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ABSTRACT 
Wc con::iider t be systcm of stochas t ic difforential equations w1t.h dclay and 

wi! h 11011-autonomous non linear main part 

dx,( t ) = ~ (v1<o (t)xr~ ( t} + f; (t, [xJ:-i.)) dt +11, (t,[XJ:-h) dw1 , 

i = 1, . . ,n, .\(.s) = ef¡(s), s :$O. 

Hcre 11 ~ O, ¡x¡:-" (s) = X (s) , whcn s E [t - h, t], t > h, [X J: - " (s) = y;(s), 
whcn s E (-oo, OJ, dl(s) is a givcn init ial process, X = (x1, x 2, . .. , x n)T, µ ; > 1 
are rntional numbers wit.h odd numcrators and denominators, w1 is a \Vicner 
proccss. 

For differenl 1ypc::1 of dclays in coefficient.s f , (1 ,[X¡;-") and 111 (1., [XJ:-1•) 

wc pro,·e almost ::1ure asyinptotic stability of a trivial so!ution to the systcm (1) 
when i,ti(s) =O. 

RES UMEN 
Consideramos c.I sistema de cctmciom.'S diferenciales estocásticas con retardo 

y con parte principal no lineal no autónomas 

d.c,(t ) = L~.1 (pk,(t.)x~~(t) + f ; (t , [x¡:-")) dt + 11, (t.P:J:-") dw1, 
i = 1, , ri , X (.•) = ef¡(.,) , s ;5 0. 

Acá h ~ O, (XJ;-" (8) = X (.9), donde 8 E (t - 11 , t}, t > 11, [xJ:-h (8) = t/>(s), 
cunndo 8 E [-oo, OJ, 9 (s ) es mt proceso inicial dado, X = (xi,i:2 , ... ,:z:,.)7 , 

(1) 



Jt, > 1 son números racionales con numeradores y denominadores impares, w1 es 

nn proceso Wiencr. Para diferentes t ipos de retardo en coeficientes / ; ( t, [x¡:-") 
y o, (t, [x¡;-") probaremos cstabj.lidad asi·ntótka casi segura de una solución 

t.rivial del sistema ( l ) cuando r/¡(s} = 0. 

Kcy word~ and phrases: Stocllastic; !to De/ay Equation. Asym¡itotic 
Stability. f,yo.p1mov Functional. 

Mnth. Subj. Civ.~s.: 36R30 
AMS C lass.: .1J4KS01 93b'J5, 60HIO. 

Introduction 

Asyrnptotic stability of t he trivial solutioe to the system of dJfferent ial equations 

dx;(t) = LPki(t)xi'(t ), i = !, . .,n, (2) 
k= l 

was investigated in [2]. In t his paper we prove almost sure (a.s.) asymptoticstability 
of the i.ri\'ial solut ion lo the following system of stochastic Ito equaliion with delays 

dx, (t ) = t (p.,(t)xi'(t) + ¡, (t, ¡x¡:-")) dt + ~, (t, ¡x¡;-") dw., i = !, .. ,n. (3) 
k=l 

Hcre X= (x1 ,x2 , ••• ,x0 )1', [XJ!-h(s) = X (s) for s E [t - h,tJ, t > h, and 

IX]~-h(s) = q)(s) for s E [-oo,OJ, h 2: O, ¡/J(s) is a given inillia! process, w1 is 
a Wiener proces.i;, µ., > l , ¡1 1 :::; µ 2 $ ··· ~ µ 11 are rational numbers with odd numer· 
ators nnd denominators. 

Everywhere in the paper we suppose that Pki (t) are continuous non-random func
tions for t 2: O and t hat t.Jiere exist positive cons~ants ...\1, ... , >." , and nonnegative 
function a (t) sud1 that for al! f. 2: O and Y E E 11 

Y'"AP(t)Y ~ - a(t)llYll'. 

¡00 
a(s)ds = oo. 

(>!) 

(5) 

Hcre P(t) = {P.1:¡(t )}. k , i = 1, 2, ... , n and A = diag{>,1 , • • , >.n} is a diagonal matrix. 
The system (3) can be considered as a stochastic generatizaLion of t he system (2). 
Wc can treat lhc term L~::: i /Jkt(f.)xi~(t) as the main par.t of tbe system (3) and 

/, (t,[XJ:-h) ami <J; (t ,¡x¡:·-1' ) as deterministic and stochastic noises1 respectiively. 

\Ve assumc t hat. for the noise purt of t he equations sorne bounds are fu lfilled. We 
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formulate om suflkiency <'Onditions for asympt.olic st.abilit.y in terms of thc coefficients 
of t.llC'se bounds. l t. t urns out t.hat whcn t he coefficient.s for X nt points t and sorne 
prcvious points t - 11, are small cnough the stabilit.y results take place. 

In this paper we obtai n sufficicnt. condit.ions on n.s. asymptotic stabilit.y of t.hc 
trivial solution to the systcm of stochastic Ito cquations (3) in three cases: when the 
11oisc pnrt. of system does uot contain any delay, whcn it. contains discret.e delays, and 
i11 the most. general case, in which it. cont.ains discretc delays as well as dist.ributed 
dcfays. 

Wc bcgin by recalling somo clclinit.ions from t.hc Thoory of Funct ional Differcnt.ial 
E~uations (see [1], [3], [4[, [5], [6]). 

Wc say tbat. an E"quat.ion contains r.o11sta11t discretc dclays if its right.-hand part. 
dcpends on X (t) and X (t - hA. ) for some const.ants fik > O. \Ve say that an cquat.ion 
contains distrib11ted clelays if its right-hand part depends on the whole of a previous 
hislory of ¡x}~-h (a)= X(s} for t. - /1 $ s $ t , h < oo. A sufficicnlly general form of 
such a depcndcncc is t,hc fo\lowing: 

jx(t-s)clll (s) + f e;X (t- il;(t)), 
o J= l 

(6) 

whcrc Ris a function of bounded variation on [O, h], O~ ó 1 (t} $ h for t ?: O. We 
uot,c that discrc te dclays, const.a.nt or non·constant, are partial cases of (6). 

F'or t he proof of asymptotic stability in t.he three cases mentioned above wc con· 
struct, a Lyapunov function or sorne Lyapunov. Krasovskii functionals (see [1), [3J, 
[11], !5), [6]}. As a rule, whcn t.he funct.ions / ¡ (t , [X¡~-h) and u, (1 ,¡x¡:-h) contain 

more general dclay, the Lyapunov-1<rasovskii functional become more complicat.ed 
(sce formulas (38), (53), (62) bclow). 

Far t he proofs of our t.heorems we also apply sorne result.s from Theory of Random 
P rocesscs (see, for example, [7]). Some definit ions and facts from t he Theory of 
lla udom Processes can be found below. 

A complete probabilit.y spaccs (O, F, P ) equipped with the nondccreasing family 
of o-algebras F = {..T11}n= l.2 ... , F 5 ~ :F1 ~ :F, s $ t (filtratio1l), is called a stoclrnstic 
basis if it satisfies the " usual" conditions: 

(:i.) right. continuity: :Ft = :F1+ = ílu>t :F,.. , t ?: O; 
(b) completeness: :Fo is augmcutcd with t he sets from :F with P -null probability. 
\Ve s:i.y t hat { .:\"1 }i>o, is a st.ochastic process1 if it is the family of random variables 

X 1(w) dcfincd on (O, F). We rcstrict our considcration to t he proccsses {Xt}i >o such 
thflt, for each t 2: O, t he nrndorn variables X 1 are 1"1-measurable. We also s~1pposc 
that , for all w E f! , the tr:i.jectorics of X1(w) , t 2: O, are continuous as functions 
of t and t hc initiaJ process q'.l(s) is F 0 -measurable. Let. {wdi>o be a !-dimensional 
:F1-meusurable Wiencr process. -

Bclow wc formulate t he famous fto formula, which can be reckoncd as a general
iza t.ion of thc chain rule for different iation of dct.crministic functions. 
Len una l. Lct X 1 be n-d1mensio1wl stochastic process luwing the d1ffcrentinl <IX 1 = 
/ (t)clt +a(l)clo•,, wloerc J (t) = (J,(t) , ... , /" (t)), a(t) = (a,(t ), .... a"(t )). Let 1.tso 



\f (t, X) = V(t, x 1 , • •• , xn) be a differentiable function with respect to tite first argumcnt 
11nd a twice co11tin11ously d;jjercntiablc function wit'h 1·espect to the last n variables . 
Tltc11 !to fomwla takes place 

¡' " av ¡' av V(t, X,)=ll(D,Xo)+ ¿-8 f; (t)dt+ -8 dt+ 
O i=l X¡ O t 

1 J.' " D'V J.' " @\I ;; I; 8 .. . 0 .. <;(t)u;(t)dt + I; O-:u;~t)dw1 • 
- o i.j= l ,), ¡ x, o i=l x, 

(7) 

StocbasLic process {!vft}1.>o is saicl to li.te an :Ft·martingale, if EIMtf < oo and 
E(M,¡.r-.) = M, for ali t > s -2: O. We note that a Wiener process Wt is a marbingale 
as well as the so called It.o integra!¡; g(s )dw, , wher.e t he process g(s) is continuousand 
Fi-measurable. A mart.ingale {Mdt>o is ca'lled square integrable if supp0 EXl < oo. 
A stochastic proce.ss is called a semi""Tna1·tingale if it admits the r.epreseñtation 

X, = Xo+ M1. +At. (8) 

whcre {Mt}i?;O is a mar~ingale <rnd {At}t?;o is a process of bounded variat.ion. lu 
pariicula r, the proce.'is X 1, defineEI by (8), is a semimartingale if At is a.s. non
decreasing process. 

Lemma 2. Lct {A: }1~0, {A[},1.~o , {Bl }t2':0, {B[}t2':0 be a.s. nori~decreasing contin
uous F1-measumble processes with B 1 $ A 1 , B 2 ~ A 2 and A = B 1 - B 2 . Lct a/so 
{Mt}00 be a continuous :FL-martingale. Let process {Zt}p 0 , Zt:::: Z0 +- Mt + A1, be 
11011-n;gatiuc. Then {w: A~ < oo} ~ {Z-->} n {w : A~.( oo} a.s. 
R emark l. fo ihis paper we use tlle designation X(t) for the solution of the systcm 
(2) i11 co11trast to X 1, wliich is more common in the literatu1·e on Stochastic Processcs. 
We do it to avoid mistmder·sttmding when wc are spcaking about x;(t) or x;(t - h1J 

In thc íollowing calcula.t i0ns we are going to apply tlhc inequalit.y 

where ! + ~ = 1. a, b > O. 
r Q • 

(9) 

2 Systems without delays 

In this section we consider t he case when noises in the system (3) do not contain any 

delays. That. is lhe fonct.ions f ¡ (t1 [XJ:-h) a.nd a¡ (t, [X):- h) from t be system (3) do 

not dcpcnd 0 11 the previous sta te.s of X and can be writt.en simply as f¡(t,X(t)) aud 

a, (t, X (t))' 

dx,(t) = L(/lu(t)x~'(t) + f ;(t,X(t )))dt+u;(t, X(t))dw, , i = 1, .. , n. (10) 
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We let 

(ll ) 

(12) 

k" ~ 0,K = J , . . ,n, and as.sume that for cvery i = l , ... ,n and for sorne fonct.ions 
/j¡(t), ¡¡(t) t ite following conditions hold 

l/;(t,X(t))l :S(J;(t), 

fo00 /3f(s)a- 1(s)ds < oo, 

lo;(!, X(t.))I' '.S a(t) t k.x~··~ (t) + 'f;(t), 

fo00 "/¡-!f:tr (s)a~(s)ds < oo, 

{ !. ,(µ; - 1) Ü;} 
max ¡;;--- + - ::: q < l. 

1=!, .. . ,11 4 2 

(13) 

(1 4) 

(15) 

(16) 

(17) 

llem a r k 2 . Condit1on (17) holds if the coefficients k" in (15) are small eno1tgh. This 
mca11s tlwt the every stochastic ¡mrt of the noise a¡ in the system (JO) can devcnd on 

xJ'°+ft.- (t ), provided coefficicnts are small enough. 

T heo,.em l. Let condition' (4)-(5), {13)-(17) befldfiiled. Then P {.i!¡:;, llX(t)ll' =O} 

::: 1 for tmy solutio11 X(t) of syste.m ( 10}. 
Proof. We define Lyapunov function V by the formula : 

lt. is easy to see that 

av _ '" 
8-- !.;x,' x, 

é"12V ,.\ 11, - 1 
8x7 ::: ¡/.t¡X¡ 1 

82 V 
éJx,éJXj ::: Ü, 

i ¡l j. (18) 

Wc apply Ita formula (7) to Lyapunov funct ion \/(X(t)) along the t.rajcctory of solu
tiou X (t) to the system (10) and obtain 

\l(X(I)) = l "{Xo)+ l~ ,\;x:• ; (~ p,;(t)xi'(t)+/;(t,X(l)))r/1. 

(19) 
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m, = l t Á;xf' (t)u;(t, X(t))dw, 
o i::: l 

allO 

(20) 

Now wc are going to est,imate three expressions in the right~hand side oí (19): 

f=,1,x¡'· 'Í:,p.,(t)xZ'(t), 'Í:,>.;x!"(t) f;(t,X(t)) and 'Í:, >.,µ;x¡·-'(t)ui(t.,X(t)). 
•=I .i:= l i::-:1 

Using (4) wc obtain the cstimation of the first, exprcssion 

Fa r estimnt ing of the second cxpression we note that for every ~ > O 

Then 

t >. ,,~'(l)j, (t , X(t)) <; t >.,x!" (t)/J;(t) <; t ,\; xi"' (~w(t) + t ;/?(t)e~'a-'(t). 
•-1 ¡""¡ i= I i = I 

Ocforc esLimating thc t hird cxpression we need to do some calculations. Applying the 
iner¡uality (9) for r = ~ and q = .;!!n we have 

x~· - ' (1)7.(t) = x"' - 1(t)[<a(t)] 'l;;T 7;(1.)[a(t)e]'if.' 

( x¡•-1 (t)[w(t)] "f,;¡' ) ~ ( 7;(t)[w(t)] 'if.' )-!(ir 
$ ~ + ~ 

¡q-1 111 + 1 

_ ea(t)xi"' (t) ,.¡-IM- (t)E'7fi a'7fi (t) 
-~+ ~ 

/• , - 1 ¡1¡ + 1 

(21) 

aud 

µ , -1 µ¡1· ;H- < (¡t¡ - J) 2¡<; (µ¡ + l ) ' 2µ¡ 
x, x1 _ 2/.l¡ X¡ + 2/L¡ Xj • 

1 
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Theu 

" " ( " b. ) t1 ,\; ¡.1;x~1: -I (t)a;(t.1 X (t)) :=:; ~ >.¡¡J;x~· 1 - 1 (t) ;; a.(t)k,..x~~ + P; (t) + /¡(t) 

S f: [~a(t) f: k. ( (µ; - l )xi'"(t) + (J.'r + l )x;"• (l)) + <-\;(µ; - 1;0.(t)x'"; (t) 
•=d " ::; ] 

+ "''µ , + 1hF~1i,l7ff,,!'7fi· "> ] 

S a(l ) [t. k, t.,\¡(/'~ - l ) xi";(t) +t.,\;(µ~+ l ) t. k,x;''" (t)] 
" o " ;l$ '-="'"'-= " eA;(i• r - l )o.(t)x·'o;(t.) " ,\1(µ1 + lht' (t)e";+• o • ·•' (t) 

+ ~ 2 + ~ 2 

S a.(t) t.((' +e) ,\¡(¡•~ - l) + ü 1) xi'';(t) + 2S,(t), 

where .\ and ,.. are delined in (12) , 

(22) 

Then 

\l(X(t)) = \l(X(O))- (' a(t.) f: (1-~ -(K+e) ,\;(/'r - l) -~) x2";(t)dt 
lo i= I 2 4 2 ' 

+ l S(O)dO + m(t) S \l (X(O))- cq [ a(t) t, xi";(t)dt + [ S(O)dB + m., 

= \/(Xo) - '" J.' a (O)ii(X),,(B) ii'dB + [ S(O)dB + m1 , (23) 

where 

S(t) = S , (t) + S2 (t), 

So(I) = ,\,,8f(t.)e- •a- 1(t.) 
- 2 , 

O¡= . min {1 - ("' +E),\;(JL; - l) -~ -~} , 
•=!, .. . ,.. 4 2 2 

E < min 4 - K,,\¡Ü1¡ - 1) - 25.k; ==- min ~. 
- •=>....... ,\¡(¡•; - l ) - 2,\¡ •=>. ...... • \ ¡(µ¡ + l ) 

(24) 

(25) 

(26) 

(27) 



Wc note that dueto condition (17) the right-hand side in (27) is positive. 
Afl.cr integration of (23) we obta in 

(28) 

wiLh 

Af'1 = [ a,a(B)l/(X).1,(B)l/2dB, Al'1 = l S(B)dO. 

From Lcmma 2 we get. 

P{A!,;' <oo) c P{V - >)nP{A'I,;' <oo) . (29) 

Conditions {14) and (16) imply P{Af;,) < oo}, and (29) implies P{l' -t} =l. lt 
mcans in panicular that P{lx;{t)I ~ !<} = 1 far sorne a.s. finite K = K(w) >O, for 
every i = l , . . . ,11 and for every t >O. 

To prove the t.heorem it is sufficient t0 shmv that P { lim V(t) =o} = l. Sup
H= 

pose the opposite: P { !im V(t) = (o(w) >e} = Po > 8 for sorne (o = (0 (w) > O. 
·~= T hen there ex.ists a.s. ñnite N = N(w) such t;ha.t P{Or} = Po > O, where íl1 = 

{V(I)?: (o(w)/2, t > N(w)). We note that 

:i:,u.+I = (x~1' · ) ! x· < (x~'" ) ! [( 
' ' 1 - • • ' 

ll(t) = t ~x:"+'(t) $ t~/((xi'" (tJ) 1 $ K,f,(xi'"(t)) ¡ 
i= 1 µ; + 1 i= l ¡.t., + 1 i= l 

$ /(2 (~xi'" (t)) ! = K2fl (X)1,(t)IJ. (30) 

Thcrefore 

P { ll(X),,(1)1/2 ?: 4~~i } =Po >O (31 ) 

íor 1 > T(w) and far w E fl1 

J." a(t)l/(X),,(s)ll'ds [ +[ 
f" (' f" 2: JN a(s)l/(X),,(s)ll2ds?: 4¡~, JN a(s)ds--¡ oo 

llS 11 -; duc to condi1fon (5). Hence P{A~) ::::: oo} ~Po >O. This contradicts (29) 

pro\1ing 1hat P { lim V (t ) =o} = l. The last implies thab P { lim llX(t)U =o}= 
1 .... ixi t-4 

l . • 
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3 Systems with discrete d elay 

In t.his scctiou we supposc that functions f¡ (t, ¡x¡~-h) and a, (t , [XJ:-h) depend 011 
Lhe values of X al points t - hi"• wit.h hjk ~O, j = 1, .. m , k = 1, ... n. Wit.hout loss 
of gcncrality we can also supposc ~hat the a(t) from condition (5) is non-increasing 
and ls bounded by sorne constant f( : a(t.) :5 !<. 

We f\S:mmc t haL 9il: ;?: O, j = l , ... ,m, k = 1, . . ,n and instead or (13) and (15) 
far cvery i = l , . .. , n thc following cond itions are fu lfilled: 

::; a(t) LL9;. lx~·(t - h,,) l + fi,(t), (32) 
J= I x = I 

o? (i,¡x¡~-'') ::; ci(t.) I>•x:·+7.t (t.) 
1<= 1 

+ a(t) f: t 9;,x:·+7.t (t - h,,) + 1;(t). {33) 
j = lx= I 

Wc pul 

and supposc that 

(~ + g),\.(µ, - ! ) + 2,\;g + Ak;/2 +{A+ Á)g; = q < L 
4 

(35) 

R e mnrk 3. Condition (35) -is fulfilled if coefficients k,.. and 9i x,j = 1, ... , m , ,.., = 
1,. , n, in (32)-(33) a.re small enough numbers. It mea11s in v<u-ticular that. stochastic 

noisc i11 tl1e system (3) can be depcndent on xJ"+ f¡!'¡, at point t as well as al previous 
¡wints t - hjx , W1tli small enou.qh coefficients. 'l'he dcterministic part of noise can 

a/so be dcpendent on x,. (t - hj,. ) with small enough coefficients. 
T heo, em 2. Let conditions (4), (5), (14), (16}, (32), (33), (35) be f"lfillcil. Then 

P { lim \I X (t}ll2 =o} = l /or any solution X(t) o/ system (3). 
t - •oo 

P ro of. Thc d ghl-hand side of Lhc system (3) depends on l hc prc\•ious st aLes of 
solut.ion X ln this case we havc to use Lyapuuov functional instead of Lyapunov 
function: 

'" " / ' 1; =(X+~) L L Y;. a(s)x!'"(s)ds. 
j : d 1<=> 1 l -h,~ 

(36) 

(37) 

(38) 
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In lto formula decompositio11 (17) for functic:mal V(X(t)), defined by (36), 

(' " (" ) ' \l(X(t)) = 11 (Xo) +J. I>•i' E pu(t)xi'(t) + f; (t,[xJ:-•) dt + r av,dt 
O t=l k=L lo lJt 

(39) 

wc havc to cstimate expressious 

't,>. ,x!"(t) f; (1,¡x¡:-") 
i=I 

and 't,>.;µ;x¡'- 1(t)a1 (t,[XJ:-1•), 

i = l 

nnd also to compute ~. We note that 

nnd 

For cstimaLion of t.he first. expression we do the fol\owing: 
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Fo r cst.inuü ion of ! he second expression we do the following 

"' \ ••,- • (1) ' ( [ " ['-'' ) < ~ , ;¡.t¡X¡ a, t, _., 1 _ 

i= I 

~ .. ,,,,_, (~ . ..... ('1+;'t .;;., ~ .... (<)+~ . . ) t;{'"'•'·; (t) ~a(t) k,x, +a(t) k,~g;,x, (t -h,,) +'[,(1) 

"["· " $ 8 -;f o(t) f; k., ( (¡,; - () xi"' (t) + (¡t; + l)x!''• (l.)) 

\ ... " 
+'.fa(!) L L 9,, ( (¡., - ! }xi'" (t) + (µ; + l)x!''• (t - hi ,)) 

J= l K : \ 

·I· e A;(µ ; - J)a(t)x''' ' (l.) + !.;(¡<; + l)'y¡*r (t)< '7H a/;¡t¡ (t)] 
2 2 

[ 
" " ( ) " !. ( ) " 

$ a(t.) f;k, ~ ,\; µ; - l xi'" (t) + 8 ; µ~+ l ~k,x!''• (t) 

~ >.,.;;.,~ ( )·''"() ~ <A;(¡t;-l)x2'"(t) l +~2~~9jK µ.¡- l X ¡ t + ./.....¿ 2 
i= J j""1 l K= l i=J 

",\¡ m ~ 2• 
+ I: 2a(I.) I: ¿:g, , (µ; + l)x.'• (t -h;,) 

i= I j = l K::o l 

+ :t !.;(/t ; + th,;f#r (t)eT.Tff n/;¡tf(t) 

i ""11 2 

$ o(I.) t.((~+ g +e) ,\, (¡t; - ! ) + Ak;) xi '" (t) 

+ ,ia(t) I: I: g, ,,;•··(t - h;,) + 2.51 (t), (41) 
j = l K= I 

wherc X and /\.are defined in ( 12), 9 in (34), S1(t) in (22}. Purther, 

- (.i + .i) f :t 9j< a(t - hj,)x ;••· (t - h;,) 
1=! 11= ! 

$ (X + .i) a(I) :t g,x;••· (t) - (.\ +X) a.(t) f :t g,, x;••· (t - hj, ) (42) 
K-= 1 i = l 1'""1 



as a(t - h) > a(t). Here f¡,. and ~ are defined in (34) . Let 

. { 4 - (• + _qJ>,,(1., - 1) - zü, - 2>.,9 - 4(.\ + 5.¡9,} 
1d~~~~.n ~\; (µ; + 1) 

. 4(1- q) 
,d!~ ~ ~~.n .\,(¡1,· + 1)' 

(43) 

. { - - >.; (¡<; - !) - !.;(g + <) - - - } ,,.!J'.'.'.',n ¡ - (~ + g + <) - -4-- - >.k;/2 - --2- - (>. + >.)91 . (·M) 

Substituting (40)-(44) in (19) we obtain (23). From Lemma 2 we get (29), nnd 
t.hcn due to conditions (14 ), (16) obtain that P{V --t } = L From the definition 
of functional V, (36)-(38), we see that there exists H = H(w) < oo a.s. such t.hat 
P{supt>O \/¡ (t) < H} = 1 and P{supt:>O V2 (t) < H} = l. Jt implies in particular thot 
P{J.z:, (t)I ~ F<) = 1 for some a.s. finite J( = J<(w) > O and for every i = l , ... ,11 1 .. 

By our assumptions a.(t) is non~increasing function. Then we have two opportu· 
nities: 

u) a(t) -> O as t-> oc, 
b) a(t) ~e for sorue e> O. 
In case a) 

"'" 1' llr,(t)I S (.\ + ,i) L L 9;.K2"" a(r)dr 
j = I x :=: \ t- 1•;~ 

S (5. + .i) f f 9;.K'""a(t - h;,)h;.-> O 
j= l 1<=1 

>. , •• ·~ 1 

whcn t -t O. Then L:Z=i ~.:~ 1 = Vi(t) = V(t) - V2 (t) has Lo converge also1 nnd 

wc prove t ha1 P { lim flXd/ = o} = 1 in the same wa.y as in t be proof of Thoorcm l. 
H = 

In case b) we note Lhat V is a.s. uniformly continuous on [O, oo). lt. is easy to sce 
Lha t V2(t) is also a.s. uniformly continuous on [ü,oo). Real!y, far t 5 9 we have 

¡v,(t)-11,(0)I = 

= (-i + ,i) t. t.Yi• lt,,,, a(r)x;''•(r)dr - L.,. a(r)x;10•(r)drl 

= (ú")tt.g,./l -t'·i· -l+ t '"·¡ 
= (,i + ,i) t.t.9i• ll a(r)x!''"(r)dr -t::I· a(r)x;"•(r)drl 

$ (,i + -i) f t,g,,J<"" (/J' a(r)dr' + lt'.:" a(r)drl) $ K2lt - OI. (46) 
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Thcn Vi(t ) ha~ also LO be a.s. uniform conLinuous on [O,oo}. To prove l;hat 

,., { iim sup Vi (t) =o} = 1 we suppose the opposite: p { 1im sup V¡ (t) = (o(w) >o} 
t-~oo L-looo 

= Po > O for some (o = ( o(w) > O. T hereforc there exists sec¡uence l1: = t.k(w) such 
l.luH P(Oi) = ])o, where íl 1 = {w: Vi{ti:)(w) > (o(w)/2 > O}. Oue to a.s. unifonnly 
co11t.i1111i l.Y of Vi (t ) on !O, oo) far E = c(w) = (o (w)/4 we can find ó = ó(w) such t ha.1, 

;v,(t") - V, (•)I :S e= (o(w) / 4 

whcn w E íl 1 and js - t .1.:I ~ ó. T hen for w E íl 1 and s E [tk - J, t.1.: + &J we have 

IV. (s)l 2: l l '1(t,)l- IV.(tk) - V.(•)l 2: (o(w)/2- (o(w)/ 4 = (o(w)/4. (47) 

LeL k(n) be a number of eleme11ts of t he sequeuce {tk} in the interval [O, n j. Applying 
iuequality (47) and estimaLions {30), (31) we obtain for w E íl 1 

[ ll(X ),,(s)ll'a(s)ds 2: L [ '+6 ll (X),,(s)ll'a(s)ds 2: 
O k: l.~+J:Sn t~ -J 

(Ó e--. ¡1•+•1 2có(J '"°"' k(-n)cJ(J 
~ 4!(2 2..: cd1:1 = '1!(~ L.. 1 ;:: ~ -+ oo 

2 .l.: :1.+J:5 11 i~ -6 2 k$ k(r1) 2 

as n -> oo, becausc k(n) -1' oo as n -+ oo. Hence P{A~) = oo} 2'.: Po > O. This 
coutnulict.s (29) proving t.hc result.. • 

4 Systems with general delays 

111 t.h is sect.ion wc prove lwo i.heorems on asymptotic stability of the t rivial solut ion Lo 
t.hc system (:J), when dependence of Lhe right~hand side of the equat ions on 1,he past 
si.a tes of solution X 1 has a general form, which includes the discrete as well as the 
distribul.ed clclays (sec (6) in t.he lntroduction) . In t.he first. theorem the asympt.otic 
stab\lity is provcd when coC'fficients in the noise pa.rt are smaU. In the second onc 
our <.1ssumplions are exprcssed in tcrms of the convergence of an integral on the 
infinil.e t.ime interval {O, ) of t.hc funct ion which is iuvolved in the estima1.ion. In 
pract.icc, t he infinitc lirnc interval is of 110 int.erest, and any function rest ricted to a 
fi nite l.inic inten·al can be extended to j0 100) in such a way, that the correspomling 
integral converges (scc, for example [8, 9]). Of course !;he quesLion of t he spced of 
sud1 convergente remains open. In t.his sensc the second result can be rcg1.1rdcd <.1s 

more general than thr first. 
In Lhe following lwo paragraphs wc suppose t hat t.he fu nction R(s) in (6) is co11-

tinuous aud no1Mlecreasing far s E [O, hJ, li > O, the funct.ion a(t) is posit.i,,e ami 
11011-incrcmúng for t E (O. ), O :::; L\oj(t) ~ h and 1 - ó j(t) ~ EJ > O for /. ~ 01 
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R(t) = R(t) + l(t), l(t) = {o, t <o, 
1, t 2'. o, 

00 

e,= l:, e;/t; < oo, R ,= R(oo)- R(O) + l. 
j "" I 

4.1 Small parameter 

1n this paragraph wc consider the following system of stochastlc equations 

dx, (t) = t (Pki(t)xi' + j, (1,¡x¡:-•)) dt +o¡ (t , ¡x¡;-•) dw, (18) 
k ::: l 

As in the previous section we suppose that a(t) from condition (5) is non-increasing 
ancl bounded by some constant k : a(t ) :$ k. The following conditions will be 
referrcd to below: 

[" ]! ¡¡, (1,fxJ:- ')I s a(t)v ! ll(XJ,.(t - ,lll'dR(s) + t. •;IJ(XJ,.(t - li,(t)Jll' (49) 

[

00 ' l 't!;'-lá, (t,(Xl:-')I' S a(t)v f ll(X),.(t- s)ll'dR(') + ~e;ll(X),.(t-li;(t))ll' , (50) 

(51) 

whcrc /1 is some parametcr 1 (X)¡, is defined in (1 I) 1 ,\ aml 5i are defined in (12) ami 
(34) respC'ctively. 

T heorc m 3. l et conditions (4)1 (5)1 (49), (50), (51} be /ulfillr.d. Tlicn 

P {.l!:::, l/X(t)((2 = O} = 1 /or ony solutim1 X (t) of Eqn.(48). 

P roof. Le1. we define Lyapunov functional V by the formula: 

V= Vi + V,, (52) 

13 = (Ú ,\)v j dR(s) j (((X),.(T)fl2a(T)dT 
o 1 -~ 

+(A+ A)" f, e;/t; J ll(X),.(T)ll'a(T)dT, t E (O,oo), (53) 
J = l t - A ¡ {t) 
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whcre Vi is defiucd iu (37). Applying the Lto formula we obtaiu 

1' " ( n ) 1' 81' \l(X(t )) = \l(Xo) + ¿: ,1,x:·· L Pki(t)xi'(t) + i; (t,X(t)) dt+ oi'dt 
O i= I A:= l O 

(54) 

Wc necd to cstimate somc tcrms in the right.-hand side of (54) . Befare doing this we 
uotc that 

( " ) ! ( h ) ! xi'(t) = (xi"' (t)) ! $ [ xi'"(t - s)dl(s) $ [ x2"'(t - s)dR(s) 

( 
h 00 ) ! 

$ [ llCX),.(t - s)il'dR(s) + f; •;il(X),.(t- d ,(t))il' . 

And in a similar way, 

~ 
x~~- 1 (t )::;: (:r.~'''(t)) ~·· ~ 

(55) 

""2 
$ (/ ll(X),.(t - slll'dR(s) + f, •;ll(X),.(t- d ,(t))il') "• (56) 

Th<'n using (·19), (50), (55) and (56) we obtain 

'Í:,,1,x~·j, (i,¡xj:-' ) 
i= I 

$ Úva(t) ( lll(X),.(t - .•)ll2dR(s) + f, •;ll(X).(t- d ;(t))ll') , 

¿ ..\,¡1;x~· _, (t)G?(t , X 1) 

(
" 00 ) $ 2(>.->.)va(t) [ ll(X),.(t- s)ll'dR(s) + fi •;li(X).(t- d; (t))l12 . 
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Since a(t) ::;: a(s) for t ;::: s we get from the above 

~ , .. - ( , e-") 1 ..¡¡..... µ; -1 - 2 ( 1-") av, ¿_, >.,x, /, t, ¡,~ ], + 2 ¿_, >.,µ,x, (t)a, t , [X ], + 8t 
i=l i=I 

:S (,\ + ,i)v ( / ll(X )µ(t - s)ll'a(t - s)dR (s) +t. •Jll(X)µ(t- ó ;(t))ll'a(t - ó ,(I))) 

+(,\ + .i)v (R +e) a(t)ll(X),,(t)ll' 

- {31 + ,\)v ( / ll(X)1,(I - s)ll'a(t - s)dR(s) + t, e;ll(X )µ(t - ó ;(t))ll' a(t - ÓJ(t))) 

= (,\ + A)v(R + e)a(t)ll(X),. (t)ll' · 

.'\ftcr substituting cverything in (54) we obtain (23) wit h Ct'¡ = 1 - e, é = (.X+ 
,\)v (R +e). 

:\'ow we procced in lhc samc way as in T heorem 2. The only difference is that 
inst.ead of functional \/2 we consider Vi and instead of estimations (45) and (46) we 
have for somc constants I<1, I<2 , I<3 >O 

j\f3(t)I :S (A + ,i) v (R + e) K1 [th a(O)dr + t,. a(O)dr] 

:S 1(2 rnax{a(I - h), a(t - ó)} -> O 

whcn t -t oo. and 

,, 1 8 , 1 
ll'l(t) - V,(8)1 :S (,i + ,i) / dll(s) L. a(r)ll(X)µ(r)ll' dr - L. a(r)ll (X),. (r)ll2dr 

+u + .i) f e;/eJ 1 ( º a(r)ll(X ),,(r)l l2dr- l ' a(r)ll(X )µ(r )ll2dr/ 
j=l l o-A,((J) t - 6.¡(I) 

U + .i) ,, (R +e) K, a(r)dr + a(r)dr :S K31t - 81. (/l o 1 /l B-ó;(B) /) 
t t - A ;{t) 

• 
4.2 I ntegrable parameter 

\\'e considcr the systcm of stochastic equations 

d<.(t) f; (v,;(t)xi'(t) + /¡ (t, rx1;-h) + ¡, (t , rxi:-h)) dt 
k :::d 

+ (a; (t , ¡xi;-h) ,_,;, (t, rx1:-'•)) dw, (57) 
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Thc following conditions will be rnferrcd to below: 

lf; (t , 1x1:-') l"'+I :5 a•••+'(t) [/ V, (t, - s)dR(s) +~e, Vi (t - A;(t))] (58) 

¡a, (t,jXJ:- ')I'"+' ::; a'4-'(t) [/ Vi(t. -s)dR(s )+ t.•;Vi(t- A;(t))] ¡59) 

j a(s)ds<oo, 

o 

whcre V¡ is dcfine<l in (37). 

(60) 

T hco1·cm 4, &et co>1ditions (4), (5), {14}, (16), {32}, {33}, (35), (58), (59), (60) be 

fulfillcd. The11 P { Jim 11X(t)112 =o) = 1 for any solution X (t) o/ Eqn. {57). 
•~oo 

Proof. Wc define Lyapunov- l<rnsovskii functional \/ by t hc formula.: 

W = ln (\/ + 1} , V =Vi + \/2 + \13 , (61) 

" ' 
(Vs) , = lis j dR(s) j a(r)V¡(r)dr 

o l - 8 

+u , f, e,/<; j a(r)V¡(r)dr, t E (O,oo), (62) 
J=l t-6.;(t) 

where V¡ and \ 12 are dcfincd in (37) ancl (38) respectively1 H3 is sorne constaut which 
will be specificd below. Wc note that 

é}1V ).. x1' 1 

az; = V1
; ] 7 

é)'ll\/ 0 X (V+ l) - )..¡z\'; ,\¡xji -)..,xr'..\1 x~'' . . 
ax,8', = (V+ J)' = ~· '"'J. (63) 

Wc apply l to formula to t.hc functional W(X(t)) and get 

W(X (t)) = 11'(X0) + J.' (V+ 1¡- ' [t,\;xi' (~1,.; (t)x~'(t) + /;+ f;) 
8\12 8\'3] 11t n 82 W + -0 +-8 dt +-2 L: -8 ,8 .(u;+ü,)(u;+ü;) dt. +m,. (64) 

I t O i,j=I Xi X1 

whcrc 

t " 
m, = 1 (V + 1)- 1 L ,\;x:" (t) (u,+ o;) dw, 

o i= l 

(65) 
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is a mart;ingale. V/e note that 

f, ,1,x!"f,(1,¡xj:-") 
i=: l 

J, + 1 ''k+• -" -"'- ( h 00 ) S~>.;(~) a(t) !V, (1. -s)<lR(s)+ f •;Vi(t- ó ;(t)) (66) 

x~·· - 1 (t)úl (t,¡x¡~-'') 

" ( + l) ~f (1' - 00 ) S ~ T a(t) 
0 

V,(t- s)dR(s) + f e;V,(t-ó;(t))I (67) 

F'rom t.he definition of \/ (see {Gl)) we have: V~ ~K1xt~+ 1 • Then for ·i :¡:. j and 
some constant. H ¡ , which depends only on µ1;, .\¡,, k = 1, . . . , n , we have 

Thc similar est.imat.es are correct for x~' ' (t)xj'(t)O-;a; and xr · (t)x~''(t)&;&;. Tben 
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Using thc monot.onc propert.y of t hc function a we obtain 

(68) 

$ /13o(t) ( / lf, (t - s)dR.(s) + ~e;lf,(t- t.,(t))) + /!3 (R + e)o(t)V, (t) 

- 113 ( / \l¡(t - s)a·(t. - s)dR(s) + ~e;lf, (t- t.,(t))a(I - s) ) 

= //,(R ~ e) a(t)V, (t) $ H3 (R + e) a(t)\I. (69) 

Wc note that const.ants H 2 , f/3 dcpcnd only on µ;, ,\k , k = l , ... , n. Substitut iug (40), 
(•11), (42) and (69) in (64) and applying the incqualit ies: (V+ 1)- 1 ~ 11 V (11 + 1)- 1 ~ 
1, wc obtain 

W(X (t)) = IV(X (O)) - "' r' (\' + W'a(O) t·~"'(O)dO 
lo i=I 

+J.' (V+ 1)- 1 113 (R +e) o(O)VdO +J.' (V+ 1¡-1 S(O)dO + m(t) 

= IV(X0 ) - a 1 J.' a(O)(V + W 'il(X),, (0)112cl0 + H, (R +e) J.' a(O)dO 

+J.' (O)dO + rn, , (70) 

whcre S(O) =- H4 S(O) ancl a 1 is dcfincd similar to {44). 
Now wc proceed in 1.he snmc way as in thc proof of Thcorem 2, noting t.hat. 

l\'3 (<)1 $ (.i + .i) "(R + e) K3 [fh o(O)dO +f., a(O)dO] 

$ (.i + .i) " (R + e) I<3 [/,: a(O)dO + /,~,,, o(O)do] __, O 

whc:n t 4 1 because an integral J0
00 a(O)dO converges. \Ve consicler two cases about 

1.hc funclion a{t): a) a(t) -+ O as t 4 oo, b) a(t) ~e for some e> O. In the case a), 

V2 (t) 4 O as t 4 (scc (45)), and we prove that P L~nc!i IJX(t)IJ = O} = .1 similar 

to the proof of Thoorem 1. 
In case b) wc note th:u \/, \/2 , V9 are a.s. uniformly continuous on [O,oo). Then 

Vi (t) is also a.s. uniform!y cont inuous on !O, oo). \Ve complcle the proof in the samc 
way as in lhe Thoorem 2. 

R emark 4. Thcorern 4 can be also proved in case of unbounded delay, h = oo. 
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