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ABSTRACT 
\\'t' givc n defimt ion of tl1c t'lfos lo\' fibrc b undle for a lagrMgllU'I submJ\nifold 

ul tht' colaugcnt bund le o f u ,,111uu~h munifo\d T111" dehnmon gc11erahzci:1 t i.e 
rirfi numn ¡;tl\'1'11, in ho mo1 op1r t.rnn.~. by Arnol'd for lngrnngmn stthnUUlifokl~ nf 
T"R" \\°e show thnt our dcfi nition coincides with the one oí llormander \11 his 
""'Odcs " ho lll Fourlcr huc~rnl O pcrntors. 

RBSUMEN 
Defimmo11 el rnmo d e ntml.S de Mnslow ¡mra una sub\'anedad lagn\nginna del 

ramo rotangent<' dt• una 11nricdacl s mwe Esta d efinició n generaliz.a Ja defin ición 
llai;lu. pur J\1110\d, en tCn11i11us hu1uotópkoi., p11.1a ,,ul,wan1.'1.ladet> l11gra11giiuw..!i d e 
T"R" l 'rnhn.rf'mo~ r1ur 1111r~trn drfinirii'ill ('Olll('klr ron la rlMn. por llrirmnndrr 
1•11 ... 11 ... ll>1l~JUS :.olHc 0 11cn1dorC!! l ntcgrnl~ {le Founcr 

Koy wo rd11 nnd ll hrnJ1c11: / ouner mtcymt opaulor1, f.lo.slov bundle, 
Uiinnondcr'1 mda 

Mnth . S ubj. Clu~A.: 8 1QJ!.O, 35530. ' 1G30 

1 Atknowk-dgcmC"nl 10 Fr1rn~oi8 Lnud<'nbach and hi~ intcrest in thl.S work 
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Int rod uction 

Tll<' ~faslov ind(':X appcars as t.he plrnse term when one tries to define t he symbol 
of a fourier Integral Operator (FIO). This symbol is then defined as a section of 
the i\laslO\• bundle contructed on a lagrangian submanifold of r· X. In his historical 
paper [7], HOrmandcr propases a construct.ion of this bundle in terms of cocyclcs and 
tries to make t he links with thc strictly topological presentation (rcprcscntat.ion of the 
fundamental group) proposcd by Arnol'd !3J, originally in an appendix of the book of 
i\la.slo" [12]. This link is cstablishcd only for thc lagrangian submanifolds of T ' l!i:". 
1 propase in this work a ucw construction (I.2) for t.he lagrangian submanifolds of 
T'X. X a smooth manifold, bnsed on a definition of the l\laslov index (1.1) whirh 
gcm:ralizc tlic 011c of i\rnol'<l, ancl satisfies t hc cocycles conditious of TIOrmaudcr 
Thcsc corrcspondt111ccs are cstablished in t he scctions 2 and 3. 

1.1 Arnol'd 's defin it ion of the Maslov index 

Rct.:<111 first thc c.:o11stn1ctiu11 uf Arnol'<l [JJ. Thc space T" l!i:" has a symplcctic st rncturc 
by thc staudard symp!cctic form 

1"'" 

w= L df.1 /\dx1 

J"' I 

Lct L(n) be t.hc Grassrmrnnian manifold of t.hc Lagrangian subspaccs of r · R"; wc 
idcntify L(n) = U(n)/O(n). Thc map Det2 is well defined on L(n). it is s howed in 13) 
dmt cvcry path ¡ · : § 1 __, L(r1) such tha t Dct2 o¡ § 1 - § 1 is a gencrator of l/1(S1), 
gives a generator of íl 1 (IL( n)) . 1 L follows Lhat íl 1 {[.( n )) ::: l. and that. t hc cocycle ¡io 

dPfiiwd by 
'v'¡ E ll1(D...(11)) µo('r) = Dcgrec (Det2 o¡) 

is a gencrator of tbc group N 1 (L(n)) ::: Z. I!. is t hen pos.si ble to define a Maslov bundle 
M(n ) on L(n) by t.hc rcprcscnta tion cxp(i~µ0) = iµ" of rt 1(L(n )). It is a fl at bundle 
with torsion bccausc Ml(n)~4 ls t rivia l. 

Now thc r-.faslov bundle of a submanifold C of r·IR" is thc pullback of M(n) by 
thc natural map 

~ .. , C - L(n) 
11 ........ T,,C 

Amol'd predsely shows t ha t µ = 'Pn ·µo is thc Maslov indcx oí l:. Onc can writc 

JI : rJ J{.C) _, Z 

h-J ........ < µo ,r;i,,01>=Dcgrcc (Det2 ocp.,o¡) (1.1 .1) 

\ \'e ha\'C to takc care of t hc structural group of t his bundle. As a U( l ) - bundlc it is 
11lwnys trh·inl. But. it is concidcrcd as a Z.1 = { 1, i, - 1, -i}-bundlc. In fact onc can 
:.f'l'. • t~i 11g thc cxprC'ssio11 of thc Maslov cocycle o 1 A- givcn by [7J (3.2.15) t haL thc Chcrn 



A lopologicnl dcfi ni tion of thc Maslov bundle 

clru;scs of this bund le are null but uJk can not be writcn in general as t hc cobou 11dury 
of n conJ' tant cochni n . 

Wc rttnll now Lhc thoorcm of symplcctic rcduction as it is prcscntcd in [6] Propo­
sitiou 3.2 p.132 . 

Propos ilio n 1. 1 (G uillc m in , S tcrnbcrg) let .ó. be an r.sotroptc subspacc of di­
rw IUIOll m tri r·R( .. +ml. Drfinr Sr:. = p E L( n + m)/ ..\ :J .ó.} Then Sr:. IS {/ 

rnbma rufo/d of L( 11 + 111 ) of co1ltmt'.'11s1011 (n + m) , 1/ we defi 11e p to be th c ma¡¡ 

L(u + 111 ) !!... L(r1) 
,\ ...... ,\ n .ó."'/>. n .ó. 

(.ó.-' 1s lh1· 01·thogorwl of .ó. for lh r c1uw111cal sympfccllc fom 1 w), tJ1en ú1c ma¡i p, 
111/urh ,, ro utumr on lll r al/ D..(11+111), is smootli m rc.stnchon to L( n -r m) - Sr:. a111l 
drjiru·• rm th 1.~ ~r1t1rr o film• str11rt1irf' 11uth b11se L(11 ) 1md fibrt! Rln+mJ. 

Mo,.rOl'fl" tht m w yc by p of th e grneml.or of r1 1(L(n + m)) is a gencrn lor of 
ll i{L(n)). 

l.2 l-l órma nder 's definit ion of t he Maslov bundle 

l. l' t X b(" n Mnooth manifold. thc11 r· X ~ X is cndowcd with a canonicu l symplcct ic 
~tructurt' by..;= d~ A d.r: . Lct C ben lagrangian {homogcncous) submanifold of T · X . 
ll onr 11111dl"I" , \U [7J p .155. dcfi11C!j thc t>.·la:;lov hu11dle uf e by it.s scctions. 

A Lagranginn mnnifol<l owm; nn atlas such that thc cnrds (l 0 • D~) are ddii1cd Uy 
11011 d egenera.te<\ phnsc functions d> defincd o n U x R"' U open in a doma.in d ifTeomor­
phic to a bnll of a cord of X nnd 

C~= { (.r., O) ;d>Q(x, 0)= 0} ~ CQCC 

(x , O) - (x , ~;(x . O ) ) . 

Fer thc fon ctio n Q, to bq 11on dcg1.1 11cmtc mcans that Oí is a submcrsion and t hus C<t> 
1:; a ~uhma.mfold ami /) '11 a n imrncrsion . 
A s('('" t1011 i.~ thcn givcn hy a family of functions 

M1t1..,fymg thc chnngc o f c11rds fo rniulac : 

;:.; = cxp i ¡ ( sgnQ>~9 - sgn~j;) =•· (1.2 .2) 

In fact (!>gn <t>~9 - sgnibZ~l is cvc11 (scc bclow, proposition 3A) and wc luwc indc<:d 
con:s t ructcd by this wny n Z,1- bundlc. 
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1.3 Definit~on of the Maslov index and results 

In the same situati0N as before, we can construct on any lagrangian submanifold [. 
of T" X (and in fact on al.[ T" X) tihe following fibre bundle 

L(n) --'-. L(.C) 

of the lagrangia n subspaces of T.,(T" X), 11 E C 
T his bundle has two natural sections : 

• 1 .e 

ddim~d by the ta11ge11t t.o .C and the ta ngent t o the vertical 7'.;6¡.,¡X. 
To a fibre bulldle is tissociate<.I tl long exact sequence of homotopy g·roups, here 

. n,(C) - n, (!L(n)) "- n , (L(l)) ><.; ll,(C) - ll0 (!L(n)) =O 

But. o m fibrr b tlfülle pOS.'ir.S.<;e_<; a section (two in fact), a.<; a C'onseqnence t lw map~ 

íl1.(L(C)) .'.:.:. rid.C) un' 011t,o ami t he maps llk+dC) - n ,..(il..(11 )) are null ; t his gives 
a split cxact, scquenec 

O - íl,(L(n)) "- ll,(L(C)) ><.; n ,(l) - O 

Takc a base point. ''º E C and fix a pa th o from >.(110) t o >.0 (110) ly ing in the libre 
L(C),'ll. For 1' E r! 1(i) we denote ,\0 " .(-y) the composition of a, >.u.1' and finaly 0- 1 

(wc use hcrc the coiw c11tions of writ ing of fi !]). 
Thcn 'v'1 E ll 1 (i) , if. (-\.1' ~- (>.uº".(T- 1J)) ==O a.nd ,\.)""' (>.0".(1"- 1)) is in 

íl1(L(11)). Lct 11s t.akc the 

Definition 1.1 The Maslov inde:t o/ C is t.he maµ ¡1 : 

Propos it ion 1.2 This defi11ili011 does not depend on lhe path o Uwt we lmve chose11 
to JOÚll ,\( 110) lo >.11 (110 ) ; morcova µis a morphism o/ group, that is : µ E H 1(C,Z). 

First rcmark in thc case whcrc X = Rn Lhe libre bundle L(C) can be trivializc<I 
in such a way that thc scction ,\0 is c:onstant .. In !.his c:a.'iP. our definition coincide wi!.h 
t l1c u11c uf !iJ. /\ uat.mul collscqucncc of tlic propositio11 is t hc folluwiug ddi11il.iou: 

D efi n ition l.2 Thc Muslov b1Lndlc M(C) ovcr [. 1..1 rlcji11c1l 11.~ m J1:ctiu11 l./ by lite 

representatioll cxp( i% 11) = i1' o/ n , (C) Íll c. 



A lopologica.1 dcfi ni tion of t.hc Maslov bundle 

'fhis meaos lhst. the sect.iom; of the bundle are idenWled with functions f on thc 
universal CO\'Cr of C with compcx valucs and satisfying t.hc rclation : 

•1E 11 ,(C) , /(q) = ; - ,hl / (x) , (!.3.3) 

likc in [2J formula (2. 19). 

T hcorem 1.1 'fh c .'lcctl ons o/ th c Maslou bundle of a Lagnmgrnn (homogc11eous) s11b­
mu1uj<Jlll tu dc/111c1/ by th e defimtw u 1.2 sat14y t/1c ylu1119 ccmditu:m~ of llür111(mder, 
1¡ mta1M tha l our defim1to11 comcides w1th th e one of llOrmander 

2 Study of t h e index ¡;. 

2.J The index ''º· o n 11...(n) is also an intersect io n number. 

Foro e L(n) ('t k E N one defines Lk(n)(o ) = {¡Je L(n): dimo n B = k} . Since [3] 

w (' kuow tlml Ll( n )(n) i:1 m1 open :111bmanifold of cod imcnsion ~, iu panicular 

Ll(n)(o) han oncntcd cyclc of codimcnsion 1 and hi!> intCNCCtion number coincides 
w1th 1111 

2.2 Proof of the proposit io n 1.2 . 

lt i:i a co1beq11cncc of lhe two following lcmnms. Providc L(C) with a conncctiou oí 
U(ri)-bundlc. l ndccd uny symplectic nmnifold (Af ,...i). \ikc T ' X , can be providcd with 
au almo:.t oomplcx st ructme J wliich is compatible with thc symplcctic structure(sec 
[11p102). 1t mcnns such thtlt y{X , Y)= w( JX , Y) is a ricmannian mctric. By t his 
w1w t hc tnngcnt bundle of M is providcd with an hermitian for m ge = g + iw, 
nnd 1ts structural group rcstricts to U{ n) it is also thc case fo r thc grassmann illn of 
Lagranginns or its rcstriction to a submanifo\d . 

\\'(' v.·ill denote by r(-,) T-!I thc parallcl transport for this conncction from L(.C)T 
to L(C), Nong thc pMh 1' joining .i: to y in C. 

Lct·~ now 1 : S1 _, C be a closccl path such t hat 1'(0) = vo, we dcli mJ >.(t) = 
A. ("'J)(r) Md in t hc snmc wny >.o - 1 (t) = >.0_(-y - 1)(t). 

lí. l\S befare, n is a pnth from >.(O) to Ao(O) in thc fibrc L(.C)..,¡o) ; then the pnth 

of L(C) ,\ • o • .\o . 1 • 0 - 1 is liomotopic to a pat h in thc fibrc, we l1 llv c to culculatc 
thc Ma:.lov mdcx ¡iu of this ln::;t one. For this wc use thc parnllcl trnnsport nloug "Y 
toddorm), · o · ..\o- ' · 

Ocfi n ition 2.1 For t E [O, l[ let 's o1 denote lhe patJ1 mduded m th e. jibre B..(C).,.¡q 
1omm9 ,\(t) to ..\0(1) c111r/ ohtamecl by the pamllel tron.sport of At[i .IJ A a • (,\0111 ,11 ¡- 1. 
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}.(l) 

This pat.h ha.<; t.hn~0 dist.inr.t parts: first 5.(t,s) = r(¡- 1 ),..( s)-l'(IJ,\(.~ ) t.hcn 

ü(t .s) = r (1 - 1 ),..(1 1- 1.¡1)o(s) and finally AQ1(t, s) = rb- 1 ) 1·(s¡-,..¡n(Au- 1(t)) 
Uy thf' rkfinil.ion (1.2) 

Lemma 2.1 'J"his definition does not depcnd on the path o choscn lo link ,\(0) to 
,\0 (0) :;tuymy m Ow fibre ubv·uc 1"(0). 

T hc indcx µo is clefined on the free homotopy grnup so 

flo(au * rr- 1 ) = lto(a- I .. Oo) = flo(a-I " ,\ "Ü ~. ).c) 1 ) 

if. hcrc, >.(s) =>.(o, s) and t he samc notations fer A0 and o. 
lío' is au other path fr.om ,\(O) to Ao(O), thcn by the prcceding rcmark and the 

fact that ¡10 is a morphism of group, onc has: 

tiu(oó * o' - 1) - ¡io(oo • o - 1) = µo(o' - 1 • oó) - µ0(0- 1 * oo) = 
1.1o(u'- l ~ aó) + 11o(ao - 1 ~o) = Jio{a' - 1 .. aó • 00- 1 •o) = 

i1u(u' - 1 . ,\ . a' • 3.ü i ~ t>.ü i ) - i 'f. a-1 • ,\- 1 • o ) = µo(a'- i • >. "ti•~· q- 1 t ,\ -1 f" a) = 

11o(rr • o' - ) ~ ,\ ~. ;i * u- 1 * ,\ - 1) = /lo ( (o ~ o ' - 1) • >. • (Q- ... a·-l ) - l • ). - • ) = 

Jto(o • o' - 1) + µo(,\ ... (a .¿, - i ¡- 1 ~ >. - 1) = ¡10(0 • o' - 1) + µ 0 (.¡ - i • >. • (ü • ti' - 1) - 1 ) = 

/ln(u • u ' - 1) + 1io((O • ti'- 1)- 1) = µo(u • u ' - 1) - ¡Jo( O~ i'- 1) = O 

bcrnusc ü · q,- t is thc i111agc of o • o'- 1 by thc parallc! transport r(¡} along 1" ; but 
T{) ) E U(ll) preserves thc /V[a~lov indcx µ0. 
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lndccd, 1í o ancl {JA.re 1.wo elemcnts of í11(C) it is sufli.sant 10 t'akulate 11(0) + 11({1) 
bcgin111ng tht.• fir.,t. circlc ut a-1(1)r(o)o(O) and applying; T(o) to 1hc sccond circlc 
which WM choscn to bcgin ut 11(0). • 

3 Link wit h t he definition of Hormander 

!'o 11mkt' tllf' link nf 1 h1:- dt>fi11it ion wil h sigunl ur<> tl'rms of thE> formula in (7) wt" follow 
thc calculat1on from 1·11. 

3. 1 l'vlas lov's ind x in t erm of s ignature. 

LN -, E L 1 (ri)(o) and ¡)E Lº( ri)(Q) n!l..O(u)(-y). Thcn o nnd O are transvcn;al uud "( 
cuu be prc:.cmcd a.s a grnph: thcrc cxists 11 uniquc linear map (' : o - (J ::mch t hat 
"/ = {(.r r.r).r E o} . [4] p l8l ,ddil1cs u <1ua1lrutic form in o by: 

Q(o,~: 1) ~ w(C., .) E Q(o). 1:1.1.4) 

Onr ~ caMlv tha t kcrQ(a, tJ; 1) = kcrC = o n1. and ifwc choosc a basis on o such 

t lmt Q(o J: ) ) hru. 1hc fo1·m 1 ~o ~ ¡ , thc null pnrt corre;ponds to o n "'t· 

LN now -.( t } ben pu.th iu Lº(11)(,0) such that 1(0) = "'t· Thc goal of t hc following 
l'l\kulntion:. is to comrol t hc jump of t hc signnturc of thc quadratic form Q (o,,O; 1(t )) 
111 th<' nctghbourhood of I = O. 

Pro posit ion 3.1 Let "'t(t) be a ¡iath m l .°(n)(.0) .mch that )(O)= 1· /f 

1 
8 (1) C(1) 1 

Q(o,~;o(<)) ~ C'(t ) D(t) 

wdh D(t) m n ni Thcn, 1/ D'(t) is ilivcrtible in !he neighbourhood of O, thcrc cxisLs 
! >O Juch that 

VI, O< 1 <' '9" Q(o,P:o(t)) - '9" Q(o ,P; o(-1)) = 2,gn D'(O) . 

Proor. \\'C' know tluH B(t) is invertible nnd C(t), D(t) nrc smnll. Thc idcntity 

(3.1.5) 

giv~ :ign Q(o, ¡}; 1(t)) = :igu(B{l))+sgn(D(t)-C(t)1 8(1)- 1C(t}). Whcn t is smnll sgn 

U(t) =e ... gn Q(o,iJ;1) a11d ssu( D(t) - C(1)1fJ(l)- 1C(t)) = sgn(I) sgn(D'(O)) by t hc 

mc¡m '-nllK" thcorcm. • 

l\"ow 1f i 1:. a ¡>ath which cross traruuer .rnlly L 1 (11)(n) nt 1(0) thcn t hc nssumption 
OB D' IS satasflOO 
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Theorem 3.1 Let a E L(n) and 'Y a closed poth in L(n) which cross L 1(n)(a) 
transversally, then for aU {JE L(n) transversal to a and to 'Y(t) 011c has 

µ,(o)~~ L (•gnQ(o,,iJ;,(t+))-•gnQ(o,,iJ;,(t-))) . 
!,'"¡(l)EL '{u)(o) 

lndccd, in this case 1;L{n)/T"ll..1(n)(a) - S2 (a n 1') which is oricnted by thc 
µosit i,•e-dcfinite quadratic fonns and sg11 D'(O) = ±1, wc use thcn thc prcvious for­
mula. 

R e mark 3.1 This formula allows to define inde.:z; of path not necessarely c/osed, see 
/13/. 

3.2 HOrmander 's index. 

Let. a . {J, {J' be tlm:!c clcments of L(n) such t hat {3, /3' E !..O(n)(a) For any path o 
joining f3 to {31 one defines 

{u,oJ ~ µ 0 (u) 

wbcrc iJ is thc closcd path obtained from a by llnking it-s cndpoints staying in 
l.U(n)(o): 

U= a •a0 and 0 0 e Lº(n)ío ). 

Thc thcorc111 (3.1) shows thM [a,a] docs not depcnd on thc way o is closed staying 
in Lº(n)(o"). Lct now a' be a point in i.O(n.)(¡J)niLº(n)(,81). T hc index of l/Omw11der 
is thc numbcr 

bccausc thc calcu!ation of ¡10 <loes not dcpcnd on thc base point in S 1 

This indcx dcpcnds only on thc four points in il...(n) and not on thc paths: 

Proposition 3.2 L et {1, ff E Lº(11){0) n Lº(11){0') thet1 

s(o, o';/3.,/3') = ~ ( s911 Q(o, {J' ;a') - sgn Q(a ·,/3; o')). 

h1dl't.'Cl, lirst suppose thot a anda' o.re transversal ; thc thcorcm (3.1) can be applicd 
ami also thc proposition (3. 1); this givcs 

s(a, a';/3,fl') = ~ (sgn Q(a,a-1; /3) - sgn Q(a,a';¡J') ) . 

On thc othcr hand /3 E B...0 (n){a) can be writcn o.s thc graph of C E End(a:,o') 
and :;o Q(o .0 1;{3) = w(C., .). But also o' is thc graph of DE End(o·,/3) with 'r/x E 

D(x) = - (x + G(x)), thon Q(o,P; o')~ w(D., .) ~ -w(C.,.) ~ - Q(o,o'; ff). A' 
1\ C'OllSC<JUCllCC 

s(cr,o';fJ.fJ') = ~( sgn Q(a-,,0';01)- sg11 Q(a,/3;a')) . 
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OWIO A topological clcfinition of thc Maslov bundle 

This formula can be gcncrnlizcd by t hc symplcctic rcduction (1.1). 

Lrt IL" rttl\ll finnlly 1 h<' 

Proposition 3.3 U t o,o'.{1,{J' be jour points m L(n) .roch that fJ and /3' ore in 
Lº(11)(0) n Lº{n)(o') lhcn 

(n,n';¡J.¡J') = -s(o'.o;p,¡J') = -s(n,o';¡J'.p) = - (J,,J'; o ,o'). 

nlv th<' third <'<¡tmlity i11 11ot obvio us. IL cau be shown b~· thc formula of proposi­
tion 3 2 Ch()OS('sy111plc>Ctic coordinntcs (7,() 11uch thato = {7 = O} and {J = {{=O}. 
By thc trans\'crsnlity hypothcsis thcrc cxist homomorphisms A and B such that 

o'= (x = Aó) P' = (( = Bz) 

lf o'¡., tlw ¡..i,rnph of ,1' E llom(o,(j'), t hc11 for ali {E o we must find {'E a and .t E {J 
w1th 

A'(=(,, fü) nud (A{',(')= (r. Bx + (). 

Tt11-. 11.i\~ r 4(' /\mi (' = 13.r + { = UA(' + {so{'= (1 - b'A)-1{ and 

A'( = (A( I - U;W'(.(l - lhW'( -() 

\\'t· mnnrk thnt (1 DA) is indccd invertible if {E kcr(1 DA) t hcu (A(.() = 
(A(,8.1(1 E n' nJ' - {O) 'º ( = 0. 

Th('refore b'· thC' propositiou (3.2) 

2>(o n';J,J') = sgu w( A( ! - 8A ) ' .,.)- s1n1 w(A. ) sgn 1 A O 
o · O - A(I - BA)-' 

Sup!)OM' now thRI 11 is invcrsihlc t hcn, bccausc n symmctric ma1rix and its invcrsc 
luwl' iianK' .. 1gnrtt urr: 

"'~" 1 ~ A(l -º ll11)- 1 1 = sgn 1 ~ -(1 - g A)A- 1 1 = 

= sgn 1 ~ B - ºA - ' 1 = '<'' 1 ; ' ~ 1 

hy formula (3 1.5). By t hc samc calculus, nnd beca.use w is skcwsymmctric, onc has: 

1~f.i.11': n.n') = :1g11 Q{(J,n';{J') - sgn Q(/J,n;fJ')) = - sgn 1 ~ ~ I · 
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3.3 Proof of theorem 1.1 

Following [7], we denote by T (C) e l.(C) thc set of the a E L(C) t ransversal to 
A(7r(a)) and to Ao(7r(a)). lf p : T (C) -- C is thc associa.ted projcction , thcn for ali 
"E e 

p-'(v) ~ Lº(n)(.l(v))nL0(n)(.lo(v)). 

n. b. On the neighbourhood of points wherc the two Lagrangian are not transvC'rsal 
this map is not a fi bration. 

Le mma 3.1 Det a § 1 - T(C.) satisfying p o a = 1' anda be a path as befare. Thc 
mdu [u,,a(t)J ü constant in t. 

lndccd thc indo; is a cont inuous map: let lo E [O, 1) and f3 a pnth in t.l1f' fibrf' OVl'r 
the point 1(10) and linking ,\0{t0) to ,\(10) staying tranversal to o(t0); by dcfi11itiou 
!a,.,.o{lo)] = ¡10(0,0 "' {3) but thc propcrty of transversality is open: if wc clC'notc 
Ji rhf' pa1h in the fibrP over UtP point -y(t) rcsult ing of thc parallcl trnnsport oí 
Aon11.,¡ •P• ,\- 1 l(u.,)• thCn thercexistsE > Osuch that forall lt - t0 1 <E onchas µ, is 
transversal to o-(l). T his parallcl transpon rcalizcs an homotopy, so for all jt - lol <E 
onc has µ 0(0 10 * /3) = µo(u1 * /Ji) . 

Corollary 3.1 Th1' indur.eÁ film?x buridle pº M(C.) is tnvial. 

Proof. Wc havc to show that for ali path o : S 1 - T (C.) continuous, if we define 
1" = µo o. then ¡1(1) = O. To this goal take a a.s bcfore, a path i11 tlic fihrc ovcr ¡(O) 
linking A(O) to ,\0 (0). Choosc a t ransversal to o-(1) a nd do thc samc constrution as 
befare. titen 

[u. o(I)j = [uo,o(O)[ = O 

by the definition of ja,a-(l)j and lcmma 3.1. But a-(0) = 0(1 ) so 

1~ (-r) = µo(ao • u - 1) = /ao, o ( l )] = O. 

Corollary 3.2 Let s be a section o/ the Maslov bundle over C., and 'Y : S 1 -- C a 
closed path such that -r{O) = 110 = 1T(A0 ) . Let o : /O, 1) - T (C.} be o contmuous patl1 
satufvmg 1 = p o n . Then 

p" .~(n(l)) = ¡1(.\o(0).~(0);0( 1 ).o(O))p · s(n(O)). 

Proo f. Lct a be a path linking ,\(O) to Ao staying transversal to o ( l ). By Jcmma 
(3 ! ), [uo,o(O)[ ~ [u,o( I)[ ~ O ond 

µ(>) = ,..(uo • u- ' )= [uo, o(!)J = [uo,o(! )J - [uo, o (O)j = s(o(O),a(! ); .1(0),.\o(O)) 

RJ1Ct 1(a(O),o(l); ,\,,\u) = -s(,\0, ,\¡a( l ),a(O}) by thc proposition 3.3. T hcrcforc 

- ¡•(o)= s(.10 (0), .l(O);o( l ),a(O)). 

rhb gn~ 1hc result Uy thc cquivnlcnt rclation (1.3.3). 

F'ro1u 1 h<':>;C two torollarics onc obtain.s 
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Co1·ollu r y 3.3 Thc .Jcctiomi o/ M(.C) cm~ icleulifie1l w1U1 /unction$ f on T (C) solis­
fy1119 thc rdot w n: Vo,O E T(L) 

v(o) = ¡¡(C.) ~ /(C.) = ¡a( .\o, .\;ii ,o) f (o ). 

This rcsul t &ti"cs t hc gl11i11g condition of HOrma ndcr, in vicw o í thc thoorcm 3.3.3, 171 
nud fimsh t hr pronf of t ]1{" 1.h('Qr{"m. For complctncss wc rr call t his \as1 s1 cp 

P ro p osilio n 3.tl Tli c f1111ctw11s f 0 11 T(L) wliich s11t.1sfy: 'v'o ,ó E T ( L) 

¡1(0) = ¡1(ii) z. /(ii) = 1~( .\u.:..ñ .<>J f (o } 

111t· t/11: _..rctw11_.i 1/cfi1m l /J1¡ lllt' yl 11 fo9 c1mrlilw11s uf /he ~·cchurt 1.2. 

P 1·oof. Lct C'l ben 11011 dc:gcncrntcd phMC íuuction as in scctio n 1.2 a ncl 1,0 = {x0, tu) = 
(.r0.o~(.r0,0o)) 11 poi 11t in C.~ . for cuch o E T (C) s uch that p(o) "' 110. thcrc cxisl~-; a 
íu11ction ~- rll'finr<l on nn n¡w 11 .~nl U snch 1.hat thc graph L~- = {(r . dl/1(.r.)) .. r. E U} 
u f li1c <l1fíc1c11uul d~• i 111.cn;ccl, transvcr:;nlly C~ nt 110 , onc hns {o = d¡/J(zo) nud 
'l ;~, I.,. =o 

O r l"<llll' 'lli1·m l,\' OllC' cnn s1w: 1.ln• fo!lowinA qundrntir. form ddincd on R"+N by ~he 
11mt rix 

{:l.3Ji) 

i~ non dcgcnc.rntcd . 
Thc re.t riction oí Lhis q1111drnt ic form t.o thc tangcnt W of C°' at Vo only dcpcmls 

0 11 e nnd i• (and 1101 0 11 q,}. lndccd t/¡ defines u curd in whid 1 

if 11ow ( X . ..1). ( X '. 111) Uclit1c t w u tu11gct1t vcctors V u.nd \I ' E >.(q¡) 

< X,(4i~z - 1/J~)X' + q,~6 A' > 

Q(>(u,),o;Ao(u,J)W. \/') 

by dt"fi11111011 (3. IA ). to.fon· p rt>.t:i:•wly o is transvcrsc to t hc Lwo lngTangiims ,\(110) nnd 
A11 (1111) so thc '\-Crticnl ,\0(1,0) is ~he grnph of un homomorphism A"" from ,\(1,0) to 
n = 'f ... L,. 

lioc1111~ Q~ as non dcgcucra.tcd, uud onc can writc 
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\\'e scc now that t hc orthogonal wo,. of IV with respect to Q.;. is RN = {(O, A)} 
and that Q 11,1wº• = l/JQIJ· But thc lcmma 3.2 bclow gives sgn Q.., = sgn 0 -:.¡w + 
sgn Q 1>tw º", so: 

sgn Q.¡, = sgn Q(A(vo),o; >.o(11o)) + sgn ef>~o· (3.3.7) 

Lct now z,., be a scction in thc scns of Hórmandcr. For any o E T (C),p(o ) = ll(J, 

if r;> and ;¡, arf' 1.wo phas<' funct ions dcfining C in a ncighbourhood of 11o and if !J1 
is a function on X sati:;,fying a = T vo L.:., wc denote by Q ,;. and Q.¡, t hc respective 
quadratic forms dcfined by (3.3.6). Put 

/(o) = exp(i¡sgn Q<!o)z6(110). 

By t hc rclatiou (3.3. 7) onc has sgn 1'Q9 -sgn ;¡,Jo = sgn Ow -sgn 011-; thc compatibility 
condition 1.2.2 gives t hcn 

a nd t hc fnnct ion f is wdl <lefirn.:<l 01~ T (C). On thc othcr hand if li is a n othcr point 
in T(.C) 1:mch t hat p(ó) = v0 ancl if ljJ is an adaptcd function. thcn 

f(rJ) cxp(1¡(sgn (j"' - sgn Q.¡, ))/(a) 

cxp (i:¡ (sgn Q(>.(11o),ó; >.0 (vl})) - sgi1 Q(>.(vo),a ; >.0 (vo )) )!(a) 

cxp (;~,(A(Vo) , -lo(vo); o , ó) )!(o) 

cxp (i~ s(>.o(vo). >.(vo); ñ,a) )!(a) 

So it is a section of t hc Maslov bundle and t he thcorcm 1.1 is provee!. 

Le mma 3.2 Let Q be a non deger1eroted quadmt1c form defined on R" , V be a sub· 
space o/ R" arui VQ its ortlwgonal /01· Q, tlien 

sgn Q = sgn Qw + sgn Q¡vo. 

P roof. This lcmma can be showcd using an induct ion on dimVn v o. If dimVn VQ = 
O thcrc is nothing to do,· if not !et v1 , . •• , vk be 11 base of V n VQ. Wc complete this 
base with Vk+ i , ... , uP to obtai11 n base oí V+ \ / Q. Bccausc Q is non dcgcncratcd 
thcrc cxist.s w 1 E R " such thnt Q(v1 1 w¡) = 1, and eventually after a modificntion 
with a linear combination of t hc v1 onc can supposc Q (wi) = O and Q (vJ, w1 ) = O for 
J > l. Onc rcmnrks that t hc signaturc of Q in rcstrict ion t-O Rv1 CD Rw1 is zcro nnd 
;\pplics thc i11ductio11 hypot hcscs to (Rv1 1B Rwt)O. • 
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4 Topological comments 

Lcl's lmvc n look to thc cxoct scqucncc: O - ll 1(L(11)) .!..:. 11 1(L(C)) ~ ll 1(l.) - O. 
Tlu• group ll i(L(C)) is 1,hc Sf'midirccl product. of ll1(L(n)) and ll1 (C). k rnca ns 

Ll1ul n , (C) UCl.S 0 \1 n , (L(11)) by coujugntion. More prcciscly for ali 1 E ll i(C) lct 's 
define 

p,, 11 , (L(n)) - n , (L(n)) 

o ~· .1,,(1) • i. (o) • P ohW' 

L c n imn 11. 1 Tl1M re1ir'C1e11 t.alio11 i., triuial and 1"1 1(L(l.)) l.J 1nfact thc d11l!ct ¡mxluct. 
of ll1(L(n)) a11d f1 1(C). 

Proof. As wru. l>Cen in pnragrnph 2, t hc pnrnllcl transport nlong 1 dcfin~ an holllO· 
topy of .\uhl • 1. (u) • ( >.0(¡))- 1 lo 11 pnth which can be \\Titen -\o · O • (.\0)- 1 whcrc 
O is thc 1mngc o í o by T(')). !l11t 

110(>.o · O ~ (,i.u) - 1) = 110((,i.o) - 1 •>.o · G) = 110(17) = µo(o) 

As o consequencc of thc works of Arnol 'd rccn\lcd abovc, a gencrator o f íl 1(L(n)) is 
•·t1rn('tcriz<'l.1by110(0) = l . 

T hcor m 11.1 /J( / L1(C) br tite :,¡e/ of lit•• poml.51 E l. wh1ch an:: not trc111s1mrs11/ f.o 
.\u(n(/)) 11 u on or1c11/c1/ cyclc o/[, o/ coJi111c111no11 1 : 1f m •~ lf.s Pou11~11ré 1lut1I 
fm111, thl'n 

/1 =,\"111 . 

Proof. Wc kl't:p lhc notnt,ious of purugrnph 2. By choosing thc st.art ing point ouc cau 
s11ppo-;C' thnt tht' lwo ltiymn911111s ,\0 = ,\0(0) ond ,\(O) are tm11suersal. \Ve will use a 
dcformnt1011 oí thc 1>oth .La .. ,i.ti 1 joining ,\(O) to .\o(O). n.ccnll t hat.0(1) = T(1")(o (t)). 

ThcrC' c.x~l.s o (ronti1111ous) pot l1 u(l) E U(11) such t hnt u(O) = I ond 

VI. E IO, il ;,(t) = u(l)(.\o). 

Oul Ál)(I) = T("i)(,\i), so r (r) 1.111d ·11( 1) diffcr by an dcmcul oí O(n): 

:In E 0( 11); r(r) = u(l ) o o. 

Lct's co1l.!itruct 1hc following l1on1otopy o f >.•ñ·Á11 1 by thc co11cntcuetio11of 11 (.~1. ) 1 Á(I,) , 
nrict u(.c)-1 • ami finnllv thf' il\\'C'l"SC o__f u(.5l)- 1.\0(t)_. Thc cnd of t his homotopy is 11 
pMh, m;ull of the C'Oncntc11ot io11 oí ,\( / ) = u(1) - 1.\(r) and u(l}- 10 = (/O bccnusc 
ri(t) 1 ~,(I) ~ ),,¡ is a constnnt po.~h . 

\\'(' hn'"t' now tocnlculutc /'t)(,,. - 1 • ,i. • no). Bccnusc o E O(n) 

Dct1(o(1)) = Oct7 (uo(t)); 

ne1J o.\ lS "elac.cd pnt h oven if ,\ i:i not, so µ('y)= Dcgrec (Det2 o >.). 
Co1~1drnng 1hc rcsults o f scction 2.1, wc hnvc obtaincd 
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Proposition '1.1 µ (1') is thc inl.ersccling number of the submonifofd L 1(n)(Ao) and 
the cycle obtaincd from >., by closi11g it with a patJ1 slaying transversal to ..\o. 

Remark that ).(Q) = ,\(O) and .-\(1) = a..\(O) are both t ransversal to ..\o. Lct.'s now 

Il.. ' (C) = { 1 E Il.. (C); >0(rr(l))n l t' {O}}· 

1t i~ a fibrat.iou ubuve C wltl1 fib re L1 (11)(...\0), so it. is an oricntcd cyclc of codimcnsion 
l in C. . lf ,\ o "'/ cuts L 1 (C) trnnsvcrsally at ,\o -y(t ) thcn >. cuts Lransvcrsal!y L 1 (n)(Ao) 
a t X(t ) ancl converscly. Moreover thc transformations which pcrmit to pnss from ,\ o"'r 
to >. rca.lisc n continuous deformat ion of L1(.C) to Ll(n)(,\0 ) abovc 1'· T his argmncnt 
finishes 1 he proof of t.he t heorem 4.J . 

Received: July 2005. Revisad: September 2005 . 
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