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A BSTR ACT 
Thc papcr is dcvoled lo lhc rcconstruct ion of a compact. Ricmannian manifold 

from the Gel'fand boundary spcclra l data. Thcsc data consist. of the cigeuvalue; 
and the boundary values of thc cigenfunctions of the Laplacc opcrator with the 
Neumaim boundnry condition. We provide the rccons tmction proccdure using 
thc gcometric V1lrin11t of t hc boundary cont rol mcthod. In addition to t hc uniquc
ness and rcconstruction rcsult.s, we ske tch rcccnt dcvclopmcnt.s in the condit ional 
stability in this problcm . T hcse conditions are formulatcd in tc.rins of somc gco· 
mctric rcstrictio11s t rndit ional for the thcory of gcometric convergenee. 

RESU M EN 
i::.~1r artkuln ~e ded in1 a ln rccon~trucdón de una \'ll.nl':dad n emanniana corn

pacta. de Jos datos espectrales de frontera Gcl'fnnd. Estos datos cons isten de 
auto\1\lorcs y los valores de frontera de las 1111tofuncio11cs del operador de Laplacc 
lOll u.mdiliOn de burdc Ncum;um. Ohtcnc111os el prucl'<linue nlu de rccom;trucció11 
1L~ndo una v11rm11c e gr.nmétrir.a del método dr. control de la front era. Aclemá.~ ele 
la unicidad y los resultados de reconstrucción, bosquejamos desarrollos recientes 
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en la estabilidad condicional de cslc problema. &tns condiciones se formulan en 
1frminos de algunas restricciones geométricas t radicionales de la t rorín de con
vergencia geométrica 

K cy words oud p h rasc': boundufll Jpectrol problem, eondihonnl s t11b1ht11, 
Loplau operolor, RiemQnman manifo/tJ.j. 

M ath . Subj . C la.ss.: 35R30, S8J05. 

1 Introduction 

Hcrc wc considcr thc Gel'jand Jnverse Spectra/ 801Jndary Pr-oblem. Lct us start with 
a non-rigorous introduction to this dass of problcms. Assumc wc havc a manifold 
with boundary (M , 8 M ), a vector bundle A over ¡\/ , anda linear elliptic differcntial 
opcrator A aning on smooth sections of A which nre dPnoted by :F(M, A). T hP 
oµcralOr i.s <lcfiue<l wi t h !:iOllLC houndary conditions Bu =O whcrc B is a local opcrator 
making the bouudary valuc problcm ;\u= F, Bulou = O elliptic, i.e., V(A) ={u E 
J\ li1ilou = O}. Note thnt ali opcrators tha.t we considcr here are linear. Cousider 
the boundary value problem 

Au = >.u; Bulou = f. (!) 

lf >.is not in speetrum of {A, B), the solution u = u{ to ( 1) cxis ts aud wc dcfim: thc 
,. Dirichlct·to-Ncu1mrnn" map as 

where Hr: is thc "complimcntary" boundary opcrator for B such that t.ho 1mir 
( Rulou. Rculou) rcprcsents thc wholc Cauchy data of u wit.h rcspcct to thc opcrntor 
A. 

Thc Gel'jand'.~ boundwy spectral problem (for the original form of t hc problcm, scc 
[9]) 1s thr prohlPm of finding M , A ancl (A, B) from thc knowlcdgc of thc bounclary 
8M, the b1111dlt: AloM oo thc boundary ancl thc mnp R;.. for ali valucs of thc spcctral 
pnramctcr ,\ 't spcc( A). 

As wc wil! scc, Gcl'fond's boundary spcct.ral problcm docs not usual\y ha.ve a 
uniquc so!utio11 a11d thc problcm is to charactcrizc (thc group of ) possiblc transfor· 
mations which preserve thc maps R>.. lt is also important to analysc subgroups of 
thc t.ransformation ¡;roup d uc to various a pnor1 rcstrictiom; 0 11 /\ arn.1 (;\, B) and, 
m particular, to find when the subgroup becomes trivial, i.e. Gel'fond's boundary 
spcctral prob!cm posscss n uniquc solution. Hcrc wc discuss mostly such a cru;c with 
~uitablc n priori informntion. 

Thc aim of this note is to c:onccntrntc on thc following Gcl'fand's boundary spcctrnl 
problcrn: 
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Let /11 be an m- dimcnsionul, m ~ 2, compact, oonncctcd CC'°-smooth Ricmannian 
manifold with non-cmpty boundary, 8M. Let t:J.9 be the Neumann La place opera
tor on M aeting on L2 spacc of sealar functions. Thus, using Einstein summation 
eonvcntion wc hiwc in local coordinates, 

Mere g,1(I) is the metric tensor, .9 = det[g,1]. [g'I] is the inversc matrix t0 [g,11, 
O,= 8/8x' and 8., is the inward normal dcrivative. \Ve note that thc cnsc of Oirichlct 
boundary conditiou can abo be trco.tcd by thc sume mcthod. 

Denote by O = ,\1 < ,\2 :s; ... t he eigenvalucs and by 411 (7) = v- 112 , 4>1. . . 
t lic urthonurmal eigc11fu11ctious of t:J.9 , V being the volume of (M ,g). Thcn, for cach 
,\ f/. spec(t:J.9 ), thc dnta in Gcl'fond's boundary spcctral problem are givcn by thc 
tradit1onal Ncumann-to- Dirichlet map, 

R,,f = u.{ loM, 

where u{ solves thc problcm 

(3) 

One can bhow, e.g. [15] tlrn.1 thcse data are cquivnlent to thc Gel'fand lxnmdary 
.~ptctral data (G'BSD) 

(4) 

At this stnge, lct us makc sorne rcmarks 

1 h may sccm that in thc inverse problems occurring in real applications we deal only 
w1th domains in ITl"' nnd 1111.mifolds are int roduccd for the sakc of nmximal gencrality. 
Hov.-c,'Cr. when dcaling with anisotropicoperatorssimilar to (2) in a domain M e Iíl"', 
v.-c nccd to takc into account possible coordina te changes in Al. l f y = <J.i(x) are other 
coordinatcs in M wi1h •l1lori1 = idlori1 1 then opera.ter (2) t ransforms into an operator 
of thc samc form with thc mctric tensor 9 givcn by 

(5) 

Thlb ¡l = ,\l, q;A(<l)(x)) = r/>A·(x) and we se<: that thc boundary spcctral data for 
y 1md 9 are the sume. Thercforc, in anisotropic invcrsc problems it is convenicnt 
to faetonte out the non-uuiqueness dueto diffeomorphisms prescrving 8M, i.c., to 
work in 1hc manifold fonunlism. Although this lics outsidc the scopc of the currcut 
prCM-ntation. wc note t lwt in practica[ prob\cms the domain Al oftcn contains sorne 
a pnon unkuown "cavitics" and mcasurement cnn be done only on thc externa! part 
of tlu.' boundnry. In invarin11t terms, the measurements can be done only part of a 
boundan• of nmnifold which, in principie, may hnvc non-trivial topology. This brings 
lhc problcm cvcn furthcr into Lhe rcalm of diffcrcntial goometry. 



44 Yarnslav Kurylcv and Matti La.ssas WllO 

ii. The mcthod wc will app\y is applicable to a wider rangc oí invcrsc problcms to 
include general (scalar) 2nd ordcr elliptic differential opcrators which are selfadjoint 
with respcct to an appropriatc (smooth) mca.surc on M [13J, some classes of non
selfadjoint opcrators [19] and Maxwcll's systcm [20, 21 ]. \Vhen dealing with inversc 
problcms for general operators, another source of non-uniquencss comes from 9a119c 
transformations. lndccd, by multiplying functions by a smoot h (complcx) factor, 
a(x) =!O. alaM = 1, 

and changing thc measurc accordingly, wc obtain an opcrator with thc same boundary 
data. Wc can factorizc out this source of non-uniqueness by working with orbits of 
opcrators wit h rcspect. to the action of thc group of gaugc transformations and choos
ing a e<monrcal 1"Cp1"Cscntat.io11 in cach orbit. In thc case of a general 2nd ordcr sclfad
joint t>lliptic operal.ots with real coefficienls, one can d100S(' a canonirnl reprt>Af'nt at.ion 
tu be a (Ricma1111iim ) Sd1r0dingcr operator, .ó.9 + q !J4). 

iu. Although wc will d iscuss only the boundary spectral problem for thc Laplacc
Beltrnmi opcrnwr, thc mcthod is bascd csscntially on propcrties of t he wavc cquation 

1111 + .ó.9 u =0. (6) 

Historically. it gocs back to works of M. l<rcin at thc cnd of 50th who uscd causality 
principie in dea!ing with thc onc-dimcnsional invcrsc problcm for a.:n inhomogcncous 
string. uu - c2(.i:)u:r,· = O, scc c.g. [i8J. In bis works. causality was transforme<! into 
analyticity (aftcr Fouricr transform). A more clcar and straightforwardly hypcrbolic 
vcrsion of thc mcthod was suggcstcd by A. Blagovestchcnskii at the cnd of 60th-70t.h 
{6]. In thc multidimcnsional case thc mcthod was pionccrcd by M. Bclishcv [1IJ in late 
80th who undcrstood thc role of thc PDE-control for thcsc prob!ems (and gave it thc 
namc thc boundary control (BC) mcthod). Of crucial importa.ncc for the mcthod was 
thc result of D. Tataru [25) concerning a Holmgrcn-typc uniqucness theorcm for 11011-

analytic cocfficicnts. BC method was extended to anisotropic case (to dea\ exactly 
wiih Lhf' 11niquenP.SS problem of finding (.1W,9) from boundary spectral data of its 
Laplacian) by t-.•I. Belishcv and Y. Kurylcv [5]. The gcomctric vcrsion of thc mcthod, 
which wc are going to prcscnt in this papcr is developcd by A. Katchalov, Y. Kurylev 
and M. Lassas in late 90th. lt is summarizcd in [1 4J, which will be thc main refcrcncc 
for Scction 2. In scction 3 wc will d iscuss sorne stability results for this problcm bascd 
011 [1] and j17]. In thcsc notes, espccial\y in Section 3, wc oftcn skip detnilcd proofs 
concentrating instcad 0 11 basic ideas and rcfcrring to the literaturc, [l ] and /J1lj, for 
dctails. 

2 R econstruction with complete boundary sp ectral 
data 

In orc\cr to rcco11st.ruct ( M ,9) wc use a spccial rcprcscntation, thc boundary dtstance 
rrpresentatwn, H(M) of M and latcr show that thc boundary spcctral elata determine 
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R{M ). Considcr a map R : M -- C(8M ), 

R(x) ~ ,,¡.¡; ,,(,) ~ d(x, , ), , E 8M , (7) 

i.c., rz(·) is thc distance funct:ion from x to various points on 8/11. Thc imagc R(M ) e 
C(8AI ) of R providcs t hc boundary distancc reprcsentation of M . T hc set R(M ) is 
u mctric spacc with thc distancc inhcritcd from C(8M ) which we denote by d00 • T he 
map R, duc to t he t riangula r inequality, is Lipschitz, 

(8) 

nnd, by compnctncss of ·(Af ,<l) , t hc mctric spncc {R(A!),doo) is a lso compact . O ur 
ñrst obse:n'Btion is 

Lcm ma 1 7'he ma¡¡ R : (M ,d) --+ (R(M ),d00 ) is a homeomorphism. Morcovcr, 
g1l'en R( M) as a subsct o/ C(8Af) it is possiblc to construct a distance fm1ction d11 

on R(.\/) that makes the met1'ic spc1ce (R(M ),dn) t.!lometric to (M .d) . 

Hc rnnrk. In t hc case whcn (1"1 ,9) is a simple manifold, that is a ll gcodesics a re t hc 
shortc::.t curves bctwccn t hcir cndpoints and al\ gcodcsics can be continued to gcodcsics 
thnt lut the boundary, t he claim is easy to provc. lndccd, t hen !lrx - 1·11 llcco.u) = 
d(x,y) for x ,y E i\/ and R is isomctry of (M ,d) and (R(M ), doi;). Next wc prove t his 
r~ult for thc gencrnl et1.:;c. 
Proof. \\'(' ~l nrt by proving that H is a homcomorphism. Rccall t hc followiug simple 
rcsu\t from topology: 

A ••umt: that X m1d Y are Ha11sdorff space.~, X ts compact and F : X _, Y is a 
conhnuou..~. b11ective m av from X to Y . Then F is a homeomorphtsm. 

By deñ111t1ou, R is surjcctive :md, by (8), continuous. In ordcr to prove injcctivity. 
a,,,sumc thc contrary. i.c. r...(·) = r11(-) but x .¡.y. Denote by =o any point whcre 

d(r .8M) = .1J~~, rr(z) = r..i:(zo) = r11(Z<i) = ~IJ~~1 rv(z) = d(y,8M). (!.l) 

Then =o is a ucarcst boundary point to x imp\ying that thc shortcst gcodcsic from 
: 0 to r is nonnal to 8NI . Thc samc is true íor y with thc samc point zo. 13oth x 
and y lic on thc gcodcsic 1'iu(s) to BM. l t starts from =o normally to 8M with s 
bdng thc a rclcngth. As the gcodcsics are uniquc solut ions of a system of ordinary 
d1fforential equations {thc l·lamilton-J acobi equntion), they are uniquely detcn nincd 
by thcir initial point.s nnd dircctions, t hat is thc gcodcsics are non-bronching. Thus 
wc :.ce that x = "°'r•u(s0 ) = y, wherc so = r...(zo)-

Not1cc that, nlthough (M,d) is homcomorphic to {R(M), do.:,) , t hey are not, in 
general, isomctric. Imagine. e.g. a unit sphcrc with a sma.ll c ircular holc nca r t hc 
South polc oí, sny, diamctcr t. T hen, for uny x , y on thc cquator and z E BM , 
rr - r $ rx(:) :S 1'I' and 1i - t :S 1·11 (z) :5 1r. T hcn d00 (rz , rv) $ t , whilc d(x,y) muy be 
c<1ual to lll' 

Bcforc going furthcr, introduce thc bomulary normal coordmates on M which wc 
l11L\'t' alrcady uscd implicitly in Lhc proor oí the ñrst pan oí this lemmn. For a normal 
gcodo1c 1.{.•) srnrt.ing froin :: considcr d("'r,(s),8M ). For smal\ s, 

d(o,(s),8"1) =s. (10) 
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and z is the uniquc nearest point to -y.(s) on 8 A•f. Let T(z) be thc Jargcst value for 
which (10} is va!id for al! s E [O, T(z)]. Then for s > T(z), 

and z is no more the nearcst boundary point. r(z) E C(BM) is called the cut Jocus 
distance function and the set 

w = {x: : z E 8M, X : = /:(r (z))}, (11 ) 

is thc c1.1t locus of M wiOz respect to 8M. This is a zcro-measure s ubsct of JW. In thc 
rcmaining domain M \ w wc can use t he coordinatcs 

x -(,¡x),t(x)), (12) 

whcrc :(x) E 8M is the uniquc ncarcst point to x and t(x) = d(x, 8M). (Strictly 
spcaking, onc ab o has to use somc local coordina.tes of the boundary, y : 
(y1(z), .... yfm- l)(z)) and detine t hat 

r - (y( , (x)), t(x)) ~ (y ' (, (x)),. .,ylm- •l(,(x)), t(x)) E IR"' , (13) 

are thc boundary 11on11al coordinatcs.) Wc will now use thcsc coordinatcs to introduce 
,l diffcrcutial s11"1H;turc a;1cl mctrit: tcnwr, YR , on R(M ) to havc a.n isomctry 

R ' (M ,g) - (R(M ),gn), 

Wc will concentro.te main!y on doing i;o for R(M ) \ R(w), refcrring to [14] for details 
conccrning vicinity of R(w). 

Obscr\'c first t hat we criu iclcntify thosc 1· = r _. E R(M) with x E M \ w. lndccd, 
if r = r :r with :r = 1':(s), s < r(z) t hcn 

1. r (·) has a uniquc global mínimum at somc point z E BM ; 

11. t hcrc is r E R(M ) having a uniquc global minimum at thc same.: ancl r (z) < ,~(z). 
T his is cquivnlcnt to saying that thcrc is y with r~ (-) having a uniquc global minimum 
at thc samc.: and r.(z) < r 11(.z). 

A d iffcnrntial st ructure 0 11 R(fll \ w) can be delined by introducing coordiiiatcs 
ncar cach rº E R(M \ w). In a sufficieutly small neighborhood \/ e R(M ) of ru 
thc coordinatcs r ._, (Y(1·) , T(r)) = (y(argmin:EOMr), min,E8M r) 1u (' wC'il ddinC'd. 
Thcsc coordina tcs ha.ve t hc propcrty that thc map x ...... (Y(r,,.J, T(r_.)) coincides with 
lhe boundary normal coordinates (12,13). When we choose the differential structurc 
on R(J\I \ w) t hat corrcsponds to thcsc coordinatcs, thc map R : /11 \ w -- R(/11 \ w) 
i:. 11 d1ffeo1Horphis111 . 

Ncx! wc construct thc rnctric 911 on R(iW). Lct r 0 E R(M \ w). As abovc, in a 
l'uffirif'ntly !>mnll ll<'ighborhoocl V e R(M ) of r 0 t hcrc are coordinatcs r ,_ X (r ) := 
p·(r). T(r)) Lha!. corrcspond lo thc bound:i.ry normal coordinatcs. Lct (.i/,tº) = 
.\'(ru). \V(' considcr ncxt thc cvuluation fu nction K,,, : V - IR, r.·..,,(r) = r (w), whcrc 
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w e 8M Thc invcrsc of X : \1 __. IR"' is well defined in a neighborhood U e IR"' of 
(yº,tº) and thus we can define t he function E,,,= Ku, o x - 1 : U ...... IR tha1 sntisfies 

E.(y,t) '= d(w,1'(,J(l)), (y,t) E U, (14) 

where ºhht)( t) is thc normal gcodcsic starting from thc boundary point z(y) with 
coordino tes y = (y1, . •• , y"' - 1 ). 

L()t now 9R = R. g be the push-forwnrd of g to R(M \ w). \Ve denote its 
rcprcscntation in X-coordinatcs by 9i1•· Sincc X corrcsponds to thc boundnry normal 
coordina.tes. thc mctric tensor sntisfies 9mm = 1, 9om =O. Cli = 1, ... , m - 1. 

Consider the fnnction Ew(y, t) as a function of (y, t) with a fixed w. Thcn its 
diffcrcutial, dEw at point (y°,tº) defines 11 CO\'CClor iu T("vo.io¡(U) = IR"'. Sincc thc 
grnchrnl oí a rl isianre fnnrl.ion is a unit. vector field , we Set> from ( l •I} t hnt, 

• 2 ·- !!.._ ;o 2 afJ8E,,, 8Ew _ _ 
lldt.:u,11¡11, .1 ·-(a/"'w) + (gn) Byª ByfJ - 1, o.13- l.. , m - l 

Varying u· E 8/1.1 wc obtain n set of covcctors d E,,,(yº , 1º) in thc unit ball of 
(7(.,u t<>)U,g1A) which contains i\1l open ncighborhood of (O, ... , O, 1). This determines 

uniqucly thc tensor gik(yº, tº). Thus wc can construct thc mctric tensor in the bouud
nry nonnal coordinntes nt arbit,rnry r E R(A/ \ w). T hi:. mcanl:i that wc cun find thc 
mctric 9R 0 11 R(AI \w) whcn R(M) is given. 

To mmpll'!P rhl' rero11.~trnrt, io11 . wl' ncNI. differential struc-fllrf' ami mf'nic- tf'n.c;or 
near R(...J). Ob:,erve that for auy x E i\/''" t here are points : 1 ••.. , .::"' 0 11 ()¡\/ such 
that the dist.ance functious X - d( :.,i) form coordina.tes for i ncar x. lt is t hcse 
coordinal.C!. wc use ncar U(w), aucl this determines 011 R{M) a differl'nlinl .~1.rnc-t 11rr 
that makcs R : ,\! - R(/\I) a diffcomorphism. Siucc thc mctric 9R is a smooth tensor. 
nnd wc han: found it in a dense subsct R(i\l\w) of R(/11), wc can continuc it in local 
coordinatcs. This givcs us t hc metric on t hc who\c /l{M) (for details, sec p11)). 1 

Note that, if intcrcstcd ouly in t he uniquencss, rather than rcconstruct ion, wc 
could rcfcr. al thc \nst stagc oí proof, to thc r-.'1ycrs-Stccnrod thcorem yiclding thM 
two Ricmannian manifolds isometric as metric spaccs are isornetric as R.iemannian 
manifold::;. 

To construct tho set R(M) from the boundary data wc start with two auxilinry 
r~ulll> rclatcd to the irlitinl-boundary valuc problem for the wave cq11atio11. L()t 
111 = uf (.e, r) be thc solution of 

uf,+ ~111.11 = 0; 11111 <:0 = O; 8.,u11eMxJR. = f E 600(8/lf X Ill+), ( 15) 

whcn: crx.(8M >< IR+ ) consists of smooth functions equal to O ncar t = O. Denote by 
F L1(.\t) ...... (l thc Fouricr trnusform, 

:Fa= {ak}k'._ 1 , for a(.r) = Lo.1:4>1r{.r). 
k=O 

Lct u{(t) = (11f(·, l),<1>dt;•¡ M¡ b1:: th1:: Fourier coeílicieuts of ul(-,t) with .Fuf(t) = 
{uf(Olt .. 1 
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Figure 1: Double-cone of influence 

Lemma 2 We hn..ve 

¡ J,'J, sin[~(t -s)] n,(I.) = ,_ ~dx)f(x, .•)dA, d.• 
O OM VAk 

(16) 

wlicrc dA:.c is the Riemannia11 volume of(Of\lf,y). 

The proof of this assertion is sLraightforward . If we t.ime-differentiate ~wice lihe i<len
tity u{(r) = (uf(- , 1.), r/>d ·)) L7( M ) ' use (15) and app!y intcgration by parts, wc obtain 

Invoking thc initial data, wc get (16). 
Thc othcr rcsult is bw;ecl on the following fu ndamental theorem by D. Tntaru [25) 

T hcorem 2.1 Lcl. u(:z:,L} solve tite wavc cquation u11 + ó.9 u = O in M x IR a11d 
ul r x(u.210 ¡ = 8.,u.lrl<(0,21,,) = 0, whern 0-:/: í C 8M is open. Then 

u = O in l<r,1.,: whc1·e l<r.1u = {(:z:,t) E M x IR: d(:z:, r) < t0 - lt - t01} (17) 

is the dou&le c:one uf iu/faencc (sec fi'ig. 1). 

(Thc proof of this t.lworr.m, in foil gcnerality, is in [25J A simplifiC'd proof for thr 
considcrcd case is in [l'I).) 

Thc obscrvabílity ThCOl'cm 2.1 givcs risc to thc following npproximntc controllo
bility: 
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Coro llury 2.2 Fo1· any open r e 8114 cmd to > O, 

dt'(MJ {"1 (·, <o) 'f E C8°(r X (0,<o)) ) = L'{M{r,<o)). 

//ere 
M(r , t0) = {:i: : d(:i:, r ) ~ to } = Kr .1 0 n {t =to} 

1s the doma111 of mflu{'..11ce of r at time lo and L2(1H (f ,to}) {o E L2(M) 
supp (a) e M (r. to)}. 

This rcsult lics within thc rcnlm of the well-known idcntity, 

Rnn(A) = N( A")-'. 

Nnmcly, \et a e L2(M (f ,t0 )) be orthogonal to nll uf( ·, t0 ), fe CQ(r x (O,t0 ))}. 

Dcnotc by 11 thc so\mion of thc wnvc cquation 

(8¡ + 6 9 )v = O; vl1 =1o = O, 81ul1=ro =a; 8.,vlo,.,.(O,ro) =O. 

U:;i ng mtcgrotion by pnits wc obtnin 

1.1
" f j(x ,s)v(.c,s)dA,.ds = { a(x)u1(x , to)d\/ =O, 

o Íor.i Í r.i 

dut to thc orthogonality. Thus vl r "'(o,10¡ = O and , ns vis odd with rcspcct to l = t 0 • 

w<· C"ondudc from Theorcm 2.1 thnt u = O. 1 
Not<' that if thc snrfacc mensure dA., which corrcsponds to the metric 9 in (16) 

ii, rcplaccd bv nn arbitrnry smooth positivc surfacc mcasurc dÁr, thc collcctiou 
{/(L, .~) d.·irdi.: fe Clf'( r x [O , t0])} of mensures do not changc. 1hat is. 

{flz..•)dA,d•' f E C;;" (I' x [O, tol)} = {J(x,. )dA,d' f E CO'(r x [O,to[I) 

Tlnc.. by C"Ombining Lcmmu 2 nnd Corolln.r}' 2.2, wc scc that GBSD dc~crminc , 
fo1 1mv uµcu r e é)¡\I nnd tu > O, thc subspa.cc f'2(r , t0) e f. 

C2 (f , to) = F I}(M(f , to)) . 

Ali;o, Wf' dPfinr t'l(:.;) = F I}(M(.:,T)) ,:: E 8/11. This set may be fou 11d using 
GBSD as \imit of sets (2 (r,,,;) whc11 r ,, -- {z}. 

Theore m 2.3 Lct {z,, }?." .. 1 be. a tlcnse set on 8/i l . Then r(·) e C(8i\ f ) /tes ln H(M ) 
1/ ond only 1/, for any N > O, 

N 1 /V 1 
1·' =,O, 1'¡,., ,..¡,., ¡ + -¡;¡)n O, t'¡,.,,,(,.,) - -¡;¡)'"{O). ( 18) 

Mortat•rr. cond1hon ( JS) can be venfied usmg the Gel'fand boundary spe.ctrcil dC1ta (4) 
llena lhe Gd'fantl botmdtwy spe.ctral data detenmnes umquely lhc boundan; dista11ce 
reyfT'•t"ntallon ( R(J\f) , 911 } of (M,g) and therefore de.termmes the JSome.try /.ype. of 
(M ,g). 
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Proof "IF'- pa,-t. Lct x E /H and denote for simplicity r(·) = r,,(.). Considcr a ball 
8 1¡,v(x). Thcn, 

B,¡N(x) e M(,, ,,,) + l / N) \ .,,,, "') - l / N). 

Thus ifsupp(a) C B i ¡N(x), thcn :Fa E IN . 
"Only 1¡--part. Lct (18) be valid so that thcrc is 

(19) 

By choosing a suitabtc subscqucncc of XN (dcnoted also by XN) , thcre cxists a lirnit 
x = limn-a.: IN. By contiuuity of thc distancc function , it follows from (19) tha1 

d(x,.:,.) = r(z,,), n = 1,2, . 

Sincc { .::,. } are dense in {)flf , wc :;ce that r (:) = d(x , z) for all .:: E 8AJ, that is, r = rr. 
1 

~otc that this proof providcs an algorithm for construction of an isomctric copy 
of (.\/.y) whcn thc Ccf'fond boundnry spe<:tra.I data a re givcn. 

3 Stability o f the inverse proble m 

Thi::. 1>C'Ction is bru;cd 0 11 joint rcsults of nuthors with f\I. Andcrson, A. Kntsuda, nnd 
~l. Taylor in [!]. 

h i:. wcll-known t hat invcrsc problcms are ill-poscd, Le., arbitrary small variation of 
daia can bring about arbitrnry largc changc in thc model (this is justa manifcstntion 
of thc unboundcdncss of t hc itwcrsc map). Howcvcr , in o rdcr to dca\ with invcrsc 
µrublcm:. iu i:!-pplicatiuns, wu ut:cd to "stabilize" t hem, i.e., to find a prion conditions 
which render an inuerseproblem to bccomc continuously dcpendcnt on data. Thc 
principal tool lics iu tbc followi ng basic topological lcmma {a.lrcady uscd in thc proof 
1hat R i:. a homt.'Omorphism). 

Le mma 3 let X awl Y be campo.et Hausdorfl spaces unlh F : X -- Y bcm9 contm· 
uou.~ and b1Ject111e. The11 p - i is a/so contmuou.s, i.e. P u a homcomorplusm. 

Typically. in invcrsc problcrns in domains in IR"' , we as.sume thal cocflicicnts of thc 
unknown opcrator , say thc SchrOdingcr onc, - ó. + q, whc>rf' now !:J,. i!I th<> 811rlirl<>An 
Laplacian. are boundcd in somc "strong" function spacc and thcn dcrh•c contmmty 
in a "'weaker" function s pace. As far as we know, thc first result in t his dircclions 
W<l.!. obtaim'CI by C. Alcssundrini [2] who provcd that if q is a pnon bouncll'<l in 
11°, o > m '2. t hc n ir1vcrsc problcm is continuous in L°'-. For t hc Laplacc- Bc ltrami 
OJX'rator in a doumin i11 IR"', P. Stcfanov ancl C. Uhlmann showcd in 12·1) t lmt, ií 
tht> mc>ílkit>nt.s oí t.Jw mf't,ric tf'nsor, g,1 are closc to Ó,J in (,'<l(rnlp!) thcn thc uwcrsc 
problcm i-; t·onl,innow; in r(M). Both rcsults, o.ne! othcrs obtaincd in thi!; dircctiou. 
íall in th<' framcwork oí Lcmma 3 sincc thc cmbcdding of ¡¡e into L' ancl C'"¡,,.¡ 
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inlo r are compact. lt should be notcd that thc abovc lvorks provided also sorne 
c¡uantilativc cstimatcs fo r the corrcspondi ng moduli of continuity. For o.n isotropic 
iiwersc problcms, duc to possible changos of coordinatcs which can drnmatically alter 
thc 111etr1c ten:.or (cf. (5)) but do not u.ffect the physical nature of the process, it is 
important to introduce o priori constrai nts in a coordinatc--in\'ariant fon n. Evcn more 
this is true for thc invcrsc problcms on mani fo lds whcn, in the bcginni ng, cvcn thc 
toµological typc of t ite JJUi.Hi folds is not knowu. To be more rigorous, Jet E11 be thc 
class of compact , conuccted R.iema1111ia 11 manifolds with the same, i.e. diffeomorphic 
boundnrics ;V. Thc boundary spcctro.! do.to. corrcspond to thc dtr'f'ct ma71, 

(20) 

whcrc lJ, is thc spncc of ull pai rs of scqucnccs (~,~) = ((µ.1:):'; 1. (tjJ¡,.)~ 1 ) wit.h 
J'l - ami \Jl e L 2(lV) (somc othcr funct ions spaccs are also appropriatc as to be 
~·u from funhcr considerations) . 
For a scqucncc (!/IJ)f., 1 of functions wc defi ne the set 8((\JJ):~ 1 ) C L2 (N), 

N N 

8((1,.•J)f .. d = {u E /}(N): v = L 0.1:\.1.1: , L to ~l2 :$; 1}. 
k • I k:.I 

NC'xl wc define a basis of open sets in the spacc BN. This ba.sis consists of sets 
fl,(.1!_.~) that arf' drfinf'~I to br rol lf'ttion of sPqnPnrPS ((¡iJ)p 1 ,(~)~i). such t ha1 
thc following is t rue: 
Thcrr is a finite numbcr of disjoint open intervals /Pe (o,c- 1!, p = 1, .. , P with 
ll'ngth.s PPI <c. such that 

<1 Each µ~, ih < C 1 - t lics in some /P; 

b Lpdu(B(h•, : /IJ E 1,,}, D({J¡J : ¡iJ E r,,}) < r wherc d11 is thc llausdorff 
distru1cc 111 L2 (élJ\/). 

111 la.ym;m tcrms t)1c dcfi nitio11 wcans that thc fir:st cigcn\'nluc::., /J1<, µk and rc
~tnctions to N of t hc corrcspouding cigcnfunctions are clase. Howe\·cr, wc also nC(!(\ 
to tl\kc 111to account the possibi lity of multiplc cigcnvnlucs. Becausc of this, wc group 
thc cl05C cigenvalucs to cl uslcrs a nd rcquirc thut for two operator Jrnving clase spec· 
trol data havc sn.mc numbcr of eigcnvalucs is propcrly choscn clustcrs. Note t hat 
thr cigcn\'alucs in intcrval [c- 1 - t,C 1] mny or may not to bclong to t hc considcrcd 
tlustcr.;. 

Tlns definition may be gi\'ell in n number of different fonns. For example, i11stcad 
of D!;. dtnxt lllflp, vh , ma.v ('Ol"l"{'SpOnd to the hrat ílow <1..<;s()("iatcd with thf' Lnplacian, 

Di.: (/11,9)- ll (x,y,t), x,yEN,t>O. (21) 

llrrl' /1 is tht hcat kcrn~I for 

{•Ir+ J. 9) /-1 = O 011 ¡\{ X 111 +, 8,, H loMkDt.,. =O, fl (z. y. t)lr=O = é11 (;r). 

l'h<'n 11\r,y.1), .r,!J EN. t.> O b in r(Jl x N x Ill+ ) which has topology of thc 
ttniform comi;·rgcucc on compnct subscts of N x N x Ill+ Spaccs B11 ami C(N x N x 
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IR+) are not homcomorphic. Howevcr, on thc cla.sscs oí Ricmannian manifolds which 
wc intend to consider, convergcnce of GBSD in l3¡.¡ is cquivalcnt to t hc convcrgcncc 
of te hcat kernels in C(N x N x lfl+). T bis is not surprising es 

H(x,y,t) = L: exp(- A,t)ó»(xH,(y). 
•=o 

In the dass EN t hc convcrgencc of thc boundary data cithcr in B¡.¡ or C(N x }lf x 
Ill+), by no mcant; implics thc convcrgcncc of thc undcrlying Ricmannian manifolds 
(allhough, of course, we should rigorously define what we mean by the convergcnce 
of Riemannian nmnifo\ds). Let us consider sorne examples oí difficult ies which mfLy 

Example l. Lct S'+ Oc a two dimensional unit scmispherc. Lct us attach in a 
smooth manncr a small handlc ncar its north polc to obtain a Ricmannian manifold 
i\16, whcrc 6 characterizes t ite size of the handle. Then the first eigenfunCLions almost 
do not fccl thc bandlc, na mcly, for any E > O, wc can choosc ó so thnt BSD of S+ and 
.\IJ are :-closc in 6N. Also thc corrcsponding heat kerncls can be madc E-closc on 
an arbitrary givcn compact /( e N x N x IR+. 
Example 2. Let again S+ !)(' a two dimensional uni1 scmisph<'r<' nnd O h<' an 
nrbitrarv closed connected surfnce in IH3 . Conncct S+ with n by a thm \oug tul>c, 
cl()S(' to t hc north polc of S+· \Ve obtnin a manifold /116 • with iS chan1cterizing t hc 
size of the tube. Thcn, for any E > O, wc can make tube so thin and long that thc 
boundary valucs of thc lict1t kcrncls of S+ and M6 a.re E-close in C(N x N x lft+). 

In both exumples, S+ nnd i\/J are, gcometrically and cvcn topologically. vcry 
d1fft:rc11t whicl1 wc ca11 uot i<lent ify from our incomplete, imprecii.e Uoundary 1111~8-

surements. C lear!y, such situation should be avoided. Observe that, in both cnscs. 
whcn iS - O, then the curvature tends to oo, and, in Example 2, din.meter tcnds to oo. 
Abo, thc sccond fundamental form of 8 /1'1 = N should be controllcd. For tcchnical 
reasons. namely, to prcvent collnpsing manifolds to thosc of smallcr dimensions, wc 
~hould romrol, in ru:lditfon, th<" injcctivity radii of manifolds in EN· This typc of re
strictions is typical, at lcast for manifolds without boundary, in thc Chccgcr-Gromov 
thoory of goornetric conv;ergcnce [1 1], [7] . T hus, it is natural to sec.k for conditiorn:1 to 
guru-ani('{' stnhility of C<'l'fnncl 's hounclary spcctral problcm in a proprrly modifi<'rl tn 
includc manifolcb with boundarics, framcwork of this thcory. 

Lct 1c. introduce thc classcs of manifolds wc intcnd to considcr. For a whilc, wc go 
bcyond the limits of inversc problcms and intend to work both with manifolds with 
and without boundary. 

Oefini t io n 3.1 Let A. D , t0 > O. Denote by E'"(A , D, t0) the class oj closcd m · 
dm1ens1onal ('00 -.~mooth Riemamlian mamfolds such that 

a ll R1c..ulJ, ll RrcoMIJ $ A, 
b. d1am{M, g) $ U , 
C. llh"lfcu ' {OM ) $ t\, 

d. tn) ;?: '"" 
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llere R1c"' , R1C1JA1 ar-e thc Ricci curvature of M and 8 M , rupectively <md /{ is tl1e 
mean curvoture of 8 M . {Clcarly conditio11 c. and the .second condition in ti . are 
vo1d far mam/olW tmthout bo11ndary). foj stand,, for the muu mum of ali threc in· 
1ect1111t y md1i on a manifold with boundary, namely, mjectwity radii of Rie.mann 
non nal coordinates 011 .M <md 8 M and injectivity radiru of boundary nomial, i.e. 
min,E8M1'(.:). 

T he pr incipa l gcomctric rcsult to gct conditional stability of Ge\'fnnd 's boundary 
~patrnl problcm in a dUSl> E"' (A, D, i 0 ) is t hc following: 

Thcorcm 3.2 Por <my m , A, D ,·io > O, the cla.ss r;m (/\, D, io) '-' prc·com¡mct in 01e 
~. /or any o < l , 11111/ i1t Ou: Gromou-llausdorff topologi1 / 11/ . 11~· do.rnrc, 
E•n(A D. io} cons1Sts of R1em1111man m rmi/ old.s with the metnc tensor g wliich is, m 
pro~ coordmatcs. C l.0 -smoo//i f o,. any o < l. Cond1Lrons a and c. of rlejinil.um 
.Y J ore ualui for- thc mrn'u/olds m tl1e closurc I:m(A, O, 10)-

1..ct u .. t'.Xpln111 wlmt is 111cu11t by convcrgcncc in t he abovc topo\ogic:s. F'or c i.o - cuse. 
11 ..cquc.·n("t.' of llicmanninn mnuifolds, (M l"l,9<111) converge to ( Af.g) if, stnrting with 
i;QIU(' n0 • t h Prf> Arf> difff'omorphi.~ms 

/\lthough in this papcr WC w\[I spcak prcdominantly about the C1 "'-topoJogy, lct lLS 
1'.xplsun brirfiv 1he Gromov-Hnusdorff one and ils relntions to t hf' mverse p roblí'tnS. 
Thl' GromO\" ll1mi.dorff disttlHCc is dcfinc.'<I 011 thc spacc of ali cornpact mctric sp:Jcc.-i; 
{X,d,) Wlth 

dc 11 (( X , dx ), (Y, d~·)) SE, 

1f thcrc a.re E-ncts { x1, .. , XN} e X ami {y1, . . , YN} e Y such that 

Clrarl\. 'hP Gro1nov-ll nu!'.dorff topolog_v is wcakcr i han C 1 " . l ts importancc, in 
p.i.nkultn for tl1c im'c1:;c pruhlcms, lics in its ability to compl.lrc objccts of diffcrcut 
dimcns1ons. For exnmplc, lct S 1 be a unit circlc in m.3 and 'f'C be a two dimensional 
tonis w1th 1ts sccond rndius cqunl to E. T hcn daH(S1, 1'l') < 4E. 

Tboorcm 3.2 has a dircct annlog íor manifolds without boundary provcn by i\I. 
Andcrson IJJ. llowcvcr, t hc prcscnce of boundary nc<:cssitatcs dcvclopmcnt of ncw 
tcdmiques which is to be d iscusscd la tcr. 

Let us di.scuss now thc gcomet ric properties of E which are needed for Lhc analysis 
oí Gcrfnnd's boundnry spcctral problcm. According to thc basic topologicul lcmmn, 
Í.;r thc da.:.:. r; to bt• u propcr cun<lidalc for 1hc l.'O!lditional ~labillty of Gd'foml 's 
boundary sp«lrnl problcm, thc mnp Vs should be wel\-defined and conlinuous from 
l: tn 6-,- ;md lllJN"livr. Thr fir!'.t, lwo stn1t>mrnts fo\low easily from l{fl-to's pnt nrb11-
t1on l h<'Ory l16J. To m\l\\yzc injcct ivity, rcc::nll two criticnl clcmcnts in thc proof oí 
uniqur~ of Gcl'fond's"houndrrry spcctrnl problcm: 
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l. Thtaru's uniquc continuation uscd in approximate controllability, Corollary 3A. lt 
requires Lipschitz continuity oí the metric tensor and, evidently, is vnlid on E . 

2. Non-branching of geodesics uscd in thc proof of the injeclivity of the map R : /W ..... 
C(8M). Theorem 3.2 fail to guarantee it, indced, there are counterexnmplcs going 
back, essentia\ly, to Hartman [12] which show the existen~ of g E ílo<o<I C 1·0 with 
branching goodesics. The remedy lies in the following 

Theorem 3.3 Let (M, g) be a complete Riemannian manifold with ci.o, a- > O 
metnc. Assum e, m mldition, tlwt co111lattons a. , c. of Defimt1Q11 3. 1 an: ~·tituficd 
(m the case of 1w11-compact ma11i/olds we can a.ssume only local botmdedness of tl1e 
R1cc1 curvaturcs and Lipschitz constant o/ the mean curvature}. Tlien, in a ¡1ro¡JCr 
coordmate system, 

9iJ E C~, 

C~ bemg the second Zygmund ilpace. 

Rccall thnt a continuous function f E C! if 

l/(x) - 2/((x + y)/2) + f(y)I 
lx - YI :$e¡ < 00' 

a nd f E C? if f. 'Q f E C!. For this nnd furthcr propcrtics of Zygmund spaccs scc c.g. 
H. T'ricbcl 127] or M. Taylor (26j . 

Combining Thcorcms 3.2, 3.3, we scc that Em(A, D, io) consists of Riemaunian 
manifolds with ('~ mctric. lt is compact with rcspcct to C 1•0 -topology, for any 
o< l. 

Corollary 3.4 Let (M,g) E E"'(A,D, 10). Then the goodt!.$ic;., m i'vl do not bronch. 
Morcover, 1f M(n) -> M in E'"(A , D , io) with respect to c i.n OT Grvmov
Hau.,dorff to1wloyy titen U1e geodesic flow on ¡\.¡(nJ converye to the geodesic flow 1rn 

M . 

Summarizing T hcorcms 20, 21 and Corollary 3A, topological lcmma implics our 
principa l rcsult 

Theor e m 3.5 The map V s : E(A, D, i0 ) - V.!>·(E(A, D, i0 )) e BN u a homeo
mo17.1hum. 1.e .. Gcl'fm11l 's bou11dary spectral pl"Oblem depends conti11uo11sly 011 tlic 
boundary spectml data 

Similar result is valid for thc hcat kerncls. 
In thc rest of t hcsc lccturcs wc givc principal ideas of proofs of Thcorcms 3.2, 

3.3. Thcy a re rc!ntcd to thc notion of propcr coordinates which are lhc bo1mdar71 
harmonrc coord111ates. On manifolds without boundary, harmonic coordinntcs so 
b11rk lo Ein.S1f'i ll nnd íl.f(' widf'l.Y u.srd in difff'rf'nt.iA.l gf"OmPtry .starling írom o .... 1, 1rrk
lúu:dan [ ]. with applications to gcotuctric convcrgcncc by Pctcr.:; 122]. Grccna- \\111 jlOI. 
Andcr:su11 !:S]. cte. Coordinaics (x 1 ••. ,x"') are hnnuonic if lhey satisfv t hc L111>lnl"t' 



tUIO Multídimcnsionnl Gol'fond lnvcrsc Boundary Spcc:lra.I Prob\em: 55 

... "1uauo11, D.1 z' = O (c.g. Cnrtcsinn coordina.tes in Dl"'). Harmonic coordinntcs cnjoy 
8 Tllllllber or uscfol propertics, in particular, 

1. 1'hc mctric tensor hf.18 mnximn.l smootlmcss in thesc coordinatcs; 
11 lts componcnt.s, g;¡ sntisfy, in harmonic coordino.tes, thc Ricci cquation, 

D.9 9;1 = B;;(g, Vg) - 2Ric,,. (23) 

l lcrc n,, i.-; 8 quadro.tic ~unction in \lg and ro.tionat in g,,. 
\\"hcn RicM is boundcd and 9 is a pnori sufficiently smooth, e.g. in C°· 1 , interior 

clliptic rcgularity gcncrnlizcd to Zygmund spaccs implics that g E e? insidc Al . To 
den! with thc boundnry wc use thc following 

OcR n itio11 3.6 Coord111ale.~ {:r1, .. , .t'") are boundary harmon1c coordmatcs nea1· 

OM •/ 
1 (.r 1, .rm) art lian110111c coordinates msidc M ; 
u. dM u d('fin"d by .r"' = O¡ 

m ltt y, = .r1 la,u. ')' = 1, . . , rn- 1. Titen (y1 , • • , y<m-t)) are hannonic coordi11ate.9 
Qn8M 

lt may be shown thM, in boundary harmonic coordinates, thc oomponcnts of thc 
mClriC tcn:.or. in addition to (23), im.tisfy thc Oirichlct boundnry conditions 

91J1 = li/J1• h1J1 E C?(8M) , /J,') = 1, . , m - 1, (2•1) 

¡md third-typc boundnry conditions 

éJ,,y"'"' = - 2(m - l) K g"'m, (25) 

8,,/"' = -(m - 1)1( 1"' + 2).m.. 9"8,9"'"'. 

whc-rc K is thc mcnn curvri.turc. A proper gcncra.lization of thc boundnry clliptic 
rc-gutanty to Zygmund spaccs shows t hat Yu-.,,g•m E c;'!. In tum t hcsc imply that 
g,1 E t? pro\"ing Thcorcn1 3.3. 

Thc proof of Thcorcm 3.2 is bnsccl on rcgularity rcsults of a gcomctric naturc. 
Thf'\. AAV, ro11F,hly, thn! nny mnnifold from E <'AA be CO\~rt"d by a m1iforrnly fiu i tf' 
numbcr of domains of bounclary harrnonic coordina.tes which a.re uniforrnly lnrgc and 
smooth, namcly 

Lcmma 4 For ony A, O, iu > O, there ort r > O {harmomc rud1u.s) ond C > O so Owt 
lh,.rr u a um/onnly fimte couermg o/ any (M,g) E E(A, D, ao) by coordiMtc patches, 
U,. o/ boundary hannonif' coonimat.es, 

X 1,: U1, ...... m"', untJ1 Xp(Up) = B,. or a:, 

B. B; "''"9· rt:spectivcly, o ball and half-baH of rodiiu r m IR.'". Morcovcr, tite 
mrln.- t.-n~or m thr.~r roordmr1tc.~, Mlti.sfie.~ 

~ I $ \g,,\ $ 21; 119,,\\c? $ C. 
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The proof is bascd on blow-up argumcnts. Assuming the cont ra ry, i.c. nn existcnce 
of a scquence of manifolds M (") wit h their harmonic radii '°(n) -- O, wc rcscalc thc 
metric tensors, g(n) -- g<nJ, gCn) = t:(njg<nl to obtain a sequencc of Riemannian 

manifolds, 'jJ(n) with 

(26) 

with thc radius of boundary harmonic coordinatcs, at sorne point, bc ing equo.1 to l. 
Using che RiccaU equnt.ion for t hc sccond fundamental form ncar the botmdary or t hc 
Chccgcr-Gromoll splitt irig thcorcm far from thc boundary, wc obtain a subscquencc of 
Af!n) which tends either to IR~' or IR'" . By thc lower scmicontinuity of thc hnrmonic 
radius. we concludc t hat t hc harmonic radius of IR'.;.' and IR"' are Jess than 1, which 
is a contradiction 

Bclow is a sketch of thc proof of this statemcnt for t he case whcn thc point ;¡;(u), 

whcrc thcgcodcsic radius í7"" of Ñf!n) equals to l, is ncar t hc boundary. Wcconccntrntc 
on this case since it rcflects specific fcatures oí manifolds with boundary, othcrwise thc 
proof is csscnt ially t hc sa111c ru; for manifolds without boundary [3] . Wc use a rathcr 
:.taudard con:.tructio11 uf diffcrc11tia.I gcomctry, going back to J . C'hccgcr /71. scc c.g. r . 
Pctcrscn j23]. !t says Lhat if a pointcd family of Ricmnnnian mnnifolds, which hove a 
loc11.\k finilf' coordinnl.f' rovf'ring b.v " nniformly largf'" chans with uniformly boundf'd, 
say in r 1 a. mctric tcnsors, thcn t his family is prc-compact in ci.o _ topology for any 
O < o. 1\otc t.hat, duc to thc blow-up procedurc, wc are cxactly in this situation 
taking as coordina t.c churts t hosc of thc boundary harrnonic coordinatcs, and by (26), 

Rk"' , Rico.1·1 = O, /( = O, inh 1 = oo. (27) 

whcrc fLI is thc limit manifold. 
\Ve use a conscqucncc of t hc fundamental cquations of R.icma.nnian gcomctry (scc 

c.g. l2JIJ 

(28) 

whcrc r<11> is tho dist.ancc function to 8ÑÍ("), nnd 

(29) 

Conclitions (26) imply that 1(c .. ¡ -- O in any laycr r(n} < c. T hcrcforc, f{ = O 
cvcrywhcrc on /'l'f , und by (28), T is harmonic on M. In turn, this irnplics that A(c) = O 
for any r ~ O, whcrc 1\ (r) i:; thc sccond fundnmcntnl form oí thc surfacc r = r. At 
lnst, wc obt.ain from thc llbovc tha.t Al is isomctric to the dircct product 8 M x [O, oo). 
Sincc thc argumcnts adoptcd from thc cELSc of manifolds withoui. boundnry s how that 
;J¡\f i:. i:.omctric to Jíl.f• .. - l ). which completes thc prooí oí Lcmrnn 4. 

Thc abovc argumcnts lcad to Thcorcm 3.2 nnd. thcrcforc. to Thcorcm 3.5. To 
thi' cncl. wc uppcal ugain to thc abovc standarcl gcomctric cons truction using as 
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coordinolc chnrts t hosc íor t hc boundnry lumnonic coordinateS and invoking Lcmma 
•l. 

Let u:. finish with fcw commcms nbout reconstruction. \Ve stan with a fini te 
npproximation {¡Ji. ,1Jii.lo,u} , k = l , . . . ,k, to thc bow1d8l)• spectral data. Wc can 
then 0011Struct 1 using vnriotionol principie, a finite opproximation R e C(8A•I) to 
thc boundnry distnncc rcprcsontntion R(M ). On R we can find approximatc image8 
oí gcodcsics on M hitting 8 /1,'f and, using Alcxo.ndrov's lemma, cquip n :rnbsct X of 
ñ with a mctric, d,'i so t lmt (X,dx) is un approximation to (M , d) in the G romov
Halb<.lorff seusc [17] . 

Received : J une 2005. Revised: September 2005. 
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