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ABSTRACT 
In llln (n 2: 3), au intercsting propert_v of the semi-linear equation 

is that , whcn Ko is a positivc constant, solutions can concentrate at any point. 
\Vhen K0 is not. a constant, we show that concC'ntration of solutions rcquires 
strong couditions 0 11 Ko. Through the stereographic projcction, thc discussion 
can be extended to S", and is related to hubbling, or the blow-up phenomenon. 

RESUMEN 
En lll" (n 2: 3) , uua propiedad interesante de la ecuación semi linea! 

es que, cuando /(0 es una constante positiva, las soluciones pucdeu concentrase 
en cualquier punto. Cuando l<o no es constante, mostramos que concentraciones 
de soluciones requiere corniicioues fuertes en K a. A t ravés de !a proyección es
tereográfica la discusión puede ser extendida a S", y rclaciouada con "bubbling" 
o el fcu6rncno " blow-up". 

1T he author is gratcful to the anonyrnous referec for thti sensible a.nd helpful comments. 
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1 Int roduction 

In this article we consider positivc smooth solutions u of the equation 

~g1 U - C11n(n- l)u+en[(u~ =0 in Sn. (1.1) 

Here ~g; is the Laplacian far the standard metric 91 on tbe unit sphere sn (n ~ 3), 
and c11 = (n - 2)/ [4(n - l )]. Equation (1.1) describes the scalar curvature K of the 
conforma! metric u6 g1 [4). Under the stereographic project ion P: S 11 ~ IR11 (cf. 
[15J and § 7), w;th 

K,(y) •= K(P- 1(y)), u,(y) =u (P-1 (y)) e+ ~ylf') y for y ElR", (1.2) 

equation (1. 1) can be expressed as 

Liu, +c,l<,uP =0 ü1 IR". (I.3) 

The geometric accent of the equations is refl.ected ana!ytically in the crit
ica! Sobolev exponent. Togethcr with conforma] invariance, they may cause bubbles 
to appear (26]. Active studies are conducted on existence of solutions and fine asymp
totic properties, employing powerful ideas in partial differential equations and global 
geometri• (see, for ;nstances, recen! pubHcations [1], [3], [7], [8J , [9], [10], [ll], [18], 
[23J, and the references within). However, key questions like the Nirenberg problem 
and the J(azdan-Warner problem remain unresolved. 

An exquisite result of Gidas, Ni and Nirenberg ([13J, /14] ; cf. [5J, [24J) shows 
that when !(, is a positivc constant, say (after rescaling), f{0 = 4 n(n - l) 1 any 
positive smooth solution of cquation (1.3) is of the form 

(1.4) 

Here p is a fixed point in fil'", and >. a positive number. Thus the rigidity ami 
fiexibility of the equation are captured. As au interesting consequence, solutions can 
concentrate near p when >. ~ o+. Indeed, direct calculation reveaJs that 

f uf:'P (y) dy is independent on >. and p, lJR" , 
r uf; (y)dy $ e(~)" --t o as >.~o+ . 

}JR"\Bp(P) , ¡ p 
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In the above, C is a posit.ive coustant, Bp(p) the open ball in lR" with center at p and 
radius p >O . Observe that U,\,p(p) -> oo as,\-+ o+. We use thc t.crm concentration 
to denote the general phenomenon when the solution is large in a tiny neighborhood 
of a point, and small outside. The precise meaning is made evident in each of the 
following theorems. 

When !( 0 is not a constant, we show that positive smooth solut.ions of 
cquation (1.3) in thc form of (1.2) can only concentrate on particular places. The 
first observaban is that conccntration cannot take place at. a point p with K0 (p) SO 
(see propositions 2.2 and 2.4 for the precise statements). Here we make use of the 
fact that conforma! deformat.ious on (S", g1) tend to increase the L ~ -norm of t.lie 
scalar curvatures [16]. 

The second obstruction far concentration is 11 \l I<0 (p)ll f:. O, a consequcnce 
of the famed J< azdan-Warner batanee formula: 

{ X(K) u~ dV9 , =O. 
l s0 

(1.5) 

Herc X is an arbitrary conforma! Killing vector field on (S", g1) (cf. [10] [15]) . 

Formula (J .5), when projected onto IR" via P, and when X is generated by 
rcsca!ing, givcs rise to the Pohozaev identity 

( (y v K.)u;='dy=O . hR" (1.6) 

From (1.6), we derive thc third obstruction, namely, high conccntrntion cannot takc 
place ata poirit p wit/1 Ll I<0(p) i O (the precise statement is found in thcorem 4.1). 
Earlier, Chang-Gursky-Yang [6] and Schocn-Zhang [28) consider similar situation. 
( (1.6) is satisfied by solu1,ions u0 and I<0 related to u and I< t.hrough (1.2), whicb 
guarantces thc convergcncc of the integral and non-exist.ence of boundary terms. This 
requirement can be relaxed by imposing suitable decay condition on u0 • cf./6] . ) 

Observe that equation (1.3) is invariant under translations. Using this, 
we also discover t.hat 9(6 K 0 )(p) f:. O is an obstruct.ion (theorem 5.1). Further 
explorat ion on the Pohozaev ideutity shows that 

( " ª' [( ) 3 ~ Bytº(p) +t>' I<.(p);' O 

places an additiona.1 restriction on strong concentration, see theorem 6.1. 
A' I<0 =A (A K 0 ) 

(17) 

Here, 

A natural link with the kind of concent.rations discussed in this artic!e is 
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shown in blow-up or bubbling. Let {u¡} C Cf(S") be a scquence of solutious of 
equation (1.1). A point x¡, is called a blow-up point of {tt¡} if thcrc exists a sequence 
{x;} C S" such that .lim u¡(x¡) = oo and .lim X¡= Xb. Point singularity of this type 

is studied in detail b~__.R. Schoen, Y.Y. Li1(cf. [23]), Chen and Lin (cf. [7J [8] [25]), 
and others. Under suitable conditions [10] [21], u¡ can be approximated near xb by a 
stan dard solution as in (1.4). 

In order to obtain a priori bounds and existence resu!ts, methods are de
veloped to eliminate the possibility of blow-up (see the elegant works of Aubin [2], 
Chang-Gucsky-Yang [6], Chen-Li [!OJ, Y.-Y. Li /21] [22], Chen-Lin (op. cit .), Schocn 
[27], Schoen-Escobar [12], and Schoen-Zhang f28)). Condit ions allow, uniform upper 
bound also implies uniform lower bound, thanks to the Harnack inequality. This be
comes crucial as certain blow-up tends to pull down the solution to zero outside a 
small neighborhood of the blow-up point (see [8]). The conditions discussed here help 
to avoid this specific type of bubbling (unboundedness). 

Conventions. Throughout this article, n ~ 3 is an integer ; the functions u0 E 
Cf(IR.n) and K 0 E C00 (IR.n) descend from the corresponding functions on S" via 
(1.2). We observe the practice of summation over rcpeated indices, and use C, pos
sibly with sub-indices, to denote various positivc constants, which may be rendered 
differently according to the contcnt.s. 

2 Zeroth order condition 

Lct 

V { u~dV91 = f u~ dy, 
is· liw 

T f K u;/ó!, dV, = f K,ut=' dy 
f s,. Jm.." 

On account of (1.1 ), we have 

T = e~ ' { ll 17i ull2 dV,, + n(n - 1) { [ul' dV9 , >O. (2.1) 
i s.. f s .. 

Proposit ion 2.2. Let /(0 be as in {1.2). Assume that !(0 (p) <O for a point 
p E JR11 • There exist positive constants p0 and e0 such that for any positive smooth 
solution u0 o/ equatiorl {1.3) in tl1e formo/ {1.2), the concentration inequality 

J, uY1dy $e r u~dy 
ffl"\U1,(p) J n ,.(p) 

(2.3) 

carmot hold for p $ Po rmd e $ ~º . 
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Proof. Take p0 to be small enough so that sup 1<0 <O. Set 
B,. (Po) 

Suppose that (2.3) holds for p :S p0 and € $ € 0 . We have 

T r }{ ~d+ r J( -!=,d J B,.(p) o utl y .lm.~ ,B,.(p) o U o y 

:s -u r ut' dy+ (sup I<.) r' uf' dy 
j B,.(p) IR.n IJR. \B,.(p) 

$ ~(J { ut-'2 dy + (sup K 0 ) € { ut=2 dy $ O, 
ln~(P) m.~ Jn,.(p) 

which contradids ('2.1). • 
From above, it is not immediatcly clear tha.t concentration cannot take place at. a 

point p with J<0 (p) =O. This can be shown with the help of a result in [16]. 

Proposition 2.4. Let /{0 be as in {1.2}. Assume that K 0{p) = O for a ]JOint 
p E IRn. Given any vosWve number C, there exist positive constants p¡ and E1 sttch 
that for any positive smooth solution u 0 of equation {1 .3) in the form of (1 .2), the 
con centration inequalities 

do not hold jor p S p1 anrl E $ € 1 . 

P roof. By applying !emma •1.5 in [16J on S" with the standard metric, and then 
1.ransferring to ffi." by the stereographic projection as in (1.2) , wc obtain 

(2.6) 

Here w,, is the volume of the standard n-sphere. Ta.ke p1 to be small enough so that 

l '<()I' [n(n- l ) J•w., 
1 · ºy ~ ::; 2C 

for y E Bp(p) Let 
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Here e is the positive constant in (2.5}. Suppose that (2.5) holds for p $; PI and 
E $;E¡ "\Ve have 

f IK,¡ '!u;=' dy 
hw 
/, ¡K,I'! ut> dy + r " IK,¡> uf" dy 

B,,{p) IJR \Bp(P) 

'.". [n(n- l) ]'!w,. /, uf'ody+ (sup K, ) '! { ut>dy 
2C B,,(p) IR." · ÍlR."\D,,(p) 

[n(n- l ) J'!w,. v( [() ' 
< 2 +E ~~ o 

[n(n-l)] l'w,. 

The strict inequality above provides a contradiction with (2.6). • 
Remark 2.7. In proposition &.4, whether the bound on V can be removed is not 
known. lnterestingly, therc are examples which show that V can become very large 
due to strong concentrntion at a point, even though K 0 is very e/ose to a positive 
constant (see {19} and (30}; cf. a/so {17/). However, under mild conditions on 1(0 

(see /18}}, it can be shown that ifxb is a blow-up point as defined in thc introductiori, 
then K(xb) > O. 

3 First order property 

The sr.ereographic projection P enables us to bring the discussion from IR" to S", ar 
vice versa. For firnt arder obstruction, it is more convenient to consider 5 11• Denote 
by Bq (r) the open (metric) bali in thc standard sphcre sn1 where q is t he center and 
r E (O, r.) thc radius of the ball. 

Proposition 3.1. Let J< E C 00 (S"). Assume that (J<(q) >O and} 171 K(q) #O 
for a point q E 5". There exist positive constants p2 and E2 such that /or any positive 
smooth solution u of equation (1.1}, the concentration inequ.ality 

1 u~dV, <E1 u~ dV g¡ - 91 
s~\~(r) ~ (r) 

(3.2) 

cannot hold for r $; P2 and € ~ €z. 

Proof. Let l/ 'Vi K (q}ll.:::: ó2 >O. Tn the Kazdan-Warner formula (1.5), we can 
choose the coordinate system so that the conformal Killing vector field X has t hc 
property t hat llX(q)I/ = 1 and X(q) is in the direction of 'Vi f( (q). This is possible 
because of the innatc symmetry of S". Furthermore, we may take /IX//:$ l in S'1• 
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F ix a posit ive constant. pz .sur.h that 

6' 
(X , 17, K(x) )9, 2 2 

Let D be a posit ive co1!stant such that 

for x E B, (p,). 

1117< K il $ D in S". 

lt follows that X(K) = (X, 17, K )9, $ llXll · 1117< f(li $D. Take 

6' 
e2 = 3í5. 

For r ~ p2 1 we havc 

(3.3) 

T he imbalance renders (3.2) invalid for e S t 2 and r ~ p2 . • 

Related to the above, we refer to [29] and [31) for first a rder condit ions on con
c:entration for certain singularly perturbed elliptic equations in IR" 

4 Second order property 

Because equation (I .3) is invariant under translations, far thc momcnt, we focus the 
discussion on the origin. 

T heorem 4. 1. Let K 0 be 1is in {1.2}. Assume that \J I<0 (0) = O and ó. 1<0 (0) f:. O. 
Given rmy positiue nu:mben C a11d p , there exist positive numbers c1 an d c2 , such 
that for any positive smooth solution u 0 oj equation (1.3) in thc form o/ {1 .2), the 
concentrotion 

(4.2) 

cannot take place /or ,\ S c1 and J S c2 . Het'E! U,\. o is the standard spherical solution 
dcfi-ned in (J.4). 
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Proof. Consider the case .6. 1<0 (0) =A >O first. As 

(4.3) 

=> 

{ (y. \1 K,) uf'> dy 
}IR" 

/, (y \1 K,) uf'> dy 
Bo(P) 

( the Pohozaev identity) 

- f (y·7K,)uf'ody, 
}m._"\Do(P) 

we intend to show that, under concentration as expressed in (4.2), the left hand side 
of the above is O(V), and the other side 0(>.3). Thus (4.3) cannot be balance<l for 
smal! >. To this end we apply Taylor's expansion and the fact that \J K 0 (0) = O, 
obtaining 

1 82 K 0 
K,(y) = K,(O) + 2 L Y•Y; a~a . (O)+ R(y). 

i ,J y, YJ 

Here R is a smooth function with vanishing first and second arder derivatives at the 
origin. It follows that 

82K 
y· \1 K,(y) = L y¡y; d (O)+ y· VR(y). 

i,j Yi YJ 
(4.4) 

By the remainder theorem for Taylor's expansions, we have 

IY \1 R(y)I S IYI · 11 \1 R(y)ll S CdlYll' fo,· llYI/ S p. (4.5) 

It follows from (4 .4) tbat 

IY \1 K,(y)I S CzlYl 2 for l/yl/ S p. (4.6) 

Assuming that (4.2) holds. We have 

( 4. 7) /, (y \1 J<,) uf" dy 
B o(P) 

/, (y· \1 K,) u.ti; dy + /, (y \1 K,) [ut> _u ~1 dy 
Bo(P) B o(P) ,\,0 

:". /, (y vK,)ufr;dy- { lu·vK,1/u~ -u~ ¡d, 
B o(P) la0 (p) A, O y 

[ 82K, ]f, ~ :". L 8y·8y (O) y¡y;u;,o dy-C,ó f l/y l/'u~dy 
l,J 1 J . 8 0 (p) } 8 0(p) A, O 

- e, J.h) llvl l' u'0; dy (using (4.2), (4.4) - (4.6)). 
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As 1t,\,O depends only on r = llYU 1 by symmetry, one obtains 

f, ~d !/i1/j1t,\ , O y 
B o(P) 

f, ' ~ d Y; u,\, o Y 
8 o(P) 

f, ' ~ d Y¡ u,\, O Y 
IJc (P) 

for ·i i j, 

f, o ~d 
YJU,\,O y , 

Bo(P) 

~ f, ,.211.~dy . 
n Bo(P) 

We compute 

(4.8) f, r2 u~ dy 
R o (P) ,\,O 

Wn - 1 hP (..\2 :r2) n rn+l dr 

W r !ll"Ctlln(p/,\) ( --"'-)" )._11-t-2 tatln+ l </> SCC2 </> d<I> 
n - 1 lo ,\2 sec2 </> 

[ """' ¡,/>} ( sin'"' f) 
..\2Wn- ! lo cos2(n- l )<I> cosn+l <I> d</> 

r·rctan(p/ ,\) 

..\2 Wo- 1 lo sin11+1 </> cos" - 3 </> d</> (n?: 3) 

..\2 I p¡>.. 

Her e 

¡11rcta.n (p/,\) 
· n+ I n-3 l p¡>.. := Wn- l 0 sm </> cos </> d</>, 

(r = .\tan f) 

(4.9) 

and Wn - L is the volume of the standard sphere s11 - 1 . As it can be seen in (4.9), lp¡>. 
is bounded from above, and its va\uc is larger far smaller ..\, assuming that p is fixed. 
Similarly, 

(4.10) 

Whcn n ~ 4 , 
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When n = 3, 

{arctan (p/A) 

Jo sin"+2 ,p sec rf> d<P 

1arctan(p/>..) 

:S sec1d~ 
o 

ln lsec y + tanyly~arctim(p/>..} =In /Ji +tan2 y + tany l 
v=arctan(p/ >..) 

In (Ji +~ + ~) :S in(~) :S ti (provided p/!.2'. l ). 

Thus 
( llylf'uftdy:SC5 !.Í for !.'.Sp (n2'.3), 

) Bc(P) 

where C5 is a positive const.ant that depends on p and n only. It follows from the 
symmetry and (4.7)- (4.10) that 

r (u 
l n,.(p) 

We choose 

~ ¡c.I<.(O) C'] I ' ¡ 'V I<o) u~· - dy 2: - -n- - u p/>.. >. - C5). . 

A 
q =-

2nC 
so t hat when ó ~ A2 , we havc 

[ M<0 (0) -co] > ~ _ ~ = ~ 
n -n2n 2n" 

(4.11) 

By the decay property of 1(0 as in (1.2), there exists a positive constant C7 such that 
jy · \J l<o (y)j ,:S C7 for ali y E lR". From (4.3) we have 

(4.12) 

=> 

=> ( provided tbat ,.\::; min 

=> 

Hcnce wc may choose 

[AI20 ]' 
ci = 2nC9 · 
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From (4.12), we concludc that (•1.2) cannot hold far ~\ ~ c1 and ó :::; c2 • The case 
ó. I< o(O) < O is similar. • 

R ema1·k 4 .13. Fixing p in (4.2) , we observe thr't when ,\ is smaU enough, (4.2) 
9uamntees that 

r n uY1 dy ~ ).2 /, u"P dy. 
lJR. \ Oo(P) Bo(P) 

(Compare with the calculation in the in troduction foHowing (1 .4).) Jt follows that 
(4- 2) , whcn projected back to S" , also implies inequ(llity of the form (3.2). 

5 Third order restriction 

Theorem 5.1. Let ](0 be as in (1.2} . Assume that 11'VK0 (0)ll= b..1<0 (0) = O and 
\) (ó. ]( 0 )(0) 'f. O. Given any positive numbers C and p , there exist positive constants 
c3 anti c11 such tfiat / 01· any positive smooth solution u0 oj equation {1.3} in the form 
of { l.2}, the concentmtion inequalities 

11 ( u ) ;!=o 11 ----"-- -· l < Ó Á 
U,\ ,0 e~ ( 8 0 (p)) - 1 

r u. f:'1 dy ::; e ).3 
Í fil"\B.,(p) 

(5 .2) 

cannot take place for ,\ ::; c3 and ó ::; c4 . 

Proof. V•/e proceed as in the proof of theorem 4.1 , and observe the effect of 
t ranslat ions. Thke a ¡)Qint p = (p 1 , • · ) p11) E IR11 such that 

'Y := p· 9 (óK, )(O) >O . (5.3) 

Consider t.hc t ranslation 

K ,(y) := K , (y - p) and u,:= u, (y - p) for y E l!l• . (5.4) 

It follows that up satisfies ~he equation 

(5.5) 

In addit.ion, up has similar decay property as expressed in (1.2). \Ve also have 

ll (~) ;!o, - 1 11 <ó .I 
u;,,o(Y - p) C•( R,(p)) - ' 

r u~ dy <;,e >.3 . (5.6) 
ll!l0 1u,¡,¡ 

L···•· 
u;, ,,(Y) := U>,o(Y - ¡¡) = e ,+ ll~ _ Pll') 'T' for y E lll• . 
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One obtains 

We apply the Taylor expa.nsion 

Kp(y) = 1 82Kv 
Kp(p) + 2 L (y; - p;) (Y; - P;) 8y;8y; (p) .. , 

1 831\p + 31 L (y, - p;)(y;-PJ)(y,-p,)8 8y8 (p)+R(y), 
. i,J ,k y, ; Yk 

1 82K, 
K,(O) + :¡ L (y; - p; ) (YJ - P;) By;By, (O) 

•.) 
1 83 K0 

+ :Ji L (y; - p;) (y; - PJ) (y, - p,) a By iJy (O)+ R(y) . 
. i,j,k y, J k 

Here Risa smooth function with vanishing derivatives (up to at least U1ird arder) at 
p. As in (4.4). 

(y - p). 'V {(p(y) = L;; .; (y; - p;) (YJ - P;) .::~,, (O) 

+& L; ,j ,k (y¡ - p¡) (yj - P;) (Yk - Pk) Oy~;y:l}y~ (O) (5.7) 

+(y - p) V R(y) 

By the remainder t hcorcm Cor Taylor's expansions, we have 

IP ·'V R(y) I ~ Cillv - PI!' , 

[(v - 11) Q' R(v)I <f. C,,.\¡¡¡ - vll~ fo.- !111 - P\I <p. 
(5.8) 

F'rom (5.7), we also have 
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l(Y - p) \/ I<,(y)I ~ c,¡¡y - vil' for llY - vll <p. (5.9) 

Likcwisc, 

P · \/ I<,,(y) = ~ I;;, ; 17'• (y; - p;) + P; (y; - p;)] ~(O) 

+,)¡ 'L; ,; , , [p¡ (y; - P;) (y, - p,) +(y; - p, ) P; (y, - p.) (5.10) 

+(y; - p;) (y; - p¡) v.] 8,~;~0,. (O) + p · \/ R(y) 

By symmet.ry, 

/, (y, - p;) ·u"t;(y) dy = O, 
Bp(P) 

/, (y,- p,)(y; -¡J;)u"t;(y)dy=O for i ;!j , 
Bp(P) 

r (y; - p;)2 u"t;(y) dy = ~ /, ··'u"f'(y) dy (hcce r 2 = lly - pll')' 
j B,,(p) n Bp(p) 

/, (y, - p;)(y; - P; ) (y, - pk)u"t; (y) dy =O for l ~i, j, k ~n . 
FJ,,(p) 

Similar to the proof of theoretn 4.1, .ó. Kv(p) = .ó. K0 (0) = O and (5.8) imply t.hat 

{ [(y - p). \/ K,]u~ dy 
l e ,.(p) 

/, [(y - p) · \/ RJut; dy 
Dp(/l) 

1arctan (p/,\) 

~ Q ,\4 Wn - 1 O sinn+s efJ COSn-b </J d'ÍJ. 

In the above. if n = 3, we havc 

1
iucu.n(p/ >..) 1 a rclan (p/A) 

0 
sin n+3 t/> cos"-5 </> d,P :=:; 

0 
sec2 <fl dt/J = p/ ,\ . 

Whiles n;:::: 4, t.he situat.ion is akin to (4.9). Hence 

r l<Y _ p) 9 K,J ,,tz dy ~ e"' . 
} Bp(P) 

(5.11) 

Assuming that (5.2) holds, it fol!ows from (5.10) that 
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fsh¡[P ·'V K,(y) JuC(pj dy 

2: ~ L i ,j ,k ey~;::,Byk {©~ xfB,.(p)fp¡(yj - P;)(yk - Pk)+(y; - p¡)p;(Y1: - Pk) 

+(y¡ - p¡) (y; - P;)p.JuC(p)dy- e JB,(p) llv-p[l'uC(Y -p)dy 

t, [¿;,~(o} f8,(,13p;(y, -p,)'uC(p)dy 

{all th,ree indices eG¡.ual) 

(cxactly tw0 indices equa;t) 

- C Ío,(p) 1111 - Pll3 uf': (y - p¡ dy 

l [I:, P•~ (O)+ L•#i P• ~ (D}j fs,(p¡(Y; -p;)'uf:(p)dy 

- C Ía,(p) [ly - Pll3 uf; (p} dy 

(5.12} 

l [p· v(M <,} (O}] f8 , (, 1(y, - p,)'uf:. (v) dy - e fo, (,¡ IJy - p[l'uC(p)dy 

2: ?,; I11¡.df) A2 -C~,\~ . 
Here l p¡ >.. is defined as in (4.9). Similariy, 

Ía,. (p) IP. '\/ Kp) u,P - 'U~ dy $ c6 ó ,\2 ' 

(5.13) 
ÍB, (p) l(Y - p) 'V K,I /"f" -uCI dy 5 C, 15!.3 

where we use (5.G) and the estima.te )p·\j Kp/ $ C7 fly - pi/ for y E Bp(p). Using (4.3), 
(5.10), (5.12) and (5.13) (compare aiso with the proof of theorem 4.1), we obtain a 
contradiction when ó and ,\ are sma!l enough. • 

6 Fourth order 

One may <is k what. is !ikely to happen when .ó. !<{O) :::. 1/ \J J<(O)ll = O? (Interesting 
examples include homogene011.s Jrnrmonic polynomials of higher degrees, see the next. 
secLion.) The method expounded in t.heorem 4.1 can be used to sea.rch for aJgebraic 
relat.ions on higher order deriw:1tives of [(, cf. {21). Here we continue with ijhe fourth 
order condit.ion. 



Concentration of solutions of non-linear elliptic equations . 15 

T heorem 6.1. Fo1· n ~ 5, Let I<0 be as in {1.2) . Assume that 11 'V I<0 (0)ll = 
ó 1((0) =O, m1d 

L= 3 (t 0;,I;, (O))+ L'>2 K,(O) ;<O. 
i=I Y; 

(6.2) 

Given positive constants C anrl p, there exist vositive numbers c5 and c6 such that 
jor any positiue smooth solutio11 u 0 of equation {1.3) in the form of (1.2), the concen
trntion incqualities 

11 (~) """ - lll < J>.' 
lt.\,O Ro(P) - ' 

(6.3) 

cannot hold for ,\ $ l'r, and Ó $ c6 . 

Proof. We explore the main ideas in the proof of theorem 4. Starting with the case 
tha.t i > O, consider the fo!lowing Taylor expansion 

1 82 I<0 1 83 I<0 
K, (y) = K,(O) + 2 L y¡ Y; Oy;Oy; (O)+ 3j .L y¡ Y; Yk Oy;Oy;Oy, (O) 

1,J 1,J ,k 

1 8 4 I<0 

+4!. ¡: YiYiYkYI 8y18v18yi.:8y1 (O)+Rs(y), 
!,J,1',1 

which implies that 

Hern 

lv ·V Ro(vll '.:: e, lvl' for lvl <P. (6.4) 

As in Lhe proof of theorem 4.1, by symmetry and the fact tbat óI<0 (0) =O, we have 

( O'I<, j ;/", ) L a-:a: (O) YiY; uÁ,o dy =O , 
;,; Yi Y1 B.,(p) 

for 1$ i, j, k.$n , 

for i, j, k, l being ali distinct, 

for j ;< k , 
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Assuming Lliat (6.3) holds, it follows as in ( 4. 7) that 

Is.¡,t(y \1 K.) uf' dy 
¡ 8 4}( 4 ~ (} 4K 2 2 ~ l ;:: ¡; L:, ~ (O) Is.1,1 y, u,, 0 dy + ¿ ,,,; ~(O) Is.¡,¡ y, Y; u,, 0 dy (6.5) 

-e, ó I •. 1,1 ,1' !vi' u0' dv - e, Is.¡,¡ !vi' uta' dy. 
To compute the first two integrals in (6.5), let () be the angle to the Yn·axis. That is, 
Yn = IYI cose. Set 

{ ;r ,¡ . n-Z 3Wn-1 
[ 11 W n - 2 Jo COS 8 sm 8d8 = n(n + 2)' 

J., 

Here we use the formulas 

Wn-1 

m - l f'' sin18 cosm- 2 ed8, 
m+l lo 

r . ,,_, D dD 
Wn-2 Jo sm u 11, 

whcrc l ~ l , m ~ 2 , n :2:: 3, and w11_ 2 is the vol u me of the standard sphere S11- 2 . 

l t follows thai, 

1 ' .:=. d Yn 11.\.,o Y 
B,.(p) 
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On thc other hand, 

= 

= 

= i "'j 

Setting (J = i Jn , we obtain 

Íü ,, (p) (y 'V f<o) u.t='s dy 

2: {~) ,\4 J~"rctan{p/>.)sin 11+3 </>cosn- 5 </Jd</>-C2J JB,,(p),\2 llYJl2u~dy (6.7) 

- e, f8 .c,¡ llYIJ' ut:' cly 
As in (4.8) and (4.9) , 

JIJ ,,(p) >.2 llYll2 u~ cly = ,\4 foarctan(p/A) sinn+l rjJ cosn-3 <P $ C4 >." ' 
~ (6.8) 

ÍB,,(p) Jl yllsu;,-o dy = >,5 J~m; t11.n (p/>.) sinu+4 </J cosn-6 </> $ Cs >.5 -c . 

Herc n ~ 5 ami E E (O, l} is a positive constant. With (6.3), (6.7) and (6.8), we con
cludc as in the proof of t heorem 4.1 that cont.radiction arises when ,\ and ó are small 
enough. The case T < O is similar. • 

7 Homogeneous harmonic polynomials 

Here we present some sim ple funct ions which satisfy thc conditions in theorem G.l. 
Lct 

(7.1) 

be a homogeneous hannonic polynomial of degree k ;::: 2 in m."+1 • Jt is shmvn in [20) 
thal Qk satisfies the l(azdan-Warner type identity, namely, 

l .. X(Q,)d\f9 , =O 
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for any conformal Killing vector fieM X 011 sn. 

Assuming that the indices i 1 , · ·, ik in (7.l) are all smaller than n + 1 
Consider the stereographic projection P from 

to IR" , wit h Cartesian coordinates (y¡, · · ., y,, ) . It is given by 
y; = ~ ' 1$i$n , 

X ¡ = dfvw , 1 $ i $ n , and Xn+1=~ · 
Using P, we transfer Q~. int0 IR" and obtain 

It follows that \] Qk (O) =O (as k ~ 2) M@reover, 

C+~lvll')' 6 ' (¿e,,,.,,, y,, · ·v,,) 
2k+l k 

- (1 + 11y1121'+1 ¿ c.,, ... ,, lv · 7 ' (v., . y,,)J 

(7.2) 

(7.3) 

[ 2k+'k(k + 1) llvll' 2k+ 1k n ] 
+ (1 + llv i12)'+2 - (l +llvll2)'+1 ¿c,,, .. ,;, y;, ·y;, 

2k+ 1 k~ 

o- fl+lfvll')k+' L e,,, ... ,,, Y;, . . "'' 

[ 2'+2k(k+l)llvll' 2k+ ' kn ] "' 
+ (l+lfvll'J'+' - (1 + llvll'Jk+' L-e,,, ··· '• Y;, ···y,, 

2,+1k [(k+2 - n)fly lf2 - (n + k)l Q () 
(1 + llvll')' +' 'Y 

- ti, Q, (O) ~ O. 

Likewise, \]IJ (.ó.IJ Qk)(O) = O a nd ó.11 (.ó.y Qk)(O) = O. Here we make use of the fact 
that Qk is a harmonic polynomial and Xn+ I is not present in Qk(x) . 

Using a bove, one can construct the desirecl functions. For instance, Jet Q~ 
be the homogeneous harmonic polynomial defined by 

Q.1(x) := x'/ +X~ - 6xi X~ for X E sn e IR"+l _ 

Using lhe stereographic projectfon, we obtaiu 
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Let I<0 := l + Q.1 in l!lu. We ha.ve 

I<,(O) = 1 >O, 7I<,(O) O, 61<,(0) =O , 7(M <,)(O) = O, 

( " fJ"Q ) buL 3 2:: F (O) + i;; Q., (O) 
i=I y, 

3 (t º;,°.• (O)) #O. 
i=l y, 

Received: July 2003. Revised : October 2003. 
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