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1 Introduction 

LN .., be a closcd cmve in IR.3. 
T he classicnl Platcuu problem is t he problem of coustructing n 111ini1m1I surfac:c 

M in IR.3 which has ¡ as its boundary. 
\\·e rreat t he ano logue of tliis problcm where we rcplace m3 by thc spuc;c U::'1 of n 

complcx w.niobles and fix n smooth closed o riemed curve ..,.- in U:: 11 • 

\\'e set'k o Ric nwnn surfncc E in U::" having 'Y as its boundnry. You rec111l t hnt n 
lliemRnn surfacc in O::" is n Lwo-numifold which is locally parn11101.rized by complcx· 
auaJytic functions. Wc shnll a!low n discrete set of singular point.s on E, so t hat. tlic 
stnctly correct tcrm for E is "onc.dimcnsional comple.x a nalytic vnriety". 

Two nppronchcs have bC'Cn used for a solution to this problcm: 

Road (1) uses t.hc ide¿¡s of Etnalytic continustion in the comp lcx p la nc ar1d was 
laxen by R. Ha rvcy 1rn<l 13. Luwson in 1975 in their paper !3J. T hcrc thcy dcal with 
n much more gencml sitnnt.ion. In Scct.ion 3 we shall use their mc:t ltod for t he spccitd 
c&Seof a smooth curve in <f.:2 ,where t he nrgument is especially elegnnt 011d trnnsparcnt.. 

Road (11) uses thc t.heory of commutntive Banach a lgebras nnd wns devcloped in 
the late 1950º2 nnd 1960's by n numbcr of nuthon;.(See jl 0],[2],[9],[8[,[LJ) .Wo slmll 
d~ribe this road , more bricíly, in Scct ion 4. 

We :;hall begin, i11 Scrrion 2, with the classical background from t he study of 
nnalytic rontinuation in t.he complcx p\anc. 

1Th" aulhor thnrik~ Tho ml\S Bo.nchoff and Ll'lrry l.Mr1W'(! for hcl1> with tlw dlngn11n11 llo 111 nlso 
p-a1dul to Jolm Andl'rso11 for hclpful suggcslio1111. 
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2 AnaJytic Continuation 

Let o be a smooth closed are in the complex plane and Jet. zo be a point in the interior 
of a . \ •Ve fix a n orientation on a and we denote by n + a neighborhood of a to the 
left of a and by n- a neig;hborhood of a to the right of a·. 

F igure L 

\Ve considcr a smooth fund ion <P defined on a and we define a function <I> on the 
complement of a by 

for z in €\a. 

<I>(z) = 2, r ~(()d( 
27n lo. ( - z 

\.Ve denot.e by ~{>+ t.he restriction of 4> ton+ and by 11'>- t he cor responding fundion 
011 n- Since t.he integra•11d is an analytic function of t he parameter z,the function <11 

is analy tic on C\a nnd <D + is analytic on n+ and similarly for <I1- . What happens as 
the variable z approaches z0 '? 

Theore m 2.1 Tite limit. of tJ>+ (z ) as z approaches z0 withüi n+ exists. and we denote 
it <l'+(zo). Similar/y, wc define ip - (.z-0 ) . Then 

(!) 

For r.his theorem, see P lemelj (1908),17]. 
We now consider fl simple closed curve fJ in the complex planc a nd Jet t/J be a 

smoot.h funct.ion defined on /J. Under what condition on f/J does there exist an a 11a lytic 
continuar.ion t]) of <P from /J t.o the domain n bounded by fj ? 

lf such a n cxtension <f¡ cxist,'J, then we have 

l ~(()el(= l ·~ (()d( = o 

by Cauchy's r.heorcm. Simil<11·Jy we luwe 

r ("~((Jdc =o ./p 
(2) 
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for u = 0.1,2, .. 
So (2) is n nccesimry condi t;iOll on tf¡ for the e."i:istenc:e of an a nnlytic ex1:ew;io11. Is 

(2) sufficient.? V.le define <l>(z ) ,for z in n, by 

cll(z) = ~ J13 ~ 

Fi..'< a point. ( on /3. For 1 z 1 sufficient ly lnrge, the series 

converges und equals ~- Lt follows t hnt 

•D(z) = j' •! (í)d(í) = - f ( \&(í)("d(_!___ 
fJ ( -z "=o j fJ z"+I 

and the last tcrm vanishes hy (2) . So c.[>(z) =O for large 1 z 1 and in conscquei.icc 
cli = O outside of ¡J. We now fix n point z0 on f3 nnd chose a submc a of /3 which 
contnins .:::o. 

F igure 2. 

\\'e writc, for each z ill U:: \ ,B. 

wherc 

•D1(z) = ( ~(()d( 
} 0 ( - Z 

•D2 (z) = ( fü)d( 
} p\n ( - z 

lt is clcnr tlrnt <112 hos a cont,i1111ous ext.ension from O to Lbe outsidc of /) across 
thc are o. For 1' 1 we luwe by the ,Jump T heorem, that. 

1lf(.:o) - cJ1 ~(zo) = lf>(to), where cJi¡t' and ifi ~ 1u·c define<! 
us cnrlier. Also 
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<I>j(zo) - lf>2{zo) =O. 

Adding equations, we g·et at zo, 

Since 
<I)l + '1>2 = ¡p

and since cI1 vanishes outside of (J, <f>-(zo) =O. So 

<fri + lf>j = ef>(zo) 

ancl so 

,~+ (zo) = <P(zo) 

So rp(zo) = HmcD(z) as z a.p¡~roaches zo from within O. 

~ 
1 1 onn¡ 

So cf>, rcstricted to n , is the required analytic extension of rfi. We have provee! 

T heorem 2. 2 Given (J and <P as above, (2) is a necessary and snfficient condition 
for the existence of an a1wlr1Uc e:ttension of <P from /3 to O. 

We can interpref: Thcorem 2.2 geometrically in the space ([;2 of two complex vari
ables, z and w. \Ne fix a closed cmve /3 in(; and consider a smooth function <P defl ned 
on /3. \.\ie denote by X tl~e grnph of </J in <V2 , so that X is t he set of all points (z,</J(z)) 
with z in (J. 

Condit.ion (2) can be expressed é\S 

{ 10z11dz = O, n = O, 1, 2 
lx (3) 

since J~ wz"dz = }~ <P(z)zndz 

c:P( z) 

figure 3. 
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3 The Moment Condition 

Pormuln (3) gave us a necessary condition on a grnph X in {:2 t.o be t be boundary of 
11 Riemnnn surfoce. \lile now wisb to do the corresponding t.hing far n give11 smooth 
closcd curve {J in C2 Suppose that ¡ bounds n R.iemann surfoce E. 

Fix non-negnt.ive iutegers n and m nnd Jet a denote l he different.ia! form ( 1117"'d( 
0 11 4::'2. \.Ve clnim thnt the restricbion of a to E is a closed form on E. We denot:e by 
( nnd '1 the complex coordinates on «::2 . Let TJ be a point. on E <llld Jet t be a local 
coordinate on E nt p. T hcn near p we hnve ( = g(t) and 1J = h(t.), wbere g uncl h m·c 
nnalytic funcbions of / .. So o = (g(t))"((h(t))"'g'(t )dt a nd so do = (k(l)dl) A dt =O, 
1>rovi11g our C lnim. Applying Stokes' t heorem to E, with boundary 1·, wc g~t 

l a= J,/"=0 
So we hnve t he fo llowing neces!:mry condition on "Y : 
Far ench pnir of integers 

(4 ) 

We cnll (4) t.he ~'1on~ent Conditio11 on ¡ . 
{s the moment. conditioM sufficient. ns well as necessary? To airrive a.l 1rn aru:nver, 

wc assume there is n R.iemurn1 surfoce r: bounded by "Y and we project >::: und 'Y inl;o 
~he complex plaue by t.hc 111a.¡~ 11' : ( z , w) ...... z:. 

The imagc of ¡ under 11' in «:: is a smoot h closed curve " ('Y) in genornl with sc[f. 
intcrseclions , which divides libo plnne into a finite or infinite number of connec te<l 
components. See Fig. 5 beiow 

F igure 4. 

We fix onc of the components U of !C\r.('Y). The in"erse inrnge 11' - 1 (U) of U in E 
lics over U as n finit.e-sbeet.ed cover , possibly brnnched . \\ie denote b3' 11 the nmnber of 
sheets of this cover. F'or each point z in U Lhere aren points (z: , Wj(z )) , j = l , 2, ... , 1i, 
lying over .::. Locnl!y, except aL branch point,s, cach w1 is a n analylic f1111cl.ion of z. 
ln general, w1 is mult.iple-vnlued 0 11 U. 
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\•Ve define n function F' of z and w in U x O:: by set.ting 

F( z,w) = IT <w-w, (z) ) 
j= I 

for z iu U aud w in <C. 
[f we expa ud this product, we get an u 'th degree polynomial in w whosc coefficients 

ue elementary symmetric fllnctions of the Wj, and hence single-valued analytic mi U. 
So F is an analyt.ic f1mction on U x ([:. Fur ~hermore, the zeros of F are t he point.s 
(z, w1 (z)) wit.h z in U, and so exac~ly the points in 7r- 1(U). Our nex t goa l is to 
express F'(z , w) iu ter ms of dat;fl mi 'Y· We pu t R = max / r¡ 1 t.aken over all points 
((,ry) on i:u~ . 

\•Ve have 
" " () 

F(z ,w) = II cw -Wj(z)) = w " rr (! - !'L:_) 
J""I j= l W 

fo r All (z, w) in U x <C. If 1 w / 2:: R. , log(l - ~) is locally wel!-defined and for z in 

U ¿;=1 !og (1 - ~) is single-va lued ana!ytic on U. It follows tha t 

logF(z, w) = n logw + f 1og(l - Wj(z)) + 2r.úV 
j=l w 

(5) 

fa r some in t.eger N.Fix a point ;t, in U and consider t he merornorphic differential form 

G(i~1r< on E, where G is a n ana!ytic func tion on B. The poles of this form occur at 

t.be point s ((z, w1(z)), j = 1,2, ... n , a nd t hey are simple poles with residue G(z, w1(z)) 
ar the jt.h poiut. 1'1ie residuc theorem, applied ~o E tben g ives 

1 l Gd( " 2" (- = "¿ G(z, Wj(z)) 
tri. 'Y - Z j=I 

w·e Etpply t.his formu la wi1:h G((,ry) = log(l - if;), where w is u complex number 
with / w 1 > R., and we get 

cquals L:;1= 1 !og(1 - ~). 

1 . ¡ log( ! - fj;)) - - - -d( 
2tr1. ")' ( - z 

Recalling formula (5) ancl cxponentiating we get: 

1 ¡ 109(! - ~ ) 
F (z, w) = w" exp/--: ---"-' d(/ , 

27rL 'Y (- Z 
z E U, 1 w I> R. (6) 

\•Ve note t hat , by t,hc residue theorem again, the nun1ber of shects 11 o f 11"- 1 (U) is 
a lso expres.sed in 1.errns of 1', by the relation: 

n = ~ { _5_, z E U. 
2m ) 1 ( - z 

(7) 
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We hnvc rcached our go1~l of expressing F(z , tu} in terms of dnLa on ¡ . However, 
rhis ex¡m:ssion holds only for 1 w I> R. The zeros oí F(::, w), 0 11 the othcr h11ncl, 
whioh give us Lhe lliemann sur foce E , are contnined in U x (1 w 1 < R,) as is shown in 
Fig. 7, below: 

/ ·~- -~)--./~.~ 
ú 

Figure 5. 

Cnn we reverse t.he proccd~in::, i.e. given a curve 'Y is 0:::2 , Cll.n we use t he right-hand 
side oí (6), whicb is defü~ed iH tlerms of ¡, to const.ruct a R.iemann surfnce E'! 

\Ve choosc n simple cl0sed curve 'Y in CC2 and assume t.hat ¡ satisfies tbe moment 
condition (4) We list t he complementary components of rr('y) in t he complex planeas 
U0 ,U1,U2 , •.. , with U0 den0l;ing Lhe unbounded component. 

z,w, (z)) 

(z,wJz)) 

z 
Figure G. 

For givcn j , we define the functioll F;(z , w) on U; x (1 w I> R) by the formula 

J log(l - .!l) 
Fj (z,w) ~ w" ;exp[ ---~-d(j 

' ( - z 

Her e 11, is dcfined by t.he fonnu In (7). 
We he\·e t he task now 110 show t hnt, íor each j , FJ(:;, w) Admits unulytic continu~ 

ntion from U, x (1 w )> H) to UJ x {: nnd thnt t he zero sets F;(z , w) = O in U; x {: 
lit togcther to nn a nulyt.ic variely E in !I::2\t hnving ')' as its bou ndn,ry. 

Lemma 3.1 F'0 (z, w) 7.s ident-icaUy J / 0 1· z in Uo and w in <C. 



Proof Fb; z, w with J z )> R and 1 w /> R, and put G{(, 11) = Jox¿~~*) . Then 
G is au analytic f.uH<.:tion of ( a nd 11 in some bidisk contai ning 7, and hence we 
can find a sequence 0f poly-nomials {P,,((, 71)) which tends uniformly to G on 'Y as 11 

approadies infinity. Since each P,, is a linear combinat.ion of monomia.Js ("17111 , t.lie 
moment cond ition giives tha.c 

nnd so ¡ log¿i_-z {;) d\ = O. 

Also Tl-0 = O and so F'o(z,w) = 1. Siuce U0 is connected, ana.lytic conl;inuation yiclds 
that Fo(z, w) = 1 for a l'I z in Uo,w in !C, which preves the Lemma. 1 

A key tool iJ.1 proving the desired propert of the functions Fj is the following: Let 
U,, UJ be a pa.ir of ad~acent components of V\'11-(-y) wit h a common boundary are a 
or!ented posit ively witli respect to u. 

~[w[>R 

B¡F(z,w)=O) 

Figure 7. 

Thc portia n of ¡ · lying ovcr a under the projection ;r can be rcpresented in thc 
form: 17 = /((), ( in ü, whore f is a smooth functiou defined on a·. The functions F¡ 
a nd F,, have cont.inuous exbension.s to a· from their respective regions. 

Lemma 3.2 For z0 úi cr, we !uwe 

J'j (zo, w) = (w - / (zo ))F;(zo, w) ,/ w /> R. (8) 

Proof \Ve puL 

l f log(I - lill) 
P;(z , w) = z;¡ J~h) ~d(, 

z in U,. ami we define tJi¡ simi!a.rly for Y. in U¡.Fi:x w ,/w/ ~ R. 

T hc limit of cJ,,(z.w), as z Elippronches z0 within U¡ , exis t.s and wc denote it, ~r,, (zo, w). 
Similar ly we define iJl3 (z0 ,w). 
By thc J ump T heornn1, we havc 

•»;(z0,w) - •l>;(zo, w) = log(I - /('<>!¡. 
w 
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t\tso F,(.:o, w) w"· exp(l1¡( .z0, w), nnd similo.rly for F1 . Al.so , n, - u;+ L. So 

r~( .:o, w) "' "·exp[<Jl1(.z0, w)- <l>,(ZiJ, u·))= wjl - /(zo)¡_ 
F,(z.o,w) =w w 

Thu'4 {S) holds. 
\\'<' wbh to preve thut thc mo rncnl condition,(4) .is suffi.cient (as wc ll as m·(·t.•s

!lary}for thc cxistcncc of n Ricmnnn surfoce E bounded by¡. 
\\'e "hall illuis trat e Llic mcthod by considcring the spec:inl C:8SC' when 'Y is Jl smooth 

rurvc in 0::1 such tluu 1i{"Y) !rns cxactly 3 complementar-y oomponcnts Uo, U1, and U2 1 

nnd 1'1"(1) is ns shown in the figure below . \Ve nssume condition (4) is sntisficd by 1· 

Cnsc 1 Case 2 
Figure 

"'f is giwn ¡>nrumctrkAlly by t1 11 eq llAt.io n r¡ = /(<). where f is a smooLh fum:t.ion 
d1'fined on the union of tbc open a res o a nd fJ shown in the figure. T hus f is defiucd 
on ;;-(1-) w1th tht' self-i ntcrscctiou point. removed. 

Warning . whn! now fo llows omit s n lot of details. Sec tite ci ted liternwre fo r more. 

laim 3.1 / admits an onal¡¡tic extensiori ¡· from n to U1 , and F 1 (z, w) = w- /º(z) 
for z m U, and 1 w I> R . ft follows thul F1 e..ctcnd,, analytrcally to all o/ U1 x ([:. 

B)· U.mma 3.2, F1(zo,w) = (w-f(zo))Fo(zo,w), for .:o in a and 1 w I> R. By 
L1•mmn 3.1. Fo= l on Uo, tmd RO Fb(zo, w) = l. lt. follows that. 

F,(zo, w) = w- /(zo)-
Fi....: \\in U' I> n. By its definition, Fi(z ,tL') i.s nnalyl ic in z fo1 z ill U¡ a mi 

exuncb conurmously to o:. It follows thnt. f ad mits an analytic C'Xlcnsion from o to 
U¡. Wc<"all this exlcnsion r . T ben F1 (z,w) and w-r ngrec1 as fm1ctions of z, Oll 
o and hcn<'C agree on U 1 • 

íhus l-"1 (z, w} = w J"(z) far z in U1, proving the Claim. 
Wt" d('notc hy E1 t lrn R.ienum n surfocc: F1(z,w) =O in U1 x C. 'fhcn E 1 has 

('(j\111tion: u· = !"( ::) and :;o fits ovcr o onto the are of 'l" which li<'s ovcr o. This 
prond~ tite pie«' of our dcsirecl R.fomnnn surfnet' E whkh lies ov<>r U1• 

\\"e m•xt considt.•r CN:lc 1 in Fig. 8 above. Here thc a.re /] is orientecl positivcly 
with ~ o U2. T h<'ll n :i = n 1 --t 1 = 2, nnd by Lemma 3.2 we have far curh point. 
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,\ in J and 1 w !> R, the relation F2(>., w) = (w - f(,\})F1 (>., tv} nnd so 

P2(!" w) = (w - f (.l))(w - !"(.\)). (9) 

Thus F,(.I, w) = w2 - (f(.1) + f'(.\ ))w + f(.l)f ' (.1). On the othor hand we ha,•e the 
reprcst'ntation F2(z, w) = ¿:~00 ci(z )wi for (z,w) i.n U2x j tu l> R where cnch e, is 
Analytic on U2 and cont.inuous on U2 U{J. In particula.r, th is equat.ion holds at a point 
,\ on ;J So we lmvc F2(.I, w) = L:':"~ c;(.l)w' equals w2-(f(.1) + f'(.\))w + f(,\)f' (.1), 
1 "' j> R 

l t follows 1hat c2(.1 ) = l ,c1(.1 ) = -(f(.1) + f' (.1)), and ca(.\)= f(.l)f' (.1), and 
c1 (.1 ) = O for j ;<O, J , 2. 

Since the e, are analyt.ic functions on U2 , they nre determined by t.bcir vnlues 0 11 

any boundary o.re. Menee c1 = O in U2 for j F O, 1, 2, and so we have 

1'2(z,w) = w' H 1(z)w+ca(z) , uU,, (10) 

and 

/ (>.)-t f" (,\) has t.he 1rnalyt ic ext.ension - c1 from f3 to V2 ;rnd similnrly, 

f(.l )f'(.1 ) cxtcnds as ca to U,. (ll ) 

At rhis point. , we kuow from (10) that F2 has an annlytic ext.ension from 
L'i x (1 u• I> R) to U·i x ([; , 1.md is a second degree polynomia l in w. Whnt cn n 
be said about. 1 he zero-sct. of F2 in U2 x {: ? 

\\°e factor f'2 into factors linear in w and obtain 

F,(z,w) = (w - W1(z)) (w - W2 (z)) . for uU2U(J, (12) 

wherc \l '1 , \\f.:~ are brnnchcs of a two- va\ued analyt ic fu nction on U2 . The zero-sct. 
of F2 is the grnph iu ll:.:2 oí this two-valued íunction. 

Furthcr, by {9), for >.c{J, we luwe 

P2 (.1, w) = (w - f (.l))(w - !"(.\)). (J3) 

H 1~ ·. and lV2 are not co iucident, we conclude t hat, out.sidc a smn.11 singular set 
on ¡3, H'1 coincides with í on {J 1rnd W2 coincides with /* on {J. Wc now define 1he 
Riemann surfocc E2 ovcr U2 to be the two-sheetcd graph of the two-valucd analyt ic 
function (H'1, IV2) on U2. Then E2 continucs E1 analytically from U1 a.cross{) to U2, 
sincc lV2 = /* on {3, and nlso E2 fits onto the are:,.,= / (() of 'Y over (J. 

F'inally, wc take E to be the Riemann surface obtained in ~2 by jnining togethcr 
E 1 and I:2 , and 1 he are over /3 a long which E 1 connccts wit h E2. Then B is thc 
d~ired Rieman n surfoce havi ng -y ns its boundary. A sch matic sketch of E is giv<'n 
in the following pict.urc. 
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~lwl>R = ~=O 

Figure 9. 

u o 

Case 2 is hondled in u similar way, and yiclds n füemann surfacc lying one-sheeted 
ovor U1 willh boundnry 1'· A bl\ ird cuse, where rr(¡) has 3 complemenbnry component.s 
ls :shown in tihe following figure. One can s how, using Lhe moment condit iou, that l1his 
cn...o:e cnnnot OGcur, since "f is a simple closed curve. 

Figure 10. 

The method we hu.ve sket.ched here can be canied out in general , and yiel<ls t he 
following resulL: 

Theorem 3.3 Let -y be a sm.ooth simvle clo.~e1l curve in ~2 which :mtisjies the Mo
m~t Condition. If / ' is suitably ori.ented, then tliere exist.s o l -com71lea: dimensional 
compla-a.nolylic subvarfo.lly E of U::2 \1 ·which hn.s r o.s it.s bou.nda.ry in /./¡e sc11se of 
Slokes' 1"hcorern1 i. c. 

1 u = (~ d(J for even1 smooU1 do.sed 1 - fonn (J on !C2 . 
.... } >: 

T his is o specia l case of Theorem 1 in (3j. T hnt t heorem also g ives moro infonnation 
0 11 lhe sense in which E is abbached to ¡. 

4 Banach algebras 

Le\ X be a compocL subset of <C11 • T he polynomia.ls in t.he coordina.te fu nctiions 
: • • .:l • ...• :". rcs1iric1,ed to X, form nn nlgebrR of continuous funct ions on X. We denote 
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the uniform dmrn re of tbis algebrn on X by P(X). With norm: 11 / 11= max 1 f ), 
P (X ) is a Banach algebrn. 

The ma.xima l ideal spacc of t his Bl).nach a lgebrn ha.s a natural idcntificntion with a 
certain compact subset of ([;11 , shown be\ow. We define the set X in ([; 11 f\S thc collect ion 
of ali points y in ([;'1 at whid1 t he maximum principie holds for polynomials, relativc 
to the set X. Thus X consists of ali points y in ([:" such that 

1Q(y) 1$ mo.x 1Q 1 overX for all polynomials Q . 

. \· is c:alled thc polynornial hull of X. 

,,,\·is i sclf corn¡mct, uud co11 tuins X. A set X for which X = X is ca lled polynomfrllly 

~-

Lct 1,;: be a compfH.: t subset of U::. Then K is polynomially convex i f a nd only if t be 
complemem of K in <r: is connected. Runge's thcorcm states that if K is polynomially 
convcx. nnd if f is a funct.ion defined a nd holomorph ic in some ne ighborhood of I< , 
then f can be unifor mly ap prox imated on !( by polynom ia ls in z. A genera.lization of 
Runge's theorem for ([:", n. > 1 was given by Andrc Weil nnd I<iyoshi Oka. 1t st ntcs 
ths.1 if X is a co rnpucL poly 11omittlly convex subset of C" and if f is a function defmcd 
1.rnd holomorphic in a neigltborbood of X, then f ca n be un ifo rmly npproxinrntcd 011 

X by polynomials in Lhe coonlinat.e functions z 1, z2 , . .. , Zn- \.\"e sbnll refcr to it. as t.he 
Oka - H" ei/ Theorem. 

\\'e idcmify 1\Jo maxinw l idea l spacc M of the algebra P(X) with thc polynomial 
hull .}; , ns fo llows. Fix m in M. By Gelfand 's theory, there exists a 11011-zero ho
momorphism r scnding P(X) -~ ([: whose kernel is m. Also the norm of r as a lineAr 
functional on P(X) is ! .Denote by ( the point. (r(z 1 ¡, r(z2 ), .. ., r(z11 )) in ([;". ff P is 
a polynomial 011 1'.1::'1, t.hc11 P(() = r(P(z-1, ... , z11 ). So 1 P(( ) 1~11 P 11- So ( belongs t.o 
~\'" . Conversely, cvery point ( in .Y arises from some m in this way. So wc ha"e t.hc 
iden1ification of Al and X. 

\\"e gh·e some exarnplcs o f poly1iomial hults . 

Ex.l: a is a simple closcd cur"e in t he complex plane. T hen f3 is t.he union of f3 
nnd the rcgion bouuded by f3 

Ex.2: Sis thc 3-sphere 1z12 +1w12 = l in IC2 Then Sis t be dosed ball bounded 
by s. 

Ex.J· Y is 1,hc ci rclc on lhc complex line w = O in ([;2 g iven by j z I= ! .Then )"1 is 
the closcd disk on w = O bounded by Y. 

ExA: nn denot.es t.hc subspncc of ![;" consisting of those poi11ts ali of whose coor
dinntC"S RTC reA I. Let I< be fl compact s ubset oí R". Then k = K. 

LN now 'Y be n simple closetl smooth cur"c iu cn.Supposc 1hat t. hcre exists 1;1 

Riemann surfocc E lying in t hc domain IC" \'Y whose bounda.ry is ')', s uch t.hat ~U 'Y 
is rompa.et. Choose it poiut c1 in E. [f Pis a potynomial, 1hen the r ·t rict io r1 of p to 
E i.ti analylic on E By t,hc muxinm m principie on E, then, 1 P (a} 1$ max 1 P 1 ovcr 
-.. Since lhis holds for evcry polynomial P, thc point a lies in ')-. 
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Figure 11. 

Thc quesliion now mises: wlmt ollher poinl of O::" belong liO i' ? We shn.11 unswer 
rhis qucstion in !he C mvc T heorem below. 

\Ve note t:hnt it ma.y ha ppen that i' = ¡ 1 i.e. thnt; is polynomially convex. T his 
is thecasc when ¡ is t he curve: z = e16 ,w = e-i0 ,o ~O~ 2u. IL is a nice exercise l.o 
prove thnt, indccd1 l:his curve is polynomially conve.x. 

Thc fact t.hnl' 11 g ive1i curve is potynomially conve.x has a powerful consequetu.:e for 
uniform npproximat.ion on Lhe curve. 

T heor e m •1.1 Let 1· be a smooth closed curue in O::" which is poly1101nú1lly conve:r.. 
'l'hc.11 euery co11tin:1wus f1mc:.t·io11 on ¡ is u.niformly approrimable 011 "f by ¡JOly1t0mfol~ 
111 the coordinatcs. (In sumbols, P(¡) = C(¡)). 

lfolson nnd Quigley in [ 5] gtwe u proof of bhis theorem. 
Proof Wc make use of the fol\owing result of approximation on plane set.s1 duo Lo 
Hnrtogs and RosenLha l1 [4] , (1931): Let [( be a compncr. plano set of two-dime nsional 
measurc O. Then every continunus function 011 I< can be uniformly 11pproximl1ted 0 11 

K by rn1 ionnl funcLions wliicb urc annlytic on n neighborhood of K. 1 

Considcr !he coordina t.e f.unction z1. We claim that the comple.x conjugate z¡ of 
.;: 1, restrictcd to"(, lies iu P("f).Let. r.1 de note the map which projects 0:: 11 t,o ([; wit,h 
rr1(zi. : 2 .... , Zn) = z1. Sinco ¡ is smooth ,by RSSUm¡>tion, nnd rr1 is a smooth map, Che 
imngc :""1 (7) in O:: has 2-dimensionnl mensure O. Cive.n (> O, t he fforCogs- H.oscutlrnl 
thcorem ltllows 11s to find u 1·u.biom\.l funcliion r, annlytic in a neighborltood N of 7r1 (¡) 
,such thst 1 r(()-( (< f far ettch ( in 7r¡(¡ ) . We now choose a neigliborhood U of ¡ i11 
IC" with ;;1(U) C N. r o 71' 1 is t hon a nnlytic in U. Also, \VC hove far z = (z1, z:¡, ... 1 z,. ) 
in ; 

l r(c.1(z))- c.1 (z) I< <, 

:;ince ;.1(z) is in 1t1('y). Because 1· 0 1T1 is analytic on U1 the Oka-\.\lci! l;lieorem 
gh1l'S tbat the rest.rict.ion of r o 11" 1 Lo 'Y lies in P(¡). Sincc lis nrbit.rnry, we havo t lmt, 
the restriction of 'Zj' lics in P(¡ ).Thc similar slnt:ement holds for Zj far 11ll j.Thus Ph') 
contains ali the coordim~tl'! íuncliions nnd t heir conjuga.tes, rest.ricLed Lo"(, t\!ld so t he 
s,orw-Wcierst rsss t:hcorem gives LIS Lhnt P(¡) = C(¡), and we 1.1rc done. 



114 John Wermer omo 

-N 

Figure 12. 

T he converse of this t heorem is t.rue, because if P(¡) = C('r), t hen the nuLximnl 
ideal space of P(i- ) coincides wit;h the maximal ideal space of C(·y), and Lhe maximul 
ide<.tl spnce of C(X), for every compact Hausdorff space X, equals X . Since Lhe 
ma:dmal ideal space of P(¡) is i', we conclude that i' = ¡ . 

Let. 'Y ben sim~le closed smooth curve in U::" wit h i' f:. ¡. Vile huve the followi11g 
rcsult, which we call t be Oiwue Theorem.: 

T heorem 4.2 !Ji f:. ¡, thcn thc set E = i'\1' is a one-dimensional comvlcx analytic 
subuariety o/([;"\/. 

See Stolzenberg, ¡g Ji for a proof of the Curve Theorem. 
lt still remains t;o show that t he variety E has A/ as its boundary. This is true in 

t he scnse of Sl;okes' t,heorem, Le. if w is a smooth one-form of [;", then 

l w ~ r dw 
..,. 1~ 

For a proof of t hil:i, see Mnrk Ln.wrence,/6 J and Harvey-Lawl:ion ,[ 3). 
Material relut.cd !:o t.his aiticle can be found, in pnrticulnr, in Lhe book The T heory 

of Uniform Algebrns, by E.L Stout, Bogden and Quegley, (1971), Ohapter 6,1.111d in the 
book, Severa] Complex Variaibles and Danach Algebras1 3rd edition , by H. Alexander 
nnd J . Wermer , Springer-Verlag (1998), C hapters 12 and 19. 
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