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ABSTRACT 
\Ve s tudy ru;ympt.ot.ic bchnvior iu t ime of solut ions LO nonlincar SchrOdiugc1· 

c<¡untions in 1hrcc spac:c din1c1isions witb cpmdrntic 11011gnugc invariu1it nonl i11· 
cnritics. Duc to t hc osc:il!ntiou propcrtics of such nonlincnrit.ics t.hc time dccny 
cstinmte:s nrc fast,cr comparing with t he case of gnuge invnrinnt nonlincnrit ics. \Ve 
provc thc cxistc11cc of solutious to thc finn l problem and lnrgc t ime m;ymptot ics. 

RESUMEN 

E.-,tudinmos e l comportumicuto asintótico en el tiempo de lns ecuncioncs de 
Schródingcr cu tres variublcs espnciulcs con no lincnlidudcs invnrinntCli sin nivel 
(nongnugc) . Debido 11 !ns propiedades de oscilnción de tales no lincnlidades, las 
cstimnciones del dcc;nimicn~o en el t iempo son más ní.pidns comparnndo el cnso 
de no lincalidndcs invnrinntcs con nivel (gnugc). Probnmos In cxist.cncin de soh1· 
cioncs del problcmn fina l y cstimncioncs nsiutóticn.s de tiempo grnndc. 
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K cy words und p ht'llSC:l: N1mlmc11r Sc/1riiilmgcr cqm11!011..'I, /,oryc Lime 

rvt ut.h. S ubj. Cluss.: 

1 Introduction 

11.'ly m¡¡totics 

35Q55, 35840 

In t.his papcr, we obt.ain the usymptol ics in time of so\utions to thc 110111ine11 r 

Schr6dingcr cquatiom¡ in thrce spacc dimcusions 

u (t ) = '" (t) +i 1= U(t - T)N(u,cñ) (T)dT, (t,x) E R x R", ( 1.1) 

whcrc u 1 (t) = U (t.) 11+ is t he ::;olution of Lhe free Schr6dingcr cquation and U (l) is 
the free SchrOdingcr group dcflncd by U (t) = dHil . The nonlincar lerm N (u, U) is a 
smooth function, satisfying thc following condit ions 

N (0, 0) = 8,,N(O,O) = 8,;N(ü, O) =O, (J.2) 

8;N(ü, O) = ,1,, 8~N(O,O) = ,1,, 8,,8,;N(ü, O) = ,13 ( J.3) 

wit.h ..\ 1, ,\ 2 , ,\3 E C. Furt hcrmorc wc u:;sume t hat t.hc highcr a rder derivo.tiV(.'S o f t.he 
nonlincarit.y N (u, ü) satb;fy t hc estimatcs 

(J.4) 

fo r al\ u E C , j + k = 3, 4, G, 6, wherc q 2: 6. Condit.ions (1.2}-( 1.4} imply t.hat. t.hc 
nonlincarit.y N (11, :U} has a forrn 

N (11, U} = ~u2 + iu2 + A3 J11f + highcr ordcr t.erms. 

T hc intcbrrnl cqunt.ion (1.1) corrcsponds t.o thc final problem for t.hc nonlincnr 
SchrOdingcr cquat.ion 

{ Cu = N(u,U) , (t ,x) E R x R 3 , 

U (- oo)'IL(oo) = "+• 

whcrc C = 181 + ~ 6. is t.hc linear SchrOdinger operator. In j4j, !5], !6J, [7], [12], the 
slmrp asymptot ic belmvior in t ime of t hc second a pproximation 112 is stud ied in thc 

case of thc gauge invariant nonlincarit ics, namcly f (1u12) u. In this papcr wc st.udy 

Lhc cuse of nongm1gc invari11nt. uonli ncariLics. Duc to thc oscillation propcrLics of such 
nonlincarit.ics Lile t.imc dccay cstimat.cs are frwt.cr compuring with 1,hc cuse of gaugc 
invnrinnt. nonlinenrit.ics. 
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We construct a wa.ve opern.tor in L2 to cquntion ( L 1) for t;he final data u+ E 
1-I:i n 1-IY n H º·:i and show Lime dcc~~y 1:.-stinmles of solutions1 where thc wcightcd 
Sobolev spaces are dcfincd by 

H;;···' = {"ES'; llull 1.1;;·· · = ll(x)·' (i\7)'" "llL•' < oo} , 

in addit ion H;;··0 = H;;' , H~' ··' = H111 •·" and H "'·º = H"'. In ordcr to statc the results 
of thc prcscnL papcr we define (.he fo llowing function spac;c 

X'I' = {.PE C ([T,oo); L2 (R3)) ; 11.Pllx, < oo} , 

w\th t he norm 

11.Pllx.,. = " 'P ¡! 11~ (l) - t "i (t)ll · 
lE('J',oo) j= l H~ 

whcre 1t2 (t) , 1i3 {t) une\ u,1 (l.) a re rcspectivcly Lhe second, the t.hird and thc fourth 
n.pproximations for solutions of (1.1) defined by 

and 

11.1 (t ) = i 1= U (t - T) (8 .. N(u1,Ui}1t:i + B;;N (11 1 , ii\)1/:3 

+~ (a~N(ii1 ,Uí) u~+ w .. a;;N(u1 ,U\) J112\2 + élf,.N(1i1, Ui)U22)) <fr. 

Our resuh. in t.his papcr is Lhe following. 

Theore m 1.1 Det. u.+ E H:J n H:f n Hº·:i. Then for some time T > O lhere e:J:ists a 
unú¡ite. solulion u E XT of {! .1}. F1L1'lhermore. the lime decay estimate 

is lrue for all t. > T. 

\•Ve organizc our poper us follows. In \;he ncxt section we prO\'C somc estima.tes far 
1,[le upproximnt.c sol11 t.ions u1 (f.). Sect.ion 3 is devot.ed t.o t.he proof of T heorem U . 
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2 Preliminaries 

Denote 

uz. 1 ( t.) ~~ 1= U (t - r ) (.\1ul (r ) + .X,¡¡¡-' (r J) clr. 

By Lemmn 2.3 from papcr [2] we havc 

Lemma 2.1 Let 11+ E H 3 n H~ n H º•3 . 'I'hen the est.ima.te is true 

ti 11•2,1 (t)llH' + tl ll\7u2,1 (t) llH' S Cp2 ( l + p') 

for ali t > T > O, whern P = ll1L+llHª + Uu+ llH~ + llu+ llHo.J · 

In t.hc next. lcmma we est ima.te thc sccond approximat.ion 

1l2 (t) = i ¡ =U (t - r)N (u 1,U]) (r ) dr. 

Lemma 2.2 Let 11+ E H 3 n H~ n H º•3 . Then the esti.mal.e is valid 

t.! Uu2 (t)llH' + t l ll\7u2 (t)llH' S Cp2 (l + p' ) 

for (IU t > T > O, where p = llu+ll1.p + llu+lli-1~ + ll1t+IJHº·J . 

Proof. In vicw of condit.ions ( 1.2) - (l.tl) by thc HOider and Sobolev incqunli t.ics we 
havc 

llu2(t.)11 1.pSe1= llN(u,,üJ)(r Jll," dr 

$ C 1= , - J llu+llL' llu+llH' ( l + , -!q ll·u+ll t ,) dr 

$ Ce! llu+llL' llu+llH' (t + llu+llt,) · 
Vi/ e writc 112 (t ) as 

1l2 (t) = i [ 00 
U(t - r )N (1t1,U¡)('r ) dr 

"2.1 (t) + u2,,(t) +; 1= u (t - r) n (u1 '¡¡¡-) (;) dr, 

whcrc 

tt2,2 (l) = ·i,\.i f 00 
U (t - r ) lu1 (r )l2 dt . 

By using the ident ity \7 luil2 = ft (Ui.711 1 - 1t1J'ü";") wc havc 

llVu2,2 (t)ll¡.J' '.'Ó C l oo ll\7 lu1 l'llH' c/r 
$ e f 00 T- 1 llüíJ'uilli.p dT::;: Cp2 f 00 T-3,IT $ Cp21-i . (2. 1) 
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T hc n::;:.;umplionli ( 1.2) - (!A) ylcld 

ll¡~U(l - r) 'R. ( u 1 ,U,)(r) drll $Cl ll 'R. (u1,U,)(r)ll,.,dr 
f l·P L 

$ C ¡~ (1+11"1 (r)ll1oo ) ll u1(r)llLoo11 •" (r) ll ,. .,_ llu1 (r)ll1 . ., dr 

$ c1-2p'( 1 +p'' ) . (2.2) 

13y (2.1), (2.2) and Lcmnrn 2. l wc gct 

11 v .. ,¡1.J11 ,., $ c 1-lp'(1 +p''). 

Thcrcforc Lhc cstimntcs of t.hc lcmma follow, ami Lcmma 2.2 is thcn provc<I. 
In t.hc ncxt 10 1111111.1 wo c.o;t itimtc t.hc third ami thc fourth npproximations . 

Lmmna 2.3 Lct u+ E H 3 n H1 n H o,:.i . Thcn 

and 
llu, (1.) 11 1.p $ Cp'' (1+p'')1-l, 

whc1·e p = llu+ll ttl + IJ 11+lli-1:¡ + llu+ll 1-10.J 
Proof. Wc havc by Lcmmn 2.2 

11 113 (t)llH3 :S C j 00 ll8i,N(u1,Ui) 112 + éh;N(u¡, iil)"ii2111.p ¡fr 

$ C ¡~ ( 1 + lln1 (r)lli.J lln2 (r )ll1P ll u1 (r)llH:. dr 

$ Cp J00 llu2 (r)ll1.p ( 1 + r -hp'') r-~ dr $ Cp3 ( 1 + p2'') t - 1. 

This i111plie; t he firs t. cstitn11tc of thc lc111 nw. In !he samc woy wc havc by Lcmn1n. 2.2 

llu.1 (t)ll .,, $e¡~ (118,,N(u,, U.)111.1:, + llllrrN(u, , Ui)llu:,) llu,111.., dr 

+e J (lla;N(1q,u,)ll,.,:. + ll~N(u, ,u,)11 , ,~ ) IHll,,, dr 

$ Cp 1C ! (1 + p3'') + C ( 1 + 1>'') ¡ro ll 'Vu, (r)lll., llu2 (r)llt., dr 

$ Cp' (1 + p3 ') ¡-! . 

Tlds yiclds thc sreond csti1llalc of t hc lcmma ancl Lcmma 2.3 is t.hcn provcd. 
Now wc find a bct.tcr time dcc11y for t.hc t hircl npproximalion 

u3(t}=i 1 U(t - r) (8.,N (u1 , ii'i) u:l(r) + 8¡;-JV (u1, iiilii2(r))dr. 
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Le mma 2.4 l et u+ E H 3 n H~ n Hº ·3 . Then 

ll \7u3 (l.)llH¡ + llu, (t)llL- :S Cp3 (! + p2') 1-l, 

111here p = Uu+llH3 + ll1i + ll H~ + IJu+UH')·" · 
Proof. \Ve rcprcscnt 

whcrc 

nnd 

UJ, 1 (t) 

" u3(t) = Z::: u,,1 (t ), 
j = I 

~ 1"° U (t - r) (>.11t1t12 ,1 + >.2u1u 2,i) dr 

+i>.3100 
U(l -r)(U\tt2,1 +111u2,i)dr, 

t13,2 (t ) = ·i [
00 

U (t - r)1i1 ( ~u2,2 + >.3112 .2) dr , 

llJ,3 (t) = i [
00 

U (l - r) U¡ ( ~11.2 , 2 + >.3u2,2 ) dr 

u3,,1 (t ) = i f 00 
U (t - r)(R2 (u1,Uí)u2 +'RJ (u1 , iT1}1i2) dr. 

\Ve havc by Lemmn 2.2 

lluJ, I (t)ll ¡.p :S e¡= llu1 (r) llH' llu2,1 (r )ll 1p dT 
' -

CUllO 

:S Cp"( l + p'')t-l . (2.3) 

Also by assumptions (1.2) - ( 1.4) we gct 

llu,,., (t)ll ,.,, :S 1= (lln, (u¡,U,)u, (r) ll.v +un, (u, . U,)U,(r) ll ,.p) dr 

:S Cp"( l +p2")1.- l . (V I) 

By thc idcntiLy U (t) xU (- t) = J = x + it\l = itM\lM with ¡\/ = e!!jf!.. and Sobolcv 
imbcdding incqun\i1y wc flnd 

llu,,,(t)ll .. ¡ = llMu,,,(t)llL' + llM~u ,.2 ( t )ll L' 

:S e ll \7i\7,,, ,, (t.JllL' +e ll " M ~"'" (<l llL' 

$ et-• l1 .7u3,2 (t)ll ,.p $ CC 1100 11.7 ( 1u1u2.2+Á3u¡u2.2) 11 •. p dr 

:S Ct-l f ll (~'12,, + AJU 2 ,2)Jl<¡ ll H' dT 

+CC 1 r llU¡ ( ~\7u2,,- ,\3\7U2,2) llH' T dT 



011\incnr Schrüdingcr Eqw\lions in 3d 

Hcncc by applying Lc1111n11 2.2 

1i uJ.2(t)ll H¡ $ Ct- 1 100
(ll u2.2U (r)"u+ll w +1iu2.;1J(r)n+llH' )dr 

+c1-1 J,00 rUu. 11! 1-1~ 1l'V u2,211 1.pdr 

33 

$ c1- 1 f, T-! [1·11+111-q ll'Vu2\IM2 rfr $ CpJcl J T-2dT::;: Cp3C 2 • (2.5) 

Wc ncxt cons ider llJ,J (l.). 'Wc hnvc by Lonunn 2.2 

1iilu3.3 (t.)llH' $ C100 
lltq (r)llH' ll\7u2.2llH' dr 

' -
+ 11100 

U (-r) ( ,\3 t>u 11'2,2 + ~ÓU,uu) dr\L., 

$ Cp3t- 2 + llJ,<X> U (-r) ( ,\3.ó.u1 u2,2 + f .ó.u1 u2,2) dr\\ M' . (2.6) 

Using t.hc idcnt.ity LS'ü7 = 2i8'TUJ and intcgra t ing by pans with rcspcct to T wc obt.ain 

Hcncc 

J00 
U (- r) ( A:ftt2,2+f112,2) !:l.u¡dT 

- U (-t.) {2·i.,\3n2,2 + i,\2112.2) ii1 

-100 U ( - r) ( A:1.ó. (l'i\112.2) + ~6. (111u2,2)) rÍT 

-.{'ºU (- r) (2iA3üj"l>'T u2,2 + iA2Ui8ru2,2} <ÍT. 

2 [
00 

U (-r) (-\1~u2,2 + ~~u2.2) d; 

- U (-1) (2-i,\3u2,2 + iA2'fii2) ii\ 

-2100 
U (-r) (,\3 ('VU¡Vu2,2) + ~ {Vu1 V'u2,2) ) tlT 

- / <X> U (-r) ( ,\3(tt¡.ó.112,2)+ ~ {ü!~) dr 

- /
00 U (-r) (2iA3iij8,.u2.2 + iA2ü\bru2,2} dr. 
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Then employing t he identity 8tu2,2 (t) = 4ó.1t2,2 (t) - i>.3l1t1 12 we find 

111= U( - r) (,\3t"""'" + i6n1u22) drlL 

$ C llu1 (t) ll 11:., ll" 2.2 (t)ol!H ' + C ¡= llu1 (r) llH;., ll'Vu2,2 (r )ll1.p 

+C ¡= llu1 (r)lli1:. ll"1 (r )llH' $ Cp3t-' 

írom which and (2.G) it follows t hat 

11""'·" (l)ll¡.¡o $ C p3C 2 . 

\.Ye also have 

lluJ.J (t)llv $ 11.r.= U (- r) (,\3U,u2.2 + A2u1"2,2) drL, 

:S: Cp:1.t - 1 • 

By (2.3) , (2.4), (2.5), (2.7) an<i (2.8) we get 

and 

ll'Vu3 (t)ll1.1¡ "' c(11u,,1(l)ll, I' + ll·n,,.,(t)ll," +ll·n,,,(l)ll ,.,¡ 

+ 11""'·' (1.)11¡.¡o) $ Gr'"(!+ p2'') e l 

ll u3 (l.)llL- '.Ó C' ( lluJ,> (l)ll1-I' + llu3,.1 (l) ll H' + lluJ,2 (l)ll11¡ 

+ 11"'·' (t)ll{, ll6ua,3 (l)lli,) ,,:; Cp3 (! +/'')el. 

T his completes t he proof of the lemrna. 

3 Proof of Theorem 1.1 

.. 00!>\!, 

(2.7) 

(2.8) 

To a pply t he contraction mappiHg principie we consider Lhe linearized problem nsso
cia t.ed wit.h (1.1) 

u (t) ~ " ' (l. ) +i .r.= U(I. - r)N(v,v) (r) dr (3.1) 

in t.hc closcd ba ll of a. radiHs 2p3 in X r , where v E Xr , llullx -r :S 2p3 , where p = 
ll 11+llH:1 + !11i + llH3+llu+11.1.10.:< Denot.e w (t) = u 1 (l) + 1L2 (t ) + 113 (t) + 11,1 (t) . Then 
from (3.1) we obt~in for t he differencc ·u (t) - w (t) 

u (t) - w (!.) ~ i .f.00 U (l - r) (N (v, v) -N(n,, U,} 

- (lJ,,N( 11.1,Ui) (u2 + u:i) + 8¡;/V(u¡ , UI) (Ui + UJ}) 

- ~ (o~N (u1 , U¡)u~ + 28,.lJ¡;N( ii1, rr.j) lu212 + lJ~J\f(u1 , IT!)102)) dr. 
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By t.hc Tnylor c xpnns ion we htwc 

;V(u, V} -N('11.1,üi) - a,,N(ti1,üT) (u2 + ll3) + E>;;N (u1, U¡) (U2 + ü3) 

-~ ( 8~N(u1 , üT)1t~ + 28,.8¡¡N(·u1,Ul} l1t212 + aj.J\f (1i¡, Ui)'il.22 ) 

(1 + l11¡j') (O (r2) +O (rw) +O (u11'-I) +O ((112 + 113 + 11.¡) (113+11,1))), 

whcrc r = ·u (t) - w (l.). Then by apply ing thc HO\clcr inequn)it.y and estimates of 
Lcmnrns 2.2 - 2.11 it. íoilows t lmL 

llu(I.) - w (1)111.I' 5 C(l + p'1) J.~ dr (llrll~, 

+ ll1 lliP (ll·uill1.¡:_ + llu2llL- + ll 'h 12llH• 

+ ll\711,11 ,.,¡ + llu:illL- + llu.dli.I') + 11·111 llH¡, ll•11llH' 

+ (llu2llL" + ll\lu2ll¡.¡ • + ll\lu,111·1¡ + ll113 llL- + ll 11' llH') 

X (1111,llL' + ll\lu, 11,.1¡ + llu·dlL- + 11•<.dlH' )) 
:5 Cp', (1 + pfü1·H ) ¿-~. 

Thcrcforc thc re exists a gufficicnt;Jy !argc time T s uch t.lmt. 

sup 1.l 11•"'·) - w (1.)111.p 5 Cp'1 {! + p'•+'I ) r -! 5 2p3 . (3.2) 
IE['l',oo) 

Wc \et 

uUl = u 1 (t ) + i ¡00 
U (t - r)N ( uUl , uU>) (r ) dr, 

for vW E X.,.. T hcn wc ha.ve 

•L 

llvCi!llL- 5 e llvl;) - wllL- + L: llu;llL- 5 Cp( I + p3'1+') 1.- l (3.3) 
;::::I 

tind ,, 
llvCi!IL 5 e llvlil - wll1P + L: ll1•; llH' 5 Cp ( 1 + p"•1+"J . (3.4) 

' e l 

Hcncc 

1111(11 (1.) -1,121 (l.)11L' 

5 C f llJJ(v(Ll,;;ITT)(r)-N (1Pl,vl2l) (T)llL,dr 

5 C p (l + /'1'1'") ¡- ! ( ""P ll vll) (t) - v<2l (1.)11 ) 
IEt'I",oo) L~ 
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from which it follows t.hat there cxists a la rge T >O such t hal 

sup llul1l (t.) - ul') (t)ll '.O ~ ( sup llvl1l (t.) - ui' ) (t)ll ) (3.5) 
tE[T,oo) L~ 2 tE(T,oo) L~ 

By (3.2) and (3.5) applying the contraction mapping principie we see that therc 
cxists a uniquc solut;ion u E X r of (1.1). Time decay estimate follows from (3.3). 
This completes the proof of t he theorem. 1 
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