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ABSTRACT 
Wc dc.rm.? the formuln.s exprcssing thc topological characteristics (Detti num­

bers) of 3d- manifo!d with boundary through its Oirichlet-to-Neuwann maps as­
soci:ucd with scalar and vector harmonic ficlds. 

RESUMEN 
Oenvarnos las fórmulas expresando las características topológicas (números 

Bctu) de Jera- \<aricdad a través de sus funciones Dirichlct-:>foumann asociadas 
con campos harmónicos c&c11lar y vectorial. 

Kcy words anct p hra11c11: impedo11u. tomo9roph11, 3d-moni/old1, 8elti rwmllers, 
hormonic field1, Friedn chs decompositio11, clliptic 
DirichlcHo-Neurrzonn map 

Math. Subj . C ln.ss.: 35J15, 35R30, 58JOS, 58)32. 

Introduction 

About the pape r. As was shown by Lassas ancl Uhlmann [3], a smoo1..h t.wo­
dimcnsional compacl.. oricutablc Ricmanuian manifold is deterrnincd by ils Dirichlet.-

1Supported by thl! Rf<'Bll gnmts 02 01 00260 a.nd NS-2261.2003.1. 



to-.\ieumann (DN) map up to confon n aJ equivalence. In ¡1] t his result wa.s obtained 
by another technique (the OC-method}; in the same paper a simple formula !inking 
the Euler characteristic of t he manifold to its 0:\1 map has been derived. 

Here thc 3d-ana1ogs of this formula are presente<l; namely, we exprcss t he dimen­
sions of the Oirichlct and Neumann s11bspaces of harmonic vector fields (the Bctti 
numbers) in tcrms of the scalar and vector Dl\' maps (see (3.11) ,(3.15}). In contrast 
to thc 2d-case these dimensions do not determine t he topology of the manifold but, 
nc\·crtheless, give a substanLive information on it. The background of our 3d- formulas 
is thc F'riedrkhs decornposition of Lhe spacc of harmonic vector ficlds [6J. 

lf a manifold of any dimension ;::: 3 is real analytic it is determi'led by its scalar 
O~ map up to isomctry [4); so, roughly spcaking, t his map determines everything 
including the Bctti numLers. However , for finding them by [4] one needs at fi rst 
to recover the manifold , Le., to salve the inversc problem whereas our formulas 
express the Betti numLcrs Lhrough the inverse data dircctly. One more point is lhat 
analyticity is not we!comed itl t bis kind of prob!ems, and the most intcrcsti11g and 
challcnging quest ion of recoustruction in the general {nonanalytic} case remains open. 
Our fonnulas do 11ot require t.lte analiticity. 

1 Vector analysis 

1.1 Operations in D. 

ln secLion l we recal\ some of the defin itions of vector analysis (see [6], chaptcr 3). 
Let n be a smooth 2 coinpact orientable Riemannian 3d- manifokl with counccted 

boundary r, g Lhe metric tensor, µ t he volume 3-form. 
For a (,·cctor) field a given in íl one defines a conjugate 1-forrn a~ by a~(b) = g(a, b); 

far an 1-form w a conjugatc field w'= is defined by g(wd 1 b} = w(b). 
The scalar product " · " : {fields} x {fields} --? {functions} is dofined pointwise 

by a· b = g(a,b). The vector pro<luct x : {fields} x {fields} --? {fields} is defincd 
pointwise by g(u x b,c} = p.(a,b, c) . 

The gradicnt \7 : {functions} --? {fields} and thc divergence d iv : {ficlds} -. 
{function:s} are defincd in o standard way (see e.g. !6]). 

The curl is clefi ncd a.s a map curl : {fields} --? {ficlds}, curia= (* d a,)d where d 
is the exterior dcrivat.ive and *is the Hodge operator. 

Rccall the basic ide11titics div curl == O and curl \7 =O. 
The scalar Laplacian L.\ : {functions} --? {fuuctions} is 6 := div \7. Thc vector 

Laplacian ~ : {fields} -~ {fields} is Ó := \7 div - curl curl. 
Let 11 be thc outward unit normal on f , µr thc (ind uce<l) surface form on f ; rccall 

t he Green formulas 

j divan¡t = j a·VUJlr - j a - \ ti µ 

u r o 

(11) 

le\"erywhC'rc in the 1>aper 'smool.h' mcans 'C"'°-smooth up to the boundary'. 
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aud J curl a b ¡;. = J 11 x a · b J.Lr + j a· curl b 11 . (1 2) 

n r n 

T hc surfacc integral in (1.2) may be written in the form J µ (11, a, b) µr. 
r 

1.2 Oper a t ion s on r . 
Each ficld a may be represcnt:ed u.t the boundary as 

where a0 := o - a 1111 is a tangcntial component 1 a 11 .l v. 

Considcring r as a Riema m1ia n manifold equipped with t he metric !J Ir ancl the 
volume element Jtr by \?r a nd ~livr we sha ll mean the correspon<ling gradient a n<'l 
divergcncc. Note the equa li t.y 3 

(\7u)o = 17r (u lr) on f ; 

rccall thc wcll-known rela1.ion 

curl a 11 = - divr v x a on r (1.3) 

and thc identit}' 
clivr v x V'r = O. (1.4) 

In what follows for a class A of fonctions on r we denote Á := {J E A 1 f f µr = 
r 

O} ; H'( ... ) and f7 5 ( • • ) are tihe Sobolev classes of functions a.tid fields. The class 

o f potenLial lields Pr := {'Yrf 1 f E PI1 (f ) } is considered as a subspar.e of l.2(r ). 
l nLroduce t he ' int.egration opt~rators ' J : Pr -¡. i,2 (r) defined by 

.1 \7r/ = f, (1.5) 

ancl J: i 2(r) ~ Pr defiued by 

(1.6) 

As is easy lo see. both of Lhe oporntors are injecti\1e and compact; the rela t:ions 

RanJ = JJ ' (f' ) ; llanf = Pr nlJ '(f ); J" = .f; 

r ' = 17r; ,f- l = -d;vr (1.7) 

hold. 

3hcre ;rnd be.low, fot a vcctm· fluid 11.(·) nnd a point 'l' E r wc idcntify t !1e t angontia l componcnl 
(a(1)J8 to t he corrcspondlng clomont of T1 \' . 
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2 H elmholtz type decompositions 

2.1 Decornposition 0 f L2 (D.) . 

Here wc a!so reca.11 the weJl.-known facts (see [6J). 
The space of t.he vector fields Í2(0) with the inner product 

(a, b)i:,¡n¡ = j a ·b µ 

a 

may be represemed in the fonn of an orthogonal sum: 

L2(f!) = Pº Ell s 
of t.he subspace of p0tentia! Helds 

and t he subspace of solenoidal filelds 

S •= ( s E L,(fl) 1 div s = O} 

LhaL is t he classica l Helmholt>1 decon1posit ion. 
T he Hodge-Morrey clec0mposit;io11 detalizes the second summand in (2.1) : 

S=1lEBCº 

where 
1l •= {a E L,(f!) 1 diva = O, cud a = O) 

is tbe subspace of hannonic /ields whereas 

is the subspace of cur!s. So, {2.1) takes t he form 

E,(nJ = Pº EB H EB eº . 

(2.1) 

(2.2) 

In what follows, for a class of fields A we denote by Ao;) the {sub)class of the 
smoo th eJement.s of A. As is well-known, the classes Pº 00 , S00 , }{00 , Cº 00 are 
dense in the corresponding subspaces. 

2.2 H arrnonic fielcls. 

T he second summa.nd in (2.2) is 0f particula r interest and here we !isi some of tihe 
propertics of its elcments (.~ce e.g. [6]). 

(i) Harmonic ficlds are smooth into íl: 1-1. e é1~(íl} ; recall that H.00 is dense in 
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(ii) A harmonic fic\d possesses a trace at the boundary: t.he map tr : a H ajr 
act.s contiuuously from 'H. to ü- ~(r) . By the wel!-known uniquencss t heorem this 
map is iujcct.hie , i.e. , a harmonic field is determined by it.s t race. 

(iii) Thc subspace 1í may be represented in the form of the summ 

71 = C ffi D 

of 1.he subspace of curls 
:= {a E 1·l la = cur!h} 

and t.he subspace of the OirichleL ílelds 

oras the sum 
1l =9 © N 

of Lhe subspace of gradients 

9 := { aE1íja = \71t} 

and lhe subspace of the Neumann fiekls 

N := {nEJiln · v =O). 

(2.3) 

(2.4) 

Jlepresentations (2.3),(2.<1) are lmown as the F'riedrichs decomposiLions. The smoot.h 
d <.1sse.s C00 and G00 are dense in C and g. 

'The clcment,s of Lhe Diriohlet aud Neumann subspaces are smoot;b¡ tJ:ieir dimen­
sions (t.he Bett.i numbers of t.he manifold O) {31 = dimN , fh = dim 'D are fii~·i·te 

ancl determincd by 1.opolo!;y of íl (see [6]). Recall that. thc boundary r i:; assumed 
conncctcd; in t his case the following holds. 

Lernma l T/1c incqtwlil.y clim N ?! clim "O is va/id. 

P roof To pro,·e t his inequal i ~y is to show tha t d E V and d l. N implies el = O. 
Sincc d l. N, by virtue of (2.ti) one has d = Vu.; hence ó.u = div d. = O in fl . At 

thc samc t.iJue, /1 X \7u = LI X d = 0 :>O t hat u is a harmon.ic function in ,fl whereas 
'V·tt is pnrallel to LI on r As r is connected the last yields ufr = consl'.. T herefore 
t~ = const in n and d = \i'U. = o. • 

Thc nexL lemrna specifies ;_~ 'po:>itional relat.ionshí p' of the subspaces ocuuring in 
Lhc Ftiedrid1s decompositions. \Ve denote by P A the orthogonal projedion in .i2 (fl) 
011 a subspace ..-t 

Lemma 'l The rclal.io11s 

l) DnN = (O} ; 2) closPgC = 9; 3) Px C; N; 

5) dim P,v'D = dim V (2.5) 

are ualid. 
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P roof 
l} if aEVnN, thcnax11 = Oanda · 11 = Oon f 1 i.e.,tra =O. Oyinjectivit.y 

of t r we obtain a = O. 
2) 1f a E GeP9C, then a = \?u ami \?ti .l C. By (2.3} the lat.ter !eads to \?ti E V 

yielding 11 x \711 = O in ,íl and, since r is connected, u.Ir = const. Hence t1 = const 
anda = \?u = O. 

3) rr n EN e PNC, then n .l C and, by virtue of (2.3), one has n E V . So, 
n E Afn Vaml wc obtain n = O. 

4) lf d E V e Pv9, theu d .l g and, by virtue of (2.4), one has d E N. So, 
dE VnN and one obtains d = O. 

5) ff dim P1./D < dim V, therc exists a nonzero d E V orthogonal to N. By (2.4) 
t his orthogonaJity implieH d E 9 i.c d = \7u. Therefore ó.u = O in O a nd \?u is 
parallel to /1 on r. As I' iH connected t.!1is yields u = corn;t. and d = \?u = O. Tlms, 
t.he inequality of t.he rlimensions leads to a contradiction. • 

Note in addition that in a possible case of dim JV > dim V one has dos Pe Y #- C. 

2.3 Decompositions on r . 
The space of vector fields l 2 (r) contains the subspace of pot.entia.l fields 

the subspace of solenoidal fie!ds 

Sr '= (o E L,(r) 1 d;vr o = O}, 

the subspace 
Pf '= f1, x\7r f l fEH'(r) ], 

a.nd the harmonic subspacc 

Jir '= (i¡E i,(r) ¡d;vr•7 =O, d;v,,,xry = O) 

The identity (1.4) obviously irnplies P¡'! e Sr. The subspace 1-1.r is of fin ite dimensiou 
determined by topology of r. The smooth cla.r;ses Pf!° and Sf1° are dense in 1.he 
corresponding subspac:es whcreas ·Jír e C00(r) . 

The Helmholtz and Hodgc Morrey decomposit ions on r are of t he well- known 
form 

i,(r) = 'Pr<ll Sr = Pr <ll 'lfr SPf 

3 Formulas 

3,1 E lectric DN map, 

Lct u :; uf (x) be a solmion to t.hc problem of clectrostatics 

ó.u = O in ind1; (3.1) 
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(3.2) 

wiLh a s111ooth funct.ion f . Wit,h t bis problcm one associates the DN map A : L 2 (r) - > 
L2(r), Dom A = c = (r), 

OTl r ; 

recall somc of it,s propert.ies. 
(i) The rclations l\:cr J\ = (com1L} llan A = ÓN> (f ) hold. 
(ii) l11tegratio11 by pa rts givcs 

/ v1,I' v1/' 1' = (Bee (l.l) , (3.1), (3.2) ) =/AJ' f" /<r 

o r 

and shows thnt A is 11 nonnegative opera tor . The well- known fact, is that A is an 
clliptic first a rder pseudod iffercntial operntor. 

(iii) llecall Lhat t.he inhegrntions .J and ihave been defined in sec.1.2. Introduce 
a transform /1 : 'Pr - > .i2(r), Doml:l = Pt, 

H :=AJ . 

J.t is not difficull. to check bhat. Ker H = { O} and RanA = C00(r). By standard 
arguments oí ellipLic t.heory H t.urns out to be a bounded and boundedly inver tible 
opcrat.or with the inverse n - i = (see{l.7}} = \7rA- 1 • 

Civen one of t.he opern~ors ¡\ or }] one can drnract.erize t he traces of harmonic 
gradients as follows. By virtue of the obvious Q00 = {Vuf 1 f E C00(r) } we have 

,,g= = {vr f + (A!),, I J E é= (r)} = ( vrf + (H'Vr!) v l vr/EP]"'). (3.3) 

3.2 Magnetic DN map. 

The problem of magnctostatics is of the form 

l. h = O, divh = O in intfl ; (3.4) 

vxh = j 01tí (3.5) 

with j E 6 (r). T his problem is salvable but not uniquely: a field h is a solution t.o 
(3.4),(3.5) with j = O iff h E V ([G],Lemma 3.5.6). In what. follows we denote by h; 
t,hc (unique) solulion sa.cisfying h1 l. V. 

VVith lhe problcm (3.'1)1(3.5) one associates t he DN rnap 1\ : L2 (r) -~ l 2(r), Dom X = 
é (f) , 

i\j := (cur\ /iÍ)u on r ; 

Jet us list. some oí its propert.ies. 
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(i) The rclations 

j curl ¡/ · curl ¡/' µ. = ( sec( J.2), (3.4) , (3.5)) = / ,Íj' · j" µr 

o r 

show that the magnctic DN map is a nonnegative operator. 
(ii} fiecall 1hat the solenoidal subspace Sr was introduccd in sec. 2.3. 

Lemma 3 The rclations 

Ker Á. e s[', RanA :J 'P¡~ (3.6) 

hold. 

Proof lf j E Ker Á., lhcn 

O = / 1Íj · j l'r = ( see (i)) = j 1 curl h' /' I' ; 

r o 

hf'nce, curl hi = O in O. Therefore, at t he boundary onc has 

O = ,, . cu rl h' = ( sec {1.3), (3.5)) = div ri , 

so that; e l(er .\ lcads to j E Sr. 
Take an arbitrary J E C00(r) and represent 

'ilt/ = (scc {2.3)) = curl h + d 

with a smooth Ji l. V, div h = O a nd d E V. P assing to lhe traces on r one obtains 

('il,/)o = 'ilr f = (curl h)o = ,Í j 

whcre j = -v x tr h. So, Ran 1\ covers the class Pf"' and we arrive at (3.6). • 

\\'e omit thc proof of thc followiug relation specifying a structurc of Ran !\ : 

RaniÍ = P/"'+tr(N e P,vV). 

By virtue of (2.2), 5) lh is rcprcscntat ion easily leads toan intercsting cquality 

dim { Ran X / Pf'} = climJ\f - dim V 

which, nevertheless, is not too rich in content far tomography: as may be shown. thc 
d iffcrenCl' dim N - dim V is dctermined by topology of r . 

· otc in a.ddition 1ha1 rclations (3.6) provide the composition divrA- 1 \7'r to be 
Wl'll defined on co.::i(r). 

(iii) Introduce a t ransform i1 : i 2 (r) --+ L2(r) , Dom Ii = Ct, 

f7 := ,¡ i. 
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As is casy 1..0 .!I , this lransform ii1 injcctivc; by arguments oí cllipl.ic theory ¡.j is a 
bou11ded and bounclCT!ly i11 vert iblc opcrator with the in verse ii - 1 :::: { see ( 1. 7}) :::: 

divr 1\ ·1 . 

Gi\·cn on<' of thc opcrn1ors i\ or 11 we can characterizc thc t race5 oí harmonic cu rls. 
íly vinue of thc obv iousC00 = {curlhi IJ E P1t:?O } and 6 = {divril i E 'P{?O } onc 
has 

trC ; ¡ ,i ) -(chvd) v l jEP¡?" ) ; ( ee(U)); 

; ( - ¡'.j d;v r J - (c\;v r j)" 1 d; v r j E ex(!')). 

3.3 Firs t fo rmula . 

lfr rc wc cx-pre&s /J1 :::: di111 )V i11 tcrms of the 0)1 maps. 

Thcorc 111 1 The rcprcsrritution.~ 

(3.7) 

tcN ; ¡X+ 17,. A- ' d;vr) P¡?"; 1- fi + W') t~(r) (3.8) 

are va/id 

P roo f Take j E P{?° ami dccornposc cu rl J¡J by (2.4 ): 

curlhi:::: Vu + n. 

As j run" on?r P¡":O thc left. hm1d side rn ns over C00 whcrca.s the summands n cover 
the sub..'lpn<'c . \ 'by virtuc of (2.5), 3). 

Passing Lo t he trare.s nnd separating the tangcntial and normal cornponeuts oue 
luJ.S 

(curJhi)o:::: 1\j:::; Vrf + lr n 

whrrc f = u Ir E C=(r ) ami 

11 • curtJii = v · \711 , 

1he lru.t being rquivnlcnt to - divr j = Aj or, thc same, to 

f = - J\ - 1 divr j. 

Substltuting {310) in (3. !J) ouc obtaius 

trn=::i\j+\7r A- 1 divrj , jEPr 

thal is equh-alcnt to thc fü .st of thc relations (3.8). 
Rcturnmg to (3.9), thc tcrm 1\ j may be writtcn in the form 

,i j; (sr<'( i.6)); _,¡ Jd;vr i; - fi d;vrj 

whcn•as (3 10) yields 

\rf::::: -'VrA - 1 divrj =:: (see(l.5)) = - H - 1 divrj. 

(3.9) 

(3.10) 



Thereafier we can write (3.9) as 

t r n = [ - ii + H- 1 ]divrj , jEPr 

that leads to t.hc second cqualit.y in (3.8) by virtue of the evident { divr j J j E 'P{f' } = 
~ITT • 

Dy thc injecliYity of t.r onc has dim t r A' = dim;\r'; hencc, (3.8) leads to 

dim A· = dim [A+ V'r A- 1 divrJ Pr = dim [-Ñ + H - 1 J é 00(r ) (3.11) 

that is thc first of the formulas aunounccd in lntroduction. 

3.4 Second formula . 

He.re we find Pi = dimV from the DN maps. Recall the remark made at the last 
paragraph of (ii). sec.3.2. 

T heore m 2 Thc 1"f.fJrCSCntatio11s 

trD= {IA + div1 · ii - 1 '7r ]C~ (f))v = {I H -Ii- 1 ]P1'?" )v (3.12) 

are ual1d. 

P roof Take j E é 00 (f) and decompose V' uf by (2.3): 

\7u' = curlh+ d. 

r\ s / runs OYer 600 (r ) t hc left hand side runs over gfXJ whereas the summands d 
co,·er thc subspace V by virtuc of (2.5),4). 

Passing to thc traces and scparating the normal and tangential componcnts one 
has 

i\ f = - divr j + v · 

whcre j = -v x h E C00 (r ) ami 

'lrf = Áj , 

thc last. bcing equivalcnt to 

divrj = divr A- 1 ~lr/. 

ubstituting (3. 14) in {3.13) one has 

" · d = A f + divr ¡,-i 'Ir f , f E e~ (f) 

that is cqui\'alcm to thc firs l. of !he rclations {3.12). 
RC'lurning to {3. 13), the !crm Aj may be writtcn in the form 

A/ = (see( l.5)) = AJ'lr/ = ll'ilr f 

(3. 13) 

(3.1<1) 
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whC'rras (3 14) vie ld ~ 

divr j = (see( !.6)) = - 1/ - 1 \ r f. 

1. hN<•aítcr om• can wril<' (3 .13) as 

t.hnt IC'ad s to Lhc second rq ualiLy iu (3. 12). • 
Oy thf' inj<.'C tivil.y of i r onc h;i.s dim t r V = dim V ¡ hence, (3.12) lcads to a formula 

for thc 2-nd O tti numbl'r: 

dim r> = dim j t\ + div r 1\ 1 'Vr J 600 (f ) = dim l H - ¡¡ - i J Pr. (3.15) 

3.5 Harmon ic quaternion fi elds. 

In couc\usiou , let us da1 ify t bc role of thc opcrators 11 , H as natura l 2d-analogs of 
t he t' l a..-;~kaJ lli lb~n. transfom1 on t,hc unique circle. 

ne of thc cquivaknt ways of intrnduci ng /Jchm is the following. Let. w = 11. + i u. 
be a fnnction 8n1:tly tic and smooth in thc disc D := {.: E C 11.:1 $ l} (so tha.t u 
and u. nre conjugalcd by Cauchy lliemaun : d ·u. = * d u ), T := 8D; ¡ t he polar 
angl<' 0 11 T, / := u Ir ,/. := ¡1, , Ir Thc transfor m Ht1au maps ~ to ~ and can be 
rr prci;cnll'11 ns HriM4 = /\J whcrc /\is thc elcctric Di\ map of D, J is an intcgra!'ion: 
;~ J = id (see {IJ). 

lleturni ng to a 3d m<1 nifold íl wc say that a function u and a solcnoi<lal fi eld h 
:m• cOnJugatix l (and writc h = 1t , 1 1t = h. ) if 'Vu = curlh infl or, equival ently1 

d Ji. = • d h: . Thi s defin iti on immed iatelly implies ~u = O a nd curl ('ur] h = O , 
i.c., \ u,curlh E Qn C c 1í. 

lí at. lcast .\ ~ 1:- {O}, so Lhat O is of nontrivial topology, not each u satisfying 
ó rt = O ab wcll as not each h s11tisfy in g curlcurl h = O has a conjugate. Howcvcr 1 

a remarkablc fact is t hat 1,he cxisLcncc of t he conjuga tes may be chccked in tenns of 
t hC" t rarN- of u a nd h lh rough the operators H and fi " . \\"e omit t hc proof of the 
following n::;ult which is a very simple consequence of the rcprese11tatio11s (3.3) and 
(:\ 7). 

T h corcm 3 (1) For / E CQO (r ) ll1 e fur1ctior1 uf h1u a conjugate hJ =(uf ). iff 

[1 - lilf[\rf = O; 

m thu C'4!t' l.h t' cq1rn lity 
di vr j = - 1-1 \ r / 

lwldJ rm d dd t nnm<".s J E 'Pf!O. 

(11) For J E Pf the /irld /¡J liaJ o conjugate uf = ( h) ) . 1JJ 

/ l - H 17 J divr j = O; 
~,-M-.-l-lu~,.-1-h•-,-.-,.,-,-,-,-~.-[l-] ~ 
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in this case the cq1tality 
'Vr / = -Ji divr j 

holds cmd deten11ines f E 600(f) . 

A pair q = {u., h} (pointwise, a scalar plus a vector) may be considered as a 
"quaternion field" in n (scc c.g. [2J) . \Ve say q to be harmonic and a.'isig11 it ro 
the class Q if Ji ::;: u. . As wc expect, it is the class Q which will play a kcy role 
in rcconstruction of íl t.hroug:h D:'-1 maps. T heorem 3 shows that the set tr Q is 
detennined by the operators A, !\ a.nd may be explicitly characicrizcd in Lerms of thc 
Hilbcrt transforms Ji , JÍ 

3.6 Commen ts. 

• Recently L.N.Pestov has úlaborated a 'microlocal ' version of Hc11m and applicd 
it far solviug thc 2d kincmatic inverse problcm [5J. Perhaps1 our H aud H rnuld 
be uscful far a 3d- gcneralizat.ion (sec a lso {2]). 

• lf O is homcomorphic to a. ball in R 3 one has dim. V :::: dim V ::::: O, so that 
(3. ll) yiclds 1\. = \71·A- 1divr and ii :::: -H-1. An open question is whcther 
the clcnric ON map determines the magnctic one (or conversely) in the genernl 
case. 

• I"m obligcd to G.M.Hcnkin for valuable discussions and consultations. f'd likc 
to thank S.V.Belisheva for assistance in prcparing the manuscript. 
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