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ABSTRACT 

In this nrticle, wc will usen previously obtaincd topo logical chnrnctcr iza.
tion oí 1hc Bcurling-BjOrck spnce, to provc n topological charncterizntion vin thc 
short- time F'ouricr trnnsform. Om work builds on recent work by I<. Crüchcnig 
nnd G. Zimmcn nnnn. 

RESUMEN 

En este art ículo usuremos una cruncteriznción topológica del espacio Bcurling
BjOrck, prc\•iamentc obtenido, purn probar una cnractcriui.ción topológica vio. la 
transformada rápida de Fourler. Nuestros resultados se construyen n pnrt,ir de 
trnbajo reciente de K. GrOchenig y C. Zirnmcrmann. 
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1 Introduction 

!t. is wcll knowu that t.hc Fomic r series nrc 1l good tool to rcprcsf'nt. pc riodic f1mctionH. 
Howcvcr. t he Fomier series fail to rcprcscnt nonpcriodic fn 11ctio11s accurnlely. To 
salve t his problem, t ite sliort-time Fomier t rnusform (STFT) was iutroduccd by O. 
Gabor !SJ in l!l46, as one of t be solu t iom;. T hc sho rtA imc Fourier t rnnsform works 
by first cuning off t.he s igna ] by mull.ip lying it by a nother func t.ion called window 
(oflcn compactly supported) t.hen t.aki ng t he F'ourie r transform . This tcchniquc rnaps 
a signal inlo a f1111ct ion of time <rnd frcqucncy. 

Thc t heory of test funct.ions 6 for lernpered distriln1t.ions 6' int.roduced by L. 
Schwartz (113],jl4]) wns to providc a suti!sfactory framc work for thc Fouricr t.nu1sfonu. 
111 H.l61. A. Beurlillg [2] presented his gcneralization of distributions publishcd in 
([3],[·1]) which also provicles a sat.isfactory frnme work for the Fourier t rnnsform. 

In l5J. C. BjOn:k studics t hc spncc 6 .., of test fuuct io11s for ternpcrccl ultrndistri-
1.mtions e: .. to cxtcnd work Ly L. HOnnaudcr. witli iuost t.hoorems rccoguizuLle as 
countcrparts in [12]. 111 [15], N. Tcofonov shows the m\tural connection Letwccu t hc 
theory of tempercd ultrnd istributious a nd t.he Lime-frequency 11na lysis t.hrough t.he 
lime- frequency representat.ions and t.he modulation spaces. 

Thc spacc 6 ,.., a.'i clcfincd hy Bjiirck iu [5j. cousist.s of C00 funct.ious s11<·h thnt. t.lll' 
fuuctiow; ami t.hcir Fomicr t.rnusforms, jointly with ali thcir dcrivnt ivci-; dcc11y ultn1-
rnpidly a t. infinity. Iu [10], G rüd1c1Jig ami Zirnmcnu!Hm obtained 1.1 drnracterizntion of 
t he space 6u, via the s l1ort.-li1nc Fourier tra11sform. This cl1a rac te rizatio11 i111poses one 
condition on t he growt h o f thc sbort-tirne Fourier trans form of the funct.ion without. 
conditions on its derivatives a nd its Fourier trans form, using the cha rncteriza.tions of 
the space 6 w provcd by S.· Y. Chung1 O. Kim all(I S. Lec in [6]. 

In this puper, we will ol>tuiu t.be results proved iu [10] 11sillg thc wpologicnl chnr
acterizntio11 o f t hc SpllCC 6.,, as stated iu [l ], without us ing the derivntivcs as iu poJ. 
Moreover. a mina r modifi.cation of the proof of the charncterization of t he space 6 w 
via t he short.-t.ime Fomier trnnsform shows thnt t.his topological cquivnlence can be 
g i\'Cll in tcrms of cxplicit. linc11r cstimntcs, which nppropriatcly rcflcct the linenrity of 
the problcm. 

T his pnper is o rgu11izcd i11 tl1rcc .scct ions. In Sect io11 2. wc includcso111c prc li1ninnry 
clefinitions a nd resulls. Wc ulso disc11ss the relntion bet.ween thc Schwortz 6 spacc nnd 
t he Beurling-BjOrck spacc 6,~ Hnd t.hcir d uals, by showing t hat the Be urling-BjOrck 
spnce is conlinuously a nd strict.ly includcd in thc Schwartz space, with reverse st.rict. 
inclusion bctwcen the dunls. 111 Scction 3, wc will use the topological clm rnclerization 
of the 13curling-13j0rck spncc obtnined in [ 1 J to prove a topological charncteri:rntion of 
thc Bcurling-BjOrck spncc vi11 thc short.-timc Fo uricr t rnnsíorm. T his du1r11cll>rizn tion 
thcn makcs US<' joinl ly of t,i111c ami frC'<¡ucncy, whcrca.<; thc chnrnctcriz11t ion prcsentcd 
in !IJ impúeit~ S<'JlllrllW conditions un t lw t ime domnin llllcl thc fn•q11r11cy do rna in. 

T hc natal ion wc use is stfwclnrd . Thc symbols coc., c0x., LP, cte .. indica te t.hc 
usual spnces oí funct.ions deli uccl 011 Rn, wit.h complcx mlues. \Ve de note l·I Lhc 
Euclidcan norm on IR:", wbile 11·11 ,, inclicntcs thc ¡>-no rm in thc s i>ncc ui, wherc 1 < 
JJ ~ In gcncrnl, wc work 0t1 thc Euclidcnn spncc R" unlcss wc incli('nte ot h;.-· 
llmn thnt ns npproprint.c. Partinl clcrivntivcs will be clcnotOO él", wlwn· n iH a umlti-
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indcx ( 0 1, . . ,o,,) in Nü. Wc will use t he stnndnrd nbbrevint ions Jol = 0 ·1 + ... + o-,,, 

.1'0 = .rf 1 ... :r~". Tite F'omit•r ! rn11sfonn of H functio 11 J will be dcnot <.'<I :F (!) or f 
ami it will be dcfi ncd m; J R .. ,~-21Tr.e:( J (.r ) d.r. Tlic invol11tio11 of n fu 11ctio11 J will be 

d c11otcd 11111<.I il will be <lefined as j(.i;) = f (-.r.) .T ite [cttcr C will indicnte 11 posit ive 
co11stu11t , thot moy be difforcnt at d iffcrcnt occurrcuccs. lf it i:. importout to ind icntc 
tltnt n coustnnt dcpcnds 0 11 cc rt oin purnrneters1 we will do so by a ttnchi11g indcxt'S to 
t.hc constont. 

Acknowlcdgc m c n t 1 The <mllw r woultl like: to tluwk tl1e anonymou.s ref eree.s far· 
their careful readfog tmd lheir 1m9.<Jestio11s thal lw ve tmprovcd tJ1e content. nnd t.he 
vresentation o/ our ¡JC17wr . 

2 Prelimina ry definitions and resu lt s 

In t.h is st>ct ion wc will int roduce dc finit ions nnd results t lmt wc will use. Wc st nrt 
wit.h t hc dcfinition of t hc spacc of mlmissiblc funct ions. 

Dofl n it io n 2 (/10/) Wilh M e we indicatc tite space o/ ftmcl1011s w : IR. 11 -> R o/ the 
fon 11 111 (:r) = n (l.rl), wlicre 

1. fl : !O. ) - !O, ) is i.11c1·easing, contirmous and co11cat1e, 

2. fl (O) =O, 

3. jR~dt < 

4. O (t) ~a+ bl11 (1 + t.) f o1· somc n E IR mul some b >O. 

St.nndnrd cln...._..;cs o f f111H.:t.iom; w iu l vf ,. a re gh-cn by 

w(z) = JxJ" foc O< <l < 1, nnd w(7) = pln( I + Jzl) foc p > O. 

R c nu u·k 3 Let us obserne for f 1t/:u·1-e ·use llwl if N > 1} is an tnt.eger, then 

CN =.l .. e-N w(.1:)dx < 00 for ali W E .1\.1c• 

whe1-e b is lhe con.slanl in C01tdilion 4 o/ Definihon 2. 

We now recnJI tlie following topologicnl clmrncterizution uf t he Bcmling-BjOrck 
spocc 6 w of test functions fer tcmpcrt'CI ultro-clist ributions, which we will t.akc u:; Lhc 
clefi n it ion of s ... in what fol!ows . 

Thcor·e m 4 (/1/) Givrm w E M ,., llu: spac:e 6 ,., Clm be descnhed ci.s a. set <is wdl cu 
topolOfJ1ct1lly by 

... = { 'P : IR" C : 'P i.s co11tinuous and / or ali } ' 
k·= 0, 1, 2, ... , q,,o(<P)< , q,,oo :F (<p)<oo 
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Siuce Qk ,O (ip) < oo for ali k = O, 1, 2, ... , r.p is iutegrnblc, so$ is well dcfiucd nud 
the condition íJk,O o F ( rp) ma kcs sc tise for a l! k = O, l , 2 ... 
The Beurliug-BjOrck space 6w of test fuuctious for t.empered ullrn<list.ribut.ions equipped 
wit.h t.he family of semi-norms 

is a Fréchet. space. Let. 11s observe that 6 w becomes t.he Schwa rtz space 6 when 

R e m ark 5 A Préchd .<;pn.t:<: is fJ, JJrmwlorfJ loca.lly cmwc:r. to¡>olo9icnl 11ed.or s¡mr.e that 
is m etr-izable twd complde. 

Example 6 A .., we .w~e Jmm Conrlitúm 2 in D1:finiti.on 2, w(:r. ) ~ l:i:I f or all w E ;\lf r. 

So, g(x) = e-lz l ~ E 6w Jur all w E M e-

Le mma 7 Give11. tL me11.mrn.hfo fnndúm i.p : IR" - C . l.Jw Jullowinq 8latr:m<' 11l,~ mY' 

equivalen t. 

l. Jlx"r.pll 00 < oo, Jor fLll O' E NO. 

2. 11(1 + lxl)k l't < oo, for oll k E N0. 

Thc proof of this lc 111rnn i;; ba:;cd ou tlu: hinorni11l I hcorC'tn , it is q uit.c st,ndglitJor
W1lr<l 1ui<l wc will omit it,, 

R e mark 8 A s t i f·u 11sc1¡u cnc:e uf i e111wu 7, fli e s11uce 6 ca11 be <ie.o;cl'i /Jnl u.~ a set ns 
welf as topologrca/ly by 

6 = { . ~ :IR" - e: 'P is cori t ir11LOll.5' and for all } 
~ - 0, 1, 2, .... JJk ,o(v>)<oo, Vk.oo.F(.p)<oo ' 

"'""" l'k.o( ) = 11<1 + kl) ' l' ll oo"'"' ,,,.,oo:F(I') = ll< t + III)' -'t. 
\\·e now pro,·e 1Jrn1 6,., ~ 6 ro11t,i11uous ly1 for 111\ u• E ..-\1' ,., usi ng thc.· lopologica l 

rlmrnctcrizntion for both 6 111 m1d 6 . 

Lem ma 9 (/Sj) 6.., ~ 6 t:onlinrum.<;ly. for nll 111 E M ... 
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Pl'oof . Fix w E J\tf,. nnd rp E 6 111 • Thcu rp is co11ti1111011s nml íor ull k = O, 1, 2 .... , 
'Ji.-,o (rp) < , t/k,O o F(rp) < . To show tlmt. f{J E 6 we nec<I to show Uiot for a li 
k: = O, 1, 2, ... , P k,O (ip) < oo, llk ,O o F (ip) < oo. 'Lb do~ \ \ "C stnn. with 

P>o('I') 11 (1 + l"I)' '1'11 

lle""(L+lrlJ<pt 5 lle'~...,11 

5 C ll•'""'l't 5 Cq''·º (<¡>) < 

whcre a 1.111d b 1uc tlic com1t1111!.s of Comlit.iou 11 iu Dcfinitio11 l. Note t.lrnt. wc madc 
u:o;c of Conc\ition .¡ iu Dcfinlt.ion 2. 
SimilfH·ly, wc cnn provc Pk ,O o F (ip) < . Menee, f{J E 6 and thc inclusion 6 111 ~ 6 is 
c:or1t.i r1uo11s. This completes t.lie proof of Lemmn 9. 1 

Remnrk 10 As a co11.~et¡11em;c of ltmmrn 9, we /i(lve ll1e reverse lnrlu.sion 6'~ 6;11 • 

wlu~n· 6'' s:~. are thc dual .~¡mees of 6 (Uld 6.., rnsvectiuely. 

Exomplo 11 let w E J\4r deji1wrl by 111(:1:) = J¡;l rmd / (r) = ,.-<1+1;1'1')1. Tlum 

we c:rw .~ce that f E 6 and f f. 6,11 • So 6w <.; 6. Moreovcr. r/ /t(:r) = r 2M , l/1en 
'/U(~ C(UI sec that tlie tfütri/Jnti on Ti, tfofin<>tl by i 11tcgmt1on agamsl '' · br f011.'JS to e:IJ. 
No11wu<>r Th r/. 6'. So. l/1e1Y~ <U'C l.e111pered ultm-di.5tributio11s that are 110/. 11.f'c1:8sarily 
l.c.11111ernd d1stnb11tio11s. 

In ,r¡numil, tl1t> ft.mct i011 li (:r) = eol-rl~ defines " tem1Jerctl ultra·dt.\lrtbul ion 111hi<-h is 
1101 ncces:;ar"lly a tcm¡wn;<l tl'i!Jl.ri /Jnt.itm, for ali a > O mul O < b < l. 

ll omnrk 12 As we see from the /.opolo9ical clwmctcrUation o/ tlie !3e11.1·li.n9-0jiJrck 
8¡Hu.:e 6 .., gn•CJI m T l1eorem . .f, lhc Fouder t.m11sform 1s a l opologrrol isomorphism. o/ 
lhr F'rlcl1et spa<'e 6 uo 011 10 il .. <i!elf. As ri consequence. thc Founcr tmn,9/orm is o/so ri 
lo¡1olo!Jical lsomorphüm /rnm, e:,, ont.o itsel/ defi11ctl a.~ 

T(<¡>) = T(¡?), T E 6~, 'I' E 6. 

Note tlwt the wcaJ.· to1>0lo9y i.9 yi11en f.o 6~ . 

R e m a r k 13 (/11/, /7/) A wm11dd /1111ctiori is cleji11cd to be o functro11 ,PE L2(1R) s1Lch 
tlw.t 

il; cm ortlwnonnaJ basrs o/ J.,'l(JR.). // is well krwwri Uwt tJ1ere 1s no wa.velet /1mction 
wilh compact su¡1port tJwt. /Jcltm9:1 to C00(1R.)n L2(R). Tl11s 1 trne tlS well for· wauelct 
J1mctiomJ wtlh exponentiof dewy. As n conscquence o/ the work oj Dú u/Jntf.ski ,,.n.<l 
lfcrnánde: m /7/, we con show llwt for cac/1 O < e < l, thcrt: exi.st.s a C 00 wavelet 

/u11ctior1 t.•, tmch th.al Vr lw,s compact suppor·t orid Vi: E ..,(R). wlierc w(x) = lxj 1-' 
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Lemma 14 Conside1· the we:iyht fu.nction.~ w : N'." ___, !!t tm.d w 1 : !R:.!" -+ !R such 
tlrnt w (x ) = O (!:J;I) an d w' (:i;,.;) = .11 (l(:i:, ~)!) . Then, gi.ven F': IR2 " ___, C conUmwus, 
the Jollowi.ng st.at.em en ts <Lre equivalent. 

l. lle"'w' Ft < oo, lle"'"1 Ft < oo fo•· ali m. E No. 

2. Jle"'(w(z)+•u(O) F ll oo < oo, jjem(m(:r:)+w(O) Filo,, < oo for a li m E No. 

T he proof of t his lemma is bused 0 11 t be subaddit ivlty property of t lie weighL 
functions nud we will ornit it. Usiug Lemma 14, we will denote 6ui•(IR2'' ) by 6w(IR2" ) 

instead. 

De finition 15 (/9}, /10/) The .~ho1'l-time Fourier tnmsfonn (STFT) of cifnnclio11 ur· 
distributfo11 f on IR" with n~s¡x:d to a non-zero wi.n dow fu.nction g is Jormally defi'll ed 

where T :r:g(t.) = g( I. - :J:) fa thc lranslalion o¡iemtor rmd M(. g(t.) = e2•rit.Eg(I, ) i!'; IJ1e 
1nod11lul:ion ov em.lo1·. 

T hc composit ion of T:r. t\nd M€ is t he t ime-frcquency shift 

Rud ils Fourier Lransfonn is given by 

R em a rk 16 Civen. w E /vlc, g E <5w\{O} anda function J wil.h e-h i J E L1 for 
.~ome k EN, lh e STFT o/ f with rnsvect f.o g is well deji11ed a11d conl.i11.uo11s . fo fa ct., 

f.,. 1/(1.)y(I. - x)c- 2" ;"' 1 di. 

$ .!... . - kw('l lJ(t)l lc" ""lg(l - x)I di 

$ 11•-' "' JI[ , lfc'"gll~ •' * 1. 

This sl1ows tlwl 119 f( .1;, é) is wd l dcfi1tc1L on. IR2" for each :r, ~ E !R" . /vlm"Coucr1 the 
c011tir111ity o/ i19f f ollo11m liy 1qJplyú19 Lc/Jcsguc Dominaled Co11verye11.ce Theorem. 

\\"e now rccnll t he 11itd 11 propcrtics of Lhc shon-Lime F'ouri r t.rans form . 

Lem m o 17 {/9/. / 10/) Fo1· f . y E 6. llw. STFT lw., tlic f ollowing pm¡JCrl ic.1. 
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L. (lnversion formulu) 

J !. .. XR" ,,,J(x , ()(M,T,y)(t)dxd{ = llYlli f. (1) 

2. (STFT of thc Fomier t.rnnsforms) 

11yJ(x,~) = e-'hl:r.ff119f(-~ ,x). 

3. (Fourier t.runsform of Lite STFT) 

;,;¡(x,<) = e2"'''J(- {)g(x). (2) 

The proof of this \cmmu uses st:rnight IOrwmd co111p11tntions nnd il. will be omit
tcd. 'Ne rcfcr t.he render to (10). 
Now we wi\I introduce Lwo utixilimy results t ha t we will use in thc proof of the topo
logicnl charncterizuLion of t:hc Bemling-BjOrck spnce 6 w via the short.-l.irnc Fourier 
\,r l.l!lS ÍOL'tll . 

Le mma 18 ({10}) Giucn w E .Nlc, lct J a,nd g be two 1io11negal ive mensurable func
l:io11.~. lf N > ¡ i.9 tnl inl.t:!JCr, l.hern i::dsl.'i e > o .<mch llwl 

fo1· all k = 0 , 1, 2. .. The C0111Jtnnf. C <loes 11ol depe11tl 011 k. and bis lhe C0111Jlant i11 
CoudU:ion 4 of De}inil.ion 2. 

Proof. F irs L leL us show 

J. C-2(N·!·k)m(t)e-2{N+k)w{l -.1:)<fl :$ Ce-k "·(.r), ... (3) 

whcrc e <loes not. dcpcncl on J..: . If ¡1. - :i;I ::::; ~ . t,hcn ltl 2: ~- This implics t ha.t. 

w(t} 2 wn) 2: ~ since w(x) = n(lxl) wil.h f2 concnve, incr;nsing: n11cl 0 (0) = o. 
l~wn herc we o bta.in 

-2(N + k)w(t.) :5 - kw(.,). 

Now far lt - :z::J 2: ~ wc hu.ve 

- 2(N + k )w(t - x ) :5 - b u(x). 

Using: (•1) nnd (5), wc c1rn wri~e 

( e-2(N+k)w(t.)e-2(N+k·)w(1-.r)cil 

J •• 
:$ e-A·w{.r) ( e- 2(N+k)w(1-.1:)(f/, + e-ku1(z) ( C-2(N+k)w(1)<11. 

J11 -z1~ ~ Í11-:r:I~ ';! 
=:; 2e-k m(.r) { e-2(N+k)w(1\/t = 2CNc-k w(.i:), 

J •• 

(5) 
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where C,,. is the constant in Remark 3. 
Now, using (3) 

l(f • y)(x)I $ L (lf(l)I • lg(I - x) l)dl. 

$ lle2{N+k)w 1ILo lle2{N+k)w9 11oo h" e -2(N+k)w(t)e-2(N+k)iv(t -:i:J,¡¡, 

$ e lle2( N+klw 11100 lle2(N+kJ1uglL'° e-kui(:cJ. 

This completes t he proof of Lcrnma 18. 

Corollary 19 Gi11en J, g E 6 10 fvr sorne w E A1c, we have J * g E 6 ,.,. 

The proof of t.his corol lnry is immediate using Lemma 18. 
The fol\owing lemrna is sta.ted in [lüj. \l\'e include a proof using the topologicrd 

clrnracterizntion of 6w g·iven iM Theorcm 4. 

Lemma 20 Let .<J E 6,,, lie ft:1:1:rl 11rul .'itqqm.w: l.hnt F : !R2" _,. C i.~ a m.eas11rnUle 
f1mdio11 tJrnt lw.s un ull.rn,-nqJitl rlem y, i .e. for each k = O, 1, 2 ... thern is a t:<mst.1111/ 
e = ck > o salisfying IF(x,{)I $ c,~-!·(w(J•)+ u¡(E)). Define 

f(I.) = ; ·;,· F(,,o, é)(M,T,g)(l)dx dé. 
R1" 

Tlie11 f is co11N1111ous cm.d far e1ich J;; = O, 1, 21 ... ami. N > ¡ int.eger 

(6) 

ond 

(7) 

fu ¡xirt.1cular. J E 6w· 

Proof. FirsL we show l.lmt f is conLinuous. To do so, fix to E iR" nnd let {ti} be 
nny scqucncc in R" co11verging to lu ns j - oo. Sincc F (x . .t}( McT:i:9)(t,) converges 
lo F(J .{}(M<'l ".rg)(to) point,wbc ns j-+ oo nnd 

whcrc C =e,. ll!1U""' N > T, i11! ugcr, nnd 11 is thc co11stnnt in Condition 4 of Dcfinil,ion 
2. wc cnn "Jlply Lr h1;.o.;gt1t' Du11d1111 ll'<i C'm.wc.:rg<·nn• Tlu:orcm 10 oblnin f(t,i)-+ f(l.o) 
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ns :i -~ .This implies the cont inuit.y of f . 
Now l:o provc llrnt. f E 6 111 we st l\rl. wit.h 

if ( (P(,,, ()e'•i'l (M,T,g)(t.))dxd{ i 
Jfl.~" 

5 j .L .. IF(", o l )M,1~ (e'"'i '+'>y)(tl) dxd{ 

J f., .. lf'(,;, () i )1~(e'"'i'+'lg)(1 ) )dTd{ 

5 lle'"'!1ll00 f L .. •""1.¡ IP(x ,{ )i dxd{ 

~ llek"'!Jlloo lle( N + k)(u1(:r.)+ w(O) F'lloo J h.~ .. e-Nw{;r;)e-N"'Wcf:i;d{ 

$ e ll•''"gll oo )) eiN+k)(w(x)+w(<)) P))oo 

wh ich shows (G). 
Now leL u:; show (7). Prom t:he defi n it ioll of f we can write 

icr) ( (¡ ( (F(,,,()(M,1~11)( t))dxd{)c_,,;•. • c11. 
JR" j Rfo 

¡L .. (I''(" · oc1\1,T;g)(r))d .. ,"< 
j .l, .. (F(.• ,{ )(M_,Td))(r))e2"'" 'dxd{, 

where we used that 

Now 

41 

1tnd t hc proof of (7) follows t.he !:11.~me mgume nt. u.s t.he one lending to 1,he proor of (6). 
T his complet Lhe proof of Lemma 20. 1 

3 T he cha.racterization of 6 w v ia t he short-time 
Fo urier t r a.nsform. 

WtJ u.se the lopologicnl ch1trnc~er i;mtio1 1 of t.he spnce 6,., as suued in T heorem •1, so, 
w i:: will not u.se 1he derivntives rn:1 iu t.he o riginnl proofs in l9J a nd (10]. 
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Theore rn 21 Gillen w E l'-Ac cuul g E 6w\{O} , the spuce 6 w can be <lescribed as a 
set as well as lopologiwlly by 

6 w = {/: R" ~ C: e-"'"'f E L 1 /01· some in EN ond "k(f) < oo'Vk· =O, 1,2, ... }, 

.,,¡, • .,, rrc(!) = 111/wu,,/1!00 "'"/ w(x,I') = w(x) + w(O. (8) 

Prooí. Lc t us indicnt.e 113"' the space defined iu (??). Observe thal Renmrk 16 implies 
t.hnt. llé"'119 /llex> nrnkes sense because 11!/f is continuous. \•Ve define in lJ.1 111 a str11cturo 
oí Fréchct spncc by mcnns of the co1ml<1.1h lo fomily of scmi-norms 

/] = ¡.,' k = o, 1,2, .. . ). 

We will shO\\' t hat. <.E,,, = 6w. 'Fo do so, !et us fi rst prove t hat <.E,,,~ 6 111 continuously. 

lf we fb: J E 23 ..,. we neec\ to slww tha t llé"' ~Lo and lle-'-··11 Jll,:oo ore fi 11iLe, ond f is 

contim1ous. Since f E 23w , t he11 'ITk· (!) < oo for ul! k E N0, wbich implies t huL 119 f 
hns 1U1 ultrn-rnpid decay. T iten, by t lie inversion formula given in Lemmu 17, we cnn 
\\Tite 

f(i.) = 11.<J ll;' j ~, .. hf(x,<)(M,T, 9)(t))d:r.df.. 

By (G) of Lcmmn 20 we dcd·1 ico fléw Jll<XI ~ C" N+k( f) ; by (7) of t hc sume lomn111 

fje.1.·w ~leo ~ Crr.v+df) since ?J E 6 1,, . The continuity off nlso follows from Lemmn 

20. Hence f E 6,., nnd t he \u:;t two incqunlit ies show t.hat t;Jic inclusion 23 111 e 6w is 
continuous. 
Converscly, lct J E 6 111 • It: is c\ear t lmt e-"'"' f E !...' for somc m E N. \•Ve need lo show 
tlmt ;;k(/) < oo for 1111 J..: = O, .l , 2, .... To show t.h is !et J..· E ~10 nnd writc !j(t) = ,r¡{-1}. 
Thcn 

e""'1"> ¡u,,f(.,,f.)I •''"'(•) 11 .. J(t)g(x - l)e-2";'-'dtl 

5 •'""«> 1 lf (t)l lií(x - t)! dt. 
R" 

•" ."'1">(1/1 • liilJ(xl 
5 11•'""(!JI•191l ll 

U:-ing Lcnunn 18 wc gct. l.l1c fol lowi uµ; cst.i11111tc 

e»w(>J¡,,,,/(x,é)I 5 11 e""'(lf l • l!ill ll~ 

5 e ll•'IN+">"1il 11•'< '+'»··9JJ 
5 , Ji•'("+">w ¡JJ 
~ G 112.v+ 1k.o(/). (9) 
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Moreover , by Lenn un 1 i wc cl\n write 119 /(x, ~) = e-'.lr.1( . .r~Í(~ . -.r) so tlmL 

Au nrgumc11t similur Lo t.he one lending t.o (9) produces 

(10) 

Combining (9) mid (10) we luwc tlu~t 

T hi:-; implies Lhot. 

rrk(J) ~ C(q·m+•lk,o(/) +'12N+"'·º (f)J. (ll) 

So, f E IJ3.., . Hcncc 6.., C ~'º miel thc iuclusion is cont.inuous. This comp\cl;es l;hc 
proof of Thcorcm 21. 1 

Remark 22 As we see in the vmof of Thcon:.m 2 1 the c'¡uiualencc bet.wcen /.he fmwily 
of semi-nom1s A = {qi.:,o o F, Qi.:,o : k E No} aml B = {111.: : l.: E No} fa fonnnlrit.ed 1111 
merm.~ o/ ex,1licil li11ctll' eslúnal.cs. 

Corollm11 23 (/9/) Ci.ven g E 6\{0}, the spacc 6 can be describetl as a sel as well 
as t.opologically by 

6m = {/ : R'1 - C: (I+lxl)-"'J E L 1/o'r some m. EN t1nd ;;¡.,(/) < oo, Vk =O, 1, .. } , 

whcrn rrk(J) =11 (1 + lxlJ'(l + l<IJ',,,,J lloo · 

Co1·ollm·y 24 {{9}) Let. !J E 6,,,\ {0} be fixcd. Then for / E 6w(i!i:"), we ha.ve 
1111f E 6 ..,(R:i" ) . 

Proof. Oy Lemmn l •I iL is enough to ¡>rove 

íor k =O, l , 2.. .. , whccew(,;, <) = w(x)+w(<). By T hcorcm 21 rr,(f) = lle'",,,,Jll00 < 

oo. Thcn i l is enough t.o show \'.lrnt l\é..,~I\ < oo. Us ing: Lemnm 17, we Clm write 
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T hen 

léwv ºQ(x, ol léwm J(-ol lé*lii(xJI 
~ 11./W Jll= lle'w§ll= 

This completes thc proof of Corollnry 24. 

Received: May 2005. Revised: Sep 2005 . 
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