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ABSTRACT 
Oy corl!idtonng B gcncrnl íorm of t.h Lnudnu-Liíshilx cquotion und r t.hc influ~ 

onc of n ILornogcncous oxton111I 11mg11 tlc ficld, wc f}f'O\-C l hn' for o fc:rromng·nct.lc 
body ""'htch OCC"t1¡lie'I 11 boundo<I clomnin O in R3 therc exisus a globnJ wcnk ao-
1111 1011 tl1tlM'r ror 1hc Dlrich!uL problrnn or for t.hc Ncumnnn ¡noblC!m. Alt.hough 
!h11rc l:t. in ge1H'!f'lll, 11011-unlquuuc*! rcsult for lhc l..nudnu·Lifsluu ec¡un1lo11, Lhu 
u11lquc11t:8f t!'Stlh. for l ho d y 11n111lc oquntio11 wil h con.st.an t inicial dRUll, which con· 
11CCl:t y,1th 1he gYOund stotc oí Ll10 111ognct.lzt\lion in physlcnl nu~tulin.gs, is 1>ol11lccl 
0 11! 

n.G ºU !\.ilEN 
Mcd1.1tnlil" lA 001uddcrndó 11 clu 111111 íurmn Kcncrnl ch: In ecundón d e L11udnu

Llflll 1lt"A~ bajo ta lnílut>ncin do 1111 c11111po mngnét ico cx1erno homogét1co, pl'Ob11111os 
<1ue pét\\ u.n cuerpo íerromt\guóLlco que ocu¡>n un dominio ncoctlldo O e n R:1 cslslo 
uun 11wlud6o d&1I globn.l , yn llCtt poro el probl mn de Dirithlct o bien pnrn el 
problemA * 1M1mrum. 1\1h1 mmud lmy, en gc.ncrnl, remhndOf de no 1111¡cld11d 
¡)llm ll\ ~ dl' Lll.ndnu~Llí~hll7., !lo mUl'Hlni el remhl\do d unicidod pnrn 
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la ecuación dinálllica cOH condición inicial coustante, que co11ecta con el estado 
fu ndamental de la mngnet.izaci611 en el sentido íisico. 

Kcy words i:ind p hri:iscs: Landau-li/sflifz Equation; global solutio11; 
uniqueness; grou11d state. 

Math . Su b j. C li:iss.: 82040. 35K55, 35005 

1 Int roduction 

The magnet i:ta t.ion dy1w111ics is an interest ing field researcl1ed in mathe111at.ical physics. 
T he macroscopic t.heory of ferromugnetism says t.hat t.he state of a magnetic mal.erial 
can be described by thc magnet ization vector 11; and thus, the dynarn ics a nd kinet ics 
of a ferromagnet is dictated by variat ions in its magnct ization. T he nrngnetizat.ion 
in a continuum ferron1ag11et as a function of t ime and space, 1L = (u1(t , x) ,u2(t .:i:), 
u3 (t ,x))T E R3, is asolut ion of t hc nonlincar Laudau-Lifshitz equation /16]: 

Dtu =-pu. X fiel! - >.u X (u x fle!f ), (1.1) 

where p E R\{O} and x denotes the cross product in 11\'.3. T he parameter ,,\ > O, called 
t he Gilbert damping constant [l l , l 7], represents t he rela."ation constant deten nining 
the motiona\ damping of t he vector 11. T he magnetic energy E is assumed to be a 
functional of u and its spatial dcrivatives, 

E= j h(u , \711)dx. (1.2) 

where 1!(11. \711) is t.he magnet.ic energy deusity and 'Vtt the grad ient of u. The e!Tective 
magnct.ic ficld He/ 1 is equal t.o t he varia t. ional dcrivat ivc of t.he magnet ic energy E 
with respect to t he vector u , 

ii,11 = -óE/óu. ( J.3) 

In ordcr to givc (1.1) a dcfinit.c mcaning onc has to specify t hc cncr¡.,")' <lcmüt.y. In 
physics settill!,TS !J 4, 21], t.hc dcusity oftcn takcs t hc form of 

h(n. V'u) = ~V' 11 V'u + h,,., - ·11 • H . (14 ) 

where t he fi rst t.errn is t he nonunifonn exchange energy clensity with constant a·> O. 
t he third term is t he cont ribution from the externa] lield H and h0 ,, is t he ;misotropy 
cncrgy clcnsity, 

(1.5) 

whcre {31 ,{33 E 11\'. are Lile ani:sotropy constants. Sincc t hcre is a spccial fea t u re of (1. 1) 
that it preserves in the tirnc-direction the modulus of 11 ,at1uj2 == 2a1u u = O, one 
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can assume luJ to be const.ant provided that. lu(O,x)I is conslant for all x (physicists 
say t.haL this constant relies on the material and its temperature), so the term with 
·u~ in ha11 could be omitted . Moreover, one may set this constant to be t.hc unit, i.e. 
11.(t,x) E § 2 e IR.3. Let. Heff = Ílc¡¡/a, thcn wc havc 

(!¡ • {33 • H 
He¡¡ = ó.u + -;u1k1 + -;_:;-u:.1k3 +a• (1.6) 

whcrc k;(i = 1, 2, 3) are thc thrce standard orthogonal axes in IR.3 . 

Whcn thc anisot.ropy cncrgy is of t.hc form of (I.5), 

• if {31 #- O, (J3 f. O, it is a case of biaxial ferromagnet.; 

• if ,61 = 0,f)J '#O, (1.:J) is corresponding to a situat.ion of uniaxial ferromagnet, 
with the anisot.ropy a....:is coincident with t.he k·3-axis; 

• if {31 = O,{iJ > O, t.he anisotropy is of the easy-axis type: 

• if {31 = O, /h < O, t.hc anisotrnpy is of the casy-planc type; 

• if {J1 = {33 =O, this is t hc case of isotropic fcrromagnct .. 

T he Lanclau-Li fshitz equation (.1.1) bears a fundamental role in the understandiug 
of non-equilibrium rnagnetism [14, 20], justas the Navier-Stokes equation cloes in that 
of fluid dynamics. t-.i!any physicists and mathematicians do a lot of work on it. With 
tbc cffcctivc ficld to be simplificd by He¡¡ = .6.u, t hey found that t hc cquation 

8,u = -pcm X .Ó.U - ,\Q"U X (u X .ó.11) (1.7) 

could be thought of as a linear cornbinat ion of two parts, one is the Heisenberg systern 
[18], also called the Schr6dinger map [5]: 

(1.8) 

t he other is the hcut flow iuto spheres: 

81u= .6.u- (.ó.u·u)11.. (1.9) 

The former is a gcneralized no11li11ear Schrüdiuger equation. wliich lu\8 complete in
tcgrability in the spherica lly symmet.ric cuse [6, 19]. Although smnc authors havc 
studicd (l.7) or {I.8), ma11y bas ic nmthematical questions remain open. For exnm
plc, thc global existence of smootJ1 solul..ions is not. known when the space d imcnsion 
is grealer than one !5, 9]. The global existence of smool.b solutions of (1.8), up to 
now, has been established only far small initial data [2, 5j. In 1986, C. Bardos, C. 
Sl1lcm and P.L. Sulem \2] studied thc Cauchy problcm of (1.8) in general dimensions 
1md obtained both the global existcnce of wenk solutions and tlwt of smooth soln
t ions partly. Lar.cly rcscarchers in [8, lOj const.ructcd somc exact nontrivial globn.l 
sol11t.io11s und somc blow-up sol11t ious far ( i .8) in 20 cyli11drical sym1nctric case. Far 
t.hc Cuuchy Problcm of (1.7) in 30, t he global existcnce of weak solutions has been 
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prove<l by F. Alouges anc! A. Soycm [!]. ln t he same paper, the global existence nnd 
non-uniqueness of weak solutions to t hc homogeneous Neumann problcm of ( J. 7) have 
aJso becn provcd provided t.lmt ,.\ is diffcrcnt from zcro. On thc ot.hcr hand, thc hcat 
Aow (1.9) is a parnbolic equat.ion nccording to thc static La ndau-Lifshitz cqnal ion: 

6n - (611 · u)u = O, (1. 10) 

which is just an Euler-Lagrange cquation with respect to t he Landau-Lifshitz func
tional. T he equat.iou ( l . 10) cmi be trcntcd as a generalized harmonic map [4, 7J. Due 
to t his, the intcrcsting propert ics, likc ma .. ximum principies, c:dstence and uniquencss 
rcs11lts far thc small solutions, 11nd non-uniqncncss (in 20) for thc largc solutions 
to t.hc Dirichlct. prohlcm of (1.10), wcre studicd by Q. Chen [3]. He also obtnincd 
similnr propcrtics of ( 1.D) wit.lt Dirichlct co1idition by t ite stauclarcl hcat.-flow 1nctlio<I. 
Compnre<l with (I .10), t lic stnt ic Landau-Lifshitz equatiou with the externa] fietd is 

ó.n - (ó.u·n)u+ H -(H·11 )u=O. {l. 11) 

In [1 2, 13], ~I .-C. Hong and L. Lenrnire s tudied the propert ies of the smoot.h solnt.ions 
to ( I. 11) wit.h const:nnt houndary vnlnc. From this, thcy showcd us t.hc important 
cffcct of H for thc isotropic: forrnrnagnct. 

The nrnin aim of this paper is to offcr a global cxistcucc reimlt of wea k solutions to 
(1. 1) in 30 whcn 1,hc general form of (1.4) is considcrcd. In Sectiou 2, we describe the 
magnetizat.ion moclels for a boumlecl fcrromaguetic body either with the uouhomo
geneous Dirichlet boundary conditiou or with the homogeneous Neumann boundary 
condition. The main global existence results for these problems are s t.ated wit,h that.. 
\Ve thcn proceed to prove thcsc results in Section J and 4. We use thc Gilbert damp
ing term to rcalizc tite global weak solutions with finit.e energy by G11 lerkin ·s mcthod 
and penalty function method. Finally, in Sect ion 5 we point out. that some coustmit 
solut.ions far the dyrrnmic Lnndau-Lifshitz cquation are unique. From this, we show 
pnrtly tbe propcrti<:s of t ite gronnd statcs in t lw motion of thc maguctization. 

2 T he Models a nd Main T heorems 

\Ve are interested in t he magnet ization phenomenon when one puts a ferromaguetic 
body into a h-dircction externa! uniform field, fl = H0i1., where H0 E IR is a constant 
and 11 = (h 1,h2, h 'J)1'a 11nit vector in JR:3. In this case, the effect.ive field reads 

He// = óu + /3~t¡ f.:,+ /3~3 Í.:3 + !J;h, (2.1 ) 

and the magnetization is supposed to be equal to H outside the fcrromagnet.ic body. 
In mathematics, wc explain t his physicnl model by the Landau-Lifshitz system wit,h 
thc nonhomogenc011s Oirichkt botindllry condition, 

¡tJ1u = - pcxu x H cJ! - ,\o-u x (u x HeJJ) 

11(0,x) = 11o(:t) on n 
11(1,x)= ü 011 051 

Juj = 1 on n, 

on n 

(2.2) 
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where t he magnetic body n (e IR3 ) is a boundecl clomain with smooth boundary an, 
ancl ·u0 (x) = (u10(x), 11.20(x), 1t30{x))7 is the initial data far lhe magnetization vector 
·u= {11 1, 11.2 , 113)r: ¡o,+oo) x n -§2 e IR3 . The constraint Dirichlct boundary valuc, 
f¡ = (g1 ,92, g3)T a unit vector in !R3 , may come eithcr from thc Cf\sc of thc strong 
cx:ternal field considcred or from tite case of t hc ground states considercd ( anothcr 
ca.'ic i:; that whc11 thc 11m1-topologica\ nwgnetic soliton is considered in the whok 
spncc, onc mny :mpposc t hat it has c:oustant valuc 0 11 t.hc boundary corrcsponding to 
!xi = oo) p2, 13, 14]. Sec thc examplcs far the ground states in scctiou 5. 

A uothcr mat hematical descript.ion can be givcn with the homogcneous Ncumann 
boundary condition [ l], 

¡a1t1 = - po·11. X H e¡¡ - >.cru X ( IL X He11) 

tt{O. x) = 110 (x) on íl 
~(t .. x) = o 0 11 an 
l·1tl = 1 on n, 

011 n 
(2.3) 

where 1i is the outward norinal on the boundary of n. 
i\fake an importnnt 11ss1m1pt.ion in t.his paper t hnt ,\ > O. Fa r 11 smooth cnough 

the Gilbert dn1nping t.cnn plftyS 1rn important role for us to obtain 

>. " (P' + >.') Bru - pu x {)t 'lt + --p--11 x He//= O, (2.4) 

~ª'" + 1/. X a(lt + cr(r12 + >.2) ((11.. Hcf1)'11 - He11) =o, (2.5) 
p p 

whcrc He// is dcfined in (2. 1) ami 

3 fJ1n1 • {33113 - Ho -
11 x He/J = ¿ a¡(11. x 8;n) +-u x J.:1 +-u x k3 +-t1. x h . (2.6) 

•=t a a a 

D efinit. ion 2.1. Wc dej1:nc the spacc 

IF = {wlw E L00 (Il!+;!f11(1l)) ª"'' a,w E L2 (Il!+;L2 (1l))} , (2.7) 

whe« Il!+ = [O,oo), !fl1 (ll) = (H 1 (ll) )3 and L'(ll) = (L'(ll))3 , and define 

ll'o = {w)w E L00(Il!+;!f1Ó(ll)) und 81111 E L2 (Il!+:L2 (1l))} e W, (2.8) 

whc« H,\(ll) = (HJ(ll))3. 

T heorem 2.2. Suppose 110 E IH!1(0 ) satisjies 110 -f¡ E ll-lió(fl ) ami lu0(x)I = 1 <i.c. ou 
n. Then therc exists a. glob<tl weak solution u(t., x) lo (2.2), such that (in lhe sense 
oj) 

(i) u E IV and lu(t, ·)I = 1 a. e. ort fl ; 
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(ii) fo,. ali T > O mul cp E l 1 {0, T; lrlÓ(!'1)), 

j ,\ cr(p' + ,1' ) ' 
D1u · cp - -(u x 8tn) · cp - ---L(u X 8, 11.) · Ü; t.p 

v.,. (J p i: \ 

+ (p?. + ,\2) LB1u1 (u x k1) · cp + {J3u3(11 x f3) cp + Ho(u x i1) · cp )d:i:d/. =O, (2.9) 
p 

whe,.c · denotes the innc1· ¡mJflnd 'i1i !RJ mui \Ir = [O, T] x O; 
{i ii} 11 (0, :i;) = u0 (:i:) in llu: sense o/ tmces; 
{iu} u.(t .. x) = lJ on an; (utd 

(u) lh e e11 e1:qy i.nequality lwlds: 

E(T) + - ( ," ') j /éJ,,,/'dc,ds $ E(O) 
O' f' -j-,\ Vr 

/01· all T >O, 

111her-e E(T) is defined i.n (3.69}. 

(2.10) 

Remark 2.3. ! t is an imme<lialc consequence o/ the Definüi.on 2.1 and Thcorem 2.2 
that th e sol1it.ion 1t is in 11-11 1 (VT) fo1· all T > O. We a/so note that u E C(JR+; iL2{f1)) 
süi ce we ca.n gel. u E C(O,T;n...2(11)) , /01· each T > O, frorn l.he fru:fa t.lwt u E 
L2 (0, T ; iHi' (íl)) a.nd él,n E L2 (0, T; ll.}(íl)) . 

Theorem 2.4. Suppose u0 E IHP(O) sritisjics l·11o( :c)I = l <t.e. on n. Then there 
exis t.s a global wea/..: soltt/.ion u(l,:t) to (2.S), su.ch tlwt. {in ihc sense of) 

{i) ·u E W wi.l.h 11.(0 , :e) = 110 (.1;) in the sen.se of l.raccs and. ln(t., · )1 = 1 a.e. on n; 
{ii} Jor· ali T > O an<l tp E L2 (0, T; IHl 1 (0)}, (2.9) mul (2.10) lwlrl. 

3 Proof of Theorem 2,2 

The idcn of t.be proof is mai 11ly basccl upon hoth thc rnethod iu Alonges and Soycm 
[l ] and a domi1111tion i11 (3.25- 3.2G). We repluce the Landau-Lifslii tz equ11Lio11 iu 

sysleu1 (2.2) by (2.5), 

(3 .1 ) l ~8111 + 'tL X at'll + o(pl;;·'"') ((u. H clf )'u - He¡ I ) =o 
u(O, :i;) = i1o(x) on O 
11(1 ,x) = [¡ on an 
1111= 1 on n, 

Oll 0 

whcrc He// is ns in (2. l ). Usi11 p; penalty funct.ion mclhocl wc removc lhe const.raint 
condition lul = 1 in (3.1). Considcr a farni ly of problerns 

{ *ª'" + 11 X 811/, = (l{e~,;H~} ( Ó.·11. + ~kl + ~kJ + 1!;i-i1 - k (Ju l2 - J )u) 

u{O.x) = uo (x) ou 51 
u(t.x)=[J on an, 

(3.2) 

where k is n posit.ive inLcgcr ami u: ¡o.+oo) x íl: - R3. 
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3.1 Salve (3 .2) by Galerk in met hod 

Wo l1opc u(t.·) is in IHl 1(0 ) whc11 u salves t.hc prob!cm (3.2). As wcll known , the 
opcnll.or - .ó. mnps HJ(íl) to it.s d11nl spncc H - 1(íl ). Lct {c¡{:r)}~ 1 be thc cigenvcc· 
t.ors of opcrntor - 6. iu HJ( íl ), 1111<! A; 2:: O be thc cigcnvaluc corrcspondiug to e;(x). 
Tlms {c1(x)} , .. 1 construct the orthogoual busis of HJ(íl) , ru1d they are suppose<l to 

be standard undcr L2 i1111cr product. Indccd, onc can treat { ( i :1~L }~ 1 as the 

stnudunl orthogo11nl bnsis of HJ(íl). T lmt is , for u\\ i ,j = 1.2 .. ¡e,(x) E C¡\"'(!1) e HJ (fl) , (cllipt ic propcrty) 

(-Ll. c;,w) 1,2( n ) = ,\ ;(e¡,w) 1,2(n) for ull w E HJ(H) 
(c.,e;)Ll(OJ = Ó;J 

(c,,rJ) 111 (n ) = ( 1 + A1)112(1 + AJ) 11'Zó1J. 

(3 .3) 

Lct 

,,~ (1{ ,.(t, :1;),11t ,,(t , .1;), 11~,,.(t, :1;))T 

E" ( !. )'i' '() e;(x) 
¡.,, 1 1 + ; 'P¡ t (1 +A,)1 /2 n= 1, 2, (3.4) 

and 

(3.5) 

whcrc.p~(t) = (i.pf, ,(t ).rpL (t), rpg, 1(t))T E IR:3 . \Vesearch u~ that vcrifiesthefollowing 
inncr product problcm. Fo r nll l = 1, 2, . . , n, 

o(e1+.\1) ((.ó. ul· + ~k + ~i.: + 11.0.¡1 - k(lt•kl' - l )rl e (x)) ) p ., CI ] 0 3 0 n 111 1 L2(11) (J.6) ¡ (*fJ1 u~ +u~ x l11 u~;. e1(x))1,2¡n¡ = 

( u ~;(O,x)- uo(:r),e¡(x)) 1P (O) = 0 011 0 
11~ (t . .c) = fJ 0 11 llíl. 

Thc idcntitics (3 .4-3.5) \cad us t.o l111vi np; u~1on( t , :r) =O nnd u~lon( l ,.1:) = fJ trivially. 

Pro position 3.1. Por ali k crnd n, th c vmblem (3.6) lia.s o 1111iquc local sm.ooth 
solut1on. 

Proo f. U~ing (3.4-3.5), (3.6) hccomc:; 

¡
~ (E\' ·~e,(r), e1(x)) 1.'(0J + ¡i((E\''1'7e,(x) + {J) x E\'.P7e,(x),,,1(x)) 1.'(0J 

= (E1'1'7~e1(x),e1(x))L'(OJ + ~((E\' 'l'[.;e,(x) + gi)k,,e1(x)) 1,'(0J 

~(( l:j1 ip~.¡e,(x) + f/3)¡:3, e¡(x))L2(n) + ~{i1.e1(.r)) L1(n¡ 
-k((IE1'1'7•1(x) + 91 2 - l)(E1'1'7e,(,·) + {J). e¡(x))L' (nJ 

(E¡ ~(O)c,(z)- uo(x),r.1(,,·)) 11• (0 ) = O, 

(3. 7) 
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whcrc ,\ = n (p~~.\ 1 )' p = ~ 1111d 'Uo(:r.) =: 110 (x) - .f¡ E IH!¿{n). The fo rn111l 11, 

(Ej' ~(O)e , ( .,) -110(x),e1(x) )11 •¡ n1 = <pr(o)( l + ,\¡) - (110 (.v) ,e1(x)) 11• cn1 . (3.8) 

implic:s tlmt tbc sccm1d tKJlml:iou in {3.7) is 

1 (vo(x) ,e1(x)) 11• ¡n¡ 
'1'1(0) = (1 + ,\¡) . (3.9) 

Le t·s now turn t.o t.lie UenHS of Llie firsl equat.ion in (3. 7) . Since (3.3), 

ancl 

(E'1\ bfe¡,e¡}i2 = r,O~ , (3.10) 

((E]' ~e, + {!) X Eí' r,Of'í:;, (~ ¡) !.~ = r:·,l=l {esei, e¡) p ip~ X rp~ + .iJ X rpf, (3. 11 ) 

(E ;' ipf61; ¡,r!ih~ = -(E;' 1.p ~ ,\ ;e¡,e1)L'i = -,\¡ 1.p7· , (3 .1 2) 

({E;'ipt'.;t~; + .<11 )~1 , e1 ) 1,~ = ip~·):- 1 + 91 (1, e¡) 1,~k1 , (3. \;J) 

((E'¡'ip~.;r.; + g3)Á:"J ,e1} u = r.p~).~3 + g3 ( l ,e1)uk"J, (3. 14) 

(ii_ ,,~ 1)1.~ = (i ,e1)L~i1 , (3 .15) 

((jl: j' <p;·,, , + M' - l)(E;' <p~e ¡ + .<i), e¡)i, 

(( E .:'.t = ! 'P~- 1Ph~ .. «~ 1 + 2E~= 1 ip~ · iie~)( E]' ip~e, + li). e1)u 

E.~. 1 ,i= r (t',«~ 1 e ;, r~1)u(ipZ · r,o ~') ¡pf + 2E.~ .• = i (eJje;, e1)p(ip!. fJ) ipf 
+E.~. t = l (<:: .• et , e1) t ~ ( ip ~· · ip~ ).ri + 2( ip7 · [J)fJ. (3. IG) 

By (3.9- 3.16), (J.7) can Le Wl"itten ns 1.111 008 syst.em of 

(3.17) 

whic:h has 311 compon011b; of ip~,j(I.), 1 :S.¡ :S 3, 1 :S j :S 11. Namely 

(318) 

whcrc 1 is Lhc iclc11t.it.y matrix, T = 1'((1>~) is a 3n x 311 rn l\Lrix of ip}".j(I.) 1rn d F(W~;) 

has 311 compommt.s w\ticl1 are poly1101nial funcLio 11s of 'P!'"J(t ) ns linear co1nbinat.io11s 
of (3.l2 3.16). In de t.a il 

T,,, ) ( 11,, 
+P : 

'J~,,, R,,1 

R,,, )' 
11,,,, 
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whcrc 

!711q = ( ~ -g3 !;1 ) fo r ¡1 = (/ , 1111d R11r¡ =O for p-:/:- q. 

-92 91 o 
O('('nusc of t hc nntisyn~mcl ry of T(l.!1~ ), thc cigcnvnlues of T(IJ1 ~;) Are cithcr pmc 

i11111¡;iunry or zcro. llc11ce ).! + T( il1 ~;) is always reversi ble. morcovcr 

l dc t.(~/ + T )I 2' ~3 ". 

Siucc F ((l):i) is Lipshit z cout im1011s provided t.hnt. l •l> ~I is bounded. t he rc is a uniquc 
locol oolution 111~(1) E C 1 [0 ,ó~ ) t.o (3.18), fo r nll n. a nd k by ODE Theory. Wc c11n 
obtniu 111~( 1 ) E C00 IO ,ó~) bccnwm both ). ¡ + T ancl F are smoot h fo r <Ji~. In ot hcr 
words, u~ = u~+ [J, whcrc u ~; = :~ 1 ip~ (t)e;(.i:) E C»({O,ót); (Ccf(0 )) 3 ), is tbc 
uuic¡uc local &>l ution to (3.6). 1 

l f wc multiply 1.hc first idcntit.y in (3.G) by ¡pf nnd summnte it. for l ~ 1 ::; n. , l.hcn 

r • a k r k 0 k r k. !!.. " ••'d .. =_!!.. r 1 \7'11 ~1 2 ,1 .. ,. Í n ó.u,. · 1 u11di: = Íon 1i • 'Vu., · t'11 11 da - J n 'V u11 fJI v 11 ... 81 J n 2 

Odi LL t' 

1 k 2 {1¡ , k 2 JJ:i. 
- ;¡ll 'Vu,. 11 1,,¡n¡(I) - ;¡;;llk, u,.lli>¡n¡(t) - ;¡-;;llk3 

Ho { • ' ) ¡. 11 " ' --¡:;- Jn ¡, n.,tk'(I + ;¡I u,.I - Illt'(n¡(I). 

lntcgrnting (319) ovcr jO, t], it bccomcs the cuergy equofüy 

whcrc 

E~(O) 

6,~( I ) + Xj l 8,u~ l 2dxd • = 6~(0), 
"' 

V,= IO,tJ x (l 

(3.20) 

(3.21 ) 

(3.22) 
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a.ne\ 
'(O) '(O) . ,,,, (uo(x) ,e,(x)),,•¡n) ( ) +. 

11 11 = 1111 + i1 = L.o¡:::: 1 1 +A, "• :r .'l· (3.2•1) 

Sinre ''o E HIÓ(O), we 111.we ll ·o~(O )llJr1 cO) $ llt'OllJ1 1cn) nnd then, ll \7ti~ (O )ll 11(n) $ 

c,. uk, ·u~(Ollll•tnJ $ e,, ll Í,,·uUDllll•tnJ $ Co . I In ¡, . .,;,(O)dxl $ Co and lll ·u~;(o)l'-
111t,1n1 $ Co l>_y 1 he Suholcv c111bcddi11g tht.'Orcm . whcre Co is 11scd to denote t lic cm1-

stnm dcpt:ndiug on ly m1 ll·1io ll 11 1¡n¡ 1111d IDI (mnrl>e also 011 IAI, jp\, lr-~ l. l.B1l. l/1;¡J. IH0! 
iu1d K0 in :-.0111(' ca.ses bclow) , bllt Itot, ou n an<I J.-. Hcncc E~{O) $ kCo. 

Thc .scctmcl , thir<l 11nd fomt h tcrru in thc dcfinition of E~ cn n be dorninat.cd by 
thc fifth 1crm (for k l11rge cnouglt ), si ncc 

llk; · u~;¡¡J.,¡o¡ U· I $ fn 1u;.1'dT = fn 1u;,12 - 1ch+ 101 

$ ~ lllu~I' - l lli•ini(<) + ~l !l l, (3.2>) 

nnd 

ll h · u;.dxl (t.)$ llu;,11,_,10¡ (<)101'1' $ ~ lllu;,I' - IllJ..cn¡(I) + ~101. (J.2U) 

T lms, thcrc c..xists u fixccl l<o > O, ouly clcpcnding on n ,/11,/h an<l H0 , s 11cl1 tlml. 

{! , ' '11' () (3, llk ' 2 !lo r ' ' -2c;"ll k1·11,. 1,, (n) /, - 2;.; ·3 · ·u 11 llr,,(O)(t) - O Jn h u,,d.i;(I ) 

+ ~111,,;.I' - Iili•1n¡(I) + /(0101~ 0. (3.27) 

\\"hcu. J.-> /\·o. 1 he dorn i1mtio11 mc ntioncd nhovc bci ng nchicvcd, thc rc hokl 

O$ ~ ll \7u:. 1 1 J,,¡o ¡ + k ~/<o lllu;,I' - J 11),•¡n¡ $ E~(t) + 1''ol01, (3.28) 

aud 

O$ E~(O) + l<olOI $ kCo. (3.29) 
As n rorn~ucnce of Llic cncl'gy cqnal ity (3.22) , (3.2 ) and (3.29), for f11l k > J<0 , 11 :::: 

l. 2 .... nncl t E [O, 8,, ), tll<'rn liold 

ll\7u;.11J,,¡n¡(I.) $ kCo , lllu:I' - l llhO)(I) $ kCo, (3.30) 

Uu~llhn¡(I ) = r 1u:.12 - ) dx + 101s111u:.12 - IllL'(n¡IOI''' + 101 $ kCo, (J.JI ) .In 
ruul 

(3.32) 
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P roposilion 3.2. There eri .... ts n 1(0 > O sucl1 tlwlfor all k > I<o andfor al!?i , /he 
uiw¡uc lo<:ol solu liori of (.'1. G) obtaúwli ir1 Provos'ilt0r1 :J.l ca11 be crterulctl globally. 

Prooí. Lct k > /\.O nnd n be fixcd. Sine<' (3.3 3.5). wc gct from (3.31 ) 

for all 1 E ¡o.ó:). 

T his implics tlmt <1 ,~; ( t ) is bounded on [O,ó~), nnd t. lrnt. ¡F( 1!1~ ( t ))] '$ C 1 uuifornily on 
[O, ó~) fo r somc coustnnt C 1 > O, duc to t.hc co ntinuity of F. 1t fo l\ows stn nd urd ly 
from t.hc known inequality (3. 1!)) tl llll (¡1~(1) ca u be extended to !O, ), t. lwt is, the 
solution u~(t.r) of (3.G) is globn l. 1 

From now on. wc considcr on ly thc en.se of k largo c nough when the g lobal so lution 
u~ = u~ + f¡. where u~ E CO(l(IR': t-; (Cü(r2))3 ), cxists from P roposition 3.2. lt is ensy 
to seo thnt thc cncrgy cqunl it.y (3.22) 1lnd the inequalities (3.30 3.32) preserve far 
nll / E [O. ). ll cncc írom (3.30) nucl (3. 31 ). onc gcts thnt 

(3.33) 

/\mi frorn (3 .32) . 

(3.34) 

Prop os itio n 3.3. For th e sequence {u~;(t,:r)} .. .. 1 obtamcd m Pro¡JOsi:t.ion S.2, lhere 
i:.riMs a tl'cak hmtt 1l(1, x) ú1 W , which is a global wcnk solut1011 to (S.2). 

Proo r. incc (3.33 3.34). t.hcrc exists 1.1 uk( t,, x) E W0 wriucu a.'i uk = (v}, v~, ·uS)r, 
s11d1 llmt 

{
,,;.(1,x)-" ·u'º(t,x) ;,, L~(JR+;HMn)) 
D,u~(u·) ~ IJ,v'(t.,.c) ;,, L2(JR+;L2(!l)) , 

(3.35) 

up to subsequenccs, us n - oo (in thc fo\lowing proof we mny ta kc lirniL up to 
subscquenCt'S. ns 11 - ). Let 1ik· = (ut, 14. u~ )T = uk + fJ . \Ve ded uce casily from 
(3.35). by thC' Sobolcv c mbcdding t ~ hcorcm nnd thc Lions compncL t.hcorcm , t hnL for 
nrbitrnry T > O, 

11 nd 

11~ ..:.:. r/ in L (10 , TJ; L 6 (fl)) . 

·11~; _.. .,/ in H1 ([o. TJ x n), 

(3.3G) 

(3.37) 

u~ - u' ;,, C(IO, T]; L2 (!l)) n L" (IO. T];L'(!l)) for q < +oo, ,, < G. (3.38) 

( ce for in .. -.tn.ncc J .L. Lious [15] for vcry gcncrnl com1>nctncss rcsu lts of t lmt. sort.) 
l-lc11cc (3.35- -3 ) 1ogcthcr witb thc well-known foct , 

(3.39) 
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g-ivc the following (:.HO 3.44). Fin;t of nll, 

1r(lJ,u~ .c,) 1,,(n)df = 1'" fo 8t'11~(t . .c)e,(.c)cl..cdt - 1r (8,uk. e,}1.,(n)dl, (3.40) 

nncl 

fT (11~ x D,.11~;,e,}¡,~(n)dt-J.T(u~· x D,1/.e,)L1¡n¡dt. 
.fo o 

(3.4 1) 

sing the dh·ergcncc Lheorcm, 

J.T(t>u~.e, ) 1,•cn¡ (l. )cl t. = - { ' J \7u~(l,x) ·\le; - -1T(\7u', \7e;)¡,•¡n¡(l.)cll. 
o . o n (3.42) 

For j =J. 2.3, 

T 7' 1T fo {u~·"'e,)P(n) (l.)d l. = 1 (u~ - Í::j,C;)L,(O)(t)d/. - o (t/-i-;,e;)L''(O)(t)dl. (3.43) 

Finally. 

1T 11' 
0 ((lu;I' -1)1.; ,e,)1,>¡n¡(l.)dt- 0 ((11'.'I' - l )u',e,)1,,¡n¡(l.)dt. (3.•1•1) 

F'tom (3..10- 3.44) 1md (3.G), wc oht,aiu thc global wc11k solution to (3.2) in t hc scnsc 
tlmt 

foT (.\8, uk + Puk X até' e,)L,(n¡(l.)dt + foT ('Vuk ' '9'e, )L,(OJ(t )clt. 

1r {31 11.~· • fJ:.iu~· • ffo • k 2 k 
= 0 (-,;:-k1 + -,;:--k, +-;_;h- k(lu 1 - l )u .e,)1.>¡n¡(l.)dt. (3.45) 

ince T is taken arbitrnry, we can say 

(5.811/ + fji/ x 81u~·,e¡}¡,2(n¡(t ) + (\7uk, 'Ve ,)v(OJ(t) 

-('61 ut i.-1 + 1331'~ i.:3 + !!.!!.¡,, - k(l'll"'l2 - I )uk, e¡)L~(OJ(t) =O a.e. ou IR+. (3AG) 
o o (Y 

Since {e,(x)} is Lhe orthog:onul basis of /·IJ(O), u~(O,x) - v0(:r) in IHló(O) from 
(3.6); on rhe oiher hand, v~;(0,:1;)- u""(O,x) in LP(O) since (3.38); Lhus 

u""(O,:i;) = 1to(:r) in thc scnse of traces. (3.47) 

SinC'C' ,,1:(l.-) E ~(O), t.hc lioundary vnluc condition 1ll.so holcls, 

1l(t,.c) = g 0 11 an. p.~8) 



Clobul Wcnk uhit ions to t he Lnndnu-Lifshitz Systcm in 30 13 

3. 2 End o í tite Proof 

Considcr B~(O) . incc 

u ~(O) = t• ~ (O) + [J - · 110 + {¡ = uo ns 11 _. oo iu H 1(11) L..i (fl ), (3.4D) 

0 11c hns 

fo 11 u~0 (0)I ' - 1¡'<1., $ fo 1,,7, (0) - uol2 1u7, (0) + uol'dr 

$ <fo 1·u7,(0)- uol''d.r) !(fo 1u!(O) + uol'dr)! 

o ~~ 

nnd 
~ll V'u~ (O)llh (O) - ~llf1 · 11~ (0)U'i,~(O) - ~U.h · u~(O)U l1cn> - l!f fo h · u~ {O)ch 

- 4 11~ 11011 1,cni - ~IJ Á· 1·110117.~cíll- ~llÁ·3 ·1•olll1cni - !!f f0 i1 ·11od:,. 

"'E(O) (l.':111- (3.51) 

Sincc (3.35 3 .3 ), wc l111vo 

-21 ll'Vu"' lll11n i( t ) +). r 18,1/1 2 ::; lim inf ( ~ llVu~ ll lJ(O)( t ) + ,\ r I D111~1 2 ) (3.52) 
}11, u- oo 2 lv, 

by thc lowcr &emi-continuit y, nml 

lli·; u7, 11J,,10¡(I) - llk, · "'llJ.,10¡(1). 

fo Í1 · ·11~d :i; (t) - l i1 · 1/clx(t ) , 

11 1,,7. 1' - l ll~;•111¡(t) - 111.,,'I' - lllJ.•1n¡(I), 

IL'I r1 - • by lhC' C"Oll tinu ity. T IL11s, in vicw of (3.2 1 3.23). thcrc holds 

far R.C. t ~ Ü, 

wlwr• 

E' (t ) i ' ' fJ , • , I' ( J:i 1· , ' 2 11"" ll t,'10)(1) - z;;llko ·U 1 "'IO) l) - z,; l k3 · u ·11 1.' IOl(I) 

!lo r . k k k 2 2 -¡;- Jo lo· u dx( I) + ;¡lllu 1 - 1 ll "' IOJ( I). 

(3.53) 

(3.5,1) 

(3.55) 

(3.56) 

(3.57) 

Likt• tlu.• 1~rgum<'nt :; in thc subscct ion 3 .1, onc ct111 dcdure from thc cucrgy incqw11ity 
(3.56) Llmt for k > Ka, 

ll \ u' IJ.,101(1) $ Co, lllu'I' - l ll).' 10)(1) $ Co. ll u' llt•in¡ (I) $ Co, (3.58) 
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Rlld 

Thm• 

nnd 

llV,1i''ll~.~(R•:l.2cnn = llD,uk11¡_1cR·vcnu $ Co. 

Thcrc l'Xi .. 1~ M>me 0(1, ,1') - (111, 111 , ••:1)T E \\'o ~nch thnl 

nnd 

{
1,k(I, .•·) .:... u(I,.•-) in L~(R+;HÓ(fl)) 
8,</(1,.,,) ~ éi, u(1, ,·) in L'(R+:L2 (fl)), 

1/ ..:.. 1i in L (10, Tj; L 6(0)). 

·1/ ___. '11 in H1(10. TJ X n ). 

(3.59) 

(3.60) 

(3.61 ) 

(3.62) 

(3.63) 

(3.6 1) 

u' - " in C(!O, Tj; 1.2 (0)) n L'(!O, T]; L'(fl)) fo r q < +oo, p < 6. (3.65) 

And thus up to s ubscqucuccs, 

,/.(1, ·) - u(I , ·) a.e. 011 n for al! l ;:: o. 
Lct k - in (3.56), wc luwe t.he cucrgy incc1111tlity 

E(I) + ,i { ¡o,,,¡'d,·ds $ E(O) $ Co 
l v, for nll 1 ~ O, 

by thc lower semi-co11Lim1i t.y n11d thc continuit.y us in (3.52 3.[16), nnd hnve 

(J.66) 

(3.67) 

i1/i'2 - 1 - 0 in /.}(fl) lllld l\.C, Oll fl ~ f nil I, (3.68) 

when.> 

E(t) = ~ /V'u lfi~(O) - ~:llk1 /Lllh(n) - ~IJÁ-3. uur,cn) - !!!-L /~. ud.r. (3 .69) 

As a ronsequeucc of (:.l.G6) ond (3 .GS), thcre ho lds 

1•1= 1 l\.C. (3.70) 

E n d o f t h Proof. Tnkc 1/Jk = 11k X>f wher<><p E C'""'( •: (CQ(fl))3). Sincc uA E 1\1, 
onc tt;cts '-·1;(t, ·)E IHIÓ(n}. Noticing (3..16) we obtnin by de1it<1ty that 

>..a,1/+¡i1/ x &11tk,11k x )i.1cnJ(t)+(' ut.ut xV..p)i.1(nJ(t ) 
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-(J,ut k 1 + JJJu~ iJ + !!!2.;, 1 u": x 1;7) 1,,(n)( t) =O lH'. on JR+. (3.71) 
o o o 

l utl'~rnting thc nbovc idcntity over [O, T ], ond letting k - . we htff• 

LT (>.Dt u X 11, i.p) ¡,'l(O) + (j)(u u )81u ,i.p) 1,2(0) - ((){u 8,u) 11 ,¡p) 1.'(0) 

f·( \711 X u. " "')U(O) - ( ~i·¡ X 11 + /)3113 i.:3 X u+ !!!h X 11.,,)u{n)dl = o, (3.72) 
u n n 

by (:J .G2 3.65). Now '''l' hove gol.t en from (3.70) tlmt 

l !. n (¡,'+.11 ) <!--
. 01u ·l(J- - (11 x {)111.)· ¡p---- L.,, (11x0,11)· 8, 1p 

\ r p p 1s-I 

(p' +,\') ( " ) +--p- J1u1{11x k1 )·¡pt{i:1113 (11 x Á-:i)·'f'+ Ho(uxi1)·..p d:nll = Ü, (:J .73) 

for nll E C (R+:(Có"(fnr1), th11t is , t hc wcnk sol11tion to i>yi-. tc m (2.2) in thc 
divcrgcnre-íorm. Oy nn nrg.1m1cnt. of dcnsity. we deduce thnt (3 .73) holds for ull 
v; e / ... 1(0. T;HJ.(fl )). lt. is trivinl to check tite init ial condition and the bou ndury 
romlition. likc thnt in t he proof of P roposition 3.3. Togct hcr with (3.67) und (:i. 70) 1we 
c11d th proor of Theorem 2.2. 1 

•1 Proof of T heorem 2.4 

\\'1 · ('1111 ll!'IC th{' N\111(' llLCI bods HS in tite proof or Thronm1 2 2 to prove Thl'Ol"Clll 2.4. 
111 li tis M.."'<'tion. the i.kctch of t. lm proof i:-; g ivcn ru) fo llow:i. 

lCf) l \\'1.• introd11t t hc stu rn.\md orthogonnl b1L-;i:i oí /.}(0 ), {w¡}¡. 1 , whosc 
ck•1111·11 t!'I nrc lhc eigc uvcctors of tite Ln pl11cc opcrntor with thc homogcnous Nc11111f11111 
houuclnry condit ion. Thc scqm:11cc {w,} is ubo llll orthogonal bnsis of 1/ 1(0). lt 
t1nti:ifiC8 fo r aJI 1,; = \ 1 2 .. ¡u·,(z) E H ' (!l) , (w;(x) E C (fl ), e\];ptic prope rt y) 

(- .ó. u•.,w) r.~ (n) = ,\¡(w., w) 1.~(0) for nll .AJ E 1-1 1(0:) 

!j¡;t =o º" an 
(u.•,, u·,)L'(O) = Ó,1 

(u·,,ui,) u• (OJ = ( ! +A1)1 /2 (1 +>.1)1f26.,. 

wh<'fc ,\, ·s denote thc t·igc11 v11h1cs. 
Step 2 Considcr the hmcr problcm 

(•1.1 ) 

(4.2) 
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for ali l :$ n, wlLcru 

u~; = (uf.,.(t . .r). ui.nCt· .r), u~ ... (t, .r)r 

= E;~,..,,~(t)w,(.r) 11 = l. 2 .. (4.3) 

where y~(t) = ((;:{ , (t) ,rpt, (l) ,ip~ .• (t ))T E Rl. P roblem {·1.2) is nlso globally solved: 

P roposit.ion -1.1. 7'hl"1Y! r.l'i8fa a 1\ 0 >O suc/1 that /or alf k > /{o antlfm· alf n, fl1err 
rxt."11.:i a 1mu111r• glolml .wlulion 11~(t , .r) E Coc(R+;(C'°(fl))3) of (4.2). Alorcouer, ·u~ 
,atL\/fo. tJ1e ,<¡m11f' t' ll f!1!JY 1•qu.ali.ty (.1.22) arul tl1P. c.'ltmwte.'I (.'J.3.'J-.9 .• 14). 

Proof. Noticiug: t.hat. 

r 1i. \7i1.~(:1;)f(.r)du 
l nn 

j
00 

E~. , '/l~( t );i · \7w;(x) f (,)cla 

r ¡;;~ , 'l'~(t) ªa"~· (x) f (:t)cla ~ º· 
fon 11 

nnd R1¡q = O, whnt. is showcd for t.hc bnsis {e; } in thc proofs of P roposition 3.1 nnd 
Proposition 3.2 is nbo holcl for {111;} . Thcn thc similar Argumc11ts cnd t.his proof. 1 

Stcp 3. Let. k be largc cuough. Passiug to t.hc limit (11 _. oo) . wc fiml a wr11k 
sohuion tl(t .. . r) E l\I of uquation 

in the sense of (3.115) or (3.<IG) where e¡ is replacecl by w., as sliowu in Propositiou 
3.3. ~loreover, (3.117) nnd (3.56) also hold. 

As shown in subscction 3.2, passing to the limit (k - oo) . we find a wenk solution 
u(t. :r) E 11' to thc i;ystcm (2.3) such t hat (i) nnd (ii) hold in Thcorcm VI. 

In 1hc fol\owing propos iUon, it is showcd t hat thcrc is 1111 irnprovcmcnt far thr 
rC'gu \11ri ty of "k· ([1]). 

P ro1>os itio 11 4.2 . As.mm.e tlrnt the 1mmmeters {J1 :5 O, ¡33 :5 O ami flo = O i11 {,(.4)1 

lhc11 llu' (t ,.r)ll i~ $ l. 

Proof. Dy a dcnsity nrgumcut, wc deduce that for nll Q E IH11 (O) t hcre holds 

{" {T 
Jo (5..a,1/ +ifo1.' x D,u". ef>)vi¡oi(t )clt + Ío (V'uk. 'VIP}i~"(n)(t)dt 

lo r .0111t • JJ3u~ · J; 2 ~ 
~ (-k, + ~k, - k(lu 1 - l )u .4>)1.>¡o¡(t)<ll 

• 0 n o (4.5) 

Ut C(.r} be tlw followinp, 

G(I) =o if J :s º' 
G(r) r 2/2 i[Q < r $ L 

C(.r) - .r - 1/2 01huwiM". 
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T lw11 

8 C( 'I' )( " ' 8 ' 8i ju - 1 f,.r) = 2y(lu 1 - 1)11 O," , 

whl'rt' g(r) - G' (.r). T11kc <P uudc.• r thc íonu 

~( 1 , : .. ) = 2r1011' I' - l )u'. (4.6) 

Ob\' iuusly. O E L1 (\'r) nml 'V I/> E L (R+; L1(fl}). Corrying {-LG) in (11.5) lends to 

, ¡ .Á29(lu"l'l- l}u" .lJ,uk + l)119'(l1i4°l 2 - i )(u" ·8,u")2 +29(1" ~·1 2 - l )l81 1iA·¡:.i)d:i;dl 
~ 1 i • I 

Out. 
y'(lu'I' - 1)( 11' · 8;u') ' ~ O: 9(1u' I' - 1)/8,u'I' ~ 0: 

!1(111'1'- l )(lu' l'- l )lu'I' 2: O: 

y(l uA-1 2 - l) l11.n2 nml 9(11i'-l·12 - l )lu~f2 ~ O; 

(4.7) 

nnd llu:y nll bclong 10 J) ( \!.,.). Sluc:c t hc (L~utnption!i that ;JI s O, /J:1 s n u11d /.. · ~ o, 
w<' get thnt 

1 {J! G(lu1'!2 - 1)(/,, Y)d.l'd/ = 1 2y(lu4IJ - l )u ~ · 81tJAcl.l'd/ $ 0: 
\ -r / Vr 

furt ht•nnon.-. by (3..17), 

fo C(lu ' 12 - 1)(1', .o·)cb; $ l G(lu'I' - 1)(0.r)dr = fo C(luol' - l )(s)d.o; = O. 

Wt• cunclmll· th111 J1l(1, :,. )I S 1 a.c. 
By tlle ¡>ropcrticl"l o í pnrnbo lic cquations. thc formuln { U ) 1.hcn g iv1:•s 11"'" lll'lo 11 g::1 

to 11 n L2(0.T:H'(n )) si11cc S(1 , ... ) E /,1 (0.T:L'(n)). 

5 on tant So lut ions 

Arcordin_g 10 thc sc11sc of wcnk sol11tions in Thcorcms 2.2 and 2. '1 , n11y clnss icnl soluLior1 
tn thr L"'ndftu-Lifshitz cquotio 11 is l\lro l\ weak solution. For the cl11R"lic1d sol11Lio11s to 
(2 '.?) or (2 3), Olll' mny ded uce thc ('llt'rR)' cqunlily 

Pro~itio n S. l. Fo1· <m·y clossu:ol $Ohihon 11 to (t.2) or (i.~). fh c i: 11 r 1y¡y cquo/1/y 
hold-•. 

S(t) + -( ,' ") J. 10,u/11lrd.· = E(O), 
o p +"' \', 

(5. 1) 

1dll'Tf é'(t) U thc Mmic fL'J m (3.69). 
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P r oof. Since u · 8t1L = 01 and u satisfies (2.2) (.f¡ constant) or (2.3), one gets 

{ (ñ. \?u). c)¡·uda = ( -08~ . 01uda f O da = O. (5.2) 
ka ka n ka 

Hence taking inner pro<luct of (2.5) with Dtu and iut.egral.iug over Vi, we get (5.1). 1 
We considcr t.he constant solut.ions in the following. If u(t,x) = g is a constant 

solution to t.hc Landau-Lifshitz cquation , it can be trcatcd ;u; thc global classical 
solution both to system (2.2) and to system (2.3) with t.he initial data u0 = .iJ. We 
could ask whethcr t hc uniqucness holds for t he solution with this init ial data. 

P roblem: If u(x) = fJ is a const.ant solut ion to thc static Landan-Lifshitz cq1mtion : 

H,ff (u) = (H,¡¡(v) · v)v. (5.3) 

Let u0 (x) = f¡ in system (2.2) or (2.3). Is the solution to (2 .2) or (2.3), u(t, x) = [¡, 
unique? 1 

We give a posit ive answer to the above problem in some special cases. Supposc 
uº (t ,x) = (n ¡ , u2,11j}T is a classical solntion to (2.2) or (2.3) with u ' (O,x) = .f¡. 
Employing the energy idcntity (5.1), onc can deduce that: 

:S o: r l\7u' l2d:t: + 20>.. r 1at11:¡2dxclt Jn Í v, 

/31 fo ui2U) - gfdx + {33 fo uj2(t) - gjdx + 2H0 fo h · u' (t ) - ii f¡dx 

óE(t) . (5.4) 

Obviously, if thcre holds óE(t) :S O, then Diu' =O and \71i' =O on \/i ; Uniqucncss is 
obtained. 

(a) If H0 = O, {31 = O ancl {33 = O, then for an arbitrary g E § 2 , v(x) = fJ is a 
solution satisfying (5 .3) ancl u(t, x) = f¡ is a constant solution to t he dynamic equation. 
r..foreover one can deduce that óE(l} = O and then uniqueness is obtained. This tells 
us t hat the isot ropic ferromagnet could be oriented randomly. 

(b ) If Ho = 0,/31 # O and fh = O, eithcr 11(x) = ± f 1 or v(l;) = (0,92,93)r E § 2 

satisfies (5.3). By chcckiug óE(I,) :S O, wc can obtain that with 110 = (0,92, !J3)r , tbe 
solution lo (2.2) or (2.3) is uniquc if {J1 < O; and with u0 = ±k1, t he solution for 
{31 > O is uniquc. These asscrt tha.t in thc ground state of an ea.'Jy-planc fcrromagnct 
t he vector u lies in thc easy plane in the <tbscncc of an ex lema! magnctic fie ld aud 
can be directed arhitrarily iu this plane; ami in t he ground stat.e of an easy-axis 
ferromagnet the magnetization vector is dirccted ooly along this axis. ([14]) 

(e) If Ho = O. /31 # O and (J3 f. O, the constant solutions to {5.3) are cither 
v(x) = ±k,, ±k2, ±k3 for arhitrnry /31 and {33, or v(:i;) = (g¡, O, g3)T E § 2 for /31 = {33. 
With uo = ± Á:1, thc soh1tion to (2.2) or (2.3) is uniquc for /31 > O and {33 :S /31, sincc 

óE(t) (3, { u;'(t ) - lckt + (33 { uj2(t)dx 
Ín Ín 

(j , l u;'(t) + u j 2 (t ) - ldx + ((3, - {3, ) l uj'(t)dx ~ O; (5.5) 
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wit h ~10 = ±k2, t hc solut ion is uniq 11e for {J1 < O m1d {33 < O; with uo = ±k3 , thc 
solut iou is uniq11c for {33 > O ami fJ1 ~ {J3; ami when {J¡ = 63 > O, the solut ion wit.li 
·1t0 = (.q 1,0,g3 )T is uniquely obtnincd sincc 

óE(t.) f31 fo u j2 (t) - gi d:i; + fJ:i fo uj2 (t) - g~dx 

(:1, r u¡'(t ) + uj2(l) - ld2· "' o. .In (5.6) 

F'rom these uniqueness conditions we see t.hat the size of ,B; will decide t.he lending 
axis for a biaxial ferromagnet. 

(d) Tf f/0 # 0,(31 = O and (33 = O, then ·u(x) = ± li are solut.ions to (5.3). \~1hen 
1to equuls lo ii. and !-!0 > O, t.he const ant solut.ion u = it whose direct.ion agrees wit h 
t.hat of t.he externa \ field fl is uniquely solved to (2.2) or (2.3) . Wit h u0 = -it and 
Ho < O, then ·u = -h whose direction a lso agrees wit h l ha t of if = Hoit is uniquely 
solved . In ot her words, the externa\ field will be forcible for an isotropy ferromagnet . 
l ndccd, t.he properties of t he sta tic Lnndau-Lifshitz equnt.ion with constant boundary 
valuc nrc st11rlicd in [12, 13]. 

(e) Let. H 0 # O.it = k1,{J1 #: O and /33 = O. In (5.3). v(x ) can take the constant. 

cit hcr fJ = ±k1 or fJ = (- flo/f31, .Q2 , 9 3)T E § 2 providcd IHo/fJil ~ J. l f 110 = i 1, 

óE (t ) {31 l u j2 (t) - l dx + 2Ho l u¡ (t ) - ldx 

l (uj(t) - l }(/l1(uj (t) + 1) + 2H0)cbo. (5.7) 

Thus when {31 > - H0 , óE(t 1) ~ O since it j(t ) can be choscn ncar l. Hencc thc 
dynamical solut ion u = ( 1 to (2.2) or (2.3) has uniquenes.s for {31 > - Ho. Simila rly, 
with u0 = -Í.:1 one gets t hat the dynamica l solution u(t., x) = -k1 is unique for 
fJ1 > Ho. 

{f) If H0 #- O, i1. = k2 , {31 #: O ancl /JJ = O, v(x ) may take either {J = ± i.:2 or fJ = 
(g1, H0/{J1, 0)T E § 2 prov ided lflo/fJil ~ 1 in (5.3) . For u0 = k'l , and Ho > {31 > O, 
t hcre is uniquenes.s result for 11(t , x) = i.:2 to {2.2) or (2.3). sincc 

óE (t ) ¡J, fo v.i'(l )dx + 2Ho fn u; (t) - ldx 

h ((:l,(J + u;(t)) - 2f/0 )( 1 - u;(t) )dx -/l1 fn v.j2(t)dx °" O. (5.8) 

Similarly, for llo = - k2 , Lbe condit ion - H0 > {31 > O gives t he uniqueness for 
dynamicnl solution 11.(l ,:i;) = - k2 . 

Received: Jan 2005. Revi s ed: March 2005. 
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