 (t) , of Link 1 , 

:r4(t.) = t.ho angular position, 82 (t), of Link 2 , 

:rs(I.) = thc angular velocity, tY¡{t), of Link 1 , 

:r.a(I.) = thc angular velocity, IY,{t), of Link 2 , 

u 1 (1.) = t he angular ncceleration, 8~1 (t), of Link 1 , 

ul(t.) = t he nngu lar acceleration, 8~(t), of Link 2, 

1u lime t , thcn using cquations (2), we htn1e (on suppressing t), 

{:r.; = - x2 :r.G - 12 sin(x3 + :z:.)x6 , xJ = x~ , x; = u1 , 

x2 = x 1x0 +1, cos(x, + « )x6 , x~ = x6 , x0 = u, 14) 

Befare: we ;i.ctually stnrt looking far a Lyapunov func t.ion far system (4) , we 111:1y 
Wl\Jlt 10 Jook for any diíllculty inhcrent in t he basic geomet.ric st ructure of t.hc robo1. 
As s.hown by /\foyer, t.hcrc is indecd a problem: t.here exists at leas!. onc direction in 
"'htch 1hc cnd-cffcctor caunot be moved no matter how we choose t he joint. velocitics 
~ and s;. T his nrisc11 wlu.m 02 = 0,71' . In our scheme, we want Lo avoid t.hesc s1119u/o1· 
confi9uro/10n.!. Wc may tilso want to takc into a.ccount otbcr constraints in thc syst.cm. 
Th mcludc, far c:mmplc, t hc n.llowablc space or a rca to work in, o r t.hc allowablc 
\-Cloc11y or accclcrn!.iou of t hc cnd-eITcct.or. Hencc, our accelemtion control scliem1• 
\ ' la 1hc Lyapu nov rncthod can be slalcd as follows: 

t ep J." 1.-et thc final clest.ination oft.hc end-cffcctor be (x, y) = (p1 ,P2), achicv d 
M thc angular posit ions x3 = P3 and x~ = p~ and let us call (v1 ,J>:! , p3 , p4 , 0, 0) 
thc tnrycL 

tep 2." Idcntify systcrn const.ra.ints {thcse include singular configu rations) and 
appropriatcly construct. mathcmatical funct ions to model Lhem. Ca ll the con
stramt.s anlit.1U"9et.s a r obstaclcs to be avoidcd. 

t p 3.°' Const.rnct a Lyapu nov funct.ion such that u1 and u2 render systcm (~ ) 

si.ablc, menuing that (p1 , r~ , PJ , p4 , 0 , 0) is an equilibrium point of system {4) 
and t hnt 1.hc !.rajcct.ory (x 1,.z:2 ,:z:3 , :z:4 ,x11 ,x11) slarls and remains, for a li time 
I ~ O, ncn.r t.he t.nrgct (p1 , 1~ . f)J, p4, O, O) while it a\'oids st.at.iona ry and/ or mobilc 
obstades in 1.h workspacc. 

In \ep 1, 111\ uit,ivcly, wc wanl to hnvc n kind of a yardstick t.hat mea.sures, a t. lim 1, 
the pos1l1on of lhc cnd-effecLor from the point (x, y) = (p1 , p:z) and t.he ra t.c nl wh ich 
11 npproachcs or movcs awny from (p1 , P2)· The following choice of probable funct.ions 
nccomphshes this (011 supprcssing t), 

l'o(x1, . ... <o) = ~ [(x, - p.)'+ (z, - p,)2) + x~ +xi] , 
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Vo(p,,p,,J'3,p4,0,0) = O, 

\'o> O for (x1,x2,x3,X4,X5,xa) # {P1,P:?,PJ,p4,0,0). 

In ttp 3, 1f " trajectory ever converges to the target, then it rema.ins there for a li time 
t 1lnct \ó(PJ,PJ:, p, ,p4 ,0,0) = O. The use of V0 , together with appropriate collision 
:woidanct sthemes, should cnable us to construct Lyapuoov fuoctions that ensure 
thl\t traJtctories rcmain near (p1,P:?,P3, P4,0,0) while avoiding obstacles. 

In tht next scctiou , we consider severa! possible avoidance scenarios, in which we 
u~t tht ' 'tctor notations x = (x1, . .. , Xn) and x• = (p1, P:? , P3 1 p4, O, O). 

5 Po sible Avoidance Scenarios 

5.1 cer1Ario 1: Avoidance of Singular Configurations 

Tht 11ngular configurations occur when 82 = x4 = O, 82 = x4 = tr in the ant iclockwise 
d1rKt1oa or 82 = x4 ::: - 11 in the clockwise direction. For tbe configurations, consider 
tht' funct1ons 

IV1 (x) = lx.I and IV,(x) = • - lx• I, 
for z.1 E (-•,O)U(O, rr). Now, let us, for the moment, consider the effect of the ratios 

/31 /!2 Wi and w;, 
for ~ constant.s {31 and fh .. If the robot arm approaches any one of the singular 
configur~tJOns, 11 is dear that one of t be ratios will increase. Hence, if t he ratios form 
1wu oí a Lyapunov function for system {4), intuitively the ratios will actas avoidance 
funchons thal repel t.he robot arm from t he singular configurations. lndeed, by t he 
nm' ÍM'I t hai wc will have a Lyapunov function, ali trajectories will converge to a 
nt1ghbourbood oí t.he targct, implying tberefore that we cannot have t he situation 
whtrt U 1 = W2 = O. This is in turn means that we cannot have, at any time, t be 
MgulM ~1t10n of Link 2 ns p~ = O, p4 =.,,. or p4 = -1r. In t his sense, we can t hink 
abou1 tmgular configurations as mobile obstacles. 

5. 1. l A Lyapunov Function 

Lft w finally suggest t.he following function as a tentative Lyapunov funct ion for 
l)"Sttm ~} : 

' /3· V(x) = V0(x) + F(x) '[-(' ) , 
•= I iv, X 

wh .. rc da a.nd J3J a.re positivc constants and 

P(x) = ~ [{x1 - p¡)2 + (x2 - p,)2 ] • 
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CI atl) \ 1. C'Ontlnuous and positivc on the doma.in 

IDl(V) = {x E R' ' 11'1 > O, IV2 > O} 

= {x E IR6 : -11" < .r4 < O or O< z 4 < 7r), 

.md \ ~ x ') =O, x· E D(V), so thnt we may take D(V) as the neighborhood O of th 

..qu1hbnum point x· in Lyapunov's Theorem l. 
long ll particular trajcctory of system {ti ), wc have (on suppressing t ), 

~ \, { !(x2 - P:i)X1 - (:t1 - P1):r2J(t+L:~=l~)+u1}x:s 
+ {12 [(.1:2 - P:.i)cos(.i:3 + .r4) - (x1 - p¡)sin(x3 + x,)J ( 1 + L~ 1 t:t) 
-F~ (*'7 -~)+u2} re 

~r {G1 (x) + u1} xr¡ + {G2(x) + u2}:te · 

For sorne numbers Cl't > O and o2 > O, define 

Then 
v¡4)1 = -O¡X~ - 02:r:; 1 

pro' 1de'd ,_,e ha ve the 11011finear controllen a.s U¡ = -o 1 xi; - G 1 and u 2 = - 02xo -
e, met: v (4}, nonpoaltivc nnd continuous for ali X E D(V), by Theorem 1, \I is a 

Lyapuno' ' íunction for systcm ('1) on D(V) establishing tbe stability of x· . Menee, 
1he s1able systcm t hat governs t hc motion of the arm is 

{ x~ = - x2:r:5 - b s in(:r: ~ + :r:4):r:e, :r:; = :r::;, :t~ = - 0 1:r::; - Gi , (S) 
x] = :r:1:r:5 + l2cos(:r:3 + :r:,):te, :r:~ = :r:e , :r:f. = - 02:r:e - G2 

We lhat an e<1uilibrium point is (p¡,J>l,P:J.P4,0 , 0) . Our Lyapunov funct.ion gua.r
antees only st ability of this equilibrium point. Clea.rly, a Lyapunov function which 
ensures asymptotic stability is more dcsirablc. This is the most challcnging part of thc 
LyapunO\' method , given thc difficulty in constructing suc.h a funct ion for the path
path problem. A ncw dcvclopment in t his direct ion is to guarantee stability and a.Isa 
prm-e 1hat. c rt.1Li11 sets of initinl conditions ensure a.symptotic stability. This looks 
pronusing and at prcsent is applicable to a point-mass system wit h onc stationa.ry 
obs1acle and one sta.tionary targct. T he interested reacler can refer to t hc papcr by 
Ha and him 12) for more details. 

ln this articlc, to simpliíy d iscussions, it is enough to consider a stable cquilibrium 
pomt and then use a computcr to hclp us decide whic.h system paramctcrs to use for a 
dcs1rable run. Thcsc pnramctcrs a.re {J1 and {32 , which we shall cal\ control poromctt!r .s, 

and a 1 and o 2 , which we shalt call conue~ence: parameter-.s. l t can be shown t.ha.t thc 
IMger a ron1rol pnrn111eLcr is, the greater is t.he repulsion from t hc associnted obstnrlc, 
óUld the larger a convcrgcnce parameter is, t.hc slower is the trajectory POJ. 
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5. 1.2 Compu ter Sirnu lation 

Ttu• computer 1s used to numerically integrate system (5) to obtain the solution 
(.r1, • .r.) and plot the poi11ts (:i:1(t),x2 (t)) at time t in the x1x2-plane until the 
poinu com rge to a ncigborhood of (p1 , P:z) and stay there as t -.¡. oo. For our 
n1unplt. Thble 1 gi"es the parametcrs, and Figure 2 gives the trajectory of the a rm. 
Notlce the slowing down of the arm as it approaches its final configuration. This could 
be exphuntd in terms of thc potcntinl energy "cup" of the Liapunov function [lOJ. 
The rm ruches its finnl configuration in about 15 units of time. In Figure 2, the 
lmb an drawn every 1 unit of time. 

Table 1: A Scenario 1 example 
l.tngths of Links l1 = l2 = 3 

!11111al Conditions x ; f-3.,/3/ 2,3/ 2,• /2,2•/3,rr/90, rr/ 90) 
Planar Thrget (p1,p,) - (4, 4) 

Cortrol Parameters {)¡ = {32 = 0.01 
C'on,·ergence Parnmeters O¡ = 110, 02 = 20 

-6 -4 -3 -2 -1 o 2 3 4 5 

f 1gurt 2: The motion of the arm from an initial configuration 
to a final configuration as determined by system (5). 
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5.2 e nario 2: Move1nent in A Rectangle 

An mlff't:Sling sccno involvcs rcstricting the motion oí t.hc arm within n rectangular 
r"&lon in 1hc fi rst qund rnnt of t hc xy-plane. We pince t he bottom left corn r oí the 
recuuigle a1 (O, O) wherc t hc base o( t hc arm is located as shown in Figure 3, in which 
W1! call 1bc constrn.int.11 or obstnclcs tbe le/t wall, nght wall, floor nnd roo/. Thesc. are 
fu:ed obsuclcs. Thc mobile obstncles are 1he singular configurntions. 

lelt 
wall 

y 

roof 
- ----------------- , 

Liok J./ 

e, 

(x .y) 1 

1 
1 

1 

1 

1 
1 
1 
1 

1 

1 
1 

1 

1 
1 

1 

1 
1 

1 
1 
1 

1 

nght 
wall 

1 

1 

1 
""!-~~~~'--~~~~~~~~~~~~~x 

!loor 

Figure J: T hc plarmr robot a rm in a constrained environmcnt. 

F'or obvious gcornctrlcnl rcn.sons, wc construct thc íollowing nvoidnncc functions 
1hnl cnsurc that thc cnd· offcctor (and, hcncc, Link 2), Link 1 and t h joilll. do 110 1. 

colhdc wi1 h t he fixcd obstnclcs. 
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6.2. 1 A , ·oidance Functions for the End-effector 

fablt 1111'w the íunctions that will ensure that the end-effector does not collide with 
llud ob1&clts 

Thble 11: Avoidance functions for the end-effector. 

ubsuu;le 
,_iA-(t wa.11, Z¡ = 0 

R1ght •·ali. .c1 = a 
Fkxtr, r1 = O 
Rooí, r1 = b 

¡\ voidance Function 

W3 -X1 

W4 ::; a -x1 

Wc.= X2 
W11 = b - x2 

5 l .2 Avoid1rnce Functions for Link 1 

Sign 

W3 > 0 for ali x 1 E (0, a) 
w~ >o for aU X¡ E (O, a) 
W, > O for ali x, E (O, b) 
W, > O for a li x2 E (O, b) 

füblt 111gl\~ 1he íunctions thnt wi\J ensure that Link 1 does not collide with fixed 
obtarlt 

Thbtc 111: A voidance íunctions for Link l. 

bs1acle 

-Floor, r 3 = O 
Lrl1 wNI, r 3 ::: ir/2 

A voidance Function 

W 7::;X3 

Ws = rr / 2 - x3 

Sign 

W7 > O for a li x3 E (0,•/ 2) 
W8 > O for a li x3 E (0,•/ 2) 

5.l.3 A,·oidauce Functions for Elbow 

r\\b.,_ I\" gn·es 1he functions that will ensure that the joint or elbow between Link 1 
Md l.1nk 2 does not collide with fixed obtacles. 

Table IV: Avoidance functions for elbow. 

Obm<:lo 

Rool. r1 = b 
Right wA.11, z1 = a 

A voidance F\mction 

Wo ::: b - l1 sin x3 
Wio = a - l¡ COSX3 

Sign 

W9 > O in rectangle 
W10 > O in rectangle 

5.VI A Lyapunov Function 

lfrrt - ,:1mply providc a. Lyapunov function and the controllers, the derivation of 
whtdt qm1lu to that in Scenario l. 

For roosu.nu {J, > O, i ::: 1, .. , 10, we consider 

10 {J, 
V= Vo + FL w · 

i :::: l • 

on 1ht dom&1n D(V)::: {x E IR.6 : W, > O, i ::::: 1, ... , 10}, where V0 , W1 , W2 and F are 
'lbow ll1 S«nario l. Thcn along a trajectory oí system (4) in [ll(V) , we have, for 

D1oo: >O. 'b~ tame-derivativc 
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1( -~ ddinc t h e ut.rollcrs ns 

( 'º (J ) e, = G, (x) = [(x, -p-,)z, - (z, - p, )z,J 1 + L W, ,., 
. [ ( (3, (J.) ( (3, (J, ) 

- F - w; + Wl z2 + wi - w; X ¡ 

fh (3, f!o (J,. 1 . l 
+ •v'2 - 1V' - 1v2 l 1 cos X3 + wr ] sm :C3 ' 

f 7 8 11 10 

Th render t.hc systcm 

{ rí = -:c~ .i:1¡ - 12 sin(:c3 + x_. ):.t&, 
r2= x1x1¡ + 12 cos(:c3 + x4)x&, 

z] = X:,, 

:Z:~ = Z 6, 

X~= - 01 :t:,- G'3, 

X~ = - 0 2:Z:(l-G'.¡ 1 

~tabl<' a.t t hc C'quilibriu1u point x· = (p1 ,P'J,PJ,p4 ,0.0). 

S.2.S A o mpulc r S im u lntion 

,Cffl!lo 

(6) 

T.lbl<' V shows 1 he pnrnmetcrs uscd far a case in Sce.nario 2, a nd Figure 4 givcs t.he 
mouon ofthe nrm. Thc nrm rcnchcs its final con6gurat ion in nbout 10 units of li me. 

Table V· A Sccnario 2 e.xarnple 

Lengths of Links 11 = 11 = 3 
lni1inJ Corl{liLions x = (2.95, 0.52, h / 18, -2JT/3, rr / 90 , 'ft / 90) 

Plnnnr 'fnrgct CPi.Pl) = (2.2,5.2) 
Cont rol Pnrnm ct.crs fJ1 = /32 = /33 = P4 =/Jo ::: /18 =/Jo = /110 = 1 , 

fJ. = 10,(J, = 5 
C-011,•crgcncc Pnnu11ctcrs 01 - 02 - 100 

Right wall, Roof • - 3.2, b - 5.5 
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0.6 1.2 1.8 2.4 

F1.gure '1: The motion of the robot arm from an initial configuration 
to a finnl configuration as determined by system (6). 

6 ooclusion 

143 

A k •D drawback of lhe Lyapuov method, which is classified in the robotic literature 
I\.~ "ptok'll1cl fitld method, is the possibility of having collision-free paths leading not 
lo 1br u.v·ndtd target but to utraps11 outside of the target. These traps, like the t arget., 
iut ln CM. t kxa.J minima or points of zero kinetic and potential energy. As mentioned 

111 urlatr ~ tncouraging devclopment to deal with this problem was recently reported 
lit hy H• u-,d . htm l2J. Another likely drawback of the Lyapunov met hod might well 

l1un«it to l.H' tht large nmount of computation required far a multirobot environment. 
fl, r 1b1~ m1y cventually cense to be a problem given t he ever improving power 
el lbt d ·it.al computer. llence, ns far as the application of the Lyapunov met.hod to 
tlw bds 1h proble.m is concerned, there are, at the present stage of development, 
IOa. mcoura¡mg signs that could promote the wider use of the method. 

Recei ved : Harch 2003. Revised: Jun 2003. 
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