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ABSTRACT 
We invest igate the notion of topological ent ropy of a semigroup of continuous 

maps and provide severa! of its bru;ic propcrtics. 
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1 Int roduct ion 

The conccpt of eutropy of a t.ransfonnation plays a central role in topological dynam
ics. T he not.iou of topological entropy wa.-; introcluced by Adler, Konhcim and 1\rlcAn
drew in [IJ a.san inva.r iant oí topological conjugacy. Later, Boweu [4] and Dinaburg 
[6J presented an equivalent approach to the notion of entropy in the case when !.he 
domain of the considercd transformat.ion is a metriza.ble space. T he topological cn
tropy h(f), of nn endomorphism J, mcasurcs t.hc cornplcxit,y of t he t.rnnsfonrni.tion 
acting on a compact topological spacc in t he sensc that it shows thc ratc at which 
thc action of thc transfon natiou disperses poiuts. 

Since the cntropy a.ppearcd to be a very uscfnl invariant in ergod ic t.lieory ami 
dyuamical systems, thcre wcrc severnl at tcmps to fiud its suitable generalizations for 
othcr systems such as groups, pscu<logroups, graphs, foliations. Amo11g tlie others. 
Ghys , Laugevin and Walcznk in [9] proposed a definition of a topological entropy 
for finilely genernted pscudogroups of conl.inuous l.rausformations. BiS and Walczak 
in [3] applied. the notion of cnt ropy of a group to hyperbolic groups in Lhc scnse of 
Gromov to stu<ly its geornetry aud dynamics. 

Also, there hu.ve becn attemps to introduce severa] cntropy-!ike invariants for non
iuvertable maps. L<1ngevin aud \~'alczak in [12], 1-iurley in [JO], Langevin and Przyty
cki [11]. Nitecki and Przytycki (['15)) st..ud ied different entropy-like invariant s . Nitecki 
in (l4J invest..igatcd Lopological cntropy and prcimage sLructure of rnaps . l'.1Iihailcscu 
and Urba!Íski in [13] foctiscd on invcrsc topologica! press11rc and thc Hausdorff dimen
sion of t hc iutersection bctwccu the local sta.ble nwnifold and the basic set. Hurlcy 
([ IOJ) established rclat.ions bct.wecn topological cntropy, preimagc rclat.ion eutropy, 
prcimagc bn111cli cntropy aml point cnt ropy of a single t.ransformatio11 . Thc first 
author has introduced in ([2]) thc couccpt of topological entropy of sernigroups and 
gcneralise<l Hurlcy's result s on entropics of a single transformations to 1..he case of a 
fini l..cly gcnerated seni igroup of l..nrnsformat..ions acting on a compuct. spacc. 

In t..his paper wc examine in detail 1..hc co!lcept of this (introduccd in [2]) topo
logical entropy of sernigroups. Our art.icle is organizccl as follows. In Scction 1, wc 
recal\ the notion of topological ent ropy for a finil..ely geueratcd scmigroup ami, for Lhe 
convenience of t.hc reader, prnvide some results. 111 the Sections 2 a.ne\ 3 we fonnu
late analogues of propcrtics of topological entropy in t he context of an acLion of any 
finitcly generatcd scrnigroup of continuous maps on a compact mctric spacc. In thc 
\ast two scctions wc sta tc somc suflicicnt conditions for a finitely gencratcd semigroup 
to lmve zcro, positive or finitc cntropy. Ending this introduction wc would like to add 
that t hc conccpt of cntropy wc consider in this paper is unrelated and incompatible 
wit.h t.he uot ions of topological eutropy dealt with in [7], [8], and [5). 

A cknow lcd g m ent . VVc wish to t hank thc rcfcrc of our papcr for va luablc rcmarks 
which i111prove<l thc final exposition of the article as well as for t he quacstions couceru
ing counections bctwecn t he cntropy of u scmigroup and the quasi-isomcl..ry invariant 
in the language of combinatorial/ gcoemtric group t.heory, which may lead to a new 
promising direct.ion of rcscarcl1. 
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2 Topological entropy of a semigroup 

Many uscful propcrties of thc concept of cntropy of a single tnmsformation can be 
fonnd in [16J. Let X be 1t compact mctric space with a distance function rl. Consider 
a semigroup G of continuous trnusformations of X into itself. The semigroup G is 
assume<l to be fin it.ely geuerated, e.g. there exists a finite set G 1 = {!1 , ... , fd such 
that 

w!icre 
Gn = {91 0 ... 09,1 : X - X )g1, . . ,9,. EG1· 

'Ne always assume that idx., the identity map on X is in C 1 . This implies tha.t G,,, e 
G0 for ali m :S n. Following [9] we say tha.t two points p, q E X are (n. E)-scparated by 
G (with rcspect to the metric d~wx) if there exists g E Gn such that d(g(p) , g(q)) ;,:::: e , 
c.g. 

d~'"" (p,q) = max[d(g(p), g(q)) 'g E G") 2'. <. 

Wc say that a sul>set A of X is (n, .:)-separate<l if any two distiuct points of A havc 
t his property. Ali (n , .:) - separated sul>sets of X are always finite, since X is compact . 
Thcrcfore. we can write 

s(n,€, X ) := max{card(A) : A is (n,.:) - separated subset of X} . 

T ite following tlefinitiou has appearcd in [2]. 

Definition 1 Let 

h(G,G 1, X) = lim limsup~log(s(n,€, X)) . 
~-o+ 11-00 n 

Thc qua11lity h (G , G 1, X) is called the topological ent.ropy of a semigroup G generate<i 
byG1• 

As it was shown in [2] t.he topological ent ropy of a semigroup G clepencls on the 
generat ing set G 1 . l t. nrn.y however still serve as a natural generalisat. iou of the notion 
of t.hc topo\ogical cnt,ropy of a co11t.iu11ons mapping f : X - X . lndccd, Lct f : X - X 
be a contiuuous t.rausfornmt iou of a compact. mctric spacc X aml C{/) a scmigroup 
gcucrated l>y e 1 (/) = { 1:dx' /} . Thcu, WC gct. t.liat. 

h(f) = h(G(f),G1(f)) . 

whcrc h(/) is t hc cnt ropy off. Wc can also describe t hc cntropy of a semigroup G 
gcncratcd by G 1 in tcnns of (n,€)-spanning sct.s . Namcly, a subsct. A of X is caltcd 
(11 ,E)-spiuming if for cvcry :i: E X thcrc cxists a E A s11cl1 t hat 

(t;;10,,.(:i:,a) = 1nax{d(9(x). 9(a)): g E G.,} < €. 

Thc minimum of cardinnlit.ics uf ali (n,E)-spanning sct.s is dcnotcd by r (n, €, X ). Thc 
following charnctcrization of t hc topological cntropy of a scmigroup e gcncratccl by 
11. fi uitc set G 1 lu'IS bccn c:stnblished in [2]. 
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Le mma 1 Por any semigrouv G gcneratetl by a finite set G 1 the following eqitality 
holds 

h(G,G1, X ) = lirn limsup.!..log(r(n,E, X )) . 
~-o+ 11-00 n 

The notion of topological entropy of a semigroup of trnnsformations sharcs many 
common fcaturcs with thc conccpt of thc topological cnt.ropy of a single trnrn;fornrn.
t.ion. \·Ve examine t.hcm iu dd.ail in t he following scct.ions. 

3 First r esults 

A classical result conccrning the entropy of a single t ransformat.ion f : X --+ X states 
t hat for any integer n;:::: 1 we ha ve h(j'I) = n · h(f). A corresponcling result holds for 
the entropy of a semigroup of transformations. 

Theorem 3.1 IJ ( G, G i) and (e·, Gi ) are finitely generated semigroups generated 
respectively by G 1 = {idx , g1, •.. , gk} and G¡ = {idx, gj" , ... , gi_'.' }, m E N , then 

h(C',Gi) ~ m h(C,G,). 

Proof. Denote by (X, dx) t hc compact mct.ric spncc t.hc scmigronp G acts cm . Con
sider two points .1: , y E X that are (n, e)-scparntcd by G•. This mcaus tbat, t licrc 
cxists p E C;, such tlmt dx (p(:i;),p(y)) 2'.: e. Since y is tl1c cornposition g\' o ... oy;;1 , with 
some g1, ... , 911 E G1 , wc havc that dx (gí~'o, .. . , ogi'.: (x),g¡:•o, ... , ogi'.'. ('y)) 2'.: e. Thus, 
the points x, y are (m·n, e)-separate<l with rcspect. to (G, G 1). So, s(n,e, (G", Gi)) ~ 
s(m · n,E, (G,G1)) and taking the appropria te limit, we obtain that 

h(G',Gi) <'. m· h(G,G,). 

Start.ing to provc t.lic opposite incq1mlity, !et. A e X he 1u1 (m · n,e)-spanning s11hsc1, 
of X , with rcspect to (C,C1), with miuimal cardiua lity. Then, far a ny x E X t bere 
cxist s a E A such that fa r any y E G,.,. 11 we have dx(g(x), g(a)) <E. So, in partic1ilar 
far any x E X there exists a E A such t ha t for any n-tuple g;" ... ., g~' , whcre all 
elements g, are in G 1,, we ha ve 

dx (9;:10 , .. ., og¡'~(x), g;:•o, .. , ogi'.'.(a)) < € . 

Thcreforc. A is (n, E)-¡¡p1uming suh¡¡ct o f X wit.h respect to (C' , Gj) ancl 

cm·d(A) ~ r(m · n,<, (G,G,)) ~ r(n,<, (G" , Gi )). 

Passing io the appropriate limit, we obtain 

m· h(G,G,) ~ h(G',G¡ ), 

which completes t:hc proof. 
If semigroups (C, G¡) uml (H, H¡) nct. respectively 011 compact metric spaces 

(X,d1) and (Y,d2), t heu (C x H ,G1 x H 1 ) is a finitely geuerat.ed semigroup, act.· 
ing 011 t.he compact. space X x Y. We shall prove in this coutext the following. 
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Theorem 3.2 Jf(G,G1) nnd (H , H 1) arefinitely ycmemted 8cm i gmnps, t.hen 

h(G x H, e, x H,) = h(G,Gi) + h(H, H.J 

Pr00f. In the topological space X x Y we consider t he metric dx x y = dx + dy 
inducing the product topology. T hus, the finitely generated semigroup (G x H , G 1 x 
H 1) acts on the compact metric space (X x Y, dxxY ). Fix now an (n , e/2)-separated 
set (with respect to (G,01 )) A= {a1 , • .. ,ap} C X with maximal cardinality, andan 
(n., e/2)-separated set B = {li1, .. . ,b,.} e Y (with respect to (H, H 1)) with maxinml 
cardinality. T hen , for iu1y two dü;tinct clemcnt.s (a; 11 b;J , (o.;~ , bj~ ) E Ax B wc p;ct 
t.l1at dxx\' ((a; , ,bj 1 ), (n;~ ,bh)) ~ €. Thi:-; means that t l1e points (rt; 1 , /Jj 1 ) , (n¡~ , bh) 
are (H,E) - separnted with respect to (G x H,G1 x H1). So, cwnl(A x B) = ca'f'd( A ) 
card(B) = s(X , n,E/) s(Y,n,c/) and s (X x Y,n,E) ~ card(A x B) = s(X,n,c) 
s(Y , n, c"). Passing to the appr0pl'iate l•imit, we get tha.t 

h(G X H,G, X H , ) " h(G,G,) + h(H,H,), 

Ju order to prove the opposite iueq1•1a.lity, we consicler a set C C X with mínima.\ 
cardi1mlity which is (n,E/2)-spa1t11i1tg wit h respect to (G,G1) an<l a. set D C Y 
with minimal carclinality which is (n,€/ 2)- spanning with respect to (H, H l )· Then, 
cm·d(C X D) = r(X, n,c/2) · 1·(Y,n,e/2) ancle X D is (n, c)- spanning with respect 
bo (G x H , G1 x H 1). Thus, r(X x Y,n,e) $ r(X,n,e./2) r(Y,n ,c/2). Taking now 
the appropria te limit, we get tha;t 

h(G X H,G, X H, ) <: h(G,G,) + h(H,H,). 

The proof is complete. 

Theorem 3.3 If (G, G1 ) is afinitely generated semigroup acting on a compact m etric 
space (X,d) , generated by G 1 = {idx ,g1, • .. ,gk} , and there exists a compact subset k l 
of X such that far every g¡ E G 1 

g;:M - M 

then, 
h((G,G,),X) " h((GM,Gf1 ), M) , 

where ( Gfll , G f1 ) is a semigro1tp acting on M , generated by 

Proof. Denote by A an (n,c) - seµarnted subset of M (with rnaxi111a\ cardinality) 
with respect to (CM ,G~'1 ). T his means that for two distinct points :i: , y E A t here 
exists g E G,1 such that. dM(9lu(x) ,g\M(Y)) ~e. But this eans that dx(g(x), g(y) ) ~ 
€ . Therefore, the set A is (n, e)- sepnrated with respect to (G, G 1 ), ancl consequently 
s(n,e,(GM, G¡'1)):::; s (n,c,(G,Gi)). We are thus done by passing the approprlate 
lirnit when n ___. oo. 1 
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Theore m 3.4 l cl, (G, G 1 ) be n fini tcly 9cncmted semi9ro1Lp acting 011 a cmn¡w.ct m et
ric spa.cc (X , d), .íJCnern.ted by G 1 = { i<lx , y 1 , •••• fJk }. Assum.e that tlum~ e.rist compQ.ct 

s1tbsets J\11 and M2 of X snch tlwt X = M 1 UM2 mul thatfor cvc1'y j E {1, 2, . , k} 
9j(M¡) = Mi nnd g3(M2) = i."12 Titen 

i>((G,G,), X) ~ max{l>((G">, c:''), M,),h((G"' ,Gf'' ), A/2 )). 

Pro of. Let A; E /I//;, i. = 1, 2, be (n,€)-spanning sct.s with tninimal canlinalit.y, in 
the respect ive spaccs 1Vl¡,i = 1, 2. Sincc 

and sincc A 1 U A2 fon ns an (n, é)-spa 1111i11g subsct of X. We sce thar. 

r(n,€, (G , G1),X) :S 2 · max{cctnl(A1 ),card(A2)} 

:S 2 max{r(n,e,(GM, ,c:11 ), f\'11 ),r(n,é, (G"'2 , G.~h), /1/2)}. 

Hcncc, passing to t lw appropriatc limit, we obtain 

h(G,G1,X) ~ max{h((G"' , G;"') , Mi) , h((G"', G~'' )M2) ). 

Siucc, by Thcorcrn 3, wc havc 

h((G,G1),X) 2' nucx{h((G"''',G~'')M1) , h((G"', G:'')M2)}, 

we are done. 

4 Positive entropy 

As Lefore, Jet (X , dx) be a compact metric space. We consider co11ti11uous Lrnnsfor
matious of t.he space X into itself. 

Theore m 4 .1 Jf fi ,h: X -+ X cu-e lwo surjective con/.inuotis 1n(tps o/ a compact 
met1-ic svace X and Y is a closcd subsel o/ X such that ¡ 1- 1(Y) n ¡ 2- 1(Y ) = 0 and 
¡ 1- 1(Y)Ufi'(Y) e Y, thcn h(G,Gi) 2:: log2 > O, wherc Gi = {1.dx, fi ,h} a.rul C is 
thc scrnigro11.7i gcn~ratcd by e 1 • 

P roof. Si11cc ¡,- 1(Y) a ud /21(Y) are two clisjoint compact sets, Lhe distance ó 
betwcen thcm is pw;itivc. F ix € E (O. ó). Siuce cvcry map g : X -+ X , g E C is 
surjcctivc, onc cun sclcct for cvcry !J E G cxactly onc point zy E y - 1(Y). Now, for 
cvcry /1 ;:::: O consider tlic set 

A11 ={z9 :gEG,,},whcreG.,= {y" o y,. _¡o og2og1:y¡ , ,g,.E {/1 ,h}}. 

\Ve shall show that A,. is au (n,e)-scparated set. cuwsist.iug of cx!:H;t.ly 211 elcmcnts. 
So. cous idcr t.wo arbitrnry clcmcuts y -:F h from G,.. \·\/rite g = g11 o g,,_1 o . o y1 

aud /¡ = h ., o /¡ 11 _ 1 o ... o h 1 , where gJ , hJ E {11.h} for a li j = {1, 2 ... n}. Siuce 
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y '!- h , there cxist k E {1 ,2, .. , 11.} such that 91 = h ¡, 92 = h2, ... ,gk-1 = hk- 1, ami 
Yk· =F h k . Hence 

nnd sim ila rly 

9k-Iº· º91{z1,)E g.1,:- 10 og,((h,.o . . o h 1)- 1(Y)) 

= hk- 1º oh1((hno . oh¡) - 1(Y)) c h¡.:- 1(Y ). 

Heuce, d(Yk-1 o . .. o g1 (z_q),gk- 1 o . . . og¡{z11));::: ó > t: . Thus, Lhe points z9 and 
z11 me (n ,t:)-separat.ed and , in part icular z9 fe z11 . T his lat.tcr staterncnt implies thnt 
t.be map g __. z9 , g E G,. is bijective, and t.herefore s(n,t:, X} 2: card(6 11 ) = 211 • In 
cousequence h(G,G1 ) 2: log 2 > O. We are done. 1 

As an immediate consequence of this theorem ancl Theorcm 3.3, wc get the fol
lowing. 

Coro llar y 1 lf for f 1, h E H om eo(S 1) ther-e exists a closed inte1·ual I e 5 1 such 
that 

fl ' (I), 1,-1 (1) e I 

rmd 
¡,- 1(1) n / ,-1 (1) = 0 

lhen, the semi9ro11.p generaled by idx , f 1,h has posilive entropy. 

T heorcm 4.2 lf(G , G1 ) is a semigroup generating by tite set G 1 of Lipschitz tnms
fornwtio11.~ wit.h a common Dipshitz constant L , acting on a compacl Riemannúm 
manifold M of dimc.nsion m ;?: 1, then thc. en tropy 

h(G, G1 ) $ mlog L < +oo. 

Proof. Denote by d t hc mctric 0 11 thc Ricmnnnian compact manifold M . It follows 
from our assumpt.ions that for any g E G l • 

d(g(x), g(y)) '.O Ld(x, y). 

De11ote by A a nu1...xima! (n, e)- scparated subsct. of M. T hen, for a.ny d istinct a 1, a 2 E 

A wc obtain 

Thus d(a 1,a2 );?: e l-" whicb means t hat A is a (O,eL- 11)-separated subset of M . 
Hcncc 

s(n,e) < s(O,eL- 11 } < . uolM . 
- - niinxeMVolB(x, 2- 1e L- n) 

For an m-dimensional manifold M we have that a ball B (x, r) centered at a point 
x E M ancl a rndius r , satisfies thc incc¡ualit.y 

vol B(x , r);?: cr"' 
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with some positive const ant e independent of x and r. Thus, 

all(I conscquently 
·1;oll\l 

s(n, €) $ c(2 1€ L n)m. 

Passing to the suitable litnits we thus gct that h{G, G 1 ) $ m log L, which fi nishcs t ite 
proof. 1 

5 Ze ro entropy and final r emarks 

Theorem 5.1 Let. (G, G¡) be a finitcly gencrated semigro1Lp actin _q on a compatt 
mctr·ic s¡mce X. Assume that the f<irni l11 {g : X - X}gEG is eqiticonl'im ums. Then 
h(G, G,) ~ O. 

Proof. Denote by d the 1uetric 011 the compact metric spacc X . Fix € > O. Siuce 
thc scmigroup G acts equicontinuo11sly on X , there exists ó > O such that if x , y E X 
and d(x ,y) < ó, thcn d(g(x),g(y)) < € fa r ali g E G. Conequent ly, if A C X is 
ó-spanuing (with respect to the met ric d) subset of X , then A is (n,€)- spaillling. 
Hence r(n ,e) $ mrdA < oo, (the lat ter inequality is true since X is compact) and 
tl1erefore 

h(G, G¡) S: lim lim ~ log(r (n, E)) =O. 
E->011-ocn 

\.Ve a re done. 

As an immediate consequeuce of this t heorem, we gct thc fol\owing. 

Corollary 2 lj ( C , C 1} is a jinitely generated sem igroup of isomet1·ies acting on a 
compact m.etric spacc X , lhen h(G , Gi) = O. 

P roblem 5 .2 ll is well kno"Um that for a hom.eomorphism f : X - X of et compact 
metn:c s¡mce X /.he cquality h(J) = h(J- 1) holds. Is this also true in t.he case of semi
gro11ps genem tcd res1Jcctivcly by hom.eom01phisms id,'\ . / 1, . • . , fk and idx , ¡ 1- 1, ••. , ¡ k- l 
o/ thc spacc X ? 

Received: Dec 2004. Revisad: Feb 2005 . 
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