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ABSTRACT 
In Lhi~ cx¡>osit.ory J\l'Liclc, wc rcvicw nud impro\·e uoiform resolvcnt, 1~%irnntci; 

for a ío.mily of opcral.ori:t 11nd 1:1how how such results c.'Ul be a pplicd Lo t hc s t.udy 
of the high frcqucucy Hclml1olb: cquntion by mea.ns of se.mi-clnssicul rncnsmcs. 
F'ur thc source 1.crm conccnLrntcd ncar n poinL, wc pro\1idc a com plutc solution 
to dtu:nnmc thc scmi-cl11.ssical 111crumrc. 

RESUME ' 
En w nrtlculo revisamos y mcjorn.mos cstimncioncs N!:!IOl"cntcs nnifor111cs 

para una fümilin de opcmrlorcs y moslrnmos como tales resultados pueden ser 
nphad0& al e<t11dio de 111 (lc11ncióu d(l Helmholtz, de a.Ita frcc:ucncin por medio do 
medidas semi clt\sicns. P1u·n o! lón nino fu ulc conce:ntrndo cerca de un punlo, 
prO\Tt"mOS una soluci611 co111p!otn pnrn determinar In medida semi clá<Jicn. 

K ey words nnd phrlllrns: Mou lT'C't method dcpcndmg on o pnromctnr, 
.tem1-c/o.uu:ol ruoluent u11mc1e• 111 /Jru ou .t11ricc.t, 
fhc llcfrnholll quot1on. 'e1ni·clo11ical mcasurc. 
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1 Introduct ion 

T he Helmholtz equat iu n descr ibes t.he propaga tion of light. wave in mat.erial mcdi um. 
Rc>ccntly, therr is a rl'uewed int.crcst in thc study of t he Helmholtz equa tion relate<l to 
the d~ign of very high powcr laser devices such as Laser ~ l éga- Jou!c in FrancC' or the 
NationaJ Ignit ion FaciliLy in t hc US A. Thc Jaser field, A(z), can be vcry accura tely 
modelled and corn pubc•d by t hc solut.ion of the Helmholtz equat ion 

óA(x) + ki( l - N(x))A(x) + ik0v(x)A(x) =O (1.1) 

where ko is t he wavc uumber of lnser in vacuum 1 N(.r) is a smooth posili vc function 
rt'prescnting thc a rli immsioni.d el<'ctronic density of material medium and 11(:r) is pos
iti\·e smooth funct ion reprcsent.ing the absorption coefficient. of thc lascr enf' rgy by 
material medium. Since lnser ca n not propagat c in t he mediu m wit.h t.hP elcrt ronic 
density higger llurn 1, it. is assumed t.hat. O~ N(x) < l. The equat.ion (1 .1) m;iy 
be pose<! m an unboundcd do111a in wi t h known incident exciLat.ion A0 . Thc equation 
is then complcmC'nled by ;1 so-r.alled rad iation condition on the boundary. Thc high 
oscillatory bchav ior of tl u~ solut ion to the Hclmhohz cquat ion makPs t he numerical 
resolu tion of (1. 1) rat her expcnsivc. Fort unaLely, the wa\·e lengt h of la.ser in vacuu m, 
j;, is much !>mallcr tlrn n t.he SC"alc of N. lt is therefore naturel ancl important to 
st ud~· th<' lfolmhol tz C'quat.ion in t.he high frequency limit. k0 -+ In t bis c>xposi
tory ar•ide. instc;:id of s1.11dying bo11ndary value probl m rclated to a 11 011-sf'lf-acljoint 
opcrator. w(' study !he ldgb frcqucncy Helmholt.7. cquation with a sourca term 

(1.2) 

in R4, d ~ l. 1-f cre r. ..... fo > O is regnrded as a small paramctcr , er, > O is a 
T<'Kulari.t1ng coma nnt, vcri fying 

!~ºt = n ~O a nc\ if o ;:; O, 31 E]O, l [ such lhat a, ~ ,..,., (1.3) 

11(.r) is the refrnction index. llcrc we only discuss thc case thc source term is com:en
trntrd near a poinL ..,. = O 

(1..J ) 

e<> f3, 6). If 1 he sourcc Lerm pr<'st'nt.s a concentraLion-oscillation ph1mome11011 n ar o 
submamfold r of iRd, tlic proLJcm is much mor difficult duc to the lack of decay in 
hm&l'nt direc-tion of r. SPc (7] fo r ronstant. rcfrart.ion indcx and [35J far tlw va riable 
refrnC"1ion indrx undf'r ~o r n l' Lcchnical condiLions. Equation (1.2) can be pul into thr 
form of SC'mi-classical SC'hrOdingcr cquat ion 

(1.5) 

h=c, l '(:r)= E-n(:r)2 , K=K(h)=lio" 
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Rumark thnL ií S(O) = 1, tthc 11ight hand side can be rcgarded as a we¡.¡k approxima tion 

of 1L!J0(x). We shnll use toob írom semi-classical scatlering theory to Slill<ly it by 
uho appronch or E. Wigncr , i.e., Lhe a pproach of semi-classical mensure or Wigner 
rneosuro. 

The purpose oí 1.he work is to present the resolvent esrimat,cs depending on a pa
rnmete:r in a unified way and 1:0 apply them in the study of 1he Helmholtz equation 
by mcans of semi-classical meusures. 

In Scction 2, we recnll busic properMes of \.Vigner lransform and semi-d assical 
mcasurrs. Thc resul t.s of this par~ are due to [11 , 12, 21 ). \Ve present in Secbion 
3 n paramcter-dependent ve11sion of t he well-known Mourre1s mctJhod iR gnant.um 
scaLtcring 1heor}' and givc 1111i form microlocal and BesO\··space resolvent, esl\ima.t:es. 
Somc rcsulLS iu t.his Section are contained in [35j. These es1imat es nre applied in 
Scction :1 t.0 1.hc high freqnency Helmholtz. cquation. Tbe main rc1m lt. Theorem 11.l 
is ncw ru1d wns co11jecLured iu [3J and proved in [6] uuder some assumpLion on the 
solf-intcrscc.1.ion mnnifold of llhe lilamilLonian ílow near zcro. 

2 W igner transform and sem i-classical measures 

e.mi·cln.ssical meu.sures or \.Vigner mea.sures werc inlroduced by W iguer in 1932 iu 
t.hc i;t.udy of semi-classicnl limiu of quanLurn mcchnnics írom thc point of views of 
11her111odynnmic e<111ilibri1.1m. See [JG]. F'or 7/1 E L2(Rd), lhe Wigner tnm bÍOl'tn of 1/1 is 
dcfincd by 

\ol' (1/,)(x,<) = (h) - " r .-1•i.¡,(x + ~ )v(x - ~) dy, (2.1) }R,¡ 2 2 

for (.t,0 E R:irl_ l1\i(lf1~quadr1.1.t.ic in ·l/J, but i.s linear wid1 respecl. Lo Lhc dcnsil.y 
funct.ion p{z, y) = t/1(:r.)1/¡(,r¡) , a.c. iu x , y. A rcma rkablc propcny of \.\/ig:ner t.runsíonn 
is rhnt if v = tbh(t) is soluti011 t:o t,he SchrOdingcr cquation 

{ 'i.J1 9t/f = -'t-ó. IJl 
l/!1•=0 = .¡,,,, 

thr n thc:scaled \Vigner t1nmsíorn1, Wi. (:r.,~;t) of Y,: 

w,,(x, (;t) ; T..w(if¡)(x, ~) 
is !:!olution LO 1hc Liouville cquat.ion 

{ l!Ji'i"+(·\7,Wh = 0 
W1q1:::io = J!. l•\l(l/.v)(z , ~) 

(2.2) 

(2.3) 

More gencrnJly, if t.he re ifi 1m approprintc potcni.iaJ \~(x), it wns expccLed t.hal. t,hc 
Wigner lransform, W11(t), of t.hc :iolmion Wh(t) to thc ScrOdinger cqulltiou 

(VI) 
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converg to somt> limi • f as 11 --. O, wlt ich satisfics the associatC'd Liou\'ille cquation 

%f + ~. 'il , f - 'il l ' (x). \ ,f =o in IR~ X IR1 X JI,. (2.5) 

l t is wonh to notire t hat Lhe solu tion of (2.5) can be written clown explicit.ly in 

terms of solution of t he Hamil tonian system of p(x, O = ~ + \ '(x). T hc approach 
of E. \\"igner allows to relat.c fo rm a lly t he quantum mechanics to classical m chauics. 
However. the li mit. f is, ill geuera!, not. a fu nction , but on ly a measure. Rigorous 
justificat ion of \Vigncr 's approach requires the studr of measures obt.aincd as wet>k 
limit of the Wigncr t nmsform of a fami ly of wa.ve fu nctions. T his a pproach was 
justified for manr linea r ami nonlinear evolut ion equations. See ¡2 1, J 1, 12, 3 , 39). 

Another interest fo r stud.y ing semi-classical measure originates from th e rnmpen· 
sated compact ness principie in rnelho<ls of variations ([201). Let {u¡,.} br a boundcd 
:scquence in L2(Rd) . Extructi11 g a subsequence if necessary, we ca u assumc wilhout 
loss that thi s scquenrc converges week!y to some limil u E L2(Rd) . T he defcct rnea
su re 11. associated with thc sequcnce {u.d is a lladon measure deíined as th1> vngue 
\imit in sense of measu rc of t.hc sequence lu1r(x) - u(z )l2 as k ~ T he dcfcct 
measurc is uscd lo descr ibe tite loss of the compactness in elliptic variationnl prob
lcms, and rnn not he uscd t.o dislingu ish differcnt oscillalion dircct.ions. A simple 
e.xample is th:n fa r v E L2 (1R 11 ) and {E IRd \ {O}, the defect measu re of t he scquence 
u_.(r} = v(z)t •h { is 11 = l1i(:cWdx, which is independcnt of ~- Semi· classical men
sure, g,·hich nrny b<" rcgarded as refin cd version oí deíecl measure, ap pears to be \'ery 
use.ful in many problcrns. See [11]. 

2. 1 Ba ic p roperties of \Vigner transfor m 

Lct c.· E L 2 (Rd). Denote 

p(r.u) ~ t{r)lf1(y), jj(J",JJ) = .>(x + ~ 1 x - ~), a. e. in (z,y) E Rd x R". 

It ¡.., drar thnt 

whC're C (R:; L1(ill:~)) dc11ot~s tl ie spacc of L!·valued functions on :R~ which tend 
to O~ !I X- Cro(lRZ¡ U (!R~)) is cqu ipped with the natural norm. T hc Wigner 
tran.,form, H".(t,.•}, oí V' depcnding on a small parameter t >O. is defi ned by 

(2.6) 
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P ropos iLion 2. J ({12]) Onc has 

IJ ll'.(>',)IJi,, = (h<) _;,11 ,;11;_, (h<)-'llPIJi,, = (4rr<) - 'llv, llJ.,, (2 .7) 

J. W, (!Ji)(x, () d( 
•t 

p(x , x), a.e. in x , (2.8) 

J. W,(.p)(x, () e-•(' /' d( 
•t 

Prooí. llcmnrk t.hat 

whore F'I-.( is Fourier t.rnnsforrn 

(2 .7) íollows from Pl11nclu3rnl formu la fo r Fourier transform. (2.8) is t.rivial. (2.9) 
fo llows from Lhe samc ca lcul;Lt.iou 1rnd t.hc i1nrerse fourier Lransform OÍ € - > e-'{~ /"J. . 

With a dircct. CfllculHt.ion (seo [2'L]) , one can checlc lhat. 

1'',(tP) "'((r.1:) - '' e-(·~~HlJ/1 ) 

• 

(J2;r,)- ''I f e-11(«+1•-•1'11ll<'•l.,(,)(2rrc)- ' l ' dzl';:: o (2. 10) 
h~ . 

and 

J f W, (·if1 ) • (('<) -•'e-<>'+<'ll•)dxd( = IJ!/i lJ'. (2. 11 ) 
ÍR2~ 

lt i:s uscful t-0 imrodnce Lhc bilinea r nmpping associated wiLh Wigncr t.rnnsform whidi 
is quadra1ic in 1/J. Dcfi nu 

w,(f,1¡)(,; , () = (2;r) - " J.,.-•• 'J(x + <~)g(z - e ~) dy. 

learly, u•,(/,f) = W,(J). By t.bc propert.ics of Fourier transform on Lemperat.o 
distributions, w l ex t.cnds to a cont.i nuous bilincnr mapping from S1(1!1:11) x S'(l!l11 ) to 

'(R1"'). Onc has, for f nnd !J in L2 1 

J. w,U .!1K , ,<l d< f (z)g(I) (2. 12) 
•t 

J. w,(/,g)(•,( ) dx 
1 • -

(2. 13) 
•t 

(2n)d/(<!c)¡j(</<) 

r,~ .. (ou,(!, y))(<, u) /(< - <1•/2)g(z + cu/2) (2. 14) 
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a.e. i11 .r,e and v. For f, ti E S', oue has 

< w,(f, ,q),a > = < a•(x,<D)f,g >, Va E S(R"), (2. l5) 

w,(f, g) = w,(g,f), ;n S'(R") (2. l6) 

where < · > denot.es t lic S' - S dual product. In this work, we denote bw(.c,cD) 
lhe pseudo-differe111.inl opcn.lior depcnding on the parameter i::, called n scmi-c\nssicul 
pseudcrdiffcrential opcra.lor, with Weyl symbol b: 

For thc theory of scmi-classical psondo-different ial operators, scc [26]. 

Proposit.ion 2.2 {[12]} (a}. f:01· f ,f/ E L2(R~), one has 

Fh,w,(f,11)(x,u) E Co (R~;L 1 (R~)) 
.J',_,,,w,(f,11)(•1,0 E Co(!!l~,1,'(J!t}) 

ond the1r respec.live nonm are 1mi/on11ly bormtled by 11/ flllglj . 
(b). l<to ,bE 5(!11''1). Tho'" 

(2. 17) 

(2.1 ) 

< w,(f,,q), ab >s·.s=< aw(x,<D)J,b"(x,<D)g >s>,s +r, (2.19) 

u•hm Ir,¡$ cC(a,b)ll/ll.'111 fo.· .rnme C(a, b) ;,,dc¡<e<1dent of f,g and c. 

Proor. (a). (2. li) follows from (2. J4) and 

(2. l ) can be dt'duc d from the fuJ!owi11g relntion 

n.ud thc Pan>t'\'al formula. 

l b). Dy (2.15), < w, (!, .r¡). ab >::::< g, (ab)w(x, cD)j >. By t.hc calculus oí scmi
da!>~ical pS(.>udo-diffo.rcnt.ial opcrntors, (ab)w(x,eD) = bª'(x,eD)a"'(x,cD) + 
cR,..(r.tD:c). where R(c) is u bouuded íamily in S (!.tt:ld). Sine.e bv' (:r,t D) is invario.nt 
by trn.nspo-.it ion, we oblnill 

< w,(f,9),ab >=< aw(x,<D)J,b"'(x, cD)g > +r, 

whcrc r, = t < g, R~"(.c,eD;f}/ > sut.isfies t he dcsircd cstimate, duc to t hc unifo1111 
L ~-boundt>dn~ for semi-r l1issir11l pscudo-dífforcntial operators ·with boundcd :-;ymbol . 

• 
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2.:.. mi- ·la s i a l l'neasures 

Lct X drncm• t ho .iipncc 

t•c¡uipprd \\Jlh llu• norm 

X i~ n Dnnn(:'h nJgcb1 n ami S(!!f::l11), C0 (Rld) nrc dense in X . 
L<'l {un) ben boundcd Hequa11co in L1(Rd). Oc.note 

W,(u,.)(•,{) 

ü (T. o - u • (- 1-e-!l•l'+l<"lll« l) 
"" " - " " (rro)' . 

T hcorcm 2.3 (11 l J) 'J'l1r.re t>xi.~tli " 3ubsequc-11cc (u,..} o/ {u,.), Ck-> O (md a po11i
t1ut boundtd Rodon mr.11911.1·1.: ¡1 011 !R.11 sucl1 tliat for ony o E C0 (R211) 

ll~n < a"'(:1;,f.¡¡D)1i11. , u11• >= J / o(z,!)µ(dx, de}. (2.20} 

11 • .., called thc. cmi-classit:ol maas11re (or Wigner meo.su~) associat.cd wil/1 ('u,.~ } . 

Proof. Lct U,,n be defincd flS ubove. Far any f E X, onc has 

lt íoll°""' thnt. 

¡f. U,,.,(,,,()J(x,<)ilxil{ I S -(2
1),11/llxllu.ll' S Cll/ llx· 

Ru ;r 

'l'his prO\~ thnt {U,.11 ) is bounded in x·. incc X is p1lrnblc1 t.herc exi8LS a 
itu~c.-c¡ucncc {U11 .,..) of {Ut,11 } 1111d 1• E x· such that lt -1- O ancl {U~~.11~} converges 
•-wcaldy to /J~ 

lim J U.,.,,.fd"I{ =J. / (x,{)¡<(d:r,d{), V/ E X . 
¡,_, R1.i 

Uy (2 IS), for a E C0 (R2'1), 

< <1'u(m1tkD)u,.., u ... >1...1=< U0 ,n,,o >s•,s . 

lt rul'°"·s lhot 

< o"'(::r1 '" D) rL11 ~, 1111• >1...1 ~ J. a(z, {)11(d.L,d~). k-> 
•" 

77 



7'3 Xue Pmg \\"ang 

lt remaim> lO provt lhnt. ¡1 is 11 mens ure. For any a E C0 (Ru), la kc f/J E C~ witli 
O :5 o :5 1 ;ind tjJ(J = (l,. Por 1¡ > O, put b., = i;i.¡a+r¡. Then , b,1 E C0 and 
b~ =a+ qC:J2 :\ lakin g, use of sy mbolic calculus o í ~mi-class icnl pseudo-difforential 
opcra.tor.s. we ha.ve 

a"'(r,c D) = b;;·(x, cD) ' - 'l~w(x,<D)' + O,(c), in C(L' ). 

rrom this dl'COmposition 11nd thc boundedness oí {un }· onc obta ins that there exi~u 
e> o independr nt of 1/ sud1 t.hat, 

Smre '1 > O i.!> arbitrary, wr gct 

Ja(.x,{)J.t((fa;,tlO = lim < a"' (x, cl D)u"•'""• >~ O. ,_, 
Thcr<'ÍOrt'. JI is a posi1ivr cliiM ibu Lion , t hus a mensu re on (Rld. ce [!3J . lt is clE>ar 
lhal µ(R_H) :$ l>l lJ> 1; 11 11 11 ~ 11 2 < • 

Wh1·n {un} is only bonnderl i11 /.,roe• onc ~an st ill show that therc e.xis ls a subst"
quenC'<' {un.} of {u 11 } ami ~~ positi ve Radon measure /l on a:u such 1baL 

lim < n w(J· ,e ~. JJ)1i 11 ~ , u ,, ~ >= f f a(:r ,{)1,(dx, d{),~a E cr. ·-· 
l<-l { 11,} lw bm1 11 drd in L2 wiLh t: E f whcrc f is a counlable srl wit h O as Llw only 

acc:-mnulaung poi nt. Ll' t. Ut = ltr,(ut)· LeL {Ü, } be dcfined as above. 13y ex lra.ctin g 
~1cce-'{h·t'ly ~ub!;equencC's, we ca n assumc, by an abus of no tation , thaL 

ti , u E L2 

U, .:.... 1.1. E X ' 

ü, ..:. ,-, e x· . 
,\ ""quenr1· {t•1} C L2{R11 ) will be said corn pact a t. infi nity if 

snp { fu, (:r)j 2 dx ~O, as R ~ 
< Í lr!> ll 

(2.21) 

Tlw m.-un pro1wrt ies of St'mi-rlnssica l mea.sures can be resume<! in the following 

Thcor c m 2...1 (! 21 ]) {11.). One hn .~ /t = ¡i . 
(b). µ 2: lu(TJl'óo(~) ami 

1l1tll2 :5 /J(J!t2d) :5 li ~~}J1 f llu,I!'· 

(r). lu,f.r)~ 1 ro1111cr9rs we(lk/y in sen.se o/ mro.rnre.• to Íatdµ(·,{) 1/ 011d m1ly 1/ 
lhr Jan11l1¡ {t "Jij({/1)[2 } 1 .~ cumpact at rnfinrty 
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(JJ Tlu· rvunlttv 1•{RJ'') lim, .0Uu11F' hold.! 1/ o-flll onl 11 1/ botJ1 (u.(x)} rmcl 
{r 'IMf( ' 11 ) OJT rom1.,1rt at m/imt11 In t/11.! c0.tr. {u,} COm'('rgC-' stronf¡ly to 11 in 
1 ' o/ ooJ ou/~ o//' iu(rJl't!o((). 

(t) /LI 11 br o pottlwr fi111tr llodou meruurT L<t u e L'l ,f1trl1 tlwt ¡.1 ~ 

lu(.r)I (() Thtn th('n" rr1.tl .1 11 ,tt•q11v1ce {u, } 111 l 1 •uch tliol u, ....... u in J.,'l, U,....:. f.J 
UI x· oo,J µ(R24) lim, .ollu,llJ 

r h u uh !1ht1w t. thnt !il'lll l rln~.c1icnl mcruiun'S contain informntion about. the lm:k 
o( romp.M:lnt for n hounclt•d St'(IUl'DCr in L2 For thf'> proof oí this tl11.>orc111, wc 1·cfcr 
10 {11. 

Exnmph." l.1 t u E /,2(1R"), n > O. L<•L ut(.z:) = ( "º 1 u{.r/c"). Titen t.hc Wigncr 
lri,n.-.fonn (' uf 11, 1 ¡(iwr1 hy 

Un < l . n dm.ngr of scnle ln .t variables shows tha Uu? associatcd semi-classical 
rnt'tl.~urr l 11 - ll111f1t5o(.r)óo(~) . 

lf n > l , tht> :;,amc in thod shows that I' =O. 
lf a m l lh<'n U,(.r,~) = r- dU(.r/f, e) wh re U jo; he Wigncr t.ro risforrn of u. In 

tlu r..iac, 

l/, - • óo(;) J U(u.()dy, in S' 

5u.r J ( (z , ()d( : ~lü(()I'. onc obtains 

3 n iform re o lvent e t ima te 

In ordf': 10 tudy the lo-1.l'ml.cJussknl mcmsure rrla \"'(f to lhe high frpqucncy lfolrnholt.z 

(3.1) 

th1• fin· 1~p i.., to ~how 1lrnt. t.h<' .s luti u ~uenre {u,} is bounclcd in Lfor 111 l3J, 
thi- lund Df LnMW.s wa.s obtnln('(I frorn Morr y·Cumpanan10 est.imnt oht.aiucd in 
(2~J F.qua11on (3. l ) C'llll lw 1 l'writlC'n as a scmi·da!~ical Schródinger cquat.ion 

(l'(h) - (E + '"))u,: ' (z ), (3.2) 

l'(h): - l•' U. ¡. 1 "(r), l'(z): E - n'(r), E> O. 
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We want m give a.n e~ t. inULl.c unifonn in la , te. EJO, IJ íor thc resolvc11 L 

ln Besm· spaccs. When t,bc rofractiou index n (x) satisfi es 11 (.r) = no + O{{x) - '), 
ns .r: --+ , onc has lf(x) = O((:t) - '} . P(h) is a two-body SchrOdingcr operator. 
lf n(:r) = n 1 (.r 1) + n·t(~r. 2 ) wit.h :1; = (x i,x2 ) E 1R"1 x r:t"~, d1 + d2 = d, such thnt 
nJ {xJ ) = H<1J + O{(x1) - 1 ) wit.b E = n5. 1 + r1 5.2 >O, then P(h) is ll lhrcc-body 

chrOdinger operator. Horn wc show how this can be done b)• met.hods from semi-
cln.~ical resolvenL cst,imat.es. Duc to the particular form of the right hanrl sidc, we 
nced scmi-classica l resolveut estima.tes in Besov spaces. 

3.1 _ Iou.rre's met hod clepending on a paraineter 

w,_.. first ... une a pa rnmei.t.:r dependent \1ersion of ti.lourre's mcthod which is an im
portant tool in qua 11 t.um scattcrin g lheory. Giveu two families { P,} , {A, }, e E]O. lj, 
in some Hil bcrt spHce, wn slwll sny A, is un ifonnl r conjugate operator of P, 011 an 
intt!rml I C :.:t if t.he fo llowing propcrties are satisfi ed: 

l . Domnin.s o f P, 1111d A, nrn indepcndent. of i:: O(Pt) = D 1 , D(A1) = 0 2 • F'or 
each c1 D = Di n D2 is <leuse i11 0 1 in the graph nonn 

ll'"llr, = llP,ull +llull. 

The uni1a1y grou p r iOA , , O E !R is boundcd from 0 1 into it sclf a nd 

sup tl e18 A•u.1J r. < 001 Vu E Di. 
tE]O,l) ,10! :5 1 

3. Tite <1uadra1.i fonn 1./P11 A,) dcfined 011 D is boundcd from bdow a nd Pxtends 
to a self-adjoint. opornt.or Br wi t h D(B,) :J 0 1 and B, is uni formly bounded 
from 0 1 1o H , i.c. 3C > O such t.haL 

llB,ull S C!lullr,. "E D1 

uniforml)• in c. 

l. Thc fonn defined by -i.[80 A. ] on D extend to a unifonnly boundcd operntor 
from 0 1 1 H . 

.;. (u nifonn '.\ lourrc's PSt i1w.1te) Therc is 111 1 >O such that 

E 1( l',)i/P., A.JE1(P,) 2: m,E1(P,) (3.3) 

Remark Lha.t thc US\11\l rvlourre1s estimatc is of the fonn 

B 1(P)i/P, A/E1 (P) 2: B1(P)(c,¡ + K )B1(P). (JA) 
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[111 auml' t'o O nnd /\' n compact. opcrni.or. lf E r/. o,.(P). E1( P) t.ends to O sLrongly. 
So,°'"' rnn utJ1.t• 6 > O smnll cnoug:h so t hnt E1 (P}i(P,..tjE1(P) 2. c1E1(P) fo r 
I • ff.' 'E 61 nnd for :fOlllQ C¡ > o. For Mourre's mcthod iodc-1>cnd nt. or panunclier , 
1w1· !:?J, 21 16) nud nli!O !2J for more iníormntion. 'The follo"•ing pnrnmeler-depcudcmL 
\'t•r inn ~ m·dul In mnuy si l 1111 1 ions. 

T lwo rt"m 3. 1 J1m1111c rlrn l A, is a 11111/orm con1ugole opernlor o/ Pr m1 I = )a,b[. 
L•I R. ( ·) = (/', - :) 1 ""d E E / . 

(1) Far OllJI it > l /2, (IJH/ ó > o, there. cxisl! e > o ~udr tl1at 

(3.5) 

;l ourur rn additirm /h(I/. (P( + i)- 1fl Bn A,J, A.}(P,-:- i)- 1 extc 11 rl.~ f.o 1m iforml¡¡ 

buunJrJ OJK'mlor on JI . 011c luu llie fo llowing 
(ii). Lrt e:= E R anti h•t. X± d1mote tl1 e claaroctrrishc. /unclions o/] - , e_( rmd 

Ir· t • .¡.. (, n:spcct111d11. Hn· r'l.11y l /2 < -11 < 2, tliere e:nst.s e > o s11r:.h thal 

(3.6) 

(íii) . foOr 1my r. s E R, with (r)+ + (s)+ < 11 th ert ,,,. C >O 

(3.i) 

Tht:. ahol>t t.,tm1 atc5 11 rc uni/om1 in !, ,... E]O, 1 J and locally uni/oml fm· E E / . 

(1) oí Tlworcm 3. 1 i1np lics tihc poinL spcctrum of P. is abscnt in I m1d t.11f' spcc1.r11111 
ní P. is <1bM>lu1t·I)' tont,ir111 ou:-1. T hcorcm 3. 1 cnn be deri'-cd by fo llowi 11 g Lhe Mourrc1s 
ori¡pnft) íunctionN di ffenmlá1d intlqun li t.y mct.hod {23J and ic subsequcnt. i111 prove:ne11 L 
f\O, l6. 33, 34j. Thc co11 di 1.ion:1 in pnrtS (ii) nncl (iii) imply t.hat. fo r tmch (, Pt is 2-
!ltnnoth "'llh respcct to A, i11 sonsc of [lGJ. Fbr lhc. proof of Thcorein 3.1 , onc ctm scc 
[t6j fo: find 1 > O nnd [33 1 ~.\11 ] fo r pnrnmctc.r-dcpc.ndcnt ,·er.sion. 

3.2 a iform reso lvent es t imate in B ov spaces 

WC' 11.:am lo show thnt Mourrc1s mcr.hod cnn be uscd lo obt.nin 11ni fo rm reRolvcml 
rs,imatM in BettJ\' Hpílt'e:i for opornlors dcpending on a mnl l pnramct,cr {Sce ¡.JSJ). 
Thb Kfe.a g~ l111C'k 10 i\•lou1r1· [23, 21IJ nnd wns uscd in (l . 37J for op~rat.ors wit.hout. 
$mnll p..u.um·l<." r \Ve miu Lhr idcns from {'le\ , l l in taking ca.re of 1,hc depcmcloncc ou 
the cmall pnnuncter. 

Lt; F bt- a .scl f-ndjoi nL op rntor in 11 . Lct F,, j E N. denote t.he spcctml projcct.or 
of F onto 1hP JW1 OJt whcru 111 = (.\E R;2r 1 S l.\I < 2'} for j 2. 1 auc\ ílo = {..\ E 
iR.; l.\I < 1} ln1roducc tl11· nbstrnC'l llcsov spnces. B"(F), dcfincd i1 1 Lcn 11 s of t.hc 
Uf>\'fillCX F· 

1 ,( i') =(u E // ; l:)''llF•ull < }, s ~ O. 
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íts dual space (Bf)· w. r. t. the scalar product on H is a Banach spacc with the 
norm given by 

llulls.(r)• = SUP;eN Z-"llF;ul l· 

When F is replaced by jxl, one recovcrs the usual Besov spaces Ds and B;. 

T heorem 3.2 Let P~ and A, be two families of self-adjoint operators in H. As
sume that A , is unifo11nly conjugatc to P, on an interval I =Ja , b[ and that (Pt + 
i )- 1 /[ B,, A,J, Ac] (P, + i )- 1 c:ctends to uniformly bouuded operato1· on H. let E E ! 
and s2 ~ · One has 

llR,(E ± ;,) llc¡B,(A.J.B. (A.J·J S Cm;' (3.8) 

unifo r;nly in O < t: ,"" < l. Hcre m, is the constant in the uniform Mourre estimate 
(5) and R ,(z) = (P, - z) - 1 . 

Lct L2 •00 denote thc space of mcasurable functions g(t) on IR: such that 

lla ll2,oo={L IBliJ I 
kEZ 

where IBI• = ess sup {lg(t)I; k S t < k + 1}, k E Z. 

Proposition 3.3 l ct f 1J 2 E /2' 00 . 

llh (A, )R, (E ± i<)/,(.4,)11 S Cm; ' ll/1 lb,oo llh lb. oo . (3.9) 

unifo rmly in O < "' < .l. 

Proof. We follow thc iv1ourre>s argument used in the proof of (III) of Theorcm 1.2 
in [24] (see also [18, 37]) in checking the E-dependence. Let Xn (X±' resp.) denote 
t he characteristic function of [n, n + l[, n E Z, ( [O, +oo[,J - oo> o¡, resp.). Then for 
u,vE H , 

1 ( j, (A, )R,(E ± i ')j,(A,)u , v) 1 

S L lfd,,!h lm llx,,(A,)vll llxm(.4,)ull llx,,(.4, )R, (E ± i<)Xm(A,)11 
n, m EZ 

S 4liull llvll llJ. lb,oollhll2,oo sup llx,,(.4,)R, (E±i,.)x,,,(.4,)11. 
n ,mEZ 

It. remains to prove 

:.~~ llx .. (A, )R, (E ± iK)x,,,(A, )11 s Cm;' (3.10) 

un ifo rmly in K, E]O, l J. Note that A - nis st.i!l a conjugate operator of Pt satisfying 
thc uniform Mourre>s cstimate with the same lower bound. Theorem 3.1 gives that 
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uniformly in n all(I "" Decompose Xn(A1 )R,(E + i¡.;)Xm(A~) as 

x"(A,) R.,(E + i')Xm(A,) 

= x"(A,){x+(A, - m)R(E + i<,h) + x-(A, - m)R.(E - ;,¡ 
+2i<x-(A, - m)R.(E- i<)R.(E + i<))xm(A, ) 

83 

The first two tcrrns can be boun<lcd by Cm¡ 1 according to (3.6). For t he third term, 
rcmark that 

2<llx,.(A,)ll,(E - i<) R..(E + i<)Xm(A,)11 

::0 >l llx,.(A,)R..(E + i<)x"(A,Jlllllxm(.4,)R.(E + i<)Xm(A,)111 

~ Cm~ 1 

uniformly in n ,m a n<l ,..,. (3.10) is proved. • 
Proof of T heorem 3.2. Lct f E Bs(At} · By Proposition 3.3, one has for s:::: ~ 

00 

::; L r 1'11Fj R.(E ±i<)F, ll llF,/11 
k= O 

00 

::; Cm;' ¿ ril•- ll2'' 'llF,/ll::; G'm; 1 ll/ lla.(A,)• 
k""O 

uniformly in i: , ,.., and j. This proves T hcorem 3.2. • 
3.3 Applications to Schrodinger operators 

3.3.1 Sem i-classical resolvent estimates 

An interesting applicat,ion of t he above abstract results is the resolvent est imatc of 
scmi-classical SchrOdingcr opcrators P(h) = - h.2 6 + \l(x) near a no1Hrapping cnergy. 
Rcca.11 that the energy E > O is called non-trapping for thc classica.l Hamiltonian 
p(x ,O = 1(12 + \l (x) if 

Jim ¡x(t ;y,,¡) I = oo, V (y, ~) E p - 1(E). 
1e1-.oo 

(3.11) 

Here, (x(t¡ y, 11), ~(t ; y, 17)) is the solution of the classical Hamilt.oniR.u system associ~ 
ated with p(x, fr 

{ 
~ = a,p(x,(), x(O;y,~) =y, 

~ = - 8,p(x,(), ((O;y,~) = ~· 
The set of non-trapping: energy is open in IR+-

(3.12) 
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The .i\iloun e's method dcpcn<ling on a parameter can also be applied generalized 
N-body SchrOdinger operators. Far the Helmholtz equation, t his allows to include 
the case where the rcfraction index n(x) is a sum of functions of the form: 

M 

n(x) = L n;(x;), n;(x;) = n;,o + o( l ), lx; I - > oo, (3.13) 
J'= l 

wherc n;,o ~ O wit.h E= ¿j n}0 >O, and x; E N_d; ~ ¡¡td_ 

Let us recall sorne notation for generalized N -body SchrOdinger opcrators. Let X 
be ad-dimensional Euclidean space equipped with a quadratic form q(-). To simplify 
notation, wc assumc t hat q(-) is the canonical form on X = iR.J . Let A denote t he set 
of ali cluster decompositions of an N-body system labelled by { 1, 2, · · · , N}. To each 
a E A, it is assigned a subspace Xa of X wit h X a,,.; .. = X for sorne amin E A and 
naEAX a ={O} . Let A be partially ordered by 

Assume also that for a, b E A , the union of a and b, a U b, belongs to A , and is defined 
so t.hat 

X a n X b = Xaut> · 

For the definition of a U b in physical ~-body SchrOdinger operators, wc refer to ¡34]. 
For each a, we denote X 11 the orthogona1 complement of Xa in X . We write t he 
corresponding orthogonal decomposition of coordinates x as: 

X= x ª + Xa. 

With these notation , the N-body Schródinger operators we are interested in are of 
thc form: 

P(h) = -h2 !1 + L \l,(x'), (3.14) 
•EA 

wherc h > O is a small parameter, D. is the Laplacian on (X , q(-)). We assume that 
\!ª sa tisfies 

10~\/,(y)I"' c.r(y){y)-1•1, y Ex •, '<! "EN'·· (3.15) 

Hcre r (y) -4 O as y -4 oo. 

f or each a E A, we denote #a the number of clusters in a, Pª(h) the cluster 
Hamiltonian: 

P' (h) = -h2 ó " + L V. (x'), 
b~a 

where .üª is thc Laplacian iu xª-variables. Put 

J,(x) = L V.(x') , P,(h) = P'(h) - h2ó., 
b~a 

• 
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whcre .ó. 11 is t.he Laplacian in x 11-variables. Then one has: P(h) :;: Pri(h) + ! 11{i:) 
for any cluster decomposit ion a. Lct pª denote 1..he semi-classical symbol of P 11 (h). 
Assume that 

'r/ a, p" is non-trapping at the energy E. (3.16) 

Note that whcn # n ;::; 1, p11 = pis t he c\assical hamiltonian of P(h). 
Under the assumpt.ious (3.15) and (3.16), one can construct a uniform conjugatc 

operator, F(h), of P(h) near E in ~he form 

P(h) ~ h(x D + D · x)/ 2 + r w(x, hD) 

where rw(x, hD) is a sclf-adjoint bounded smoothing semi-classical pseudo-differential 
opcrator and onc has 

ix(P (h))[P(h), F(h))x(P (h)) ~ eohx(P(h))', h E)O, 1], (3.17) 

whcrc CQ > O is independcnt of h and x is a smooth real function on IR supportcd 
sufficient.ly near E. The fol\owing results are proved in [33, 3<1]. 

T heorem 3.4 (i) . A.ssume the conditions (3.15). Tlie resolvent estimate 

(3.18) 

l1olds for ,\E [E - ó1 E + J] uniformly in h , ,.., if and only if E is 1wn-trnppiny for all 
pº and s > 1/ 2. 

(ii) . Assume (3.15 cmd (3. 16}. Let x+ and X- denote the cl1amcte1·istic functions 
for [e+, +ool and ] - oo, c_J, C± E IR.. Then for any s > 1/ 2, t.here exists C > O such 
that 

ll(F(h))'-'n(P(h))R(E ± i<, h)(x)-'11 '.O c1i- 1 (3.19) 

For any any s, r E IR, one has 

ll(P (h))'x,(F(h))R(E ± i<,h)X±(P(h))(F(h))' ll '.O e¡,- •. (3.20) 

For two-body Schr6diuger operators, under t he nmHrapping condition , t he semi
classical resolvent. cstimat.e (3.J 8) was firstly proved in [28] by method of global parn
metrix. Thc ncccssity of non-t.rapping condition to obta in (3.18) was provetl in [31J. 
lts proof ba.sed 0 11 Mourre's method was given in [10]. Since t hen, t hcre are many ex
tensions and new proofs, among which we mention an interesting proof using mcthod 
of semi-classical mcasures (see [51 15]). The sufficient part in (3.18) far N = 3 is d ue 
to C. Gérard [8). The genera! case N ~ 3 is proved in !33]. In [33], the necessity of 
the non-trapping condition (3.16) is a.lso proved. Remark that. (3.19) and (3.20) are 
some kind of microlocal rcsolvcnt estimates. Far microlocal resolvent estimates, see 
114, 16, 19, 9, 34] far the case h > O is fixed. For semi-classical reso\vent estimates 
with microlocalizat ion , see [31 , 32] in two-body case and also [34] in general N-body 
cas<'". 

One can app!y Theorems 3.2 and 3A to P(h) t.o obtain Besov space semi-classical 
resolvem. est.imates. 
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T heore m 3 .5 (Besov space cstimate) Let s;:: 4. Under the assumvtions (3.15) and 
(3.16) , one has: 

l/R(E ± i<, h)IJ,;¡n •. B;) '5 Ch- ' (3.21) 

1.t11iforrnly in O < h, K < 1. 

Proof. Lct F (h) denote the unifonn conjugate operator of P(h) satisfying (3.17). 
Theorem 3.2 is true witb A n:~placcd by F (h) . Let X E Cg:>(IR} with x(t) = 1 for 
t near E. (l - x(P(h))1 )R(E ± ifi., h) is uniformly bounded in L(L2 , L 2 ) , therefore 
also in C.(Bs, B ;). Note that F(h) is a semi-classica! pscudo-differcntial operator with 
Weyl symbol x · ( + r(x, ') where r is a bounded symbol (cf [33]). We can show that 
for s;::: O, 

l/ (P(h)) 'x(P(h))(x)-'l/ '5 e (3.22) 

unifonnly in h. An argument of intcrpolation (cf [1, 13J) gives thcn 

llx(P(h))l/qn •. •.<"<'•ll '.".e 

uniformly in h. By duality, the same is true far x(P(h)) as opcraLor from (B[)• to 
B;. It follows that 

llx(P(h))'R(E ± i<, h)llc¡B •. B; ) $ c1i- ' ' 

which completes the prnof of (3.21). • 
The regularity on potentials is only needed to make use of theory of pseudo

differential operators in t.he construction of uniform conjugate operator. As one can 
see from the next subsection that if we make the virial assumption 

2E- 2V(x) - xVV(x) 2: co >O, V x (3.23) 

which implics (3.16), the condition (x\7)iV(x) E L00 far O :::;- j $ 3 is sufficient to 
have the result of Thcorems 3.4 and 3.5. 

3.3.2 Pot.entials d cpend ing on a parameter 

Considcr the SchrOdinger operator Pf = - il + V{(x) on Rd with potential depending 
on a para.meter f EJO, lj. Assume that \'c(x) is uniformly bounde<l on R" and the 
multiplication operators (x · \7:t )i \~, j = 1, 2, 3, are -il-bounde<l uniformly in f. Let 
E> O. Assume furthcr t.liat there cxist eo > O such that 

(3.24) 

unifonn!y in f. 

For µ.E IR, we denot.e by S±(J.t) the class of ¡t-dependent bounded symbols ª ± on 
R2" satisfying 

suppa± e {(x, {);±x. { 2: ±µ(x) ) , (3.25) 
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O± E c~(lll2") , 18~8fa±(x, ()i :S c 06 (x)-lol(<j-IPI . 

Denote by a(x, D) the pseudo-differential operator with symbol a dcfined by 

a(x, D)u(x ) = -(21-) 1 J, e•l•-ul·<a(x, {)o(y)dyd{, " E S(lll') 
71'' R_ld 

T hcorem 3.6 Lct R,(z) = (P, - z )-1. Under the above assumptions, tlw1·c exists 
¡i0 > O such thnt the followi11g esl.imates hold uniformly in é, ,.;, E]01 l] . 
(i) For s ~ t/ 2, one luis 

llR, (E ± iK)llq n •. B; J :S C. (3.26) 

(ii). l ct 1/2 < s < 2 an.d b± E S±(::¡:µo ), there exists C >O such that 

ll (x )'-'b,(x , D)R,(E ± iK)(x)-'11 :S C (3.27) 

(iii}. For s E IR, ¡m t s+ = max{s, O} . Then, for s, r E IR with s+ + r+ < l and 
b:::; E S±(::¡:.11±) with µ,_ < /J.+ 1 one has 

(3.28) 

Proof. Let Fo = (x Dx + Dx · x)/2 . Under thc condition (3.24), one can sce that 
Fo is a uniform conjugate opcrator on thc interval ! = [E - ó, E + ó] far ó > O small 
cnough and 

for ali c. 
By Thcorern 3.2, onc has 

llR,(E ± ÍK) llCJD,(Fo).D. (Fo)' ) :S C, S ? 1/2. (3.29) 

(3.26) follows t.hen from t.he argument of T heorem 3.5. 
Thc proof of (ii) and (iii) follows the met.hod of T hcorem 2.1 of [34]. Consider thc 

operator 

F,, = l'O + JlS(x), 
x' 

s(x)=w· 

Since i[-.i, µ s(x)] = ¡t(\7s(x ) D, + D, · \7s(x)) ? - lµl(l \7s(x) l2 - i'.), onc can show 
that. thcre exists c1, µ 1 > O such t.hat 

E1(P, )i{P., F,, ]E1(P,)? c1 E1(P, ). 

uniformly in e: and µ with lµI S µ 1• Thereforc, Theorem 3.2 holds wit.h A< replaced 
by Fw By methods of [34], one can replace X±(F,..), (F¡,) by b±(x , D ) and {x), 
respecli\'ely, with a uniform control over paramet.ers. • 

In thc case e= l , Theorrm 3.6 for b± E S:(µ), Vµ > O, was d ue to A. Jenscn 
[16]. Remark that in applica t.ions, in order to construct a part it ion of unity in phase 
space R!~{' it. is importa.lit to have Thcorem 3.6 (ii) and (iii) for b± E 5±(~µ0) for 
some /4J >O. See t.hc proof of Thcorem 4.1 below. 
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3.3.3 Remark on M·0rrey-Ca·mpanat o estimates 

In !25], t he aut.hors meflti0neitl that ¡,t is interesting in itself t0 stiudy M0rrey-Campanat0 
estimates far Sch6diHger operat0rs. We indicate here how this kind 0f estimates can 
be deduced fn)m T3es0v s¡~ace estimates. 

Denote the M0rrey-C0mpanat0 norm 

lllu/11' = sup _RI 1 lul'dx 
' ·, '/l>O 12:1<R 

and N(f) t he dual norm 

N(J) = I: (2j+I 1 . /f/2dx) ¡ 
jEZ C(J) 

where Ci = {.r. E JR:d; 2:Í _s; jxj::; 2i+1 }. 

P roposition 3.7 Let P, = -6. + V~(x) be a Schriidinger opemtor on l!ld, d 2:' 3. 
Under the assum¡Jtions of Theorem 3. 6, one has 

11/(P, - (E± iKW'ull/ :S CN(u), (3.3G) 

for ali u E Lfoc with N(u) < oo, 1miformly in f, ""· 

Proof. Recall the Hardy inequality for d ?: 3: 

- 1 112 4 2 d lllxl f P(R''I :S (d _ 2)2 1/17 f/1 1,• (R')' f E C,\"(l'l ). 

lt follows t hat j:i;¡- 1 (1 - 6.) - 1/ 2 and (1 - 6.) - 1f 2 ¡xj- 1 are b©unded as operators on 
L 2 By a complex inter¡;>©lation, we obtain that for any © $ s $ 1, 

/x¡-'(1- l',)-•12 and (1 - !',)- •121x/-' E C(L2). (3.31) 

Let xi be a cu t-off 0n !Rd wit:h Xi (x) = 1 for ):z:/ $ 1, and O for lx/ 2: 2. Set 
x2 = 1 - x1 . On supp x:i, Bt (resp., Bp norm is equivalent with N(·) (resp., !JI · IJI). 

Sincc (- 6. + 1)- ! is l'lounded from Bi to B~ and from a¡ t© a¡, sp!itting u as 

1t = x1u. + x2u anc\ a.pplying- (3 .31) to x 1u with appropriate t $ s $ 1, one has 

/1(-1', + q-lul/.o¡ :S CN(u) 

11/(-8 + Wlul// :S C//ul/o¡ 

(3.32) 

(3.33) 

Let X be the same cut-off function around E with support sufficientrly near E. Then 
for a!l u. E Có(Jl!d) , one has 
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uniformly in (, "'· By (3.32), 

111(1 - x(P,)')(P, -(E±i"W'ull l ~ C'N(u). 

On the ot.her hand , by (3.26), (3.32), (3.33) and the argument uscd abovc, one has 

lllx(P,)2 (P, - (E± i"W'ull l ~ Cli(P, - (E± i " ))-'x(P,)ullD¡ 

~ Cdlx(P,)ulln! ~ C,N(u) 

for ali u E C{f, uniformly in i:, K. . Combining the abovc two estimat.es, wc obtain 
the desired est.imat.c for u. E G{f. An argument of density completes the proof of 
Proposition 3.7. • 

Note Lhat condition (3.24) is satisfied for \!;. = E - n2 (tx} if n2 verifies 

(x. v,n2 (x))-
n2(x) < 1 

and n2 (:t) ;:::: no > O. Thus, Proposition 3.7 can be regarded asan alt.ernative approach 
to provc the Morrey~Campanato estimate (see [25)). 

4 T he high frequency Helmholtz equat ion 

Now wc study t he Helmholt.z equation with a source lerm concentratcd near one point 

(C> + , - 'n(x)2 + ;,-'cr,)u,\x) = -S,(x) (<1.J) 

in Q.d. d ~ l. Hcre 1: > O is regarded as a small pa.rameter , ª< > O is a regularizing 
constant and a, -+a ~ O when €-+O, n(x) is the refraction indcx and 

s. (x) = ,-"!' s(''). 
' 

(4.2) 

Wc assume that S(x) is smooth and decays sufficicntly rapidly at t.hc infinity. For 
11 (z)2, we assumc t.hat therc exists E> O such that \/(x) = E - n(x)2 satisfies 

(x 'V) i V(x) is bounded on !Rd for O~ j-;; 3. (4.3) 

Assume also that thcre cxists c0 > O such that 

2E - 2V(x) - x \7V(x) <'.e,,, 'V x E 11!". (4.<1) 

lt is con"enient to write (4.1 } in the form 

(45) 
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where 
h = é. ~ Ü, K = t;,{h) = ha¡,. 

Put. w<(x) = ¡;dl2u<(i::i:). Then w, is the solution of 

(4.6) 

Theorem 4.1 Assume ({J) and (4.4). 
(a). Lct SE B !. One has w~ E B¡ and 

(é). Assume that (.'t)'"S E L 2 far sorne r > 3/ 2 and that 

('1.7) 

V (x) is smooth wil:/1 bounded deri.vatives anda,;:::(" /01· some /E IR+ (4.8) 

Suppose that E- V(O) > (i). Then t:. - 1! 2w, conve1-ges *-weaklJJ to w0 in s¡ where Wo 

is the outgoing solution o/ the equation 

(- 6 +V(©~ - E - i 0)w0 (x) = S(x) (4.9) 

Remark Tlie *-weak convergence vf c 112w, to w0 is conjectured in /Sj. lt is vroved 
in /6/ /or d ~ 3 1mde1· an assumption on the dimensio11 o/ sel/ inter·section set ncar 
.zero o/ the Hamilton fiow. Under some additional decay assumptions, the res1tlts of 
(.15/, when simplified to the case of point source, shows that therc exists a subsequence 
o/ {t:- 111w, } converging *·Weakly to w0 in Bf. The approach presented here is new. 

Proof. (4.3) and {4.4) sh0w tihat the c0nditions of Theorem 3.6 are satisfied with 
V. (x ) = V(tx). So, Theorem ,1.6 gives 

(4.JO) 

uniformly in t and K.. (4.7) follows. 

To prove (b), put R,(E + i K) = (- 6 + V(<x) - E - i<)-' and R0 (E + iK) = 
(- ti+ V(O) - E - in.) - 1 . \~1rite r. - 1! 2w, - Ro(E + il\.)S as 

v, = R, (E + i<)(V(O) - V(.x))Ro(E + ;,¡5 

Let p E Cg"()E - 2, E+ 2[) with p(,\) = I on [E - l, E + !J and 

r, = R,(E+i,)(V(O) - V(<.<))R,, (E+iK)p(-6)5 

Then it is easy to check that 

lim < v, - re:!>= O 
c-¡0 

(4.1 I) 
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for any f E Có'°(IR"). Let. X± E C00 (R) such that y.,.+ X- = 1 on lit , X+ = l on 
¡ ~,oo( , and O 0 11 ]oo, - t J. Let. 

whcrc µ0 > O is small ancl pi E C¡f (!R.) and is equal to 1 near O. T hen b± E S ±(::¡:110) 
and wc can apply T heorcm 3.6. Note that b+(x , D ) + b_(x , D) = P i (- t:::. / R) so fa r 
R > 1 la.rge enough, 

(/>+(x, D) + b_(x, D))p(- tl )R0 (E + i<) = p(- tl )Ro (E + i<) 

lnsert ing this decomposit ion int.o re and applying T heorcm 3.6, wc obtain fo r 

4 < s < s' < l 

I < ,., , I > 1 S CJ(c)(ll(x)'' L (x, D)Ro (E + i<)Sll ll(x) ' / 11 

+ ll(x)'Sllll(x)" b+ (x , D )R.(E - i<)/ lll (4.12) 

+I < p(- tl )R0(E + i<)S, [b+(x, D ), V (<x)] R,(E - i<) f > I 
wherc C' is imlepcndent. of f. and K , and ó{t:) = ll(:z:}-'-•'( V(O) - \l (t:x))ll oo --¡. O as 
( -->O for s' >s. By Theorem 3.6, 

ll(T) ,. b_ (x , D )Ro(E + i <)Sll and ll (x)" b+(x, D )R.(E - i<) /11 

are uniform ly bounded respccti vcly by Cll (x) 1+•' SH and Cfl(x) 1+ a' f il· To csLimat.c 
thc last term in (4. 12}i we rcmark t hat by symbolic ca.Jculus of pscudo-diffcreut ia l 
opcrators, lb+(.c , D), V (i:x)] can be dccomposed as 

[b+ (T , 0 ), V (.x)J = <p2 (0 )•· , (x , D ;c) + cr2 (x, D ,<) + O("v) (4.13) 

whcrc N > 2/ + 2, p2(ÜP0 {(2) = O, r ¡ (x , €; d is a family of bounded symbols aucl 
r2{·,·;c) is bounded in S+ (- µo ) nS_(l.io ). By {4.8) 1 since,.. = w f ~ f.-, + i , 

1 < p(- tl )Ro (E + iK)S,O(<N) R,(E -i<)f > 1 = O(c" - ' -2') -> O, 

as e--+ O. Duc to t he support propcrtics of p and f>2, one has 

< p( - tl)R0 (E + i <)S, p2 (D )r 1 (x, D ; <)R,(E - i K)f >= O. 

By Throrem 3.6, 

1 < p(- tl )Ro(E + i<)S,<r,(x, D ;c)R,(E - i <)f > 1 S C<ll (x)Sll ll(x) / 11 

This provcs t ha t \jm c-+o <Vo l >= o for f E c;i. Since u{ is unifo rmly bounded in 
B ~. by an argument of dcnsity, one deduces that vf converges *· Weakly to O in s¡. 
Xoticing that Ro(E + iK)S converges to w0 in B ¡ 1 (b) is pro\·ed. • 

l\ote that the assumption {4.8) is only used to study thc term rcla tcd to 
Jb+(X. O), 1 ·(a )) and the dccay of \f (T) is not needcd. 
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Corollary 4.2 Let SE B!. Then u( Es¡ and there exists C > O such. lhat 

(4.14) 

uniformly in f. 

Proof. By Theorem 11.1 , 

Por O< f < 1, one has 

sup __!,- (1 /u.(.x) l' , ,dx)l 
R >l R 1 ):i;f«R 

, ! sup - 1-1 (1 ¡u.(x)l 2dx) l 
R>l (fR) lzJ<(R 

,J sHp - 1 -1 (1 ¡u,(x)l2 dx) I 
R'>( (ER1 ) jz/«R' 

~ ,l sup -4<1 /u, (x )/2 dx) I = ,!¡¡u, l/a- . 
11' > ! R1 ~ lzl<R' b 

(4.14) fol lows. • 
{uc} is bounded in Lfoc · By the rema.rk following T heorem 2.3, ther-e ex·ists a semi

dassical measure ass0ciated with a subsequence {ut~ }. To give more information on 
the semi-dassical measure, we introduce the space X>. (see /3], [7) and [21}) as the 
comple1.ion of the Schwartz s¡~ace S(J22d) under the norm: 

whcre we denote (:c:, y) = (1 + /:i.:/2 + lvl2)1 and (Fe-+11ip)(.x,y) the partial Fourier 
trnnsform of ¡p(:z:, ~) wit h respect to{. The space X>. is a Banach space with dual x;. 

Applying Corollary 4.2, we immediately get the following 

P rop osi t ion 4.3 1'he f(tmily of Wigner transforms f( ofur is bounded in X,\ , f or any 
,\ > l , a.nd {fe} admits a subsequence converging *-weakly in x; to so me nonrie,qative, 
locally bo"Unded measure f which satisfies 

sup~l f f(x,()d:tdl,SCl/SI/),,. 
R> I /L l:ef.$11 j f,ER" -

(4.15) 

Lct f c(x, (. ) denote t.he Wigner t ransfon n oí llc(x). An elementary calcula tion 
shows that 

('. 16) 
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whNf' 9 , is dcfi11cd by 

) J. _. ·((-¡ 1 l Y • t:.Y 0,(/,)(x,0=-(2 )d e •v "-2 .(\f(x+-2 ) - \' (x --))f .(x, •¡)dy•b¡ 
71" R~~~ €1 2 

nnd 

Oy proposit ion 4.3, onc has for sorne sequence l t; -+O 

a ,.J,, + { · \/, f ,. - 0 ,. (f .. )-+ aj + { · \/, f - \/V (x) · 'Vif (4.17) 

in D', whcrc f is given by P roposition 4.3. A subtlc task is to compute the limit of 
thc source tcrm Qt which depcnds on uc. 

T beorem 4.4 Let a ( -~ n 2: O. Undcr thc assumptions o/ Theorcm 4.1 {li), lhc 
semi-classical measu.rc f verifies the following Liotwille equation 

af + C\/,f - ~'V, V(x)· 'V¡f =Q(x, {), ;nV'(!R2'1) ('1.18) 

with 
Q(x,<) = (2: )" 1S(<)[2ó(x)ó({' - n(0)2 ) 

Moreovcr, f is given by /Ju; outgoing solution 

f (x, {) = fu00 e- º'Q(¡¡(- s;x,l),.¡( - s; x,O)ds 

(4.19) 

(4.20) 

fo the sen.se o/ <listribu.tions, where (y(s), 11(s)) is solution o/ the Jfomiltoni<m system 

{ 
~ = 

~ = - l V (y(s)) , q(O) = { . 

•1(s), y(O) = x, 
(4.21) 

With Thcorem 4.1 and Corllary 11.2, T heorem 4.4 can be provee! along the linc of 
[3] and [35J. To show how to ca lculat.e thc limiling source t.erm Q in t he Liouville 
cqualion, we take ¡p, 1/J E S and writc 

j Q, (<.{)o¡>(x)~(O dxol{ 

= - (S(- + -)u,(x - -)- S(- - -)u,(x+ -)]o¡>(x),¡,(y)dxdy 
1 !. X y ---,.- - -,-.- <y • 

(2JT)d21cfd+I)/~ R2<1 l 2 2 ~ 2 2 

,<d- 1)/l /. , ---- , ty - ' ' lY • , = - (2, 1, 2; ,,.IS(x )u, (<(x' - y))'l'(<x - 2 ) - S(r ')u, (<(x + y))o¡>(tx + 2" )1 ,P(y)dx dy 
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Applying Theorem 4.1 b, we obtain 

j Q,(x,l'Jl"(x)\!,(() dxd\ 

__, - ':(O))' f ¡s(x')wo(x' - y) - S(x')wo(x' + y)j,¡,(y)dx'dy 
t-+0 2·t\21T 

.\P(O) f 'S(<2 + V(O) - E- iW'IS(\)l'ib(()d\ 
(2rr)'1 Jo, 

\Ve finally find that Q, __, ~J(x)'S({' + V(O) - E -iO)- 'ISWI' = Q(x, O in scnse 

of distributions. For rigorous proof of t.his convergence, see [3, 35J. 

R emarks (!). Let íl = p- 1()E - ó,E+ó[), wherep = ~(<2 -V(x)), ó >O small. íl is 
invaria11t by lhe sofo.tions o/ (4.!Jl} and the conditions on V implies lhat lhe classica/ 
ftow is nmt-trapping /or initial datri (x, ~) E O. One can show tl1at f is a well-define<I 
as a distribution on n. Sincc M."[JP Q is contained in p-1({E}), the same is true for 
su.pp f. Th.e oulgoing prnpe1·ty o/ j can be the,1 interpn~ted as 

lim / o <fit = O, in V', 
t-4 - 00 

where ,P1(x,<) = (y'(•,\) ,r¡'(.x,O) is solution of (4.21}. Sce {J5j / 01· more details. 
(2). Jlpplying Them·cm 4-4 to any subseq1tence of {ut}, we conclude that if ¡1 is tlie 

semi-classical measur~ associalcd with a subsequence {uf_,,} , then ¡.t is given by (4.20) . 
This shows tite uniqucness o/ semi-classical mensure associated with s1.1bsequences o/ 
(u,). 

Received: November 2004. Revised: December 2004. 
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