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ABSTRACT 
We consider the following system of Ftedholm integral equations 

u,(t) = fo1 9¡(t ,s)P;(s,u1(-'), u2(.t),· · , un (.!))d..t, t E {0, 1), 1 5 t 5 n . 

Criteria for tbe existence of three constant-sign so\utions of the system will be 
presented. The genernlity of the results obtained is illustrated through applica
tions to several well known boundary value problems. We also consider a similar 
problem on the hnlf-line [0,oo) 

u,(t ) = 100 g,(t,s) P, (s,u1(s),u2(3), .. ,u .. (ti))d3, 1 E [O,oo), 1 :5 i :5 n. 
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RESUMEN 
Consideramos el siguiente sistema de ecuaciones integrales de Fredholm. 

u , (t ) = fo1 g,(t,s)P;(s,u1(s),u2(s) , · · , un(s))ds, t E [O, l j, l Si S n. 

Se presentarán criterios para la existencia de tres soluciones de signo constante 
del sistema. La generalidad de los resultados obtenidos es ilustrada a través de la 
aplicación de varios problemas de límite bien conocidos. Además, consideramos 
un problema similar en la recta rea1 positiva 

u,(t) = 100 
g;(t,s)P;(s, u1(s),u2(s), · · , un(s))ds, t E (O,oo), l :5 i $ n. 

Key words and phrases: Constant-sign solutions, sys!em o/ Fredholm 
inlegral equations, boundary va/ue pro/J/em~. 

Math. Subj. Class.: ,/5805, ,¡5015, ,/5M20 

1 Introduction 

In this paper we shall consider two systems of Fredholm integral equations, one is 011 

a finite intervaJ 

u;(t)= J,'g,(t ,s)P;(s,u,(s),u2(s), ·· , u" (s))ds, tE[0, 1), I SiSn (1.1) 

while the other is on the half-line fo, oo) 

u;(t) = 1,= g,(t, s)P;(s, u, (s), u,(s),- · , u"(s))ds, t E [O, oo), 1 Si S n. (1.2) 

A solution u= (u¡, U2, ... ' Un) of (1.1) will be sought in (C[O, lJ)" = c¡o, I j X 

C/O, IJ (n times) , whereas a solution u = (u1 , u2 , • • • , u,,) of (1.2) will be sought in a 
subset of (BC[O, oo))" where limt-+oo u1(t) exists for each l S: i S: n . Here BC[O, oo) 
denotes the space of fucntions that are bounded and continuous on fO, oo}. In both 
cases, we say that u is a solution of conslant sígn if for each 1 S: i $ n, we have 
O;u; ~ O on !O, l j for (1.1}, or on [O,oo) for (I.2), where O; E {1, - 1} is fixed. 

For each of (1.1) and (1.2), we shall establish criteria so that the system has at 
lea.st three constant-sign solutions. 

Recently, Agarwal et al p, 2] have investigated the existence of positive solutions 
of the nonlinear Fredholm integral equation 

y(t) = J,' g(t, s)f (y(s))ds + h(t), t E (O, !J. (1.3) 
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Particular cases oí this equation are also considered in 115, 16, 20]. We remark that 
a generalization of (1.3) to a system with existence criteria for single and multiple 
constant-sign solutions has recently been presented in 14, SJ. The main too! employed 
has been Krasnosel'skii 's fixed point theorem. ln tbe present work, besides extend
ing {1.3) to a system, we will be using other fixed point theorems, namely, that of 
Leggett and Williams [19J as well as Avery [9] , to derive criteria for t be existence of 
t1·1pfe constant-sign solutions. Note t hat the term h(t) in (1.3) has been excluded as 
we wish to apply the results to homogeneous boundary vaJue problems (in which case 
h(t) = O). which have received almost a li t he attent ion in t be recent li\erature (see the 
monographs [3, 6J and t he references cited therein). However, it is not difficult to de
velop parallel results wit h t he inclusion of h(t) or even h,(t) , 1 $ i $ n . Many papers 
have discussed triple solutions of boundary value problems 17,8,10-14,23,25,27,28,30-
32]. Our problems ( 1.1), (1.2) generalize almost a li t be work in t he literature to date 
as we are considering systems as well as more general nonlinear terms. Moreover, our 
prcsent approach is not only generic, but also improves, corrects and completes the 
arguments in many papers in the litera ture. 

T he outline of t he paper is as follows. In Sect ion 2, we shall state t he relevant 
fixed point theorems of Leggett and Williams ll9J and Avery [9]. Our main results for 
(1. 1) a re presented in Section 3, whose usefulness is ilJustrated in Section 4 when we 
apply them to severa! well known boundary value problems. Finally, parallel results 
a re established for system (1.2) in Section 5. 

2 Preliminaries 

Deftnition 2.1. Let C (C B) be a nonempty closed convex set . We say that C is a 
cone provided the following conditions are satisfied: 

(a) U u E C and a ~ 0, then au E C; 

(b) U u E C and -u E C, then u = O. 

T he cone C induces an ordering $ on B. For y,z E B, we write y$ z if and only if 
z - y E C. U y,;; E B with y $ z, we let (y, z} denote the closed order interval given 
by 

(y,z) = {u E B J y$ u $ z). 

O eflnitio n 2.2 . Let. C (C B) be a cone. A map ljJ is a nonnegative continuo·us 
concave junctionol on C if thc following conditions are satisfied : 

(a) .P: C ~ [O,oo) is continuous; 

(b) ,P(ty + ( 1 - t)z) <'. !,P(y) + (l - t ),P(z) for ali y, z E C and O$ t $ l. 

D eftnitio n 2 .3 . Let C ( C B) be a cone. A map .8 is a nonnegatfoe continuo11S convex 
/unct1ono/ on e ií t he following conditions are satisfied: 
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(a) {J : C --t (O, oo) is cont inuaus¡ 

(b) {J(ty + (! - t)z ) $ t{J(y) + (! - t){J(z) fo• ali y, z E C and O $ t $ !. 

Let ¡, fJ, e be nonnegative cantinuous convex functionals on C and o:, 'ljJ be nonneg
ative continuous concave functionals on C. For nonnegative numbers W¡ , 1 s; i < 3 
we shall introduce the following nota tions: - ' 

C(w,) ={u E C l llull < w,), 

C (;'> , w, ,w,¡ = {u E el ;'>(u)?: W¡ and llu ll s w, ) , 

P (1,w1 ) ={u E C l 1 (u) < wi), 

P{,, a ,w1,w2) ={u E C 1 a (u)?: W1and1(u) $ w2}, 

Q(,,f3,w1 , w2) ={u E C 1 fJ(u ) $ W1and 1(u) $ w2} , 

P(,,0, a ,wi,w,,w3) ={u E C 1 a(u)?; W¡, 0(u) $ w2 and 1(u) $ w, ) , 

Q {,,{3, ;'>,wi,w2,w3) ={u E C l ;'>(u) ?; W1, /j(u) $ W2 and 1(u) $ w,) . 

The following frxed. point theorems are needed latero. The füst is usually called 
Leggett- Williams ' fixed point theorem, and the second is known a.s the five-functional 
fixed point theorem. 

Theorem 2.1. [1 9J Let e (e B ) be a cone, and W4 > o be given. Assume that 1f; 
is a nonnegative continuous concave functional on C such that '!/J(u) ~ UuU for ali 
tJ E C (w4 ), and let S : C (w4 ) --t C (w4 ) be a continuous and completely continuous 
operator. Suppose that there exist numbers w1,w2, W3 where O< w1 < W2 < W3 S W4 

such that 

(a) {u E C(;'>, w2, w3) 1 ;'>(u) > w, ) f 0, and ;'>(Su) > w, far ali u E C(;'>, w,, ws); 

(b) USull < w1 for oll u E C(w¡); 

(e) ;'>(Su) > w2 for ali u E C (;'>, w,, w,) with llSuJI > w,. 

Then, S has (al least) three fized points u 1, u 2 and u 3 in C (w4 ) . Furthermore, we 
ha ve 

u' E C (w1 ) , u2 E { u E C(;'>,w,,w4 ) / ;'>(u) > w2} 

u' E C(w.i)\ (C(;'>,w,, w,) uC(w1)). 

and 

(2. 1) 

T heorem 2.2. {9J Let C (e B ) be a cone. Assume that there exist positive num
bers w5 , M, nonnegative continuous convex functionals ¡,{J, E> on C, and nonnegative 
continuous concave functiona.ls a, t/J on C, with 

a(u) S ¡3(u) and liull S M1(u) 
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for ali u E J5(¡,w5 ). Let S: Pb,wr.) -t P(7,w:-;) be a continuous and completely 
continuou.s operator. Suppose that there exist nonnegatiue numbers wi, 1 :5 i :::; 4 
with O < w2 < w3 such that 

(a) {u E P ('Y, 0, a,w,, w4 ,ws) 1 a(u) > w3 } # 0, and a(Su) > w3 for ali 
u E P(-y,0,a,w3,w4,W:-;); 

(b) {u E Q('Y,/3, ,P,w,,w,,ws) 1 /J(u) < w2} # 0, and /3(Su) < Wz for ali 
u E Q(1', ,8,1/J, w1,tu2,w5)¡ 

(e) a(Su) > w3 for ali u E P('Y,a,w,,w,) with 0(Su) > w4 ; 

(d) /3(Su) < w2 for ali u E Q ('Y,{3,w,,wo) w;th ,P(Su) < w1 . 

Then, S has (at least) three fixed point:i u 1, u2 and u3 m P ("y, w5 ). Fv.rthennore, we 
ha ve 

Rem ark 2. 1. We note that t he five-functional fixed point theorem is more general 
than Leggett-Williams' fixcd point t heorem. Jndeed , in T heorem 2.2 if we replace w; 

by w,_,, 2 :5 i :5 5, and choose t he functionals "Y = a = f3 = 11 . 11 and o = 1/J, then 
we obtain Theorem 2.1. 

We also require the definition of a Lq-Carathéodory function. 

D c6nitioo 2.4 . {22] A function P : [0, 1] x R" ~ R is a L9 . Carathéodory junction 
if t he following conditions hold: 

(a} T he map t-¡. P (t 1 u) is mea.surable far ali u E R ". 

(b) The map u -1- P(t , u) is cont inuous far almost a li t E [O, l ]. 

(e) Far any r > O, t here exist s µr E L9 [0, l j such t hat lul .S: r implies t hat jP(t, u)J ~ 
µ, (t) for almost all t E [O, !J. 

3 Triple solutions of (1.1) 

Throughout we shall denote u :::: (u i. u21 · · , u,.). Let the Banach space 

B = {u 1 u E (C[O, !])"} (3.1) 

be equipped with norm 

llull = max sup ju;(t)I = max ju, lo 
1$ i $ n tE[O,I] l $ 1$ n 

(3.2) 
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where we let lu,lo = SUPtE(0,1] !u;(t)I, 1 ::;: i ::;: n. Moreover, for fixed 9; E {l , - l}, 1 ::;: 
i ::;: n , define 

i< = {u E B l 8;u, ~ O, 1 ::;: i ::;: n} 
and 

K= {uE i<IB¡u¡> Ofor some jE {l , 2, ·· ,n) } = K \ {O) . 

For the purpose of clarity, we shall list the conditions that are needed later. Note 
that in these conditions 8; E {l, - 1}, 1 ::;: i::;: n are fixed. 

(Cl ) Let integers p, q be such that 1 ::;: p ::;: q ::;: oo and ~ + t = l. For each 1 ::;: i S n, 
assume that P; : [O, l ] x R 11 --+Risa Lq-Carathéodory function, and 

gl(s) = g;(t, s ) 2 O, t E [O, 1], a.e. s E [O, 1], 

gl(s) E L'[O, 1], t E [O, !], 

the map t--+ g! is cont inuous from [O, l ] to LP[O, l j. 

(C2) For each l ::;: i :S n , there exists a constant O< M; < 1, a function H E V [O, l ], 
and an interval [a, b] ~ [O, l] such that 

g;(t , s ) 2 M; H (s ) 2 O, t E [a, bJ , a.e. s E JO, l J. 

(C3) For each 1 :S i :S n, 

g; (t , s ) ~ H(s ), t E JO, 1], a.e. s E JO, l]. 

(C4) For each 1 S i :S n , assume that 

0, P, (t , u) 2 O, u E f< , a.e. t E (O, 1) and O;P;(t , u) > O, u E K , a.e. t E (O, !). 

(CS) There exist continuous funct ions j , band a¡, 1 :S i :S n with j : R " --+ [O,oo) 
and b, a; : (O, 1) --+ [O, oo) such that for each 1 :S i :S n , 

() O,P,(t ,u) () - ( ) 
a¡t $~$bt , uE K ,a.e.t E 0,1 . 

(C6) For each 1 :S i :S n , thcre exists a number O < p; :::;: l such that. 

a;(t ) 2 p;b(t ), a.e. t E (O, ! ). 

To begin t.he discussion, \et the operator S: 8--+ B be defined by 

Su( t.) = (Su, (t), Su2(t) , · · , Su,,(t )) , t E [O, I] (3.3) 
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where 

Su, (t ) = !,' g;(t , s)P;(s,u(s))ds, t E [O, l], 1 $ i $ n. (3.4) 

Clearly, a fixed point of t he operator S is a solution of the system (I.1 }. 
Next , we define a cone in B as 

C = { u E 8 l for each 1 $ i $ n, O;u;(t ) 2'. O far t E [O, l j, 

and min B,u,(t ) 2: M,p,[udo} (3.5) 
1e1a.1i) 

where M, and p1 a re defi ned in (C2) and (C6) respecti\'ely. Note that C ~ {<. A flxed 
poinl of S obtained in Cor k will be a constant-sign .w lution of the system (J. l). 

R emark 3.1. lnstead of the cone C defined in (3.5), we can also use the cone 
C1 (e C) given by 

C' = { 11 E 81 for ea.ch l $ i $ n , 8,u ,(t) ~ O far t E [O, tJ, 

and min 8,u, (t ) 2: M,p,[lull } -
1e[o,b] 

The arguments t hat follow will be similar. 

lf {C l ), (C4) and {C5) hold, t hen it is clear from (3.4) t hat far u E i< , 

!,' g, (t ,s)a,(s)f(u(s))ds $ B;Su;(t) s f,' g;(t , s)b(s) J(u(s))ds, t E [O, l j, 1 $ i $ n. 

(3.6) 

Lenuna 3.1. Let {Cl) liold. Then, the operator S is continuous and completely 
continuou.s. 

P roof. As in 122, Theorem 4.2.2] , (CI) ensures that Sis continuous and completely 
continuous. 1 

Le mma 3.2. Let (Cl )- (C6) hold. Then, the opemtor S maps C into itself. 

Proof. Let u E C. From (3.6) we have for t E [O, 1 J and l :S i :S n, 

a,su,(t) ?. [ g¡(t,s )a,(s)f(u(s))ds 2: o. 

Ne.."tt , using (3.6) and (C3) gives for t E [O, l j and l $ i :S n, 

ISu,(t)J = B,Su, (t) $ [ g; (t,s)b(s) f (u( s))ds $ [ H(s )b(s)f (u(s))ds. 

(3.7) 
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Hence, we have 

ISu;[o 5 [ H(s)b(s)f(u(s) )ds, 1 Si $ n . 

lndeed, this immediately gives 

llSull = i'r¡~, ISu;lo $ [ H(s)b(s)f(u(s))ds. 

(3.8) 

(3.9) 

Now, employing (3.6), (C2). (C6) and (3.S)·we find ro, t E [a,b] and 1 $ i $ n, 

This leads to 

e ,Su¡(t) :;: [ g¡(t, s )o¡(s)f(u(s))ds 

:;: [ M;H(s )a¡(s)f(u(s))ds 

:;: [ M;H(s )p¡b(s) f(u(s))ds 

:;: M,p,¡Su .¡0 . 

t~~l 8¡Su1(t) 2'.: M;p¡ jSudo, l 5 i 5 n . 

Inequalities (3.7) and (3.10) imply that Su E C. 

(3. 10) 

For subsequent results, we define the following constants for each 1 5 i 5 n and 
fixed numben; r; E [O, l ], 1 $ j $ 4: 

q¡ = sup r' g¡(t, s)b(s)ds, 
tE[O,l] lo 

r¡ = min J.b g¡(t , s)a;(s)ds, 
IE(o,b] 0 

1" d1, ; = min g;(t, s)a;(s)ds, 
tE[rl,rsJ TJ 

1" d2.; = max g;(t , s)b(s)ds, 
ee (r1 ,r•J r i 

(3.11 ) 

d,_. = max [ {" g¡(t, s)b(s)ds + r' g¡(t , s)b(s)ds] . 
IE(r¡,r4j fo }r4 

In view of (C3) and (C2), it is clear that for each 1 $ i $ n , 

q, $11 
H (s)b(s)ds, r¡ :;: J.' M;H(s)o¡(s)ds and 1" d,_. 5 H (s)b(s )ds . ,, 

Lernma 3.3. Let (Cl)- (C6} hold, and assume 
(3.12) 
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( 7) for each 1 $ i S: n and each t E [O, tJ, the function g,(t, s)b(s) is nonzero on a 
subset of IO, I] of positive m easure. 

Suppose that there exists a nmnber d > O such that for 8,u, E {O,d], 1 S: j S: n , 

Then, 

J(u¡ ,Uz,· ·, u,.)< ~. 1 S: i $ n. 
q¡ 

S(C(d)) <; C(d) e C(d). 

(3.13) 

(3.14) 

Proof. Let. u E C(d). Clearly, we have 8JuJ E [O,dJ, 1 S: j $ n . Applying (3.6), 
(3.13) and (3. 11 ), far each t E [O, lJ and l S: i $ n we find 

¡su,(t)I = o,su,(t) ~ [ g,(t , s)b(s)f(u(s))ds 

< sup 1' g,(t ,s)b(s) !!_ ds 
t E(O,I] O q, 

'!'_ d =d. 
q, 

T his implies ISu,lo < d, l S: i S: n and so USuU < d. F'Tom Lemma 3.2, we al
rcady have Su E C, thus it follows that Su E C(d). The conclusion (3.14) is now 
immediate. 1 

T he next lemma is similar to Lemma 3.3 and its proof is omitt.ed. 

Lc mma 3.4. Let (C1)-{C6} hold. Suppose that there fXÜl.$ a number- d > O such 
tl1atfor 81u1 E [O, d] , 1 :S j :S n, 

Then, 

/(ui,u2,·· · ,un) :S ~. l :Si$ n \ 
q, 

S(C(d)) <; C(d). 

Our first result makes use of Theorem 2. l. 

Tbeorem 3.1. Let {CJ) - (C7) hold, and assume 

(C8) for each 1 $ i :S n and each t E !a, b] , the function g;(t , s)a;(s) is nonzero on a 
.mb.!et o/ ¡a , bJ o/ positive m easure. 

S uppose that there exist numbers W 1, w2, w3 with 

such that the following hold for each 1 :S i :S n : 
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(P) /(u1,u2, ·· , un) < ~ for 8jUj E [O,wi], 1 :S j :S n; 

(Q) one o/ the following holds: 

(QI ) limsuplui l.lu2 ¡, .. ,¡u~ l --+oo /(ui ,j~;·¡",un } < "ii for sorne j E {1,2, .. , n} (j 

depends on i}; 

(Q2) there exists a numberr¡ (~ W3) such that J(u1,u2, ··,un) :S.¡; for 8iu1 E 

ID.~], 1 '.:: j '.:: n; 

Then, the system {1.1} has (at least) three constant-sign solutions u1,u2,u3 E C such 
that 

llu'll < w, ; 

llu'll > w, 
lul(t)I > w,, t E !a,bJ, l '.O i '.:: n; 

and m.in min lu~(t)) < Wz. 
l :5 •:Sn IE[a.b] 

(3.15) 

Proof. We shall employ T heorem 2.1. F irst, we shall prove that condition (Q) implies 
the existence of a number w4 where w4 ;::: w3 such that 

(3. 16) 

Suppose tbat (Q2) holds. Then, by Lemma 3.4 we immediately bave (3.16) where we 
pick W 4 = fJ. Suppose now that (Ql ) is satisfied. T ben, for each 1 :Si :S n, there exist 
N; > O and t:; < t such that 

Jud, lu2I, · · , lu.I > N;. (3.17) 

Define 

In view of (3. 17) , it is clear that for ea.ch 1 $ i $ n and sorne j(i) E {l , 2, · · · , n}, the 
following holds for ali (u1,u2,· · ,u11 ) E R" , 

(3.18) 

Now, pick the number w4 so that 

w, > max {w3 , max M; (~ - <;)-' }. 
l:5i$ n q¡ 

(3.19) 
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Let u E C (w4). Fo' t E [O, 1] and 1 $ i $ n, using (3.6), (3.18) and (3.19) gives 

[Su;(t)i = B;Su;(t) $ J.' g;(t, s)b(s)J(u(s))ds 

$ sup [' g;(t, s)b(s)(M; + <; [u;(s)i)ds 
te[o,qÍo 

$ sup [' g;(t,s)b(s)(M; + <; w 4 )ds 
ee¡o,1¡Ío 

q;(M;+<; w4 ) 

< Q; [w• (~ - •;) + '' w,] = w4 • 

11 

This leads to !Sudo< w4 , 1 Si S n. Hence, llSull < w.¡ and so Su E C(w4) e Ú(w1) . 
Thus, (3.16) follows immediately. 

Lel ,¡,, C _, [O, oo) be defined ay 

Tji(u) = m_in min O,u, (t). 
1:51$ n tE[n,bl 

Clearly, ljJ is a nonnegative continuous concave functional on C and tjJ(u) S llu.11 for 
ali u E C. 

We shall verify that condition (a} of Theorem 2.1 is satisfied. In fact, it is obvious 
that 

u(t) (~(w2 + w3), ~(w2 + w3 ),. · · , ~(w2 + WJ)) 

E {u E C(,P,w,,ws) l w(u) > w,} 
and so {u E C (,P, w,,w,) 1 ,P(u) > w2) "'0. Next, let u E C(,P,w,,w,). Then, 
W2 S W(u) S llull S W3 and hence for s E ¡a, b], we have 

Ofu.i(s) E [w2 ,w3J, 1 S j S n. 

ln view of (3.6), (3.20), (R) and (3.11), it follows that 

(3.20) 

,P(Su) = min min 81(Su1)(t) 2'. min min [' g;(t, s)a;(s)f(u(s))ds 
1$ i $ n tE[n . ~J 1$ i $ n tE!n,bJÍ o 

2'. min min r• g;(t ,s)a;(s)f(u(s))ds 
1$i$;n tE[n,bJ} 0 

l b W2 
> min rnin g;(t, s)a;(s) - ds 

1$;i$;n tEjn.bJ 0 T; 

, T¡ 
mm - W2 = w2. 

1$ i $;n T; 

Therefore, we have shown that l/.l(Su) > w2 for all u E C (1/11 w2, W3). 
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Next, by Lemma 3.3 and condition (P), we have S(C(w1 )) ~ C(w¡) . Hence, 
condition (b) of Theorem 2.1 is fulfilled. 

Finally, we sha ll show that condition (e) of Theorem 2.1 bolds. Recall that w3 

satisfies 
(3.21) 

Let u E C(,¡,, w,, w,) with \ISull > w,. Using (3.6), (C2}, (C6), (3.9) and (3.21), we 
find 

,¡,(Su) = m.in min O;(Su;}(t) 2: m.in min [' g;(t, s)a;(s} / (u(s})ds 
l :S•:Sn tE(a,bJ l :S•:Sn tE\a,bJÍo 

2: i'J:;~n J.' M;H (s}a;(s}/(u(s}}ds 

2: m.in f' M;H(s)p;b(s)/(u(s})ds 
l:S•:Sn}0 

2: ruin M;p; \ISull 
l:S•:Sn 

> m.in M¡p¡W3 ~ w2 . 
l :S1:Sn 

Hence, we have proved that t,b(Su) > w2 for all u E C('l/J, w2, w4) with llSull > w3 . 

It now follows from Theorem 2.1 tbat the system (1.1) has (at least) three const.ant.
sign solutions u1 , u 2 , u3 E C(w4 ) satisfying (2.1). It is easy to see that here (2.1) 
reduces to (3.15) . 1 

We shall now employ Theorem 2.2 to give other existence criteria. In applying 
Theorem 2.2 it is possible to cboose tbe functiooals aod constaots in many different 
ways. We shall present two results to show tbe arguments involved. In particular the 
first result is a generalization of Tbeorem 3.1. 

Theorem 3.2. Let (Cl}- {C6) hold. Assume there exist numbers Tj , 1 ::; j $ 4 with 

such that 

(C9) Jor each 1 .:::; i 5 n and each t E fr2 , r3J, the function g¡(t, s)a;(s) is nonzero on 
a subset o/ fr2 , r3J o/ positive measure; 

(CIO) /or each 1 5 i 5 n and each t E fr1 , r4], the /unction g;(t , s)b(s) is non.zero on o 
subset o/ [r1 , r 4 ] o/ positive measure. 

Suppose that there exist numbers W¡, 2 ~ i ~ 5 with 

D<w2<w3 < w3 <w4 <w~ 
min15;5,. M;p; - -

such that the fo/lowing hold for each l 5 i 5 n : 
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(P) /(u1, U21 • •• , u0) < ~ (w2 - waq~' ') for 8jU1 E (0,lt>l), 1 :Sj :S n; 

(Q) /(u1, u2. · · · , u 11) :S ~ for 81u1 E !O, ws], l :S j :S n ; 

(R) / (u1,u2,· · , un) > J;: /or 81u1 E [w3, w4J, l :S j :S n. 

Then, the sy.!tern (1.1} ha.! (at lea.!t) three con.!tant-sign .!olutrons u 1, u2 ,u3 E C(w5 ) 

such that 

max max lu~(t )I > W 2 
l $ 1$ n t E[ r1 .r 4J 

and 

(3.22) 

P r oof. To apply T heorem 2.2, we sha ll define the fallowing íunct ionals on C : 

~(u) = llull, 

i,b(u ) = min min 8;u;(t), 
L$i$ 11 IE[n.1') 

¡J(u) = El(u) = max max 9,u,(t), 
l $ •$ n 1E[r1,r4) 

(3.23) 

a (u) = min min 8¡u,(t). 
! $ i$ o t E(r2, ri J 

First , we shall show that the operator S maps P(-y, w5 ) into P('y, w5 ). Let 
u E Pb,w,). T hen, we have B;u; E [O,w6], 1 S j S n. Using (3.6), (Q) and (3. 11 ), 
far each t E [O, 1] and 1 :S i :S n we find 

ISu,(t)I = B;Su¡(t ) S J.' g;(t, s)b(s) / (u(s ))ds 

sup ¡1 g;(t, s)b(s) ~ ds 
1efo.11Í o q; 
q¡ 
- W5 = W:¡ . 
q, 

T his irnplies ISu,lo S w5 , 1 S i S n and so ')'(Su) = llSull S ws. From Lemma 3.2, 
we already ha.ve S u E e, thus it follows t hat Su E P("Y, W5). Hence, we ha.ve shown 
tha t S : P ('l', w5 ) ~ P('Y, w5 ) . 

Next, to see t hat condition (a) oí T heorem 2.2 is fulfilled, we note t hat 

u(t) = (~(w3 +w4).~(w3 + W4) , · ·· , ~(w3 +w4)) 

E { u E Pb, 6 ,c., w,,w, , w,) 1 a (u) > W3 } 

and so {u E P ("Y, 9 ,a,w3,w41w5) 1 o (u) > w3} # 0. Let u E P('Y, 8 ,o,w3 ,W41 W5}. 
Then, by defi nilion we ha.ve cr(u) ~ w3 and 9 (u) ~ w" which imply 

(3.24) 

13 
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Noting (3.6), (3.24) , (R) and (3.11), we obtain 

a(Su) = min min O;(Su;)(t) ?'. min min 1' g,(t, s)a;(s)f(u(s))ds 
l $ 1$ n tEjT2,Ts] l $ •$n IE[r,,r,J o 

?'. min min /." g;(t , s)a, (s)f(u(s))ds 
1$ i $ n IE[r:t,T1J ra 

/." "" > min mio g,(t.,s)a,(s) -d ds 
1$iS n tEfra ,r1J ,.2 l ,• 

t~l~n ~::: W3 = W3. 

Hence, o(Su) > W3 far a\l u E P(¡,9,cr,w3,w4 , w~). 
We shall now verify that condition (b) of Theorem 2.2 is satisfied. Let w 1 be such 

that O < w 1 < w2. Note that 

u(t) = (~(w¡ +w2), ~(w1 +w2),··· . ~(w1 + w2}) 

e {u E Q(1,/3,,P,w,,w,,w5) 1 /3(u) < w2 } 

and so {u E Q(1,/3,1/J,w1,w2,ws) 1 /3(u) < w2} # 0. Let u E Q(1,/3,1/J,wi,w2 , ws)
Then, we have ,B(u) ~ w2 and ¡(u) ~ W 5 which imply 

O,u;(s) E ¡o, w2], s E h , r,] and O;u;(s) E ¡o, w5], s E ¡o, !J, l < i < n. 
- (325¡ 

In view of (3.6), (3.25), (P), (Q) and (3.11), we find 

/l(Su) max max O;(Su;)(t) 
1$ i :Sn tE[r1,r4] 

~ m;u max [' g;(t , s)b(s)J (u(s))ds 
1$ •$ n tE[T1,r•J Jo 

m;u max [/." g;(t , s)b(s)f(u(s))ds 
1$ 1$ n tE fr1 ,r4 ) r i 

+ [' g;(t , s)b(s)f(u(s))ds +J.' g;(t , s)b(s)f(u(s))ds] 
o " 

< max max g;(t ,s)b(s) - w2 - -- ds /." l ( w5d3,; ) 
l $ i$ n tE {r1,r4) ,.1 d2,i q, 

+ m;u max [1'' g;(t , s)b(s )ds +J.' g;(t, s)b(s)ds] ~ 
l $ 1;S'. 11 tE[r1,r4J o ,.4 Q; 
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u t , we sha ll show tha t. condition (e) of Theorem 2.2 is meL. We observe LhaL, 
by (3 6) and (C3), fo , u E C, 

0 (Su) 

s max max r' g,(I, •)b(• )/ (u(s))ds 
IS IS n tEl• • ·•~ I lo 

J.' H(s )b(s) f (u(•))d•. (3.26) 

Moreo,•er, using (3.6) , (C6} and (C2), we gel for u E C, 

o (Su) min min 8, (S u,)(1) 
I S iS u 1e[ra ,,,) 

~ min min [1 g, (t , s)a, (s)/ (u{.!))ds 
LS•Sn 1Efr, ,,,l l o 

~ min min [1 g, (t , s)p,b(,,)J (u(.'l))d.'I 
IS 1$ n 1e [" ·•I lo 

2: min M,p, [' H(a)b(•)/ (u(•))d" (3.27) 
1s 1S•• 10 

Combming (3.26) and (3.27) yields 

o (Su) 2: min M,p, 0(Su), u E C. (3.28) 
1$ •$ n 

l..et u E P ('"r, o , w3 ,w11) wiLh 9 (Su} > w4. T hen, it follows from (3.28) LhaL 

o{Su) ~ min M; p¡ 9(S u) > min M ;p,w4 ~ min A1,p; . W!I 
lS1Sn ISISn IS•S:n mm1SiSn M ;p; 

(3.29) 
T hus, o(Su} > W3 for ali u e P {l,O , WJ , W& ) wit h 0 (Su) > W4 . 

Finally, we sha.11 prove lhal condit ion {d) of Tbeorem 2.2 is fulfilled. Let 
u E Q(-y,Q, w, , w0 ) with ,P(Su) < w,. T hen, we bave Q(u) S w2 and 1 (u) S w, 
which give (3.25) . Using (3.6), (3.25), (P), (Q) a.nd (3. 11), we ge\ as in an earlier par\ 

Q(Su) 

< max max g;(t,.'l)b(,,) - W2 - - -· ds !.. 1 ( w 0d¡ ' ) 
l :S1$ n tE[r1,r,.\ T\ d1,1 Q¡ 

+ max max [ ( " g; (I, s)b(-Jd. + J' g;(t, s)b(s)ds] ~ 
1s;1s11 1e [r, ,r,.J lo ., q¡ 

[ l ( w0d3 ,) w,l max d13 -d w, - - -· + d.,,, - = w2 . 
l ,Si:Sn 2,i q; q¡ 
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Thus, P(Su) < w2 for all u E Q(1',,8,w2, ws) with ,P(Su} < w¡ . 
lt now follows from T heorem 2.2 t hat the system (1.1) has (at least) Lliree constant

sign solut ions u 1, u2 , u 3 E P('Y, w5 ) = 'C(w5 ) sat isfying (2.2) . F\ irt hermore, (2.2) 
reduces to (3.22) immediately. 1 

When r 1 = O, T1 = 1, r 2 = a and T3 = b, t hen 

and d3 ,; = O. 

Jn this case Theorem 3.2 yields t he following corollary. 

Corollary 3.1. Let {C1}- (C6) hold, and assume 

(3.30) 

(C9}9 /or each 1 :S i :S n and each t E [a,bJ, the function g;(t, s)a¡(s) is nonzero on a 
subset of ¡a, b] o/ positive measure; 

(ClO)" /or each 1 :S i :S n and each t E ¡o, 1), the function g;(t, s)b(s) is nonzero on a 
subset of [O, 1] o/ positive measure. 

Suppose that there exist numbers w¡, 2 :S i :S 5 with 

O < w2 < w3 <. WJ <w4 $ w5 
mm1::;; ;Sn M¡p¡ 

such that the following hold for each 1 :S i :S n : 

(P) /(u1,u2, · · ,un) < ~ for 8;u; E (O,w2J, 1 $ j $ n; 

(Q) /(u1, u2, · · , Un) :S ~ for 8;u; E !O, ws], 1 :S j $ n; 

(R) /(u1,u2, · · , un)>~ for 8;u; E [w3,w4J, 1 :S j $ n. 

Then, the system {1. 1) has (at least) three constant· sign solutions u 1 , u 2 , u 3 E C(ws) 
such that 

llu'll < w,; 

llu'll > w, 
lu1(t)/ > w,, t E [a, b), 1 S; S n; 

and min min lu~(t)I < w3. 
1$($ n CE!o,/J] 

R emark 3.2. Corollary 3.1 is actually Theorem 3.1. 

The next result is a.nother application oí Theorem 2.2. 

(3.31) 

T heore m 3 .3. Let {CJ)- (C6) hold. A ssume there exist numbers r;, ¡ ::; j :S 4 UJÍlh 

a :S 'T1 < r2 < 'T3 < 'T4 :S b 

such that (C9) and (CJO) hold. Suppose that there exi!t numbers tLJ; , 1 :S i :S 5 with 

such that the following hold for each 1 :S i :S n : 
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(Q) /(u1 , u2 , · ·, un) :5 ~ /or 8ju1 E ¡o, w1r1J, 1 :5 j :5 n; 

(R) /(u, , u,.· ·, u.,) > f.'.: fo•· 01 uJ E [w,. w,J. 1 $ j $ n. 

Then, the $ystem (1.1} has (at lccut) thrce con$lan1-s1gn solut.ions u 1, u2 ,u3 E C(w6 ) 

3UC:h lhat 

min min lu~ (t) I < w3. 
tS•S" 1e¡.., . .. ,¡ 

(3.32) 

Prooí. To npply Theorem 2.2, wc shall define the following funct.ionals on C: 

>(•) = 11•11. 
tP(u) ::; min min 8,u1(1), 

1$ i$ " 1e(r1,r4) 

a (u) = min min 8,u,(t), 
l $i$o IE(l"J, r"JI 

0(u) = max max 8,u,(t). 
1$ •$ n IE(r.i.r,j 

(3.33) 

First, using (Q), as in tihe proof of Theorem 3.2, we can show t.hat S: J5(1', w6 ) -+ 
Pb.w.). 

Next. 1.0 sec t.hnt. condit.ion (a) of T heore.m 2.2 is fullilled , wc use (R) aud a similar 
argument as in t.he proof of T hcorcm 3.2. 

We shall now vcrify t.bat. condit.ion (b) of Theorem 2.2 is satisfied . Not.e that. 

u(t) (~(w1 + w2), ~(w1 + W:J),···, ~(w1 + w2)) 

E {u E Q(>,p,.¡.,w,,w,,w,) l/i(u) < W2 } 

and so {u E Q(>,¡l, y1, W1 , w,, w,) 1 /!(u) < w,) # 0. Lel u E Q(»¡l, ~. W1, W¡, wo). 
Then, we hnve !/l(u) 2:: w1 , ,B(u) :5 1u, and ")'(u) :5 w~ which imply 

8,u,(s) E lw1 , w2], s E [r 1 , r, J and O¡u,(s) E [O, w,], s E [O, 1], 1 < i < n. 
- (3:34) 

17 
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In view of (3.6), (3.34), (P) , (Q) and (3.11), we find 

¡J(Su) max max 81(Su¡)(t) 
19$ n tE(T¡,r4) 

$ max max {' g;(t, s)b(s)f(u(s))ds 
1:5'$n t E[r¡,r4J Ío 

max max [ [ " g;(t,s)b(s)f(u(s))ds 
1$ i$11 tE[r1,r4] Í r, 

+ [' g;(t,s)b(s) f (u(s))ds + l g,(t ,s)b(s) f(u(s))ds] 

/." 1 ( w0 d3 , ) < m~ max g¡(t,s)b(s) -d w2 - --' ds 
l $ 1$ n t E[r1,r4) T¡ 2,i Q; 

+ max max [/.' ' g;(t , s)b(s)ds + {' g;(t, s)b(s)ds] ~ 
1$ 1$ n tE[r 1,r4J O }T4 Q, 

Therefore, /J(Su) < w2 for ali u E Q(-y,{J, 1/;,wi, w2 ,w5 ). 

Next, we shall show that condition (e) of Theorem 2.2 is met. 
by (3.6) and (C3), for u E C, 

We observe that, 

6(Su) max max 9;(Su;)(t ) 
I S:1$ 11 tE!TJ,r3j 

::; max max J.' g;(t ,s)b(s) f(u(s)) ds 
l $ i$ " tE[f'J ,ri ] o 

::; max max {' H (s)b(s) f (u(s))ds 
l :S: i $ n tE[f'J,r3] fo 

J.' H (s)b( s) f(u (s ))ds. (3.35) 

Moreover , using (3.6)1 (C2) and (C6), we get (3.27) for u E C. Combining (3.27) and 
(3.35} yields (3.28). T he rest t hen follows as in the proof of T heorem 3.2. 

Finally, we shall preve that condition (d) of T heorem 2.2 is fulfilled. As in (3.35), 
by (3.6) and (C3), we sec t hat for u E C, 

/3(Su) = m;u max 9;(S u; )(t) $ {' H(s)b(s) f (u(s))ds. (3.36) 
1$ •$ n 1e[r1,r•l lo 

On the other hand , similar to (3.27) it follows from (3.6), (C2) and (C6) that for 
u E C, 

.¡,(Su) = min min 9,(Su;)(t) <: min M, p, [ ' H(s)b(s) f (u(s))ds. (3.37) 
l :S •~n t E[r1,r• J 1.'.Sf:Sn lo 



OOllO 
o ot¡oqu Triple solutions of conslant sjgn for ... 

A combinntion of (3.36) nnd (3.37) givcs 

YJ(Su) ~ min JW¡p¡ /J( u), u E C. 
l :Si ,S11 

Lcl u E Q(7,/1, w,, w,) wiLh ,P(Su) < w,. Then, (3.38) leads t.o 

fJ(Su) $ rnln,s1S .. M,p, lP(Su) < mln1s·~ .. ]..f;p¡ W¡ 

Thus, {J( u) < w2 for nll u E Q(¡,,B, w2 1 w11 ) witb ó( u) < w1 . 

19 

(3.38) 

It now íollows from Thcorcm 2.2 tihat t.he system (1.1) has (at lenst) t.hree corutrml· 
~1911 solut ions u1,u3 ,u3 E J5('y,w11) = ~(w11) sntisfyi.ng (2.2) . F'urlihermore1 (2.2) 
reduces 1.0 (3.32) lmmeditLtely. 1 

4 Applications to boundary value problems 

In dlis section wc shall illustirat.e t hc gcnerafüy oí the result.s obt.ainecl in SecLiou 3 by 
considcring various wel! known boundary value problems in the lit.eratiurc. lndecd , wc 
shall apply our resull s to i:;yst.ems of bouudary value problems of t.he following Lypes: 
(m, p). Lidst.one, focnl, conjugate, Hermite, Neumann, Sturm· Liouville nnd pcriodic. 

Cruie 4. 1. (m, p) b oundary volue p roblem 

Consider t.he syst.em of (m, p) boundary vn.lue problerns 

u!"'\t) + P;(t, u(t)) = O, t e ¡o, !J 
(1.1 ) 

where 1 = 1, 2, · · ·, n. For eac;h 1 :S i S n , assume that m ~ 2 is fixcd, l :S p :S m - 1 
is fi.xed, and P, : [01 l] x IR." - > IR is n L1·Carathéodory function. 

Let. G(t,s} be t hc Grcen's function of the boundary valuc problem 

- yl"'l(t) = O, t e {O, l j 

yW (O) = O, O S j S m - 2; ylPl (I) = o. 

ll is koown lhnt. !3, p.1 g-¡ J 

¡ { t'"- 1( 1 - s)'"- 1•-1 -(t- s)"'- 1 , O :S s :S t :S 1 

(a) C(t ,$)= (m - 1)! tm- 1(1 -.'J)"'- v- 1, O:S t :S s :S l; 

(b) lf; G(t, s) 2: O, OS j S p, (t, s) E {O, !J x {O, l j; 

(<) G(t,s) > O, (t") E (O, i) x (O, I); 
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(d) G(t.s) 2: U)"'- ' ¡;;¡!:,¡¡(1- ,¡m-v-•¡1 -( ! - sl'J, (t,s) E (t, ~]X (O, !J; 

(e) G(t,s) S ¡;;¡!:,¡¡( ! - s)'" - "-'[J - (1 - s)•], (t,s) E [O, !] x [O, l]. 

Now, u = (u1 , u2 , · • • , u., ) is a solu tion oí t he syst.em (4. l ) if and on ly if u is a 
fixed point of the operator S: (C[O, l ])" -+ (C[O, IJ)" defined by (3.3) where 

Su,(t) = [ G(t,s)P¡(s ,u(s))ds, t E [O, ! ], 1 Si S n. (4.2) 

In t he context. of Section 3, Jet 

g,(t, s ) = G(t, s) , 1 Si S n, 
1 

a = 4' 

(¡) m-> ¡ 
M, = ;¡ and H (s) = (m _ ! ) ' (! - s)m-p- > [! - ( ! - s)•] , 1 Si S n. 

(4.3) 
Then, noting (a)- (e), we have gHs):: g¡(t, s) E c¡o, I ] ~ L00 !0, Ij and the conditions 
(C l )-(C3) ruce íulfilled. 

The results in Sections 3 reduce to the following theorem, which is new in the 
literature to date. 

Tbeorem 4.1. With g¡, a, b, M; and H given in (4-3), and the van"ous constants 
given in (3. 11}, we hove the following: 

(i) (Theorem 3.1) Let (C4]- (C8) hold. Suppose that there exist numbers w1, w2, wl 

with 

such that the following hold for each 1 5 i 5 n : 

(P ) / (ui. u2 , · · , u0 ) < ~ for 8 j Uj E [O, wi], 1 5 j 5 n; 

(Q) one o/ the fol/owing holds: 

(Q I ) lim sup¡ui),/u1 1. ···,l u .. l-+oo /(ui , ¡~;¡ .. ,u,.} <;,. for sorne j E {1,2,- · , n} 

(j depends on i); 

(Q2) there exists a number f} (;?: W3) such that f(u 1 , u2 , · · , u,.) $ -!/: for 
D1 uj E [0,17], 1 $ j $ n; 

(R) /(u1, u2, · · · , u.,) > T, for DiuJ E [w;i:, w3], 1 $ j $ n. 

Then, the system (4. 1} has (at least) three constant-.tign solutions u 1 , u2 , u3 E C 
such thot. 

llu' ll < w,; 

llu'll > w, 

lu1(t)I > w,, t E (o,b), 1 Si S n; 

ond 1 5,~" ,ri!?~ lu~(t)I < w2. 
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(ii) (Thcon:m 3.2) l et (C.4)- (06) hold. Auume the:re enst numbers T;, L S j S 4 
w1th 

OS-r1 S aS-r2 <r, SbSr'4 $ 1 

such thot (C9) ond (C IO) hold. Suppose thot the:re en.si numbers w;, 2 S i S 5 
w1th 

such thot the followmg hold fo r· eac/1 1 S 1 ::5 n : 

(P) / (u1 , ul, '" , uu) < i,;-(w2- "'ª11~3 ') for 81u1 E [O,w2J, l S J :Sn; 

(Q) / (u1 , u2, ··, u,.) ::5 ~ /or OJuJ E !O, w~J. 1 SJ ::5 n; 

(R} / (u 1 ,u:h ·· ,u,. ) > ;C /or OJuJ E lw,,w-4), 1 S J S n. 

Then, the sy6tem (4-J) has (at leost) thru conJt-0nt-s1gn solutio11s u1, u2 , 

u3 E ~(w6) s11ch lhal. 

(iii) (Thcorem 3.3) Let (C4)- (C6) hold. Assume the:re enst 1rnmbers Tj, 1 ::5 j S l\ 
unlil 

a :Sr1 < -rl < TJ < T. $ b 

such that (09) anti (CtO) hold. Suppose thot there. en.sf numbers w;, 1 S i ::5 5 
... u. 

$ Uch that /he following hold /or each l ::5 1 S n : 

(P ) J(u¡,Ul , ·· ,un) < i:¡ (wl - "'•:.-•) for BJ uJ E [w1, w2J, 1 S j S n; 

(Q) f( u1 , u2, ·· ,u ,i) ::5 ~ for Bi ui E jO,w6J, l S J S n; 

(R) /(u1 , u1,··· , un) > ~ /or OJui E lw,,w. )1 l S j S n .. 

Thcn, the system (.¡. / ) ha" (at least) th~ constan f,-sign solutions u1 , u2 , 

u' E "°Cwii) s11ch that 

lu;(t)i > w,, t E !<'l, r,¡, 1 $ i $ n; 
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Case 4 .2. Lids tone boundary value problem 

Consider t he system of Lidstone boundary value prob lems 

(- !)"' ul""'(I.) = P,(t,u(t)), t E ID, ! J 

ul2il(O) = ul2;) (1) = O, O :S j :S m - 1 

WilO 
• apoou 

(4.4 ) 

where i = 1, 2, · , n. For each 1 :S i :S n, assume that m 2:: 1 is fix ed and 
P,: !O, I J x R n --t m. is a L1-Carathéodory function. 

Let Gm(t, s) be t he Green 's function of t he boundary value problem 

y( 2"'l(t) = O, t E [O, 1) 

y(2il(O) = y('il(J) =O, O$ j $ m - l. 

lt is known that [3 1] 

(a) G,,,(t , s) = J,' G (t ,u)G,,,_ ¡(u,s)du where 

{ 
t(s- ! ), O$ t $ s $ 1 

G 1 (t ,s ) = G(t ,s ) = 
s( t - 1) , O$ s $ t $ I ; 

(b) (-l)mGm(t ,s) ? O, (t,s) E [O,!) x [O, 1); 

(e) (- l)"'Gm(t,s) > O, (t,s) E (0, 1) x (O, ! ); 

(d) (- l)mGm(t,s)? 4- m (f;r-1 s(l - s), (t ,s) E[~, t] x [O, ! [; 

(e) (-l¡mGm(t,s) $ 6- (m- !Js(l -s) , (t,s) E [O,!) x [0, 1). 

Clearly, u = (ui. u 2 , • , u 11 ) is a solution of the system (4.4) if and only if u is a 
fixed point of the operator S; (C[O, !])" __, (C[O, !])" defined by (3.3) where 

Su;(t) = f, 1 (- l)"'Gm(t, s)P;(s,u(s))ds, t E [O, 1), l $ i $ n. (4 .5) 

In t he context of Section 3, !et 

g;(t, s) = (- 1),.G,. (t,s), 1 $ i $ n, 
1 

a= 4' 

6"' - 1 ( 3) m- 1 - m ( 9 ) m- > 
M; = -¡;;;- J2 = 4 i6 and 

H(s) = 6- (m - l )s (l - s), 1 :Si :S n . 

(4.6) 

Then, t he cond itions (C1)- (C3) are satisfied in view of (a)- (e) (no te that 
g~(s) = 9,(t, s) E c¡o, 1) ~ L~¡o, 1)). 



Applying thc rcsults in Scctíon 3, wc obtain t.he íollowiog t.heorem which improves 
and extends thc earlier work of (1 4, 3!J {for n = 1). ote thaL t.he P, cousidcred in 
{11.tl) 1\5 well ns Lhc rnct.hodology uscd nre bot.h more general. 

Tbcorcm 4.2. With g,, a, b, Mo and ff g1uen m (.l.6}, the statements (i)- (iii} o/ 
Thtorvn 4.1 hold jor syst.em (4.4). 

Cose 11.3. Focnl boundary volue p roblem 

Cons idcr t he systcm of focal boundnry valuc problems 

(- 1)"'- " ul"'l(t) = P,(<, u(I)), t E (O, lj 

u~' 1 (O) = O, O :S j :S p - 1; u~')( l ) =O, p :S j :S m - l 
(47) 

whcrc 1 = 1, 2, · · · , n . I• r cnch 1 :S i S 11 , ns.sume that m 2=_ 2 is fixcd , 1 :S p :S m - 1 
is fixcd. and P, : ¡o, lj x IR" -t lll is n L 1-Cnrathéodory íuncLion. 

Lct G(t, _,) be t.h · Grecu's funct.ion of t.hc boundary ,-aJue problem 

yl"'l(t) =O, t E (O, iJ 

y1' 1(0)= 0, O:S J :S 1> - I; 

In {3, p.21 IJ it is documcuted thnt ¡ ~ ( m :- 1) l'(-•)m- H , 
1 JmO } 

(a) G(t") = (m - 1)1 ,,,_ , 

- L ( "'j 1) t'(-s¡m-,-•, 
1~. 

o :S t :S s :S 1; 

(b) for (t , s) E ¡o, iJ x ¡o, IJ. 

{ 
( - !)"'-•'~ G(t")?: O, 

( - 1)'"-l~ G(<,s) ?: O, 

o :S j :S p - 1 

(e) (- 1¡m-•G(I., s) > O, (<,s) E (O, 1) x (O, 1); 

(d) lora given 6 E (O, t ), 

p :S j $ m - 1; 

(-1¡m-•G(<,s) ?: (-1)"'-'0(1,s) in! 0°,<6·')) ' (t,s) E j6, 1- J] x ¡o, I]; 
sE(O,I) l , ;: 

(o) (- 1¡m-•0(1, s) S (- 1)"•- •G( I, s). (<,s) E jO, l] x (O, I]. 
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Obviously, u= (u1 , u2 , · , u 11) is a solution of the system (4 .7) if and only iJ u is 
a fixed point of the operator S: (C[O, l])" -+ (C{O, l )}" defined by (3.3) where 

Su,(t) = l (- 1)"'- "G(t,s)P;(s,u(s))ds, t E ¡o, lJ, l :Si :S n. (4.8) 

Let. ó E (O, ~) be fixed . [n the context of Se<:tion 3, let 

g,(t,s) = (-1)"'- PG(t,s) , 1 :Si :S n, a= ó, b = 1 -ó, 

M, = in! G(ó, z) 
, e¡o.1[ G( l ,z) 

and H(s) = (-1)'"- 'G(l , s), 1 :Si :S n. 
(4.9) 

T hen, from (a)- (e) we see that the conditions (Cl)-(C3) are satisfied (note that 
g~(s) = g;(t, s) E C[O, l ] <; L00[0, !)). 

The results in Section 3 reduce to the following theorem which improves and 
extends the earlier work of [7, 8, 10, 28] (for n = 1). We remark that t he P, considered 
in (4.7) as well as the methodology used are both more general. 

Theore m 4.3. With g¡ , a, b, M¡ and H given in (4.9), the stateme11ts {1)-(111) o/ 
Theorem { I hold fo1· system (4. 7). 

Case 4.4. Conjugate boundary value problem 

Consider t he system of conjugate boundary va1ue problems 

(- 1)"•- p ulml (t) = P;(t,u(t)), t E [O, 1] 

uiil(O) = O, O :S j :S p - 1; uiil(l)=O, O:Sj:Sm- p - 1 
(4.10) 

wbere i = 1, 2, · · · , n. For each 1 $ i $ n , assume that m ~ 2 is fixed, l $ p $ m - 1 
is fixed, and P¡ : ¡o, 1] x Rn ~Risa L1-Carathéodory function. 

Let G(t, s) be t he Green's function of the boundary vaJue problem 

ylml(t) = O, t E [O, l j 

ylil(O) = O, O :S j $ p - l ; ylil (J ) = O, O :S j :S m - p - l. 

lt is known that [23, 25, 29] 

1 
I:["fj( m - p +T - 1 )«] t' (-•)'"_,_, ( l - t )"' - ' 
, .,o r"'O T j!(m-j-1)! ' 

o < .t < t < l 
(a) G(t, •) = - - -

-"'f. ["'-f:'-J ( p +' - 1 ) (l -ir] (1 - l)'(l - •)'"_,_ , t", 
, . o r•O T J!(m - J - I )! 

0$t$ .t$ I ; 

(b) (-l)m-•G(t,s) ;:, O, (t,s) E fo, l j x fo, l j; 
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(e) ( l )m •C(t ,•) > O, (<,•) E (0, l ) x (O, l ); 

(d) fo• a IUed 6 E (O, 1/ 2), 

(- 1)"' ' C(t" ) ~ "•llC(·,•)11, ( t.•) E (6, 1 -6] x [O, l] 

llCh•)ll = sup IG(t,•>I = sup (-1r-•c c1 .. ), 
tE(O,l) u;¡o IJ 

the constant. O < 116 < 1 is g lvcn by 

"' mm { b(p) · mh•{c(p),c(m - p - l )} , b(p- 1) min{c(p - l), c(m - p)) } , 

11Jtd the funcllons b llnd e are dcfincd a.s 

o(t) - (m - l)"' ' and c(t) =6' (1 -6)"'- •- •, 
- t1(m - t - l )"'- r- 1 

(<) (- l )m •C(I, •) _ 11 (.,s)ll, (t, •) E (O, lj X (O, l (. 

'o• -. u = (u1 , u1, · · · , u11) is n solution of t h system (4 10) if and only if u is n 
flxt d po1111 of thc o¡>crat.or S : (CjO, IJ)n --i. (CjO. 1})" defined by (3.3) whcrc 

u, (1) = J.' (- l)"'- PC(t , •)?,($, u{<))d., 1 E(0, 1(, 1 :5 ; :5 n . (4. l l) 

Let 6 E {O, l) be fixcd . In thc contexl of Section 3, le1 

g, (t , 1) = (- l)"'- PC(t,.), 1 :5 ; :5 n , a = 6, b = 1 - 6, 

M, = "' and f/ (s) = llC(-.>)11, 1 :5 • :5 n. 
(4.12) 

Then, (a)· (e) cnsurcs thnt thc condit ioos ( 1)- (CJ) a.re fu lfillod (note thnt 
g:(•) E g,(t ,s) E C[O, I[ !;; L [O, I[). 

Applying the r u lt.s in Scction 3, wc obta.in the íollo,.,'1o¡ theorcm whlch improves 
ruid uuods th carlicr work of [11- 13,23] (for n = 1) and l2SJ (on systems). Note thnt 
thc P, consid red in (4.10) M weJI ns the methodology used a.re botb more general. 

Theor e m 4.4 . IVrth g., a, b, M; and H grnen m (.l.J!), the slalement3 (1)(1ii} o/ 
Thmrcm ./ l hold /or sy.ttem (4. JO). 

M e 4 .S. H rmite boundary vnlue problem 

Wt r 2: 2 Md O = t 1 < t 'l < · · · < t,. = l be gi~n. Consider the systom of 
Hermne boundary vn.lue proble.ms 

u~"'1 (1) = P,(t , u(t)), t E I0.1( 

u~' 1 (1 1r) = O, J = O,··· , m• - 1, Je = 1,··· , r 
(4.13) 

25 
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wh ere 1 = 1, 2 , · · · , n. For each l :S k S r, a.ssume m., 2=, l is fixed with L~"'" t m. 11: = m, 
and for each 1 :S 1 S n, !et P; : [O, l] x lln ~ R be a L1-Carat.héodory fu nction. 

For each k = 1, · · · , r - 1, define the constant ..,,. and the int.erval / ir. as 

and I1r. = [ 3t11: ~ t .1:+1, te+ :L1<+1 ] . 

Let G(t , s) be t he Green's function of the boundary value problem 

yl ml (t) = O, t E [O, l j 

ylil( t,) = O, j = O,· · , m, - 1, k = 1, .. , r. 

lt is well known that [26 ) 30] 

(a ) G(t, s) E C[O, IJ <;; L= [o, l j, t E [O, lj and the map t _, G(t, s) is contb1uons 
frnm [O, ! J to C[O, ! J; 

(b) (- l )"G(t , s) 2'. 0, (t,s) E[t.,tk+,J x [O, l J, k = l , ··· , r - 1; 

(e) (- l)" G( t, s ) > O, (t , s) E (t., tk+¡) x (O, ! ), k = ! , · · , r - l ; 

(d) fo, each k = 1,. · · , r - 1, 

(-1 )7 'G(t , s) 2: L, ll G(·, s) ll, (t , s) E h x [O, !J 

where 

llG(·, •)11 = sup IG(t , s)I = 111ax sup (- JP;G(t, s) , 
tE[O,l j I:$1:$ r- l tEft, ,t,+iJ 

the constant O < Lk < l is given by 

L . { . {R (3t, + IH 1) R (t' + 31>+>) }/ R(t) k = mm mm - - 4- - ' --4- - t~:;1 ' 

min { Q (3tk: tk+i ) , Q c.+ :tk+l )} / ,~¡r,J Q(t ) J. 
and th fu nctions R and Q are defined as 

R(t ) = II it - t¡ I"'; (1 - t)"'· - 1 and Q(I) = Lm,-> II [1- t; ['"; ; 

(e) (- 1p•G(1, s) $ ll G( ·, s)ll, (t , •) E [t., •>+d x [O, Ij, k = I, · · , r - l. 
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We s..'\y thnt u= (11 1, u1 , • · • , u 11) is a solution of coruionl srgn if íor each 1 S i $ 11, 

wc hn,·e (- tP•B,u, ;:: O on ¡t .. ,t.1:+ 1J, 1 :S k $ r - 1 "'he.re 9, e {1, - 1} is lixcd. 
In tite cont<"xt. of Section 3, Jet. 1.hc Bannch space 8 = (C {O, lJ)n be equipped wit.h 

norm llull - n11u:1 :5 1S 11 su1>, 1.i.[O,q lu,(t)I = max1 :;;1Sn lu1 lo ••he:re we lct. 

lu, !o::;: sup lu,(t)I = max max lu,(l)I. l S i :S n. 
itjO,I! I St~ ,.- l 1E(h ,h .,. 1) 

Define the tone C in B n.1 

(' { u E 81 for C'nch 1 :S 1 $ n,( - 1)''"8,u,(t} 2:: 0 for I E ltt , IHiJ, J; = l ,· ,r - 1 

and min(- \ )"hO,u,(t) 2:: L .. p,¡u 1lo. k = l. ·, r - 1} . (4. 111) 
1€ '4 

CleO\rly, 1f u E , 1hen 11 is of const.ant -sign. 
No"' . u = (u1. 01, · • · , 1111) is n solution of thc system (4 13) lf nnd only if u is n 

fixed pomt oí t he opcrn1or S' (C[O, I[)" -+ (C[O, IJ)" defined by (3.3) wherc 

u,(I) = l G(t,s)P,(" u(•))d•. t E [D, l ). 1 :S , :S n. (4.15) 

l l can be \•enficd t ha t. maps e into c. 
In the contcxl. of Scct.ion 3, let 

9,(t ,.s}=(- l)'hG(t,s), 1 :$. i :S rl, a = 3t•:'l• I , b = ll+,~1· ~·+ L , 

M, = L, n"d H(s) = [[G(-.•)[[, 1 :S ' :S n. 
(4. 16) 

Then, noting (n}- (e), wc luwc g~(iJ):: g,(t , .,) e CIO, 1) e; L'="'\O, !J. t.h conditions 
(Cl) , (C3) and (C2) (for k = 1, 2, .. . , r - l ) are íul6Ued. Morcovcr, Lhe conslants 
dcfined earli r in (3. 11 ) are now modified appropriatcly. We define t hc followiug 
conslanl$ ío r cach 1 :S i :5 n and fixcd numbcrs T1.k E IO, 1), 1 :S J S 4, 1 :5 k :S r - 1 : 

q, = q = mllX max 1' (-l)'' G(t.•)b(•)ds, 
1S k $ r - 1 1e¡1 •. 1 .. ,. d o 

r, = min min { (- 1)'1"G(t,s)o ,(.s)d.s, 
IS l·Sr - 1 tEh },, 

d1 .1 = mln min { ' ' ·" (- l )"'"G(t, s)o,(s)ds, 
I S: .\:S r - l tEl,.,,•,f"J.•I Í r,.• 

(4.17) 
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A modification of t.he argument in Section 3 yields the followin g theorem, wh ich 
improves aud extends {30] (for n = 1). We refer t.he reader to {32] for details. 

Theorem 4.5. With the constants defined in (.4.11}, we have the f ollowing: 

(i) (Theorem 3.1) Let (C4)-(C6) hold, and assume 

(C7)' for each 1 :S k :S r - 1 and each t E [t1,:, tk+i], the fun ction G(t, s)b(s) is 
nonzero on a subset o/ [O, 1] of positive measure; 

(C8)' for each 1 :S i :S n, each 1 :S k :S r - 1 and each t E h , th e /mictron 
G(t , s)a;(s) is nonzero on a subset of h of positive measure. 

Suppose that there exist numbers w1 , w2, W3 with 

such that the following hold for each 1 :S i :S n ; 

(P) f(u1,u2,· ,un)<7Jor lu;IE[O,wi] , l:Sj :Sn; 

(Q) one of the following holds: 

(Ql ) limsupluij.lu2 ¡, ... ,¡unl-+oo /(ui,j~; ·l .. ,un) < ~ for sorne j E {1 ,2, ·· ,n}; 

(Q2) there exists a number r¡ (? w3) such that /(u¡ , u2 , · · · , un) :S ; /or 

/u;/ E [O ,~], 1 S j S n; 

(R) J(u¡, u2, · , u,.) > ~ for )u1I E [w2, W3], 1 $ j $ n. 

Then, the system (4-13) has (at least) three constant-sign solutions u 1, u2 , u3 E 
e such that 

/lu 1 /I < w 1 ; 

//u 3 // > W¡ 

)ul(t)f > w2, t E 11; , 1 $ k Sr - 1, I Si S n; 

and 1 ~~n ! $~~- ! ~}? ju,(t)J < W2. 

(i i) (Theorem 3.2) Let (C4) - (C6} hold. Assume there exist numbers TJ,k> 1 S j :S 
4, 1 5 k 5 r - 1 with 

Ü S l1; S T1.k S 3t1; : tk+I $ "í2. k < TJ .k $ tk + :tk+I :$ "í4.J; $ t1;+¡ $ i 

such that 

(C9)' /or each l $ i $ ll, each 1 $ k $ r - 1, and each t E h,.1:, r3 ,.1;J, lh e fu11 ctior1 
G(t , s)a;(s) is no11zero 011 o subset o/ !r2,.1;,TJ . .tJ o/ posrtiue measure; 

(C ID)' /or eoch 1 $ k $ r - 1 and each t E [T1 . .t . r,. ,.tJ, the funct1ori C(t, s)b(s) 15 

non.zero 0 11 a subset o/ !T1 ,.t , T4 • .1:J o/po.s1twe mea.sur-e. 



Triple soluLions of constnnt sign for . 

Supposc thot U1trc exüt number.f W¡, 2 S i :$ S 1J11lh 

O< w:z < w, <, ~3 < w4 S w~ 
mm1s •S" mm1s• Sr- 1 L1rp. 

sucli thot lhc /ollowmg ho/d for cnch 1 $ 1 S n : 

(P) /(u1, "" · · · , u,,) < ;/; ( w, - "'f') fo' lu,I E !O, w,j, 1 S j S n ; 

(Q) /(u,, ""··· , u,,) S T, fo' lu11 E ¡o, w,J, 1 S J S n; 
{R) / (u1, u1. ·· , u ., ) > ~ for ju11 E [wJ, W4 J, 1 $ J $ n. 

Thcn. thr systtm (.,. 13) /in.f (nt lca.!t) threc con.donkngn solu f1ons 11 1,u2,u3 E 
C"'{u:~) such lhat 

lu~ ( t)l< tu~. t E ['Tu -,ru,J. l :Sk$ r -1, 1 $i$ n; 

lu;(t)I > W3, t E ('T'z. ~ , T:J •. d . l :$ k :$ r - I, 1 :$ 1 $ 11; 

nmx ma.x mnx ju~(t)f > u.-, and 
1::: •::: 11 1 :S ks r- 1 1efr1.•· ' • ~ 1 

(i!i) ( 1'hco1"rn 3.3) Lct (C•l)- (C6) hold. )13,,-urnc lh~rc errsI numbcrs r1 ,¡,., 1 $ j :S 
·l. 1::: k S r - 1 1111/h 

3 1.1, ~\ h + 1 :$ Ti.k < T'J ,Jr < 1'J,Jr < T4 l S ft + : t,k+I 

Juch lhot {C9)' anti (C IO)' hold. S uppo.sc that lhtrc en.si numbcr.~ w,. 1 $ 1 :$ 5 
u·11h 

< mi11 1::: •:S" min1 :Sl !:: r- 1 L1p, 

Juch thol thr /0/101111119 laold /or cach 1 S 1 :S n : 

(P) f{u¡' u:i, .. ' llu) < i ( W'J - ~) far luJI e fw1' w2J. l :$ j $ n; 

(Q) /(u,.u,, .. , u,,) S T, fo' l•, I E JO,w,J, 1 S J S n; 
(R} f(u1' u,, .. ' u .. ) > e /or lu1/ E ¡w3, W4J, l :s J :s n . 

Thcn. l.hc l"Jl.tfcm (4.13) ha.s (at leo.tt) three con.ttcml ·stgn solut.ious u1, u2 , u3 E 
C(a~) .such thal 

lu:(t)J < w:i , t Ejr1,1r , ru J, 1 $ k $ r - l , 1 $ i $ n: 

lu~ (t)I > tu3 , t e lr·u.~ ... 1. 1 $ k s: r - 1. 1 :s i :s: n¡ 

i'~',~, i51lSn:-1 i e1:!~~ .. ) u?C'll > W:z ond 
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Case 4.6. Neumnnn boundary vnlue problem 

Consider the following two systcms of Neumann boundary value problcms 

and 

- u:'(t) + cu¡(t) = P,(t,u(t)) , t E (O, l] 

u;(o) = u;( t ) =O 

u;'(t) + ru¡(t) = P,(t, u(t)), t E [O, l] 

u:(o) = u;(1) =O 

Wl!O 
• llJ!lltt> 

(4 .18) 

(4 19) 

where i == 1,2,··· ,n. For each 1 ::; i $ n 1 assume that e> O is fixed , O < r < f is 
fixed and P1 : {O, l j x R 11 -t Risa L1 -Carathéodory function. 

Let G(US)(t, s) be the Green's function of the boundary value prob lem 

-y" (t) + cy(t) = O, t E [O, 1) 

y'(O) = y'( l ) = O, 

and let G( 4 · 19l (t, s) be t he Green 's function of the boundary value problem 

It is known that [18] 

y"(t) + ry(t) = O, t E [O, 1) 

y'(O) = y'(l) = O. 

(< 1 { cosh(yc(l - t))cosh( Jcs), O$ s $ t $ 1 

(a) e -''l(t,s)= ycsinh yc cosh(yc(l-s))cosh(vct), 0 $ t $s$ 1; 

G(4.!•l (t , s) = ~-1- { cos(y'r(l - t))cos (/r's), O$ s $ t $ l 
/r'sin vr cos(y'r(I - s))cos(y'rt) , o $ t $ s $ 1; 

(b) G(' ·18 l(t ,s) ? O and G(<.1 9l(t,s) ? O, (t,s) E fO, ! ) x fO, l) ; 

(e) G"·"l(t,s) > O and G(<» 9l(t,s) > O, (t,s) E (O, 1) x (O, l ); 

(d) Cf"· 13>(t, s) ~ Jui~h Je and G(4 .Jl>) (t, s) ?: J;::n>J; • (t, s) E [O, l j x {O, IJ; 

(e) G( 4 l8)(t,s) :S J:::~11'0c and G(4.19l(t ,3) $ J,.,fnJ;: • (t,s) E (O, Jj x (O, l j. 

Now ~ u = (u 1, u2, · · · 1 u.,) is n solution oí lhe syslem (4 .18) if and only if u is a 
ñ.xed pomt of the opcrator S; (C[O, JJ)" -t (C(O, IJ)" de.fined by (3.3) wher 

u,(t) =J.' G(' ·"l(t, •) P, (" u(• ))d1, t E fO, IJ, l $ , $ n. (4.20) 
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Llkcwi11l', u 1s a solu t.ion of Lhc syslcm (4.19} provided u = u where 

u,(f) =J.' Gf' " 1(1 ,.)P,(•, u(•) )ds, f E IO, 1), 1 5 • 5 n. (4.2 1) 

In the con1.cxt of cctlon 3, fo r sys lcm (il.1 8} let 

g, (t,s) = G(4 t• l(t ,s), 1 :S 1 :S n , o=º· b = I , 

1 
M, = cosh1 Jc nnd 

cosh2 ./é 
N(s) = Jcs;nh jC' 15 • 5 n 

(4.22) 

whcrcn.s for 1 SLNn (4.19), lcL 

o=º· b = ! , 

M , = cos' .¡;. nnd 
1 

ll (s) = frsin ~'r· 1:S1 :S n. 
('1.23) 

T hl' ll , notmg (a) (t.>), 11 is clcl\r LhnL g:(a) ::: g,(l ,1) E c¡o, t) ~ L !O, l j nnd Lh f' 
rondu 1on~ {Cl) (C3) nrc fulfil lcd f r boll1 systerns (4.I ) and (4 19). 

T hc rt'Sults 111 ec tlo11 3 reduce to Lhc following theorem. which not.. onl y cxt.ends 
t ia· work of Jiang n.ud Lu\ (1 8] for thc spccial cMeS of (-U ) and (4. 19) whcn rr = l , 
but in par11culnr provldcs 1.he cxistonce o( tnple con.tlanl ·.s1gn solut.ious. 

Thcorem <J.6. 

( n) U'11h g,. o, b, M, and N 91u c. n en ( 4.22), thc stalcmt>nJ.s (1)-(i11) o/ Th eorem 
4 I hold for s51s/cm (,/. 18) . 

( b) U'tlll 9,, o, b, M, 1111tl /f 9wcn 111 (4.23), the stoltmcnt.s (1)-(i11 ) o/ 7'f1eorem 
,¡ I hold for sv.stt:mi (,/ . 19}. 

Cns 4. 7. lu.rm- Lio uvillc boundn.r y vo.Ju c p robl e.m 

Cons.1d'1 the system of St.urm- Liouville boundary \'t\..lue probl ms 

u~ "" 1 (t) + P;(t, u) = O, 1 E IO, lj 

u\11(0) = O, O ~ J 5 m, -3 (U4) 

(u!~·- 11 (0) - ryu!"'· - 11 (0) = O, wu!m,- 2)( 1) + óu!m,-'} (I) = O 

wherc 1 - 1,2, · , n. Por cnch 1 S 1 :S n , ume that P, · ¡o, I] x Ul" -> n is a 
L. 1· CarMhéodory funct.1011 , m, ~ 'lis fi:ccd , {, ,,, w a.nd 6 are such thnL 

ó?: º· ,, + ( > º· ó +w > O, r " (w + (ó +~"'> o . 

Th ~e MSUmp\ions allow ( nnd w to be negntiv . 
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Let h,( t, s) be the Green's function of the boundary value problem 

-y(m;) (t) =O, t E [O , l} 

yUl (O) = O, O S j S m; - 3 

(y(m, - 'l(O) - " y(m;- <l(O) =O, wy(m; - 2)(1) + óy(m, -<) (1 ) = O. 

lt can be veriJied [24] that G(t, s) where 

am;-2 

G(t,s) = atm; - 2 h, (t, s) = h!"" - 2l(t,s) 

is the Green 's fu nction of the boundary value problem 

- y"(t) =O, t E [O, lj 

(y(O) - "y' (O) = O; 

FUrther , it is known that [24] 

1 { (" + (s)[ó + w(l - t)], 
(a) G(t,s) = -

r '" + (t)[ó + w(l - s)], 

(b) G(t, s) 2: O, (t, s) E [O, l j x [O , lj; 

(e) G(t , s) >O, (t,s) E (O, 1) x (O, l ); 

wy(I) + óy' (I ) = O. 

os; t ::; s::; 1; 

(d ) G(t, s) 2: A G (s,s), (t,s) E [t, lJ x [O , I[ where O < A < 1 is given by 

. { 4"+( 4ó+w 4" + 3( 4ó + 3w } · 
A = mm 4("+()' 4(ó + w) ' 4" +( ' 4ó +w ' 

(e) G(t, s) S D G(s , s) , (t, s) E [O, lj x (O , !) where D 2 1 is givcn by 

D = max{l , ,, :(' ó:w} 
ln the context of Sectio11 3, let the Banach space 

(4 .25) 

B = {u = (u.,"" · , u,,) E ¡ctmd [o , !))" / u:j) (O) = O, OS j S m, - J, 1 S i S n} 

(4 .26) 
be equ ipped with norm 

where we lel /u. lo= SUP1 E/O, l) luf"'•-:l)(t)I , l 5 j $ n . Further , define the conc e in 

B as 

C = { u= (u¡ , u2, · · · , u,.) E 81 íor each 1 $ i $ n , 6,u ~m,- 2J(t) ~ O for t E fO, Ij , 
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and ml n 01u!m, - >)(t) ~ .11,p,ju, lo } (4.28) 
«lf.fl 

wh crc M, = a E (O, I} , 1 :5 1 :$ n , lt cnn be verified that maps C int.o C. 
lf u = (u,. u,,· ·· , u n) E is a. solution of (11.24) , theo u i.s of constnnt. sign (sec 

[211]) . learly, u is n solutlon of t.he system (4 .2'1 ) if and only if u is n fi xed poi nt of 
t.hc ope ro.to r : 8 B defi ned by (3.3) where 

u,(1) =J.' /i,(t, • )P,(• , u(•))d•, 1 E JO, IJ, 1 $ ' $ n (4.29) 

r cquh'tllent ly 

( u,¡tm. - >>(1) =J.' G(l") P,(.,u(•))d• , 1 E J0.1 ), 1 S • S n. (•1.30) 

Nov. , m the cont~l of ecLion 3, let 

9,(1,•) = 0(1,s), 1 S ' S n , 
1 

o= ¡· 

M, = ~ and fi (•) = D G(s.•), 1 S • S n . 

(•1.31) 

Th~n , noung (n.)- (e) , we scc thnt gl(s) :. 9,(1,s) e c¡o. l) ~ L ¡o, 1J n11d the condi
t.lo ns (Cl)-(C3) are fu lfill cd. T he cons Lant.s defined ea.rlier in (3. 11) re now rnocl ified 
np propnately For ac.h 1 S: i _ ri and íixed numbcrs r, E {O, l ), 1 :5 J S: l\ we defi ne 
t h followlng: 

q, = q = sup f ' 0(1., s)b(• )d" 
1(10.q Ío 

r, = mm J. 1 G( t ,s)o,(• )ds, 
"l! !I ! 

d,, = m;n /.l G(t, • )a;(s)d•, 
reh.til ! 

! ,, 
d1, = d1 = mru: G(t, ")b(,,)d4. 

•E!t-1,t•) r 1 

d,, = d, = max [ [ " G(t, •)b(•)ds + j ' G(t, s)b(s)dsl , 
1 /r1.rt ) Jo r .. 

d, = max f'' G(t,.)b(•)d" 
•Elri. r .. JÍ m11a{r1,i } 

[¡'"~¡ ... ¡¡ / ' l d:. = mu G(t,.)b(•)ds + G(u)b(s)d• . 
IE)r¡ ,r 4j O r , 

(4.32) 
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A modification of the argument in Section 3 yiclds l.he fo1lowing t.heorcm {see l27J 
for details). 

Theorem 4.7. With the constants defined in (.~.32), we have the Jollo111ing: 

(i) (Theorem 3.1) Let {C4)-{C1} hold, and assume 

(C8)" /or each 1 :5 i :5 n and each t E a, U, the function G(t, s)a,(s) is nonzero 
on a subset o/ [ ~, ! ] o/ positive me.asure. 

Suppose that there exist numbers W1,W2,W3 with 

such that the following hold for each 1 $ i $ n : 

(P) /(u1,u2,· ·,un)< 7 jor 6¡u¡ E (o,~], 1 :5 j::; n; 

(Q) one of the following holds: 

(Q l ) lim SUP¡u 11,lu2 1,. .. ,¡ u,.¡-i.OQ /(ui'ii2,;·¡·· .u~) < ~ for some j E { 1, 2, · · , n}; 

(Q2) there exists a number 71 (~ w3 ) such that f(u 1, u2 , · .. , u.,) $ ~ far 

B¡uj E [o, {m/~'2)!], 1 :5 j :5 n; 

(R) f(u 1 , u2, .. · , un) > ~ for Biui E [04 ... t-~~ffl; - 2)!' ¡m~!.2)1 ] , l $ i $ ,1. 

Then, the system (4.24) has (at least) three constant-sign so/utions u 1, u2 , u3 E 

e such that 

llu1 11 < w¡; 

llu'll > W¡ 

J(u1J(m;-'l(t)J > w,. t E[¡, n, 1 Si S n; 

and l~~n 1eTrii rcun(m. -2) <t)I < w2. 

(ii) (Theorem 3.2) Let {C4) - (C6) hold. Assume there exist numóers Tj, 1 $ j $ 4 
with 

such that (CJO) holds and 

(C9)" far each 1 $ i $ n and each t E [•2, r3J, the fun ction C(t, s)a;(s) 13 nonzero 
on a subset o/ [t, i] o/ positive measure. 

Suppose that 1.!i ere exist numbers w;, 2 $ i :$ 5 with 

O< w2 < w3 < A .w3 $W4$w6 
75 m1111 !f i!f " P; 

such that the fo lfowmg hold f or each 1 $ i $ n : 
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(P) / (u i. u2, .. , u11) < f, (w2 - ~) / orOJuJ e [o, 7!,";-:.'1~: ] , 1 .:S j $ n ; 

(Q ) / (u1,u., ··, u,.) S ~ /o,01u1 E [o•(m~!"1 ] • IS1Sn; 

(R) /(u1, u2, . · , un) > t.'; /or o1ui e [ 0 4 ... ,"-i(m, _,,,. "1';,,',~2~' ] , 1 $ j $ 1i. 

Thtn, l.he .system (4.24) haJ {at ftr1Jt) thrt:t: con!lant~.s·ign olutions u1, u2,u3 E 

C(w6 ) such thal 

l(ul)l"'1 - 2l(t)I < w2, t E jr1,T4j, l $ t S n; 

l(u?)(mi-:tl (t)I w:i , t E j~ 1 1')j, 1 '$ t S n; 

max max l(u~)l'n, -:l) (t ) I > w2 trnd min min l(u~)1"' · - 21 (t)I < W3 . 
1:::1S.n rejJ'¡,,. ¡ IS•Sn 1e¡.,.rsJ 

(lil) ( rheor m 3.3) Lct (C4)-(06) l1ofd. A.uumc then e:nsl numbcrs TJ, 1 .:S J S 4 
w1lh 

.wrh 1hat (C9!' liold.s nnd 

(CIO)" far cnch t E [r1 , r.i], llie /tmct1on G(l,.s)b(.s) u non..:cro on 11 :n1bset o/ 
(mo.x { r1 , ! } , r~J o/ ¡1ositwc meann:. 

Suppo.sc that lhere c.r1sl u r1mb1.1r3 w., 1 S 1 S S u.:1th 

A "'> 
o< u11 s W:t. í5 l ~~\~\, Pí < W1 < WJ < ~ min1 s 1s nP1 $ W<1 s Wr,¡ 

Juch lhol thtc followmg 110/d far cach 1 .:S 1 S n : 

(P) J(u1, u2,· ·· , 11 .. ) < ;f; ( w2 - ~) /or 8Ju1 E [ 04-.,'4--;;::,-l)l' '¡'~;,;~,i~; J , 
l S J :S' n; 

(Q) /(111, u1. · · · , u11) S 7 /or OJuj e [o. (m~!;¡1 J, l S J S n; 

(R) J(u1.u1,.·· , u,.) > ~ farOJuJ E [ o4-,A-';'j::,_,,,, 7:,,~,~·;1: ] , 1 S J S n. 

Thtn, thc JJISlcm U.JU) haJ (at leaJL) lhrte wn.donl·s19n solution.J u 1 , u2 , u3 E 
?:.'(« ) sudo thol 

l(u ))l1111 - 1l(t)I < tiJJ 1 t E {r11 r,.J, l S t S n; 

j(u1)1"" - 'l (t)I > U>J, t E¡,.,,,.,¡, 1 S 'S n; 

max mu l(u~)"ni-l) (t)I > w,; nnd min min l(u~)' ''1 1 -2}(t)I < W3. 
l~.,0:!11 t'Ef'l.r•I IS1Sn 1EfJ'l.r,j 
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Case 4.8. Periodic bou ndary value p roblem 

Consider the following two systems of periodic boundary value problems 

-u;'(t) + cu;(t) = P;(t, u(t)), t E ¡o, 2•] 

u;(O) = u;(2•), 

and 
u;'(t) + rn;(t) = P;(t, u(t)), t E ¡o, 2•] 

u;(O) = u;(2•), 

(4.33) 

(4.34) 

where i = 1, 2, · · · , n . Far each 1 :S i :S n , assume that e > O is fixed , O < r < t is 
fixed and P, : [O, 27rJ x R" -t IR is a L1-Carathéodory funct ion. 

Let G(Ull (t , s) be t he Green's function of t he boundary value problem 

- y"(t) + cy(t) = O, t E ¡o, 2.J 

y(O) = y(2•) , y'(O) = y'(2•), 

and Jet G<4·3")(t, s) be the Green's function of t he boundary value problem 

y"(t ) + ry(t) =O, t E !O, 2rrj 

y(O) = y(h) , y'(O) = y' (2rr). 

lt is known t hat 117] 

(a) G(4.JJl(t, s) = 1 O S: s :S t :S 211" j exp ( .;C(t - s)) + exp ( .;C(h - t + s)) , 

2.;C Jexp (2rr .;C) - !] exp (.;C(s - t)) + exp ( jC(2rr - s + t)) , 

o ::; t ,:::; s::; 2 1Tj 

G(4.34)(t,s) = 1 o :S s :S t :S 211" j sin(Jr(t-s))+sin(Jr(2rr - t+ s)) , 

2JrJ! - cos(2.Jr)J sin ( Jr(s - t )) +sin ( Jr(h - s + t)) , 

o::; t :s s :s 211"; 

(b) G(4.33l (t, s) 2'. O and G(4.3<1(t,s) 2'. O, (t , s ) E J0,2rr] x !0, 2rr]; 

(e) G' ' ·" l(t, s) > O and G"·"l (t,s) > O, (t,s) E (0,2rr) x (0, 2rr); 

(d) ro, (t, s) E JO, 2rrJ x JO, 2rr], 

G(<.JJl(t s) > 2exp (rr.;C) 
' - 2.;Ciexp(h.fi)- 1] 

and 

a1•.J4l(t,s) > sin(2•Jrl ; 
- 2Jrll - cos(2rrJr)] 
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(e) for (t, s) e IO, 2'1 x 10, 2•], 

G(<.33l(t s) < exp (2•v'CJ + 1 
' - 2JClexp (2•v'Cl- l ] 

and 
G(4.34J (t, s) < sin(tr.;r} . 

- fil! - cos(•.fil] 

Now, u = (u1 , u2, · · , u 11) is a solution of t he system (4.33) if and only if u is a 
fixed point of t he operator S: (C[O, 2trJ)11 -t (C[O, 2tr])" defined by (3.3) where 

Su,(t) =J.'" G(U3l(t,s)P;(s,u(s))ds, t E I0,2•], 1 Si S n . (4.35) 

Likewise, u is a solution of the system ( 4.34) provided u = Su where 

¡ '" Su,(t) =Jo G('·"i(t,s)P;(s,u(s))ds, t E I0,2•], l Si S n. (4.36) 

In the context of Section 3 (obviously the interval [O, 1] is changed to [O, 27rj) , for 
system ( 4.33) let 

g,(t ,s) = G(4.33l(t,s), 1 :s; i :s; n, a= O, b = 2tr, 

M, = 2exp(trv'C) and H(s) = exp(2tr JC) + 1 ' 1 :s; i :s; n 
exp(hvc) + l 2vc lexp(2'v'C) - l] 

(4.37) 
whereas for system (4.34), !et 

g,(t ,s) = cf4 .34l(t,s), 1 :s; i :s; n, a= o, b = 211', 

sin(•.fil (4.38) 
M, = cos(•vr) and H(s) = fil!_ cos(•.filJ' 1 Si S n. 

Then, noting (a)- (e), it is clear that g:ls) = g;(t, s) E C [O, 211'] ~ L00[0, 211'] and the 
condit ions (Cl)- (C3) are fu lfillcd far both systems (4.33) and (4 .34). 

T be results in Section 3 reduce to the following theorem, which not only extends 
the work of J iang [17] far t he special cases of (4.33) and (4.34) when n = 1, but also 
provides the existence of triple constant·sign solutions. 

Theorem 4.8. 

(a) With g., a , b, M; and H given in (4.37), and the obvious modification that the 
interval ¡o, l ] is replaced by [O, 2tr], the statements (i}-{iii) of Theorem 4.1 hold 
for syst.em (4-33). 

(b) With g,, a, b, M¡ and H given in (4.38), and the obvious modification that the 
interval [O, l ] is replaced by ¡o, 211'], the statements {í}- (iii) of Theorem 4.1 hold 
for system (4 .34). 
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5 Triple solutions of (1.2) 

T his section extends the results in Section 3 to the system of Fredholm integral equa
t ions (1.2) on the half-line (O, oo) . To begin, let the Banach space B = (BC[O, oo))n 
be equipped with norm 

(5.1) 

where we let lu;lo = SUPte [o.oo) lu;(t)I, 1 ~ i :S n. 
We shall seek a solution u = (u1,u2 , ··· ,un) of (1.2) in (C1[0,oo))" where 

(C,[O,oo))"; {u E (BC[O, oo))" [ ,~ u,(t) exists, 1 ~ i ~ n } · (5.2) 

For the purpose of clarity, we shall list the conditions that are needed later. Note 
that in these conditions 8; E {l, - 1}, 1::;: i::;: n are fixed. 

(Cl}00 Let integers p, q be such that 1 ::;: p :S: q :S: oo and ~ + ! = l. For each 1 :::; i :S: n, 
assume that P;: [O, oo) x R" -¡. Risa U-Carathéodory function, and 

g¡(s) = g,(t , s) ~ O, t E [O, oo) , a.e. s E [O, oo), 

gl(s) E L'[O,oo), t E [O,oo) , 

the map t ...-+ g~ is continuous from [O, oo) to V'[O, oo), 

tbere exists {¡¡ E LP[O, oo) such that lim [°" [g!(s) - .§¡(s)IPds = O 
t-+oo }o 

(i.e., g! --t.§¡ in LP[O, oo) as t --+ oo). 

(C2)00 Far each 1 < i < n, there exists a constant O< M; < 1, a function H E LP[O,oo) , 
and an int;;:val¡a, bJ ~ [O, oo) such that 

g,(t,s) ~ M,H(s) ~ O, t E [a, b), a.e. s E [O,oo). 

(C3)oo For each 1 ::; i ::; n, 

g, (t , s) S H(s) , t E [O, oo), a.e. s E [O, oo). 

(C4)oo Let k and K be as in Section 3 with B = (BC[O, oo))n. For each 1 5 i ~ n, 
assume that 

9,P,(t , u) ~ O, u E k, a.e. t E (O, oo) and 9,P,(t , u) > O, u E K , a.e. t E (O, oo). 

(CS)oo For each 1 5 i :S n, there exist continuous functions /, a;, b with ¡ : R n .....¡. 

[O, oo) anda¡, b : (O, oo) --+ [O, oo) such that 

a¡(t) $ O,~,(~J u) ~ b(t), u E k , a.e. t E (O, oo). 
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(C6)00 For each 1 ::; i :=:; n, there exists a number O < p; ::; 1 such that 

a 1(t) 2 p;b(t), a .e. t E (0,oo). 

Assume (C l )OQ holds. Let the operator S: (Ci[O, oo))n -t (C¡[O, oo))n be defined 
by 

Su(t) = (Su1 (t), Su2 (t), · · , Su"(t )), t E [O, oo) (5.3) 

where 

Su;(t) = l,00 g;(t, s)P;(s , u(s))ds, t E [O, oo) , 1 $ i $ n. (5.4) 

Clearly, a fixed point of the operator S is a solution of the systern (1.2). We shall 
show t ha t S maps (C,[0,00))11 into itself. Let u E (Ci[0,00))11 and i E {1, 2, · ·· ,n} 
be fixed. We need to show that limt-+oo Su;(t} exists. Fix r > O. Since P; is U
Carathéodory, t here exists µr,• E Lq[O, oo) such t hat jP¡(s, u (s))I S µr,;(s) for Uull ::; r 
and a.e. s E [O, oo). In fact , for a sufficiently large r, 

1100
[9,(t, s) - g; (s )JP, (s, u (s))dsl $100 

lg;(t,s) - g,(s)l!µ,_¡(s)Jds-> O 

as t -t oo. Therefore, as t -+ oo we have 

S u, (t ) = l,00 g;(t ,s)P,(s, u(s))ds-> l,00 g,(s) P,(s,u(s ))ds. 

Hence, S maps (C,[O,oo) )" into (C1[0,oo))" if (C I)00 holds. 
Next, we defi ne a cone in B as 

G = { u E (C,[O, oo))" 1 foc each I $ i $ n, 8,u ;(t) 2 O foc t E [O, oo), 

and min B;u;(t) 2 M;p;lu; lo } (5.5) 
tEfa.,bJ 

where M, and p1 are defined in (C2)00 and (C6)00 respectively. Note that C <;; l<. A 
lh :ed point of S obtained in C will be a constant-sign solution of t he system (1.2) . 

R e m ark 5.1. lnstead of the cone C defined in (5.5), we can also use the cone 
C' (C C) given by 

G' = { u E (C,[O, oo) )" 1 foc each 1 $ i $ n, B;•,(t ) 2 O foc t E [O, oo), 

and m;n B;u;(t ) 2 M;p;llull } · 
tE[o,bJ 

Thc arguments that follow will be similar. 
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If (Cl)= , (C4)= and (CS)00 hold, then it is clear from (5.4) that for u E f< , 

f0
00 g;(t, s)a;(s)f(u(s))ds '.S 9;Su;(t) '.S f0

00 g;(t, s)b(s)f(u(s))ds, 

t E[O,oo), l S_i:::;_n. 
(5.6) 

Lemma 5.1. Let (Cl)00 hold. Then, the operator S is continuous and completely 
continuous. 

Proof. As in [21 , Theorem 5.2.3], (Cl)00 ensures that S is continuous and completely 
continuous. 1 

In what follows we shall only sta te the results for (1.2) parallel to t hose in Section 3. 
T he proofs a re omitted as the arguments used are similar to those of t he corresponding 
results in Section 3, with the interval [O, l ] replaced by [O, oo). 

Lemma 5.2. Let (Cl)00-(C6)00 hold. Then, the operator S maps C into itself. 

Far subsequent results, we define the following constants for each 1 ::; i ::; n and 
fixed numbers Tj E [O, oo), 1::; j::; 4: 

qf" = sup r00 g;(t , s )b(s)ds, 
tE[O,oo) lo 

r'f° = min rb g¡(t , s)a¡(s )ds, 
t E fa ,bJl a 

d';"; = min f" g;(t,s)a;(s)ds, (5.7) 
' t E[r2,'r3) ,..2 

d¡', = max j " g;(t , s)b(s)ds, 
' tE(r1 ,r~ J T¡ 

df:, = max [ f" g; (t , s)b(s)ds + j~ g;(t, s)b(s)ds] · 
t EfT¡,T4j lo r4 

In view of (C3)00 and (C2)00 , it is clear that for each 1 $ i $ n , 

qf" '.S r00 H (s)b(s)ds, r f" 2: j ' M;H (s)a,(s)ds and ~' '.S f" fl (s)b(s)ds. (5.B) 
lo a r i 

Lemma 5.3. Let (C1A"°-(C6}00 hold, and assume 

(C7)= /or each 1 $ i $ n and each t E fO, oo) , the function g; (t , s)b(s) is nonzero 
on a subset o/ [O, oo) o/ positive measure. 

Suppose that there exists a number d > O su.ch that for O;u; E [O, dJ, 1 $ j :$ n , 

/(u1 , U2,··· ,un) <~. 1 :S i :S n. 
q, 
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Then, 
S(C(d)) <; C(d) e C(d). 

Lemma 5.4. Lel {Cl)=-{C6)00 hold. Suppose that there exists a number d > O such 
that for B¡ u¡ E [O, d], 1 $ j $ n, 

,u,.) $4, l s;i$n. 
Q¡ 

Titen, 
S(C(d)) <; C (d). 

Applying T heorem 2.1, we obtain the following result. 

T h eorem 5.1. Let (Cl )=-(C7)00 hold, and assume 

(C8)00 for each 1 S 1 S n and each t E [a,bj, the function g; (t, s)a¡(s) is nonzero on a 
subset of [a, b) of ¡:iositive measure. 

Suppose that t here exist numbers w1, w2 , w3 wit h 

Ü < W ¡ < W2 < , W:2 S W3 
nun1:::; ;:::; 11 Nl ;p, 

such t ha t t he following hold for each 1 $ i $ n : 

(P) f( u¡, u2, ,u,, ) < ~ for 8ju1 E IO,wiJ, l :S: j $ n ; 

(Q) one of the following holds: 

(Ql) lim sup¡,.,1,1 112 ¡,. · .lunl -+oo / ( u i .•¡~;·1-- , u,. ) < qf far sorne j E {1, 2, -· ,n} 
(j depends on i ); 

(Q2) t.here exists a number 1J (2: w3 ) such that J(u 1, u2, · · , u,. ) $ ;#o far 

B, u1 E [0, 1¡), 1 $ J. $ n; 

(R) J(u1 , u2, · · , u,.) > ~ for B¡tJ.; E !w21 w3], 1 $ j ::S n. 

Then, the system (1.2) has {at least) three constant-sign solutions u_l, u2,u3 E C 
such that 

llu'll < w,; 

llu'll > w, 
lu1(t)I > w,, t E (a, b), 1 S i S n ; 

and 

The next two results are derived using T heorem 2.2. 

Theorem 5.2. Let(Cl)00 - (C6}00 hold. Assume there exist numbers T¡, 1 $ j $ 4 
with 

such that 
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(C9)00 for each 1 ::; i ::; n and each t E [r2 , r3], the function g;(t, s)a;(s) is nonzero on 
a subset o/ \r2, r3] o/ positive measure; 

(CI0)00 / or each 1::; i::; n and each t E [r1,r4}, the function g;(t,s)b(s) is nonzero on a 
subset of [T1 , r 4J o/ positive measure. 

Suppose that there exist numbers W¡, 2::; i ::; 5 with 

O<w2<w3< . w3 M ::;w4$ws 
mm1Si:Sn ¡p¡ 

such that the following hold for each 1 ::; i S: n : 

(P) /(u1,u2,·· ,un)<~ (w2 - w:~-;) for9;u; E [O,w2J, 1 S: j $ n; 

(Q) j(u,, u2, · · · , Un) :S ~ jor O;u; E [O, w,], 1 :S j :S n; 

(R) /(u1 , u2 , · , un) > ~ for 9jUj E [w3, W4], 1 S: j :S n. 

Then, the system ( 1.2) has (at least) three constant-sign solutio11s u 1 , u2 , u3 e C(w5 ) 

such that 

max max /u~ (t)I > w2 
1$ i$Tl t€[T¡, T4) 

and 

Remark 5.2. Under the special case when r1 =O, T4 = oo, r2 = a and r3 = b, we 
ha ve 

et::¡ = q'f and ctr¡ = O. 

In this case T heorem 5.2 reduces to Theorem 5.1. 

Theorern 5 .3. Let (CJ)00 - {C6)00 hold. Assume there exist numbers r 1 , 1 :S j :::; 4 
with 

a ::; T¡ < T2 < T3 < T4 :S b 

such that {C9)00 and (CJ0)00 hold. Suppose that there exist numbers w1, 1 ::; i ::; 5 
with 

o < W¡ ::; W2 . m.in M ¡p¡ < W2 < W3 < . WJ < W4 < Ws 
1::;1S n mm19sn A1;p; - -

such thal the following hold for eacJt 1 ::; i :5 n : 

(P) / (u1, u2,· ,u,.) < ~ (w2 - "':~-·) forO;u; E /w1 ,w2 J, ¡ ::; j::; n; 

(Q) / (u1,u2,·· · , un) ::; ~ forOiui E (O,w5], l S: j :5 n; 

(R) /(u¡, u2, · · · , U11) > ~ for Bj U.j E /w3 , w4J, l :5 j :5 n. 
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1'hen, the system (1 .2) has {at least) three constant-sign solutions u 1 ,u2 , u 3 E C(w5 ) 

such that 

lul(t)I > w3, t E [rz,r3], 1 Si S n ; 

Recei ved: Sep 2003. Revised: Nov 2003. 
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