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ABSTRACT 
In this work, we consider tite houndary problem for Hamiltonian difference 

system 

{ 
C>x(t ) = A(t)x(t + l ) + ll(t)u(t.) + AW, u (t) 

l>n(t) = (C (t) - AW, (t) )x(t + l ) - A º (t )u(t), 

on nn discrctc interval l. Applying thc conccpt of symplcct.ic geomctry, we givc a 
complete account to t.he form of ali possible symmet.ric boundary condit.ions with 
respect to sepu.mtion or conpling 11t t he endpoints for t.he complete Lagrangian 
space, following the devclopment of the GJ<N.theory. 
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by Shnndong Rcsenrch Punds for Young Scicnt is ts( 03BS094), Projcct supported by Nntionnl Scicncc 
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RESUMEN 

En este trobajo consideramos el problema de front.ern. para el sistema de 
diferencia Hamiltoniuno 

{ 
ó x(l) = A(l)x(l + 1) + B(l)u(l) + .IW,u(l) 

óu(t.) = (C(l) - >.W,(t.))x(l + 1) - A"(l)u(t.), 

en un intervalo discreto l. Aplicando el concepto de geometria simpléctica damos 
una descripción completa de la forma de todas las condiciones de fronteras simétri
cas posibles cou respecto a la separación o unión en los puntos finales para el 
espacio Lagrangiano completo, siguiendo el desarrollo de la GKN-teoria. 

Kcy words un d p h rascs : lfomiltonion dijJef'ence system; bo111Hlary space; 
symplecttc invariant ; boundary co11ditio11. 

Math. Subj . C luss.: 39AJO; S9A70; 41839; 41E05; 34816. 

1 Introduction 

T hc Gl\:N-theory for thc Hmniltouian difference system (1.1) lrns bcen dcvclopcd 
by auihors in (13] . In t be puper [13], wc considcred thc self-adjoint cxt.cnsion problcm 
for a class of singular discrete linear Hamiltonian system defined on íi nite or infinitc 
int.erval. \ó\fe gavc the complex symplectic geometric characterization of ali self-adjoint 
cxtcnsions of thc minimal d iffercnce operator generated by the formally Humiltonian 
diffcrence opcrat.or. Thc rcsult shows t.hat. therc is a onc to onc corrcspondcncc 
betwccn the set of ali self-adjolnt extensions and the set of ali complete Lagrauginn 
subspaccs of the boundary space S. lu t his papcr, fo\lowing t.hc dcvelopmcnt of thc 
Cl<N thcory we ha.ve givcn in [t3J, wc relate thc concept of symplcct.ic gcomct.ric 
to the boundmy space in t.hc classification of bouudary condit.ious for self-adjoiut 
extcnsion, and we give out a complete account. to the form of ali possibte symmet..ric 
boundary couditions with respcct to separation or coupling at thc endpoints for thc 
complete Lagrangiat1 space corresponding to the self-adjoint extcnsion. 

2 Main results 

Considcr the following lincilr Hamittonilln difference systeni 

.ióy(t) •= (>.l il(I) + P(t ))R(y)(t), (2. 1) 
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for l. E 1, whcrc 1 is11 dist.:rctc iutcrval [ri, b] := {a , r1 + l , · · ,b}, o .. b E Z , b :$; +oo. 

ll(y)(t) = ( -.'.¡:t l) ) , with y(I) = ( ~¡:~ ) 
p = ( ~C ~· ) ' W = ( ~\f1 ~V, (t) ) '""'" . J = ( ~.. ~J., ) ' 

From now on we sha ll a lwo.ys make the fo llowing hypotheses (H): A(t) , B(t) , C(t), 
W1(1), W2 (t) are ·11 x n complex-valued mat.rices1 nnd A' (t ) is the complex conjugate 
transpose of A(t). B(t), C(t), ·wl (l), W2(t) are Hermitian matrices on 1, W1 (t) is a 
11 x n positive dcfinit.c mat rix, W2(t) is a n x n non-ncgativc definite mat rix, and 
l., - A(t) is nonsingular on l. 

In tite context, we always assume the system is definite over l , that is i f y is a 
solution to t he cquation above, then 

1 

L R.(y)"(s)W (s)R.(y)(s) =O, Vt E 1 

if nnd only if y:= O, f E I' , whcre /• = [a., b + l ], if b < +oo; [ ' = (a., oo), if b = +oo. 
Define thc fornrnlly Hamiltoniim diffcrcncc opcrntor for thc systcm (2. 1) 

l(y)(I.) '= J óy(t) - P(t)R.(y)(t) 

for y E D (I), whe1·e D(I) '= {y' l ~ C 2 "). 

Let l?v(I ) be 

b 

IÍv(I ) ={y E D(l)I L R.(y)' (t)W (t) R.(y)(t ) < oo). 

We introduce the following equivalence relation in l?v{I ). 

Y1 ;::::: Yz <==> ll'Y1 - Yzllw = O. 

' The11 thc inducctl spacc witli i1111er product (y , z)w = 1~ R(z) ' (t) W(t )R(y)(t) is 

a Hilbcrt spacc nnclm t,hc abovc cqnivnlcncc rclation. 

Definit ion 2.1 Denot.c D{T1 ) := {y E 1fv(I)l3/ , / E lfv(l ),such tlmtly = ./ó.y(t) -
1'(1.)R.(y)(t) = {W(t)R.(J)(t),t E !}. 

Define a operat.or T 1 by sett.ing TIY = f if and only if l y = W R(J), for ali y E 
D(T1). 

T1 is said to be t.he maximal Hamiltonian difference operator associatcd l . 

Lcmma 2.11131 (C reen's forrn11la.) Let. f , g E D(Ti),n < f3 E 1, t.hen 

" L {R.(g)'(t ) \\f(t )R.(T1J)(t) - R.(T¡g) ' (t)W(t) R.(J)(t)) = [g ' (t)Jf(t)j~+ 1 • 
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Define the symplectic form (or symplect.ic product.) for / ,g E D(T1) as follows: 

' [/ • gj •= ¿; { R(g)' (t)W(t)R(Tof)(t ) - R(T,g )' (t )IV(t )R(f)(t) J 

= (T1f.gJ".° (/, T,q). 

foc 1 = [a , bj, 

[/ • gj •= Z {R(g)'(t)W(t)R(T1 f) (t )- R(T,q)' (t.)W (t ) R(f)( t ) ) 

= (T1/ ,gJ:'.' (f, T ,g). 

for 1 =¡a, oo) . 
Note t.hat the symplect ic fonn is well definecl for b = oo, since 

L{R(g)'(t)W(t)R(T,J)(t) - R (T ,g)'(t )W (t )R(f)(t )) < 00 

for a li f , g E D (T1) by t.he Ca.uchy-Schwarz inequalit.y. 
From now 0 11, we deuote b = b + 1 for b < oo, b = +oo for b = + oo. 

(2.2) 

{2.2)' 

Clcarly. [:] is a quasi-Liliucar fonn 011 D (Ti) x D (Ti ) - C. uu<l from Grccu's 
formula, it's cm;y to scc t.lmt 

[! . gJ = g' .! f(t)[~ 

D efinition 2.2 Define t he operator To as follows: 

To: D(To) - lfv (I), y ........ T 0 y = T1y , 

where 
D(1o) = {y E D (T,)i!y • D(T,)J = O}, (2.3) 

To is said to be t lie minimal Hmniltonian diffcrence opcrntor. 
'r/f , g E D(T1 ), define (f,g) 1 = (J,g) + (T1 / ,T1.q), t hen D (T i) is a Hilbert spucc 

with inncr product (·, ·) 1, a11d morcovcr, 

D(T,) = D(To)Ell o+ Ell o - . 

where o+ and o - are deficiency spaces of T0 . 

T he theory of Von NemnunH asserts t.hat there exist self-adjoiut extensio11s T of 
To if a nd only if d+ = el- . J 11 the context, we sha\l always assume t liat d+ = d- = d, 
so tha t. To has self-adjoin~ ext.ension. 

F'rom the T heorem iu [12), n $ li $ 2n. 
Define t.hc Uounclary s¡mcc (or cmlpoint spacc) by 

S = D(T,)/ D(To). 
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Furthcr dc11otc t he 11atmal projcction of D (T1) 011to S 

(2.4 ) 

For convcuic ncc , \W' dcnot.c j = 'f/1f , for car.h JE D (Ti )-

Lemma 2.211 31 Let S = D(T1)/D(T0 ) be the bom1dary space for t.he system (2. 1). 
Thcn S t.ogct.hcr wit.h t,Jw sympkctic form [Í: .t7] := [!: q),lr:IJ,g E S , co11stitut.cs a 
cmuplcx symplcctic sp11ce of di1nc11sio11 2d, 2n :5 2d :5 4n. 

Lemma 2.3 Lct S = D(T1)/ D(To) with the symplectic form [Í : .§] be complex 
symplect ic spnce of dimension 2d = 2d±, then S is complex symplectic isomorphism 
to cu, where the symplectic fonn of C211 is defined as [u : v]i =u· Kv, with 

Proof Prom the Corollary 2.1 in [2] , we have know that a ll complex symplectic 
S[)!tCt'S Of dimCllSion 2d are symplcct.ic11[ly isomorphic to C 2d with symplcctic form [:] 
ddi 1wd hy !1t: 11]! = 11."0v, with 

Thus, note that if I< is congruent to n, t he result can be obtained immed iat.ely. 

Defin itio n 2.3 Let. S = D(T1 )/ D(T0 ) together with [:J, be the boundary complex 
symplectic space. Set 

D_ (T1) = {! E D(T1)13a E f" ,s.t.J(t) = O,a $ t $ b+ 1) 
D+(T1 ) = {!E D(Ti)l3fJ ~ a,s .t.f(t ) = O,a $ t $ {J) 

iu cnsc of I = In, úJ; 

D _(T¡) = (! E D(Ti )l,'.i!::,/(t) = O) 
D+(T¡) = (! E D(Ti) l3f) ~ a. , ...t.f(t.) = O, a $ t $ /)} 

in case of I = ¡a. oo) 
Define$_ := ijJD _(Ti) , S+ := 1/i D+(T 1 ) , anc\ cal\ t.hem le ft·boundnry spacc a nd 

right. boundnry space, respect.ive!y. 
Clearly, ¡s_ : S+ J = O by C rcen's formula. Wc shnll show t.hnt s_ a nd S+ a re 

symplectic subspaces which provide a direct sum decomposition of S. For t.his pur
posc , we first gi\•C thc following Lcmmn. 

Oefinitio n 2.4 Cons idcr t hc linear coutrol syste111 

Jl!.y(t ) = P(t) R(y)(t ) + \\f(t )R(1<>)(t ) (2.G) 
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with contro!lers i.p E l?.v (1) 0 11 the interval l. For a prescribed f.o E l, we say tha.t the 
system (2.5) is fu lly controllahle a t lo E I in case for each puir ofy0 ,y1 E C 2 " and for 
cach t.1 >to, t1 E[' , t here exists a controllcr rp E lÍv([to, t.1] ), so tha t t he responS<-! 

/.-] 

y(t) = il>( t )yo - •D(t) L JR.(<D)" (s )W(s)R(<P)(s) 
s= to 

is stccrcd from y(l,o) = Yo to y(t 1 ) = y¡, where {f> (f.) is t he fundamental matrix for 

J A y (t) = P (t)R (y)(t,) , I, E l 

saLisfying <I>(t.0) = h,. Purther, wc sa.y that. the syste1n (2.5) is fu lly contro!lablc on 
I in case (2.5) is fu \ly cont rolla.ble at each f.o E l. 

Lem ma 2.4 Tbe li·llear control system (2.5) is fully control'lable a t l. 

P roof Far any lo E 1, we shall show that t he system (2.5) is fully controllable a!. t0 . 

Suppose to t he contrfrry that (2.5) is not fu lly controllable a t t0 , so Lhere exists 
t 1 > t0 , t 1 E J" witl~ tl~e c0rrespond ing a ttainable set 

!((l,) o= (y(l ,)) 
l¡ - 1 

= {•P(l, , )y(to ) - <!1(1,, ) L: J R.( i!>) ' (s)W(s)R(<p)(s)I ali co11trolle1s 'PE 11"(!)} 1' C2", 
.•=-Lo 

and consequent.ly 

t., -1 

!(o(t,) o= {- i!>(t,) L JR(i!>)' (s)W(s)R (<p)(s) I ali co11trollel'S 'P E 1¡,,(J)} 1' C"', 
s=tu 

In t his case, there ex is t.s a constan(, vector 1¡1 ~ O wit.h (q1, [(0 (t 1 ))2 = O. Here 
the inner p roduct is defi!led ill ten n of tlmt in C 211 . So 

t , - 1 

1¡; <!1(1,,) L JR.(•l•)' (s)W(s)R(<P)(s) = O 

far a ll cont ro\lcrs ip(s) OH [t.0 , ti] . 
Now we defi·ne 1¡(J = 77¡<Ii(l1)J. T hen 

t, - 1 

'lo L R(<~f(s)W(s)R.(<P)(s) =o 

for ali cont.rollcrs ip(s ) un lt.o, 1.i]. This implies t hnt <l>{s)110 = O,s E [t.o,1. i] and 
consequen\',]y 110 = 0 by t lie hy pothesis, which is 11 cont.rndict.ion. 

Therefore we couclude Llrnt. (2.5) is fully cont.rollable at. f.o E I , and so Lhe syst.em 
is fully cou\;rollable 0 11 I. 1 
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Cornllary 2.1 Lct T1 be rna .. "<imu.l Hamiltonian difference operator generated by 
/. Thcn for nny 1'l < ¡ 2 E I* , VE,, ·17 E C211 , there exists y(t), t E [¡1 , ¡ 2J, such t hat 
y(1,) = { ,y(>,) = 'I· 

Furthermore, y E D(Ti). 

Prooí From Lemma 2.4, we havo that for any / 1 < 12, ¡ 1 E I , "/2 E r , Vf., r¡ E C 2", 

thcrc cxists f E t?1, (I ) such that the solution y(t) satisíying the equation 

JLJ.y(I.) = P(l.)R(y)(t.) + W (t )R(f)(t), l. E b1 , ~2 - ! ) 

wilh y("11) = ~ . y(i'2) = 1¡. 
Furthcr. from Lenuna 2.41 we can extend y(t) to the whole interval I with y(t) = O 

for t ontsidc h 11 12] satisfying 

Jt.y(t) = P(t)R(y)(t ) + W (t) R(g)(t) 

for some g E t?11 (1). Clearly, y E l?v U ) and y E D (T1 ). The proof is complete. 1 

Lcnuna 2.5 For each f E D(T¡), there exists a decomposition f = f- + ! + + z . 
Hecc f - E D _(T1), f + E D+(T¡) and z E D (To ). 

Proof Take f E D(T1 ) and construct functions / - and f + as follows: 

{ O t = a f ( ) { O, t 2: e 
l +(t ) := /(t) , t <: a+l,tE I" ' - t := f(t) , a $ 1 $c - l 

forsomccE / ' 
Then from Lemma 2.4, we have that f :1i E D (T1 ) . 

Fnrthermore, we have t hat f - E D _(T1) , !+ E D+(T¡) and f -U-+ f +) E D(To). 
Set z = f - f- - !+, then f = f- + I+ + z, as required. 1 

Theorem 2.1 Let S = D(7'1)/D(To) be the boundary space. Then both S± are 
symplectic subspaces of S , where the symplectic forms clefined in B± are the same as 
thnt dcfined in S. ?vloreover, S = s_ EEl S+ with \S_ : S+] = O. 

Proof For nny given j E S. Lct j = {! + D(T0}, then f = f- + I+ + z, with 
f - E D_(T 1), / + E D+(T,) nnd z E D(To)· So f = f_ + Í + with Í± E D±(T, ). Thus 
S = $_ + S+. 

Ou t hc other lu.md, if j E S _ n S+ , t heu [Í : S] = O, since \S- : S+\ = O. Hence 
j =O. Thus S = S_ Ell S+. 

h. is cnsy to sec that both S± are linear subspaces of S. Now we show that both 
S± are symplcct.ic subspaccs of S. Define t he symplectic fonns in S± the same as 
thnt dcfined in S . Tlms wc nced only to provc that the symplectic forms in S ± are 
non-degenera le. 

In íncl, ií ¡j: S±] =O, t.heu [j: SJ = O, since S = S_ EB S+· So j = O, since Sis 
non-degenerate. The proof is complete. 1 
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De fini t io n 2.5 Lct S' = D(T¡)/ D(T0 ) with tite symplcctic fonu ¡j : 9] be complex 
symplectic spuce of dirncusion 2d = 2J± . Define the following symp\ectic invuriants 
of 5, 

I' := nHL'X { complcx dimcusion of lincnr subspnccs whcrcon hn [v: u] > O for ni\ ·" 'f:. O} 
q := uwx { complcx di111eusio11 of linear subspaccs whercon Im [v : v] < O for ali v f= O} 
ó. := max { complex dirncnsion of Lagranginn subspaccs of S} 1 

p. q are callcd posit:ivity indcx ;rn<l negativity index of S, rcspectivcly, ó. is callcd thc 
Lagrangian index. F'urt he r define t he cxcess of S: EJ·(S) := 11 - q. 

Le mma 2.6 Lct S = D(Ti)/ D (To) with the symp\ectic form [Í : .§] be complcx 
symplcctic spacc of cl imcnsion 2d = 2d±, thcn 

¡> = q = d. so Ex = O. 

Proof From Lemma 2.3, S is symplectic isomorphic to C 2" with sy111plcctic form 
!:Ji. Again we kuow t lwt 

p = m1111ber of ( +i) terms 0 11 tbe diagonal of mat.rix K , 
q = 1111mbcr of (-i) terms on t.he diagonal oí mat.rix J( 

by T heorem 1 in [10]. This complete lhe proof. 

D efinition 2.G Lct S = D(T1 )/ D(To) be t.he boundary symplcctic spacc for /. flS 

above. 
A \'CCt.or 'V E s is separntcd at. " in CflSC ·v E s_. Similarly, a vector V E s is 

separated at. L in case v E S+- Tí v E S is neither separated al a, 11or separn1ed at b, 
t hen u is called coup!cd 

Theorem 2.2 Let. S = D(Ti}/ D(To) = S_ EB S+ be t.he bounda ry symplect.ic 2d
spncc for I as abovc, 1.hc11 

(1 ) T hc vector 'I) E s ii; scpmatcd fL L thc lcfL cndpoint (/ of / , that is V E s_ 
if ancl only if v = U- + D(To)} has n rcprcscntntivc function f - E D_ (T1), ~ 
J_(t ) = 0,n $ l $ /J + ·1 far somc o· E J' in cnsc of 1 = [u,/Jj : lim / _ (t) = O i11 en.se 
of I = ¡o. oo}. t -<:>:: 

Thc vector v ES is scparatcd at lhc right endpoint ¡; of J, t.hat. is v ES+ if and 
only if v = U++ D (To)} has 1\ represeut ntive function ! + E D+(T¡) , so / +(f ) = 
O. a ::; t ::; fJ for somc (3 E l. 

v is couplcd i11 cnsc for cach of rcpreseutntivc funcrions J, 't/a $ o , fJ :S. /J+ l , 3t0, a :S. 
t0 ::; a or fJ ::; lo $ /J + 1, suc\1 tlult J(to) 'I O in case of l = la, b] ; 'Vo $o < oo, 3t0, u ::; 

to< such t bnt /(lo) =f:. O or r~!!/-(t) =O in case of 1 = [CL. oo). 

(2) Each function f E D (10) if ancl only if / (a ) = J (b) = O . JIC'r J(b) O means 
thc limil 11_!!~ /(I) = O in cu.se of l =¡a, ). 
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(3) lf ü E S lrnvc onc representntive function h with ll{ÍJ) = O, t.lien every repre
scutativc íunction 11 of V ::;nUsfics u(b) =O, and morcovcr. u E$_. Hcrc thc m cu11ing 
of 11(b) =O is t hc sume ns (2) 11bovc. 

Similar rcsults holcl for tite endpoiut a. 

Proof ( I) Thc vector v E$_ just in case v = j_ =U-+ D (To} for some function 
f- E D_(T1 ) . This mcaiis t.hnt thcre cxists a E I ' , such that / (t) = O, a:::; t :S b + 1 
in en.se of I = [a,b], ,~!f- (t) = O in case of l = ¡a, oo). 

The conclusious for ·u E S+ and 'uES_ U S+ are s imilar. 
(2) l f f E D(To), then [g : /] = O, far ni\ g E D(T1) . F'rom Lemma 2.4, choose 

91 e D(Ti). s.t. g¡;(a) = 1,g¡j(a) = O, 1 :S j :S 2n,j i- i , g;(t) = O,t;?: e far some 

e E /' .i = 1, 2.· · , 2n. Then from [! : g¡J = g;JJI~ = O, we obtain /(a)= O. 
Similnrly, we can conclude that /(b + l ) = O in case of l = [a,b]; t~!f-(t) = O in 

case of 1 =[a , oo). Thus f(b) = O. 
T he converse is evident from Green's formula and the definition of D(T0 ) . 

(3) Jf iJ ES have one representative function h with h(b) =O, t hen each function 
in ú = ii = {h + D(T0)} satisfies v(b) = O from (2). In this case, it is clear that 
/¡ E o_ (T i), so V= f1 Es_. 

Thc case nt a is similar, and thc proof is complete. 1 
11-om the second result of Theorem 2.2, we can conclude t hat {/ + D (T0)} = 

{/1 + D{To)) ES ;¡ and only ;¡ f(a) = h(a) and f (b) = h(b). 

Corollary 2.2 S± can be rcwrittcn as 

S_ = {Í E Sif{b) =O) (2.6) 

nnd 

S+ = {Í E Sl f (a) = O} (2.7) 

Proor Set 

S , = {Í E Sif(b) = O) and S2 = ¡j E Sif{a) =O}. 

From Throrcm 2.2, wc know that thc dcscriptions oí Si. S2 are mcnningíul. Now we 
prove lhat S_ = S1 , S+ = S2 . 

• Note tlrnt S _ = llJ D_ (T1 ) , it is cvidcnt that ench íunction in D _ (Ti) must sat isfics 
J (b) =O. so cach íunctiou iii S_ must beloug to 51 , that is 5_ e 51 . Thus wc 11ced 
vcrify only the converse. Tako any function j E S 1 . So f E D(T1) with / (b) = O. 
Thcn írom Corollary 2. 1, U1cre cxists some / _ E D_(T¡) with / - {t) = /(t) , a~ l. ~ a 
for sorne a E l. Thus f - f - E D(T0), so j_ = j and j E '11D_(T1), t his implies t.hat 
Si e s_ ru1d hcncc s_ = S1 /IS rcquircd. 

An nnalogous arg111 ue11t holds for S+. 1 

Definitio n 2.7 Let. S = D(T1)/ D (To) be t.he boundary symplect.ic spacc for las 
11bovc. Define thc co11pli11g grndc of Lngrnnginn spacc L: 

grade L = ó _ - dim L n S _ = ó + - d im L n S+-
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Define t he ncccssary coupling: of L: 

Nec-coupli11g: L = 6. - d im L n S_ - dirn L n 5+. 

A Lagrangian <l- spacc L e S is called strictly separated if Nec-coupling L = O; 
L e S is callee! t.otally coupled if Nec-coupling L = ó.. 

A basis of L is c1.11lcd minimally coupled i f it. contains cxnctly (Nec-coi1pling L) 
vectors. each of which is coupled. 

The next Theorern describe ali possible boses for a gi\'en Lagrangian and t.hc rnnge 
of coupled grade for 1ill Lagrangian sprtces. !t. is a special case of Corollary 3 nnd The
orcm 4 in poj. 

Theore m 2.3 Consldcr thc Hamiltonian systcm (2.1 ) . By the GKN-Thcorcm in 
(13J. t hcre is a onc to eme corrcspondcnce bct.wccn thc self-adjoint opcrators T gcncr-
atcd by I wit.h dornain D(T) ancl thc Lagrnngian n-spaccs L in S. Natncly, for cnch .¡1 

L e S, tnkc any ha.sis of 2n-vcctors j 1• i21 • • • ~ jd and any reprcscntative functions 
/ 1. h, · · · . Íd E D(T1 ), titen D(T) = c1f1 + c2h + + c,ifc1 + D(To) for arbit.rnry 
complex constants c1 , , r;,¡ E C. T hus from T heorem 2.2, we havc t.hat all f E D(T ) 
can be det.crmined (modulo D(1'0)) by t.he homogeueous linear boundary couditions 

f(a) = c1h (a)+ c2J, (a) + + c,f, (a), 
J(b) = c1f 1 (b) + c2 J,(b) + · + c,J,(b), 

for choiccs of r 1, · , C,¡. Furthcnnorc, 
(i) each base of Lagrnngia11 d-space contains at most dimL n 5_ vcctors in $_ 1 at 

most dimL n S+ vcctors in S+, ancl at. lcast. (Ncc-couplingL) vcctors ncithcr in S_ 
nor in S+. 

(i i) For cach i11t.cgcr k = O, 1, · · , miu{il_, il+}, t hcrc cxists a Lagrnnginn <1-spacc .('ll 

Lk wit.h grade! ... ~. = k. 
(iii) For each Lagrangian d-space L C S, ancl each tri ple {n,,6,¡} of non-negntivc 

imcgcrs sal isfying r.v + f3 +'Y = d, and 

ª'~ dimL nS_,[3~ dim L nS+,1· ::?: tec-conplingL. 

there cxists fl basis for L consistiug of a vcctors in S_,fJ vcctors in S+, "f vectors 
ncithcr in s_ nor in S+. 

(iv) Far each Lagnlllgian d-space Lo[ S, there exists a minimally coupled basis for 
L with cxact.ly (Ncc-co1ipling L) bnsi!l vcctors cach couplecl 011 J , n11d con!lcqucnt,inlly 
exactly (dim L n S_) vedors each separnted al die left, and (d im L n S+) vectors 
eacb separat.ed at. t.he right of 1· . 

Proof Note 1 lwt. thc bouodary space S is o complex symplex spacc ami has a di
rcct sum decomposition, nnd furthermorc d imS = 2d = 2diml,1 Lbc rcsuh can be 
concluded immedint.cly from the Corollary 3 and Theorem 4 in ¡ioj. 1 
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3 Classification of a li boundary conditions for self
adjoint extension in the limit circle case 

In this section, we shall describe explicitly the kinds of boundary conditions for 
selí-ndjoint opcrntors T gencrated by l when l is in limit circle case that is the defi
ciency indices d± = 2n. 

Definition 3.1 Consider the Hamiltonian system (2.1) . Assume that t is in Jimit 
i;i circle cuse. Let T 1 and '.Th be the maximal and mínima! operntors genera.te<! by t in 
Tu- t.hc complex Hilbert spuce lf1, (I) . Define the evaluation map 

11: D(T1)-+ C'111 

" f = (J..J2, · , J,,,)T ~ v f = (f¡(a), J,(a),. .. , J,,,(a) , f¡ (b), J,(b) · . J,,,(b)) T. 

m 1md also the evahmtion 1m•p ( which is still denote by 11) on the boundary space 
¡, S = D(T1)/ D(To), 
~\' 

f.ri v:S--' C 4 " 

" j = {! + D(To)) ~ v j = (f¡(a), h(a), . .. . J,,,(a), f¡ (b), J,(b), . .. , J,,,(b))T, 

S. l 
n!. 

l rl~ 

which is wc\1-defined since 11D(To) =O. 

Lemma 3.1 Considcr thc cmnplcx vector space C'1" , une(! ~efine ~:e ~uasi0biline)•a.i· 

íorm [:\on G 111 by [1L : v] = n'F11forn, 11E C'1"withF= ~ln ~ ~ ~In . 

O O I,, O 
Then Cfo with the form [:J is a complex symp'lectic space of dimension 4n and excess 
Ex= O. 

r\ 1rther, t he linear subspaces of C411 , 

nnd 

C~'.' = {u E C'1"lu1 = · · · == u211 = O} 

determine a direct sum decomposition of C'1": 

Hence both C~' are comp\ex symplect ive 2n-subspaces, nnd their symplectic in
vnrinnts are Ex_ = E:i:+ = O l\nd D._ = .6.+ = n. 

1 llf Proof Not.e thnt. F is skew-Hormltiun und nonsingulur. t hen we have t lmt C 411 with 
1 \:1 is n complc.x symplect.ic spuce of dimension 411.. 
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( 

i/., o o 
Aga.in F is congn1e11t wit.h G = ~ ; i l ., ~il,. 

o o o 
Ex= O. 

~ ) This i1nplies t.hat. 

il ,. 

Jt isobviOUS that. e::• 11nd C~' 81'CS)'111plcctiC 2n-subSJlflCCS OÍ C'1" 1 COrrcSpOnding 

to the 2n x 2n skcw- Hcrmi tin n matrices ( ~[" ~" ) frnd ( ~" ; 111 ). respcc

tively. F'urtherrnore, it is easy t.o see that 

G 1" = e~· Ea e~· . wlth ¡c:.0 : c¡'j = o. 

Now wc co mpute t hc syrnpl cd.ie invariants far c :_n and C~' . 
Sincc F is a rea l skcw-sy nn nctric nmtix wit h eigcnvnlucs of {+i)2H- fold 11 nd 

(-i)2n - fold. Hcncc, t lic symplcctic iuva riants of C 'i'.1 nrc dimC ;¡;' = 2n , EJ'± = 
O . .Ó.± = n , respectivcly. 1 

Theorem 3.1 Considcr thc Hamiltonian system (2.1) . Assumc that lis in Lhc liinil 
circle case. Let S = D(1'i )/ D(To) = S_ Ea S+ be the boundary symplect.ic 211 -space 
for I as above, then thc cva luation 

11 :S - C4" 

is n symplcctic isornorphis rn of S with thc form [:J onto C '1" with Lhc form (11 ; v] = 
11'F11. 

11orcovcr, 118_ = e·~,,, nml 11S+ = C~1 • So thc symplectic inv11ria 11ts for S are 

dim S = 4n, Ex= O. 6. = 211, 

ami further t.he symplcct,ic inv11ri1.111ts far s± are 

Ex±= 0,.6.± = n. 

Proor Clearly /1 is a linear map on domain D(T¡) and hence on S, ancl is surject.ive 
onto C'11'. F'urthcrmorc, from Lemma 2.4 , we obtain that, 11 is injective on S, DIHI 
hcncc 11 defi ne ft lincnr isomorphism of !he compl<'x VC'<'tor sp11cc S auto C '111 • 

By 11 simple c11lc1.1l at,io11, wc can find t lrnt 

[j' DI = 9'.Jf l! = (,,¡¡)" F(vj) =!vi' vg]. 

So thc symplcct ic form is prcscrvcd undcr thc ma.p 11 of S ont.o C'111 • 

HcnC<' 11 is A. symplcctic isomorphism of s onto c 1n, nnd it follows that th c S}'llJ· 
pl<'Ctic of s nnd s± l.trC tbc SlllllC ns t hosc of c•n nucl Cl"· Thus tlw rcsults cm~ he 
obtained from Lcnmui 3.1. 1 

Tbeorem 3.2 Considcr thc Humilt o niun systt'm (2. 1). Assuml' llmt f iH ¡11 t.hc 
llmlt chde cue. Then by thc Gl\:N-Thcorem in fl3J , there is u ont• to mw corre
IPODdlaae betwwen tbe selí-adjoinL opcrntors T gcncratcd by l with clom.iin D(T) 

j i 
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~ 
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11ud t ht! Lngrnnginn 211-spnccs L in S. Namcly, for each L e S, t.akc 1.rny basis of 
211-vectors i1, iz. · · · . Í2u aud a ny represenlal ive functions /¡. h, , fz,,. E D (T1 ), 
thcu D(T) = c1 / 1 + c2f2 + · + c2 .. h .. + D(To) far arbit.rary complex constants 
c1•• · ,c211 E C. Tlnis from T heorem 2.2, we have that a li f E D(T) can be dcter
minc:d (modulo D(T0 )) by thc homogeneous linear boundary conditious 

/(a)= c1/1(a) + c2/2(n) + · · · + c2./,.(<1), 
f(b) = c1 ¡, (h) + c,f,(b) + · · · + c2,,j,,,(b) , 

for choic~ of c1. · · . c2.,. Fmt.hermorc 
(i) each bnse of Lagrnngia11 2n-space co11tains at most (n-gra.deL) vectors in $ _, 

nt most (n-gradcL) vectors in S+, a nd a l lcast (Nec-couplingL) vect.ors neither in 
5_ nor in S+- Here t he coupling grade of L is de fined by 

grade L = n - dim L n $_ = n - dim L n S+, 

so 
o ::; gradeL:::;n. 

(ii) For each integer J..~ = O, l , · · · . n, there exists a Lagran gian 2n-space L1.; with 

grndcLk = k. 
(iii) Fa r c11cl1 L11gr11ngian d-spacc L C S, a nd c1u.:h t riple {a, (-J, ¡ } of non-ncgat.ivc 

intcgcrs sntisfyiug o + (-J + ¡ = 2n, aml 

a :::; 11 - grncle L, f3 :::; n - grade L, "I ;:::: Nec-coupling L, 

Lhcrc cxists a basis for L consisting of o: vcctors in S_,[J vcct.ors in S+, J vcct ors 
neithcr in S_ nor in S+ . 

(iii) The neces.sary coup\ing of L is given by Nec-coupling=2gradeL. 
(iv) Far ench Lagrangian 2n-spacc L o[ S , t.here exists a minimally coupled basis 

for L with exact.ly (Nec-coupling L) basis vectors each coupled on r·, and consequen
tinlly cxnctly (n-grade L) vectors each separnted at. t he left, and (n-grade L) vectors 
cnch scparnted at t hc right of I'. 

P roof According thc Dcfinitiou 2.7, t he results (i) ,(ii) and (iv) can be obtained 
hmncdintely by applyiug T beorcm 2.3 all(\ T heorem 3.1. (iii) can be concluded if we 
Hotc thnt ó. = lL + ó.+ + IEx±I, so ó. = ó._ + ó.+ in t h is case. 1 

From Thoorcm 3.2, wc Cllll tnbnlntc thc structurc of minimally couplcd bases far 
Lagranginn 2n-spaces /., of cvery possiblc grade, with special attention to the cases of 
separatcd boundary conditions l\L Lhe left and right enclpoints, and coupled boundary 
condit ions . 

Received : March 2005. Revised: April 2006 . 
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