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ABSTRACT 
Wt t• n-~Mkr ~ dw.:i uf uuifu1111ly cllip~1 c 11c ond o idcr 1hffcro:nt1lll uperntur~ 

~tn·I aho 11.!- 1111UC1m11 rng opNnlo r. tu 'his tinper, Wt" oblam 1\ \"llllatlon lll for-
111111.' fnr lh<" pn nn1Jf1. l f lllfl1w1.l 1w f\Mor1nlrd w1th nonh ntM ~m1group, <l ffinN\ 
by \I 'u.'° Cll IJ), whoM· lnlinitesimnl generntor tottHpon<h 10 th~ 1nax11nizi11g 
Of)('hllflf Our u~uh 1!C nn C'X Le1111 ion of [1 1 nnd [21. 111 11.·l11ch lh<'y coremlered thc 
probk111• rr-lall\t' 10 lint'nr o pernLon1 Mon~\'t'r, 11.9 a111>l1cations. 11."C sluJJ d iscu~ 

l1u,:;:r Jn·1:i.hon_ rnu• fu11ctio11 nnd ot her propcrt ics rel &ll \'l' 10 tlw max1m1zi111!. 
op.-rator Ou1 p1ooft1 1u f nl 111011 t relied upo n 11todmst1c rontrol mcthod whicl1 
d"•kivioe'd \,\- ""\' Krylov (7J, l8J, W.Fleuung ISI. P Lhons [9: and 01 hcn. 

RESUMEN 

r'"GIDid<111J1JOI' utlll r1fl...-...' tic openidon" d1fcrc11c11\lcs de segundo orden u11l 
[,,1nwnwa1"" ('l1pt1<'"" "--''como su operndor max11n1:t&nt' En Cite artículo obLcn
rmom u.n& íormulac16n vn1 mc lonnl p1u-n <'l nlllO\'a.lor pnnc1P<'1 &.!O("Uido 11.l scmi-
1ru'><.1 ••i:•I d·hmdu 110• ~ 1 Ni~io {! 11 1), lU)"IJ gc11c1.w.lor mfimlc<.1111111 w111~ 
rpondo> iJ C•p<"uwior mrunm11n n11• Corno nphcoc16n dL~ut 1ttll\O'" la ck~vmru'111 

'""',.. funnon dt" ruot""ntc y Olrl'-' proµn:dl'!.d~ rcl!l.tl\'NI &l operador m nx1· 
m1unu :"\·1r-<U1Uo drr110ll t raclonc11 cll.91 se basa n en el ~oda dr cont rol cs
h~úh.u ll.-...u1v\l .. du VIII .._ V l<1ylu\' !7j, ltij, W Fkmmg l5J y r 1 huns i9J cu tu: 

"''' 
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Kcy words n n d p hroscs : uni/onnlv cll1plu: Jecond order d1ffettntlal opera1crr, 
mnrirm:m9 o~tar, p"11e1pcil c19enva/uc, 
nonli11ear1ermgrvup, /orgcde1:1ohon. 

l\.foth . S u bj. Closs.: .¡?H20, 60FJO, 65C30, 93Ef0 

Nonlinear semigroup 

Lct i\ ben compact convcx subsct in o. Euclidcan spacc R1. For cach clcmcnt o 
of A. lct Lª be tho opcrator givcn by t hc followi ng; 

1 11 d 

f/ ' = 2 L ajj(o,x)82 / 8x;8:r.; + ¿:b, (a ,x)8/8x, (1.1) 
i.j= l o: ! 

whcre the coeffidcnts a = ((1í1 {o,x))1:s;.i'.Sd a nd b = (b;(o,x))i :s1:s,1, defined on A >< 
fl'1. are ~ymmctric d w d~matrix and d-vcctor valucd fu nctions, rcspcctivcly. A:;sumc 
lhC' following coi1ditions rclativc to a and b; 
( A.l) (a) a(o,.r) and b(o.:t) are C 2-fnnctions of x E Rd, and their partio.l dcrivntivtli 
cJ,cJiu. CJ,iJ1b iJ,u nnd iJ,b 1 including a nud b thcmllclvcs. are ali boundccl on A x R'1 

~ b) 

lf(x, o) - f(y, P)I $ >I• - YI + p(lo - Pl),f = a,b. 

whcrc p is a coucavc, strictly incrcasing and continuous function on !O.oo) nnd 
p(O) -=O. a.mi 1 is n positivc con:;taut. 
(e) o b u111fo1mly µositivc <lefin ite , i.c. tliere cxist posilive cons11;1.uts '1 and /( such lhnt. 

d d d 

•12::<~ $ I: a,;(o ,x)(;(; $ K¿:e, 
•• I • ,J"" I ,_ ¡ 

umformly for all o E /\ ,:r; E R'1, and {E R". 
\\'e denote by /_, t lic opcrat.or dcfined by the formula ; 

or '1111bohcally, wc oftc11 wl'ito 

lu(.x) = s up lnu(:r:) 
o EA 

l =supl" , 
o EA 

(12) 

(1.3) 

(1.3)' 

to "'·h1ch "''C rC'fcr as t.!1c maxi1111zm9 ope rotor. In ( 1.3), thc suprcmum is t.nkcn for 
<'Mh z fk:fl1w 11 11u11lirn.!t1r scmigroup ll.S.'>Ociul.ed w1t.l1 /,, following M.Nisio (IJ IJ, scc 
abo 5-j) Lct {o,(w),O $ t < }, be a process, dcfined on a probabilit.y spac 

J,1,1,. <11n/Oz,IJ;¡¡ 1 r lt' 
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(U,;F, P ; ;F1 } 51).l i:.íying th usunl conditionsll . Assumc Llmt o 1 is progrc:ssivcly mcn
~ur11hlc wnh rcspct to {F,}, ond thnt a , (w) e A for ni! {L,w) E (O, ) x O. D eno Lc 

by A thc collec:tion oí 1111 such proccsscs. 

Odl11it io 11 1. 1 .A is cnl l d nu ndm13.'l iblc control da.s.'l, a.nd its arbitro.ry clcmcnt 
(n1 , t '2' O) {n 1, íor shorL) nn ndmi3.'liblc control, rcspetth•cly. 

For cnch o E A nnd .r e / 'f'1, considcr thc following ilo-type stochastic difforc1n inl 
('<¡1lllt1011: 

{ 
dX, = o (a1, X1)d{J1 + b(o 1, X1)dl , 

Xn :o:rc :r, 
(! .'!) 

wll('rC (.J, ) ,0 :f 1 < oo, lli n R'1-v11l11cd Drowninn motion with r cspccl to (:F, , P ), 
deflned on a prolmb1h1y spncc 0 11 which Lhc proccss (o¡) is gi\"CU. o= o(a , .c), o E 
11. r E rr'. ,., n d ~ ,¡ mntrb:- \·c1h1cll f11 nction such thnt o r; " =a hcrc, n · 111c1111s 
th1• tro111~t mntn:ii: uf o ond o(o , ·) is Lipshitz continuou~ unifomlly wit h rcspcct 
tu Ct T ht'n u 1:; wc ll know11 t hoL 1111dcr t hc u.ssumption (A.1) . íor cach 0 1 E .A nnd 

r E f1'1 (1\Jld nf'IQ /11). t h CrC CXÍSlS ü Hlli(]llC :iOlut ion OÍ Eq.(1.2). \\'h ich W(' dcno t.(" by 
( x;• t, t >O) or X~ '. for short . 

1 cll11itio 11 1.2 Lf'• (íl. F . P ; F,) be n probnbilit.y 1>pncc sat1sír111g thc us ual cond i· 
t 1011'1 Lt-t n, nnd 11, be 1111 ndmissiblc control nnd 1\ Browninn mou on rcspcct ivcl.v. 
KLvru on this '>pl\CC. Le t. ri lso X , he thc 1111iquc solution of Eq.( I -1) a.ssocint.cd with 
t hctiC (01• ,4). Thrn thr 7-tupk (O. :F. P. :F, ,n ,, JJ1 , X,) is cnllcd IUl odm1s."11blc sysl.cm. 
" lorcovcr. "~ refcr to thc proccS8 X1 n.s t hc 1-cs¡XJ113c associatcd with o 1 and .r. . 

Denote by C thc i;pncc co11sisi1.iug of ali R1-vnlucd boundcd a.nd uniformly l.."Ont in· 
rn.ms fu 11ct1on~ on R'1. thcn t,lllJ s¡mco C is n Onnnch spnai with thc su1>-non n 11 · ll · 
For c11ch y E C and for (1, .r.) E (O, oo) x fl'1, put 

T,~(x) = "'P E{~(X~ ' ){, (1.5) 
n € .A 

wlicrc X," • dcnot thc rcspon.~c givcn by Eq.(1.11 ) nssocia.tcd with o E A nnd :i: E /?'1, 
1111d thr -.upmnum is token 11111oug n\1 ndmissiblc systcms. Thcn 1\1.'.'\isio provcd t lmt 
{ T1 , / ~ O) ddmc:s 1.'t.111t 11u:th •c, ino 11oto11c t111d slrongly continuous nonlincar sc111i
l\fOu p of opcrtt.Joni fro m C to C. Ocuolc by G' thc infinilcsima.l gencrator of T, and by 
D(C C) lb dotmun t~pcct.ivcly, l hcu G"1 C V nncl 

Gu(x) = sup Lnu(x) =: l11(%), 
o € A 

·I! e whcrí' "E C-1 and C7 = ( t/• C; 3a, 1}1, 3a,aJ t/J E C} (scc /\l.Nisio (l 11 or [SJ). 

( i.G) 

1~ ll (l!F. P » -. a ('Otnplelc p robf\blfüy s1mcc. Vt 2: O. :F, b 1111 inc1el\.'lmg ÍllJf'lily of sub-a rid<l~ oí F, 
rlflh~ ( Ullh-. V 1>0.Tf .. ,T 
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Lct T > O. Denote by Q~ t he cylindrica l set (O, T ) x R'1 a..nd put Q~ =!O, T ] x !?'. 
Considcr thc following Cauchy problem relat ive to l = supª Lº ; 

{ 
8u/8t +Lu =O, (t , :z::) .EQJ}., 

u (T,:c) = \O(x), x E Rd. 
(17) 

Thcn i1 is known ([5] p.169, T hcorcm •IA.2, c.g.) that if \O E C2·0 '· O < o < 1, lhcn 
u(t,r) = Tr- r\O(x) i:; t hc uniquc solution of Eq.(1.7) in C 1·2 (QJ}.) {for Lh(' dcfinil1011, 
S<C §2). 

Set C+ = {\O E C; 3c1,3c2 such t hat O< c1 :5 ip(:z:) :5 c2 < ,Vx E R"} nnd 
e! ... = C+ n C2·" c.t.c . . Note that ¡f \O E e!·º t hcn for all t > o, T;¡p(x) e CH= 
c ... n C'l). Let, V be t he doma.in of C, and Jet also 'D+ be t hc subsct of V rlcfiiwd in 
lhc a.nalogous way to C+. Denote by M the spacc of all probability mcn.surcs on R". 
For each µE M . defi ne / (¡1) by the formula: 

/ (J.1) = - inf ( (Gu/ 1t) (x )µ (dx}. 
.. ev .. JR, (!. ) 

Note t htu. / (¡J) is iionncga~ive. Morcovcr, forcach /l E M , define i (11 ) by thc following; 

(1.9) 

Thcn wc havc t hc fol lowiu~. 

P roposit io n 1.1 Foi· 1w71 ¡1 E M . ! (µ ) = i (11). 

Proof h b su!fü.:i~rit, to s how t lmt i (¡.1)? l (¡J). Supposc t hat rp E r:>. T hcn it fol. 
\O\\.._ tll(U '1iip0 E G! for ali t ~ O and t hat Tr - il.fJ is t hc uniquc solution of Eq.(1.7). 
lfont"t' onc obc.ním; 

" /, /, ar,.,, -8 'º" (T,.,,NJ (x)¡,fdx) = - 8 (x)µ(&x)/T,<p(x) 
f fl '' fl d L 

(1.10) 

bttatLqe of ( l .!l). Siucc ·1¡11.{J(.r:) = .p(x), log 1Qrp/rp = O. ln tegrating t hc both tcr111s of 
1 10) from O to t with rcspcct to l, wc gct 

j log ("l;<p/<p) (x)¡,f&x) 2 -t · i(µ), ,,. (1.11) 

for ali ..; E C f nud 1 ? O. Lct V' E C+. t hcn t hcrc cxists n scqucncc (<Pn) e Cf 
• 1lud1 001wcrgci; to .,, 11uifor111ly on compact sets in Ir'. Thcrcforc , t hc incquafüy 

•., <: (') n 1fl ~·E C1 , ui. {),\'. 0,DJ iJi. V•. J, Mr r\11 n-01dc1 lloldcr coriimuollll 
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(1 11) hold!I for any .,_-E C+ aiul 1 ?: O. Th us, ií ip E V + thcn .; E C ... and it fo llows 
from ( \ 11) that for tdl ( ~ O, 

J. l og(T,~N)(x) ¡< (dx) ~ - t i (µ) . .. 
'i'l l) \v1thng thi~ hy t, and lctling t 1 O, onc sccs; 

J. (G~N)(<)« (<I<) ~ - i (,.). 
¡¡• 

(112) 

1h1"111rqu.\11ty bc1nA true for nll i.p e 'D+, wc can concludc thnt /{µ) :5 i {¡J ) bcnmsc 
oí (1 M) nnd (1 12) 1 

2 0 11l inea r s ntig ro up 0 11 a b o uncl ed d o 1na in 

Lt•l f) t:M· a bou ndrd opr11 i;('t in U'1 with ::imooth boundary 80 P111 D = DLJfl /J 
1111d C(/)) (/ D -· R, hountl<'< I on /) , tonti nuous in D} For an~· fixe<l T > O, lrt 
Qr (O, n. D.Qr [O. fj X D. ""'] 8' Q·r = [O,TJ X 8DU{1'} X o ¡o:r¡ X 81) 
Utul {'f} " D Mr ('n.l\rd th<' latrn1/ b-01111d11ry ond /cnnmal boundary. f'Optt\1\•cly Wl' 
w11 1t• ~ " C 1 .r(Qrl 1f t' 11' a •n! vuhw<l fu11ct.io11 deh uL'li un Qr 'llch 1ha1 i1.i; pnr1i11l 
rknv11t1 1·1,,,., éJ11 <'·~·.H,tJJi.•. J S: 1,J :5 d, nnd t/1i tsdf11rc ni\ oontmuow. 111 Qr. Fo r 11 11y 
11 t {tl. l) _,_Abo wntc ~·e C' 1•2·0 (Qr) i f !/•e C 1•2 (Qr ) and 1 pArl•al dcrivotives 
fJ1 ~·J),8J1. ,d,", l $ 1,1 :S d, nnd itsclf nrc o -arder Ho lder contmuou.) uniformly wit h 
r<''lprt't to \r z 

('ou:mlrr tht· i llowmg porobolic Dcll num e<¡uution with thc Dmd1lct boundary 
rnm lltion 

Uu/81 + /., u + V(..c)u =O. on Qr, (2. 1) 

{ 
u(t .r).., ü, O< t < T. xe8D , 

u(T,:r} =ip(x) :re D 
(2.2) 

wl11•n f 1.~ gin n by (1 3) tutd V i:-i n rrnl \'l\l11<>d íunrt1on drfüwd on R'1 ~uch t lmt 
\ ' f (' 1(ff" r 1 111 ~I) l\1ld i! !{ 1mrlil\! dcm·nt11-cs U¡> to thc J>CCOnd ordcr lll'C all 
l111u11okl\ O. ,1 -.-.- oht.11111 thc fo! lowi ng. 

Thl!or c m l . 1 A•\VrTI(' lhr l1y¡wtlt c$1JS (A I}. Then· 
(11)1/ .,..- E ('i" DJ /or •ome ne (O, l), tlu:11 Eq(l.1) w1th (2l} h<U a vmque sofol1011 
u(l,r) E ('1 ; Qr 
(h) •f ,..·E 1 1 "'O ond <r'{z) un111shcs at th t: boundarv 80. tht:n Eq (2.1) w1tl1 (2.!!) 
lw~ 11 rm1qiu· •. :Jvt~on u(l,r) l 1·2(Qr) n C(Qr). 

Tlw lllC'Urt'm u, a <;¡K"('inl CIL'll' of general thoorcm nbout fully nonlinenr pnrnholic 
r<1mH1nn with D1ndikt bou ndnry condition (f11J,f9J.c g.). bnt •-e can also pro\'C it 
d1r1·<·1h U!>Lll Lt«h~ue ('(lnlro l 111cthods (sce [61) 
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For each tp E C(D) , t 2: 0 and x E b, define Tr i.p(x) by t hc following formulo.: 

T¡" .p(.t) = sup E lcxp{ ¡' \/(X~""')dr}tp(Xt"°'"); t < ;L;·rJ. t > 0,x E D, 
n€.A Ío 

TJ'= l , 1~v.p(x)=0 i fxe8D ru1d t>O. (2.3) 

Thcn 7~" dcfü1es nonlincnr semigroup on C(b) (scc R.cmnrl< 2.2 bclow). Put i,o(x) = 1 
111 (2 :1). Md dcfinr llTt 11 by thc formula: 

lf'J~v H = sup lT,v l{x)j. (2.'I) 

''º 
Sincc ffT,1' 11 is s ubrnultiplic11tivc with rcspcct to t in vicw oí t hc scrnigroup propor~y, 
T1"... = T,1.T}' , Lhc fol!owing limit cxists, wc denote it by ,\v, 

..\v = 1~~ log IJTr" lf/t. (2.5) 

Dcfinition 2. 1 ..\11 is cullccl lhc princi1ml eigenvalue of L + V . 

R c ma.rk 2.2 (u) >w > - :o. fmltctl, it. Jollows from {2.3) that 

log 117;'' 11/t ~ log llT.''·•11¡1. 

/ or ony o E A mul t > O, where '!~"·" means linear sem1gro11v ~Jocfot.1Jd wi1J1 tl1r 
opcrulor Lº + V . But. Ow 1·f..9ht sitie co11verye5 to the principal ci9er1tl(l/11e o/ lº + \( 
a.. t tcnds lo mfinil.y (scc ffi/,e.9.}. Moreovcr, ,\¡, is 11ot ri t!CC!lsorily po5itiuc. fo /oct. 
1/ \"' u rumposil.rve, Oren ,\\1 miglit be 11or1po:1itive. 
(b)l/ ,\ 1.s on ar/11t.rnn1 ryw{ m1111/JcJ· sucl1 that ,\ > .\v , then it. u casy t.o scc from (2.5) 
thot for any .p E C(D) such tltat ll r,oH $ 1, 

roe cxp{ - .\l)T,.v ¡p(x)dt ::; roe e-~1 llT/lldt < oo, (2.6) 
Íu Ío 

bcmwc UT,1' r.pjl $ 11'0\l llll<PI/ - '11w:ic facts su99est lt$ that for any ,\ Juc/1 tliot .\ >A,, , 
lhcn cnsts reso/iicul. iri r1 sc11sc, wliile ,\ v il.5elf is m the .spectnim. Far jurlhcr 

d1:1cuu1ons abo11t tl1esc topics, see /6/ or /10/. 
(e) Although u1c do 1101. l¡110w if ,\1, is ai1 eigenvalue of cv, thc infinittmmol gencrator 
o/ r,1· • ,, u•1ll be .Q/JOum (/6/) llwt if thert erists the laryut c19~mvalue (denote d b¡¡ 
JI.o) o/ e'· fhcn .\11 = .\u, w tlwt Ocfi111tw11 2. 1 cau be jushfi~ UI ll1rs 1.:asc. 

Re nmrk '2.3 lf ,.., not dtfficull lo show that T,." , 9111en by (E.9}, defines 11onl111car 
trm1grvup opcralM 011 G(J)) having the following propcrteu . Por thc ¡uoof, scc /6/ 
(cJ/5/. n. 5e 1. p.219). 
(•) T1' mops C(D) mio C( D) . /S$¡1ecially 1l ma¡u C0(b ) = {rp e C(b );ip(x) = 
O '11.s é 8V} m io 11.sclf. 

l b) T,' .,: $ .\/)!'Pll for all .p r(O) andO $ 1 < T. when: M 13 a po.rit.itJc con.stant 
Jrpr ·idmq onl'I 011 r uw7 lhc 1lu111111cmt o/ v. 
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(e) (mo1wtor11c1ty) T,\ ~ T,v !Ji 1/ rp ~ 1/i,O $ t. 
(d ) (r.m1t1111uly m t) For unv rp E Co(D), 11'1~" rp - .,~v rpl] - O w t - _, 
{t•) for 1111y ;E C1{D)nC(D), 

l~~P~'' i.p(r) - i.p(x)) / L = (/~ + \/)i,o(:z:),:z: E D 

23 

(2.7) 

{f) Fou11cl11· > 0. ond)or 01111 t E (0, 'r), ip E C2·"(D) for !IOmc o E (0.1 ). 1f_11,?(r) 
u tlu:. u1w¡ur •uluhon of Eq (!!. 1} w1tl1 th r! bo1md11ry coud1tio11 (2.2) 
(p.) (.~rr1111¡roup pmpcrtr¡} For OllJI;; e C1 " (fJ) and t , !l > o. 

(2.8) 

(h) /Jnwll' bu C' llu: m/1111frlm11rf yc11 ci~1lvr" v/ 1~v, tlic11 tl1c domom o/ G11 con lorns 
('J(IJ) n('(D) .\furrot't'r, (.'' t¡J l~..p + \l'{J for rpE C'l(D)nC(b) 

3 Va riatio na l C rn1ula 

The íollowing tht.-ort'm u; thc mnin rctiult of this pnpcr. 

Thcorcm 3. 1 C11.-n 1· e C'( D). wr lwvc 

\ 1 sup [! \l (:z:)11(d.c) - / (11)] 
,,,.¡Di 1 11•1 

l)('uotC' b~· t, lhe ngh1 sklf' oí (J. l ),i.c .. 

l1t .. sup [! V(x)11(d:r) - / (11)]. 
,,,,,¡0) .. 1 11'' 

(:u ¡ 

(3.2) 

Tlwu Wc Cl\n shcw.· lhc me<¡unliLy t hnl ,\v S lv by uslng thc way n.lmost similllr 
to t.lmt of {21 •·hile lhc rcvcn;cd onu will be done by using thc stochastic control 
mcthod For th<- dctail. sl'C l6J. 

Lvt ¡1 be any prob1t.blhty mensuro 011 1?'1 tiuch thOL ¡1{ D) = 1, thcn "'e c1t.n obtuin 
n v11rint io110.l fonnuln. for l {¡i) in lcnus of ,\ 1,, which mcnns thc uniqucncss oí thc mtc 
fu11i:Llo11 111 thc lq'" dC\•mtlo11 principio (IJ 2]). 

T hoorc m J .l For au;h ¡1 w1rh !HIJ>fl. ¡1 e D. 

I{¡•) = - inf ["•' -j ll(z)¡•("-'l] 
l'(C""( ll~ ) n• (3.3) 

P roof On 4'\Cn>un1 oí (3 1) 111 1'ht.'Oro111 ;u , thc right sidc oí (3 J} is cqual 10 

mf [ " '" { r l'(x)1(d.<) - 1(1)}- J l'(z)µ{dz)] 1.r~ c1t•t .... .,fD)• 1 Ju~ n• 
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mee wc can cxchungc thc ordor of :mp and inf in t.hc obovc formula. by thc SIUnl' 
rea.son as in Thcorom 3.1, t hc rest of thc proof is the so.me o.s [2J(Thcorom 2.3). 1 

Rc.mnrk 3.3 Usi11.9 these rcs1ill3 we can show that Av IJ equal to tl1e larye.'1 e19cn
cofoe o/ cv if i l exisl.3. We will show thi.s. Con.3ider the jolloun·ng cigcnualuc ¡1roblcm 
wllh D1nchlct bormdar·y co11diUm1; 

{ 
(L + \l)u(x) = >u(x), x E D. 
11(x) >O, x E O. 
u(x) = O, x E 8D 

(3·1) 

SuppoJc lhat t.hcr<' cxi.~/,s" solul.ioti of Eq. (3.4), (Ao, 110), where Au 1.'l ª" c1gc111mltic and 
uu 1s a corrcs¡1011dú1y s111ootl1 ciyc11fu11chon. /1 is casi/y .!ecn tlrnt A0 $ Av bccnu~r. 
far cadi dcmc11/ () of A, ,\ 0 $ Av from the dcfimt.1011 of Av ami Ao = sup0 >.0 • On 
thc otherlumd, uot.e thal /01· ali u E C¡(Rd), 
U't' gct thc mequu/1ty. 

- /(¡1) $ { (L1.1/ 11}11(dx), J •• 
b11 mco11s o/ (J .S) M1d Pmposil'io11 ! .! . Using this incqtJalrty, we can show tlwt /or 
coch 1• E M and 11, 

j \'(r)¡<(dJ) / (¡•) $ / V(")l'(<h) + j (L"/ " )(r)¡•(dr) = j ((/.+ V )"/")(.,)¡•(dr). 

llt:rc llOIC llwt we lllfJY cxtewl lhiJ IY!SIJll far ª"Y u E C1 o and u > o .,. D (c/./6}). 
Thcrrfon!, 1/ A0 a11d 1111 ore sofotion o/ Eq.(3.4), tlum 

r \l(x)µ(dx) - 1(1•) $>o. 
111·• 

from 11.Juch /ollows /he i11eq1wlil.y Av ~ .\o immcdwlcly. 

4 Large de viatio n 

In 1his scction wc shall discuss sorne topics oí largc dc\•intion pinciplc in connoo· 
tion \\1lh t hc vnriht.io1ml for mula (3.1). lndccd, "''e can in1 rprctnLC thot (3. 1) ii. n 
'J>l'C1BI íorm of l~llplncc priuciplc o.nd / (·) is t hc ro.te function (scc /J j,c.g.). Wo shnll 
.,..., "I> 1hr prob!cm following [1 2/. Lct X1º ·7- be thc response nssocio.tcd with o e A 
iu)J z E /J For cnch t > O, define L~,7- : n -.. Jvl such 1ha1 

/,~·'(l'. w) = ~ [' ,yr(X,º·'(w)).t.., 
I Jo 

•·hftt' r 111 ~ 13ord st'l i11 R'1• For cach {o, t ,:r). put 

Q;' ·''(.) = P(L;' ·' E ·, 1 < T~ .... ). 

(•11) 

thc-n Q; • 1s n uwn.-;ur·c 011 (J'vf(O). U(;\.f(D)), whcrc ; \ii(n) = (11 E M ;1,(D) = lj 
wi.16(.\f(D)) 11w1111s !Jurel 11-ficld m thc scnsc of wcak topology 



1 S'f!t. Nonhn('Ar M'nngroup ns..'!ocil\lod with 11uucimb:ing opc rntor a.nd 

Th .. o r u 111 d. I / () u gn•t:n bv (1.8). 1'11cn, 
( 1) /or oll cfoml .sub.<lrt Fo/ M (D), 

llm sup .!. log(sup ilup Q~· .. (F)) ~ - inf_ / (11), 
r--.... l rEDnEA "E f 

{:!) /01 ci/l oprn ~uh.ftt G o/ .. \lt (D), 

lun 111( ~ log(lin¡l 1mp Qi·"'(G)) ~ - mí / (u), 
1-"- t -'(l> o EA .. (C 

25 

(·12) 

(<.J) 

11~ l'roof \Vl' h~t 111-ow li!l' llPl>l'I' ho1111d (•1.2) íor clOhc.-<l :iubetct F in .\.1( 0 ). Sincc 
~~~- thh1 l'llll ltt' done 1n thC' stunc mnnnc r ns [12j('l'ht."Orcm 8. 1 ), wc :dmll d(':)cr'ibc only thc 
• = ~~,\ <.u1tll111• l'.Jut I mí, 0 - / (11), for nny t > O nnd /1 e F . lhcre CXl!SC.!I V,_ E C ( D ) snch 

! hni 

j \~,(l')dv(:r) - .\¡,~ ~ ( - (, (VI) 

liy mNrn'I of (3 3) m Thror<'m 3.1. 11 lhc othcrlmud, íor ench u E F di~ 1u1 opcu 
11l'l;.l1bourhood B •. of '' 1;t1c:h thnt 

~up.1 j 11.,d11 -! 11.,d11I < c. (11.5) 
uE V. 

Sl 11n· /·' 1~ t.HUl)kl(.l, Wl' c1u1 !>ck·t.'L 11 ti11itc sc1¡ucucc {111, '"l· . v,,} fro m F so 1h111 
1" Cu:'' 1 fJ.._ 'Jlw;-:n U IS ShOWTl thnt 

hm :aup ! log(!oupi.upQ~ T( F)) ~ m~U< lim sup log(sup supQ~ ª(B,.,). 
1- r • " ' ,_t'C z n 

l h 1t ll 111 1101 d1fficuh to M..'t' thnt for 11 E 1·', 

sup:iupQi ª( O .. ) S sup sup Eje/~ "~!X:'· " JJ•;t < r;;·•1 x .sup e-1 /o "~d" , 
r o z u l'E B. 

Duc to ('I •1).(2 3) Md (2.4), 

Th11:1. 

hm mp ! lng(!lup ~up Q~··(u.,) $ ,\"~ + t -j V.,dv $ -l T 2< , 
,_, 1 a n(iA 

h<Tn11~r of (2 º ) Md ( 1 1) mee l > O is nrbitrnry, wc gct lhc oonclus1on. 
Nr'Ct. 1t hard 10 l>l'O''t d1re<.:t ly t hc lowc r bound (·1.3). lfov.'CVCI'. l\S in mn11y 

1l'Í1'1l'11n·~ (tl1 ~ ~ ), i;>nc c1111 S lill !ll1ow (•1.J) by thc followmg way Firstly 1111der 
i-o1111• l\ppropri.a1'"mnd111ons, it will bo :mon thnl 1hcrc cx1sLS nn t\nothcr mtc fu 11ctio11 
f , wl11d1 "1-' (-4 1J •n\I (•t 3 ) . Thuu wc Cl\n s how thut. / = I FOr the dctnil. scc 

;~;: [l 2J ( hl\¡JU~f 6 J 1 
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Next we shall consider an analogous problem as [12]{Corollary 7.26), in which 
l (v ) = O if and only if 1.1 is invariant . Here it is said that v E M(D) is invariant if 
v(V ) = v(T1 V) for any t > O and V E D , wherc T¡ is given by (1.5) and v(V ) = 
J V (x)dv(x) . 

Theorem 4.2 Let v E M(D). 
(a) Suppose that there exists a E A such that v(V) :S v(Tt V) for ali V E C and t > O, 
then / {v) =O, where T1ºV(x ) = E[V(Xi°'"')]. 
(b ) ! (v ) =O implies that v(V) :S v(TtV) far any t >O and V E C 

Proof Since thc sccond a.sscrtion can be shown in thc same manner as [12)(Thcorcm 
7. '25) , wc will provc only ~he firs t onc. Let Xi"',, be the response associatcd with o:,x. 
T hcn , giveu any t > O a1~d bounded V , wc ha.ve the following incquality. 

log J E [e¡,: V (x;' · ')d3 )dv (x)?: J log E[eÍ~ V(X ';·' )ds)dv(x) 

?: 1' ds J TsªV(x)d11(x) = t. j Vd11, 

duc to Jcnscn's inequality and the assumption. Let {V,,} be a sequence oí bounded 
r 2 funct ions 0 11 R" such that V,. = V on D and Vn - -oc as TI tcnds to oo outside 
D. T hen the abovc incqualiy yiclds that for any t > O and n , 

since V,. = V on D . Letting TI --- oo, onc secs that 

!og j T1vl(x)dv(x) ;:>: t j Vd11(x) , 

by means of the definition of T,v . Dividing t he both sides by t , then letting t _. oo, 
wc can sce that for a li V, Av ;:>: 11(V). In virtue of Theorem 3.1 , this means that 
! (11) :5 O. I3ut from the definition, / (11):;::: O for any 11, so that !(11) = O. 1 

Recei ved: September 2004 Revisad: January 2005. 
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