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ABSTRACT 
We, far any natura! n, construct an Nn-free abelian groups which have few 

homomorphisms to Z. For this we use "N.,-free {n + 1)-dimensional black boxes" . 
The method is hopefu\ly relevant to other construct ions of N,,-free abelian groups. 

RESUMEN 

Para cualquier natural n, contruimos un grupo abeliano libre N,, el cual 
t iene pocos homomorfismos hacia Z. Para esto usamos N,, cajas negras libres 
(n + i)-dimensionales. El método es relevante para otras cons t rucciones de gru
pos abelianos N.,-libres. 
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Riidiger CObel for corrcctions. 
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Annota•ted Content 

§1 Constructing Nk(•l+ 1-fo;ee A..belia·l'l grnup 

,~, 

[\.Ve introduce "x is a ~0mh>h1at0rial k(*)-parnmeter"'. We als0 gi·ve a sh0rt cut 
for getting 011ly "the11e is a n0H-Vlhit ehead Nk(*)+1-free n0n-free arbeJian grou~" 
(this is fr:0rn l.G 0H). Tfo.is is similar to [5, §5], so pro0fs are f;IW.t iH as appendix, 
except 1.14, r.10te ümt 1.14(3) 1•ea1lly bel0ngs t0 §3.) 

§2 Black b0xes 

[Vle prove that we l~a·ve black boxes in tJ.i.is context, see 2.1; it is based 0n the 
simple black b0x. N0\v 2.3 be'l<imgs t0 the short cut.] 

§3 Constructing abel·ia..n grnu•ps fü;0m c0rnb~natorial parameter 

[For x E K~~·)+l we define a class 9x 0f abelian gl'0ups c0astn:1cted from it and 
a black box. We p1•0ve they are a:m Nk(•)+1-free ofcardinality j[ '¡X+No and s0me 
GE 9x satisfies Ifoin(G, Z) === {'0}.J 

§4 Appendix 1 

[We give adaptati01;i 0f the f>l'00fs f.r0m [5] with the relevant changes.] 
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O Introduction 

F@r regular O == N,, we l00k for a O-free a:belian group G with Hom(G, Z) = {O}. 
We first construct G anda ¡rnre subg·rol.4p Zz ~ G which is not a direct summa.nd. If 
tnstead "not direct product" we ask "not free" so naturally of cardinality O, we b10w 
mueh: see [l] . 

We can ask further questi0ns 0B aibelia.•1 groups, their endonnorphism rings, slmi
larly on modules; natural1Jy questi0ns whose answer is known when we denu'lind N1-free 
fo~stead N,,-free; see [2] But we feel those tw0 cases can serve as a base for significa.nt 
Humber 0fsuch problerns (0r we cas irnr»i·tate t he pr00fs). Also this concentration is 
reasonable for sorting 0ut tl~e set theo1=etical situation. 'Vhy not (} == N...., aad ll·igher 
ca·rdina!ls? (there are 1nore reasonable carrdina.ls for which such results are not ex
cluded), we do not folly kn0w: note that a.lso in previous questions historicaiily this 
was harder. 

Note that there is such as ahielia>FI group of cardlnality N1, by [7, §4J a.nd see 
m0re in GObel-Shela.h-Struüngman [3J. However, if tvIA then N2 < 2No :::;:.. any N2-free 
abelian group of cardinality < 2No fail the question. 

The groups we constn1ct a.re i-n a sense eomplete, like '"'Z. They are close to tl~e 
ones from [5, §5] but there S = {©, l} as there we are interested in Borel a·be)fa.n 
grnups. See earlier [8], see re¡nesentati0ns 0f [8] in [10, §3], [1]. 

However we still hke to have (J = N...,, i.e. N..,-free a.belia.n groups. Concerning this 
we C0Htinue in 11 1]. 

We shall use freely the weJll knowH theoren\ saying 

The0rem 0.1 A subgroup 0f a free abel·ia.n group is a free abelian group. 

DefinHion 0.2 1) Pr(A, l'O): means that for sorne G we have: 

(a) (; = (G. " ' :S , + 1) 

(U) Gis an increasing c0ntinu0os sequence oí free abelian groups 

(d) G,,-.+ifG0 is free foro < ""• 

(e) Go ={O) 

(!) G~/G. is rree if o :S {3 '.O, 

(g) some h E Hom(Git;Z) cMm0t be extended to Íi E Hom(G,..+1 ,Z). 

2) We let Pr-(A, O, ~) be definecl as rubove, only replacing "C,,-.+i/Go. is free fer o < ~" 
by "G1t+1/G1t is O-free. 
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1 Constructing ~k(>)+ 1 - free abelian groups 

D efini tion 1.1 1) We say x is a combinatoria! parameter if x = (k ,S,A) 
(P,Sx, Ax ) and they satisfy clauses (a) -(c) 

(a) k <w 

(b) Sis a set (in l5J. S ~ (O , 1) ), 

(e) A<;;; k + 1('·'S) and for simplici ty IAI;::::: No ifnot said otherwise. 

lA) \~1e say x is an abelian grou p k-parameter when x = (k , S, A, a) such that 
(a) ,(b) ,(c) from part (1) and> 

(d) a is a function from Ax w to Z. 

2) Let x = (P,sx,/\x) or x = (kx,sx,11.x,a"). A parameter is a k-parameter for 
sorne k and I(kr. ¡/ I<f(.) is the class of combinatorial/abeHan group k( * )-parameters. 
3) We may write ª~·" instead a"(r¡,n). Let W1.: ,m = w(k , m) = {e :s: k: e f.:. m}. 
4) We say x is full when 11.x = k(*)(wS). 
5) If A ~ 11.x let X f A be (kx,s",A) or (kx,sx,A, a r (A X w)) as suitable. We may 
wri te x = (y, a) if a = a",y = (P,Sx,Ax). 

Convention 1.2 Ifx is clear from the context we may write k or k(*), S, A, a instead 
of kx , ss , Ax , ax. 

A variant of the above is 

Definition 1.3 1) For S = {S., : m $ k) we define when x is a $-parameter: 1"j E 
AX /\ m $ k"- => 17m E w(S,.,,) . 

2) \.Ve say & is a (x, X)-black box or Qr(x , X) when: 

(a} X= (Xm : m S P) 

(e) ó,¡ = (a,"), m,n : 1n S kx , n < w) and 0"11,m,n < Xm 

(d) if h,,, : A~, -> Xm for m $ P then for some f¡ E Ax we have: m:::; P /\n < w => 
h.,i(¡¡ 1 (m,n)) = a,1,.,.,,.,, see Definition 1.4(a) below on " f¡ l (m,n) and A~, . 

2A) We may replace X by X if X = (xe : I! S P). We may replace x by Ax (so say 
Qr(Ax , X) or say a is a (A,X)-black box). 
3) We say a parameter x is S-full when Ax = 11 w(Sm)· 

m $ k 
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Defln it io n 1.4 For an k(*)-parameter x and for m $ k(•) !et 

(a) /\~, = Ax.,m = {fl: f¡ = (11t : e$ k(•)) and 11111 E""'> S and l $ k(•) /\f.-::/:- m => 
t}t E .., S and far some t/' E A we have n < w, ij = 1¡' 1 (m, n}} where 
f¡ = f¡' 1 (m,n) means 71.,. = 1J~ t n ande$ k(*) /\C f:-m => T/t = rJt} 

(b) A~k(·l is U{A~ 'm :5 k(•)) 

(e) m(f¡) = m if 1} E A~,. 

Definit ion 1.5 1) \:\'e saya combinatoria! k(*)-parameter x is free when there is a 
list {1;" : o< a(*)) of Ax such that far every a for some m $ k(*) and some n < w 
we have 

(•) 'l~. 1 (m,n) ~ {'le.1 (m,n) ' 13< <>). 

2) We saya combinatorial k-parameter X is O-free when X r A =(l..~, 5 x' A) is free for 
every A <; Ax of cardinaJity <e. 

Re mark 1) We can require in (*) even (300n)[1¡~1 (n) '/:. U{q:(11'): e$ k,/3 < a,n' < 
w)J. 

At present this seems an immaterial change. 

Deflnition 1.6 Far k( *) < w and an abelian group k( *)-para meter x we define an 
abelian group G = Gx as follows: it is genero.ted by {x,J: m ~ k(•) and ij E A~, } u 
{Yfl,n: n < w and ij E Ax} U { z} freely except t he equat ions: 

Exp lanat io n l. 7 A canonical example of a non-free group is (Q, +). Ot her examples 
are related to it after we divide by something. T he y's here play the role of providecl 
{hidden) copies of Q. Vi'hat about x's? Far 1/ E A we consider (y,1,T\ : n < w), as 
a candidate to represent (Q, +), k(•) + 1 nchances11 , "opportunities" to avoid having 
{Q, +) as a quotient, say by dividind !( by a subgroup generated by sorne of t he x's. 
T his is used to prove Gx is not free evcn not N,.+ 1-frec which is necessary. But for 
ea.ch m ~ k(•) if (xq1(m,n) : n < w) are not in I<, or at least x.,l(m,n} for n large 
enough t hen Q is not represented using (YiJ,n : n < w); so we have k(•) + 1 "ways", 
"chances", "opportunities" to avoid having (Y;¡,n : n < w) represents (Q, +) in t he 
quotient, one for each infinite cardinal ~ Nk(· )· This helps us prove Nk(· )"freeness. 
More specifically, far each m( *) ~ k( *) if fl ~ Gis t he subgroup which is generated by 
X = {xfll<m,n>: m =f:. m(•) and 1/ E k(· H 1(wS) and m ~ k(•)} , still in G/ H the set 
{Yfl,,.: n < w} <loes not generate a copy ofQ, as wit nessed by {xril<m{•).n>: n < w}. 

As n warm up we note: 
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C la im 1.8 For k(*) < w and k(>t<)-parameter x the abelian grouv Gx is an N1-f ree 
abelian group. 

Now systemat ically 

Definit io n 1.9 Let x be a k( >1< )-parameter. 
1) For U<; "'S Jet Cu = CU be the subgroup of G generated by Yu = y,x = {z} u 
{y,1,n : 1} E A n l.:(·l+ 1 (U) and n < w} U {x,11<m,n> : m::; k(* ) and ij E A n lf.{o J+ ll(U) 
and n < w} . Let Gú = G~,+ be the divisible hull of Cu ande+= G~s)· 
2) For U <; ""S and finite u <; w S !et Gu,u be the subgroup 2 of G generated by 
U{Guu(u\{'l)) : 11 E u}; and for i¡ E k H'?.ij !et Cu,;¡ be the subgroup of G generated 
by U{ Guu{•i~:k<lg(•1) a nd k;éi} : f < fg(1/)}. 
3) For U<; ""S !et 3 u = 3() = {the equation (81,1,,. : r¡ E A nkH+1u and n < w}. Lct 
:=:u,,,= =:u ... = U { 3 uu(u\ (P)): /3 E u } . 

C la im 1.10 Let x E Kk( •J. 
O} IJU1 <; U2 <; "' S then ct 1 <; cti <; e+. 
1) For un.y n(*) < w, the abelian gmup Gú {which is a vect01· space over Q), has 

the basis y;<·>:= {z } U {Y;¡ ,n( •l : 1} E A n k(• l+ 1(U)} U {x;¡l< m,n> : m :S k(*),fi E 

A n k(•)+ ' (U) and n < w}. 
2} For U~ ws the abelian group Gu is genero ted by Yu freely (as an abelian group) 
except the set 3 u o/ equations. 
3} lf m(*) < w a.nd U,,.<; ws for m < m(*) lhen the subgroup Gu0 + ... + Cu.,,( •)-i 
o/ C is genera ted by Yu0 U Yu 1 U ... U Yu,..(.¡- i Jreely (as an abelian group) except the 
equations in :=:u0 U 2 u1 U ... U 3 u ... ¡. )- i . 

3A} Moreover C/(Cu0 + ... + Cu,,.( .¡-i) is 'N¡-free provided that 

@ if 7Jo, .. ,7/k( • ) E U{U.., : m < m(*)} are such that 

then for sorne m < m(*) we have {710, . . 17/k(-) } t;;;; U..,. 

4) lf m(*) ::; k(*) and U,. = U\Ul f or l < m(*) and (U; : l < m( *)} are pairwise 
disjoint then ® holds. 
5) Gu,u t;;;; Guuu if U~ w S and u<;.., S\U is finite; moreover Cu, u f;; pr Cuuu <;~r C. 
6} 1/ {U0 : o< o{*)J is <; -increasing continuous then also {C u,,. : a <o(*)) is i;
increasing continuous. 
7) !/ U1 ~ U2 ~U<; ws and u<; ..,S\U is finite, iul < k(•) and U2\U1 = {77} and 
u= u U {17} then (Cu,,.+ Gu2 u,,)/{ Gu, .. + Gu1uu) is isomorphic to Gu1i.:v(Gu1.11· . 
8) !JU t;;;; w5 and1t <; ws\U has::; k{•) members then(Gu,,,+G .. )/Gu,u is iso mo1plnc 

toG" / Go," . 

2notc that if u = {11} t hcn Cu.u = Cu 
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Discussio n 1.11 : For t he render we write what the group Gx is for the case k(*) = 
O. So, omitting constant indexes and replacing sequences of length one by the unique 
entry we get that it is genernted by Yri,,. (for r¡ E ws, n < w) and x 11 (far 11 E w> S) 
freely asan abelian group except the equations (n!)y,1, .. + l = y,1,,. + x,1111 . 

No~e t hat if I< is t he countable subgroup generated by {x.,: v E w>2} t hen G/I< is a 
divisible group of cardinality cont inuum hence G is not free. So G is N1-free but not 
free. 

N0w we have the abe!ian group version of freeness, see generally 1.13. 

C la im 1.12 The Preeness Claim Let x E J(k(· ) · 

1) The abelian gmttp Guu .. /Gu,u is free iJ U<;;;;"' S, 1' <;;;; ""'S\U and lul ::; k::; k(*) and 
IUI ~ Nk(o)-k · 
~) lf U~ w S and IUI :S: Nk(• )• then Gu is free. 

C la im 1.13 1} lf x is (L combinatoria/ k(=1< )-parameter then x is Nk(•)+1-free. 
2} Ifx is an abelian group parameter and (kx,sx,Ax) is free, then Gx is free. 

P roof. 1) Easily follows by (2) . 
2) Similar and follows from 3.2 + Def 3.3 as easily G belongs to Qk(•J· 

Claim 1.14 Assume x E I<kt.¡ is fu.U (i.e. Ax= kH+l(w(SX))). 

1) lf U ~ ws and fUI 2'. (ISI + N0)HkH+1>, U1e (k(>) + 1)-th successor of fSI +No. 
Then Gíj is not free . 
2) IJISxl :2': Nk(•) +J then Gx is not free. 
3) As.su.me X E Kkt-i · 1s;1 + At < At+ l for e< k(*) and IAXI 2: )..k(-) and GE 9x (see 
§3) then G is not free. 

P roof. 1) Assume toward contradlction that Gu is free and !et X be large enough¡ 
for notational simplicity assume IUI = Na,k(•J+ l • this is O.Kas a subgroup of a free 
nbelian group is a free abelian group where N0 = ISI. We choose Nl by downward 
induction on e :s: k( *) such that 

(a) Nt is an elementary submodel 3 of (?l(x), E, <~) 

{e) (xiJ : 1] E A$k(•»• (Y11,,. : ij E Ax and n < w), U and Gu belong to Ne and 
Nt+1 1 •• , Nk(· l E Nt. 

Let Gt =Cu n Nt, a subgroup of Gu. Now 

3H(x) is {:z:: thc transitivc closurc oí x hn.s cnrdinality < x) nnd <~ is n wcll ordering oí ?i(x) 
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(• )o Gu / (E {Ge : e :S k{*)}) is a free (abelian ) group [easy or see [6J, that is: 
as Cu is free we can prove by induction on k :S k{•) + 1 then G/(E{Gk(•)+ l- l: 
e < k}) is free, fo r k = O t his is the assumption toward contrnd iction, the 
induction step is by Ax VI in [6] for abelian groups and for k = k( *) + 1 we get 
t he desi re<l co nclusion.] 

Now 

k( • ) 

(*)1 letting Uf be U far e= k(*) + 1 and íl (Nm n U) for f $ k(•); we have: UJ 

has cardinality N.a+l far e :::; k( *) + 1 
[VVhy? By downward induction on C. For f = k( *) + l t his holds by an assump
tion. For e= k( *) this holds by clause (b). For e < k( *) t his holds by the choice 

k(*) 

of N,_ as the set n (IV.,. n U) has cardinality Ncr+t+ I 2: Ne and belong to Nt 
m=t+ I 

and clausc (b) above.] 

(•h Uf = : U}+ 1 \( Nen U) has cardinality N0 +1 for C :S k(•) 
IWhy? As IUl+ i 1 = N,., > N, = llN1ll 2'. INe n u¡.¡ 

e-¡ 

(*h for m <e ::5 k(*} t he set U,~,,t =:Uf n n N,. has card inality Na-+ m 

[Why? By downward induction on m. rf~. m = e - 1 as Uf E N,,. and /Ufl = 
N ... +l+ I and clause (b) . For m <e similarly.] 

Now far e = O choose 17¡ E Uf, possibJe by ( * )2 above. Then for e > O, C ::5 k( *} choose 
'1i E UJ,t· This is possible by {*)J. So clearly 

(*).¡ r¡¡EUand1¡¡EN,,,nU{:>f :j;m for f,mS: k(*). 
[\.Vhy? If e = O, then by its choice, 1¡¡ E Uf, hence by the definrnon of UJ in 
(*'2 we have 1¡{ fl. Nt, and 71¡ E U/+ 1 hence 17¡ E Nt+ I n n Nq.) by (•)1 so 
(*).a holds for e = O. If I! > O t hen by its choice , TJi E U8,e but U,~ •. l ;; VJ by 
(• )3 so TJi E U'f bence as before 17¡ E Nt+1 n .. . n Ni:(•) and 11; rj. Nt. Atso by 

1-l 

(•)3 we have 11; E íl Ne so(•) ,, really holds.J 
r = O 

Let r¡· = ('1i : e S: k(•)) and !et G' be the subgroup of Cu generated by ( xm<m,n>: 
m $ k(*) and fJ E ~- ( • )+ 11/ and n < w} U {Y¡¡,n : fi E k ¡.)+ IU but ij fe; fj " and n < w}. 
Ensiiy Gt ~ G' recalling Gt == Nt n Cu hencc E{Gt: t $ k(*)} ~ G' , but Y•r,o r/. G1 

hence 

(>)s Yo · .o ~ ¿;¡e,: 1 ~ k(•)). 

But Íor every n 
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(• )o fl!·yo· ,n+ I - y,.,.,= E{xwl <m,n> : m $ k(•)} E E(C, : t $ k (•)}. 
[Why? Xo·1<m,n> E C,.. ns 1]" 1 (k(•)) + l \ {m}) EN,.. by(•)..[ 

We can conclude that in C u/ "'¿{Gt : l ::;: k(•)}, t he element YiJ· ,o + L:{Gt: e$ k(•)} 
is not zero (by (•)s) but is divisible by every natural number by (•)a. 
This contradicts (•)o so we are done. 
2),3} Left to the rcader. 

2 Black Boxes 

Claim 2.1 1} Assume k(•) < w,x = XNº andA = .Jk(•)(X),S =A, Ak(•) = k(o)+ 1("•1S) 

or ju.st S t = Xt = .Je(x), >.~0 = Xt for e :5 k(•) and Ak(· l = íl "" (St ) muí 
l9(• } 

xkt·) = (k(• ),A, A1;(0)) so X is a full combinatoria[ (St: e ::;: k (•)}-pammeter. Then 
A has a x-black box, i.e. Qr(Axk(.¡, X), see Definition 1.3. 
2) Moreover, X has the (Xt; e::;: k(•))-black box, i.e. for eve1y B = (B,1 : i1 E A~k(·» 
satisfying clause {e) below we can find (h,1 : ij E A} such that: 

(a) h f) is a fu11ction with domain {fi 1 (m, n) : m ::; k(*), 2 ::; n < w} 

(b) h o(f/ 1 (m , n)) E BOl<m,n> 

(c) B 111(..,,.i) is a set o/ cm·dinality :l111(x) 

(d) i/ h is a function with domain A~k(•) such that h(ij 1 (m , n)) E B(;ll<m,,.>) and 
crt < :lt(X) for f :S k(*) then /01· sorne ij E Ax, hil ~ h and 1Jt(O) = a t for 
t $ k(• ). 

3) Assume Xt = ).~º, Xt+ 1 = x:~i fo1· f :S k(*) . lf St = At for simplicity t :S k(*}, x 
is a full combinatorial (S, k(*))-parnmete1-, and IB1)1<m,ra>I ::5 X k(o ) for ij E Ax titen 
wc can find {h 11 : ij E Ax} as in pa7'l (2) replacing :lt (X) by At , m oreover such lhat: 

(e) if f¡ E A tl1en 1Jt is incn~asing 

(/) if At is regular then we can in clause (d} above add: if Et is a club o/ At for 
t ::5 k ( *) then we can demand: if fj E A"I< then for each e Jor som e at < At we 
have •/t E "(E1 U {"i}) 

(9) if At is singular o/ uncountable cofinality, At = I::{).t,i : i < cf(At}}, cf(A;.t) = 
). ¡,t i ncreasing with i we can add: ifut i;; cf().t) is tmbotmded, Et,i a club o/ At.i 
then 'll E '"'(E i,t U {at}) /01· sorne i E U t . 

Proof. Pa.rt ( 1) follows form part (2) which follows from part (3), so let us prove 
purt (3) . To uniformize Lhe notution in 2.1(1) , i.e. 1.3 and 2.1(2),(3) we slmll denote: 
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0 1 h,¡(;J 1 (m,n) ) = o~~~·"· 

Note that without loss of generality Bv = IBvl and we use O'k( · ),m, n = h,1(f¡ 1 {m,11) 
for 1/ E J\x ,m S:: k(*) and n < w. We prove part (3) by induction on k(•) . Let 
Ak = Ax and without loss of generality St = >. t. 

Case L k(>) = O. 
By the simple black box, see [9, III ,§4], or better [4, Vl ,§2), see below fo r details 

on such a proo f. 

Crum 2, k(>) = k+ l. 
Let 

0 2 cé = (a~,m ,n : ij E A1,;, n < w, m :S k) witness parts (2), (3) for k, i.e. for xk, 
hence no need to assume x" is full. 

So,\ = >.k (· )>X = Xk( • ) and !et H = {h : h is a function from Ak to X}- So 

IH I :S (,,'\).\~º =X· By t he simple black box, see below, we can find {Tt,1 : 17 E"" >.) such 
that 

0J (o) 1i,1 = {h,1,n: n < w) and h,1,,. E H for 1J E'"',\ 

(/3) if f = (/,,: v E w>,\) and f ., E H for every such v ando<>. and 
p E i.i> >. is increasing then for some increasing 71 E "' >. we have p <1 r¡ and 
ll < w => h,,, .. = /,,¡ .. 

('y) if cf(>.) > No and E is a club of >. t hen we can add U{IJ(n) : n < w} E E. 

fWhy? First assu me X= >.. Let (90 = (9o,t : e< n 0 }: a<>.) enumernte w> H such 
that for each 9 E w> H the set {a < >.; 90 = 9} is unbounded in>.. Now for r¡ E"' ,\ 

and n < w !et h,1,,. = g,1(k),n for every k large enough if well defined and g,1r(n + t ),n 

otherwise. So clause (a) of 0 3 holds andas for clause (/3) of 0 3, !et J = (!,, : v E w> ,\) 
be given, fv E H . 

Assume p E w> >. is increasing. We choose 0 11 by induction on n < w such thnt: 

0 , (o) o .. = p(n) if n < l g(p) 

(/3) a·,, < ,\ nnd O'n > a:,.. if n = m + l 

('y) if n;:::: tg(p ) t hen a:,, satisfies 90 ., = U (o{:t<m) : m :$ n) . 

Now r¡ =: (o,, : n < w} is as required in ({J) of 03; to get also ('r) of 0 3 we should 
a.del in clause (/3) of 0 4 then a:,, > min(E \a,,.). 

Second, if X> >. but still X :$ ).Ho, let (90 : a< XNº) list 1o1> H , and !et h,. : X - ~ 
for n < w be such '1 t hat a< f3 <X=> (\foc;on)(h,,(a)-,¡:. h,,(/3)) and !et cd: >. ---+ "'> ,\ 
be one to one onto. Now for 1¡ E "' ,\ and n < w Jet h., ... be g0 where a is the unique 
ordüial a < X such that for every k < w large enough (cd(r7(k)))(n) = h,.(a) so in 

4 recall (V°°N) mcnns "for cvcry lrirge cnough n < 1o1" 
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particular (eg(ccl(11(k)) : k < w) is going to infinity or h,1, ., is not well defined; in fact, 
we can use only the case fg(cd(1¡(k)) = k; stipulating h.,, .. E '"'{O} when not defined. 
So we hnve definecl (h,1,,. : 1¡ E '"',\, n < w). Now we immitate the previous argument: 
do.use (/3) of ®2 holds. 

Ncxt we shall define ci(•) =(o~~.:!,,. : fJ E Ak+ 1,m $_ k(•),n < w} as required; so 

!et 1/ = {1/t : i $_ k(•)) E Ak¡.¡ we define ó~(·) = (o~~,:_!,11 : m $_ k(•), n < w) as follows: 

05 iÍ11k(• ) E'"',\ and {1¡to, .. ,7Jk(•)- 1) E Ak t hen for m $_ k(•) and fl < w 

(a) if m = k(•) then o~~.:!,,, = h,1k(•J•"((1¡to, .. ,tJk(•)- 1)) < )..., 

(/3) if m < k(•), i.e. m. $_ k t ben 0~~1:!, 11 = O'~tk(o),m,n < >...,. 

Clearly o~~.:! ... < ,\,,. in ali cases, as rcquire<l, (in clause (a),(b),(c) of 2.1(2) and 

(e) of 2.1(3) . But we still have to prove t hat {&~~.:~,., : fj E Ak+ I, m ~ k(*), n < w) 
witness Qr(xk(· ), x), see Defini t ion 1.3(2) t his s uffi.ces far 2.1 (2), little more is nee<led 
for 2.1(3); just using (¡) of 0 3 nnd the induction hypothesis. 

Why <loes t his hold? Let h be a function with domain A5;~i~) as in part (3) ami 

at < >..t far e ~ k(*) . 
Far V E w> >.. let Í v : Ak - >.. = >..k(•) be defined by: ! v( (JJt: e~ k)) =: h({1Jt: e~ 

k) A(11)). So by 0 3 above far some increasing tJk(•) E'"'>.. we have JJk(•)(O) = o¡(•) and 

Now substituting the definit ion of f we have 

0 1 (1J-O, .. , JJk) E Ak /\n < w => h,1;(·>"1(1Jo, .. , JJk) = h((TJo, .. , JJki7J~c.irn)). 

Substit uting the definition of ak we have 

0s ií {tJo, ... , J]k) E Ak· and n < w then cr~~~ ... ,•¡~ . •i; ( .¡> = h((110, ... , 1'/k , 7Ji.(o) f n)). 

Now wc define a function h1 with domain A$: by: ií1j E A$: then h'(ij) = h(f((tJk(•))). 
So by the choice of ¿¡.k in 02 we can find (110, ... , 17jJ E Ak with no repetitions 

such that 11¿ (O) =o·¿ for e $ k ancl in 0 2 

0 9 m :S k /\ n < w => 0(,10 , .. . ,•¡¡),m,l = h1({1¡Q , .. , 1¡k, ) 1 (m, n))). 

Let tj" = (11Q , ... , r¡¡., '1k+1}, fi' = (ryQ, · · , 11;}. 
Note that 

0 LO if m ~ k,., < w then h'(,j' 1 (k,m)) = h((~' 1 (k,m))'(q¡ (•))) = h(;¡' 1 (k,m)). 

Now by 0 9 + 0 10 and 0s(/3) this means 

0 11 if m $ k and n < w then cr~! :!,.,.1 = h(ff 1 {k,m)). 
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So by putting together 0 a + 0 11 we are clearly done, i.e. we can check that 
(11ó , ... , 1¡j. , 11kw> is as required. 1 

Conclusion 2.2 For every k < w therc is an Nk+ 1-free abelian group G of cardinality 
:Jk+ i and pure (non-zero) subgroup Zz ~ G such that Z z is nota direct surnmand of 
c. 
Proof. Let X = 2No and x be a combinatoria! k-parmeter as guaranteed by 2.1. 
Now by 2.3(2) below we can expand x to an abeüan group k-parameter, so C.,._ is as 
required. 

C la im 2.3 1} /f x is a combinatorial k-pammeter such that Qr(x, zNo) thenfor some 
a , (x , a ) is an abelian gmup k-parameter such that h E Hom (Gx , Z) => h(z) = O. 
2) For every k there is an N:k+ 1-free abelian group G o/ cardinality :Jk+1 and z E G a 
pure z E G as above. 

Proof. 1) Let ó witness Qr(x , 21'1°) . We define Ord - Z by :1.(0:) is a if a< w, is - 11 

if a= w + n < w + w and zero otherwise. F'or each fj E Ax we shall choose a sequence 
(a ¡¡,n : n < w} of integers such that far any b E Z \ (O} far no CE wz do we have 

!81¡¡ for each n < w we have 

This is easy: for each pair (b, co) E Z x Z tbe set of sequences (a¡¡,., : n < w} E '"'Z 
there is a sequence (c0 ,c1,c2 , ... } of integers such that 18l,1 holds for t hem, so the 
choice of (a ¡¡, n : n < w) is possible. 

Now toward contradiction assu me that h is a homomorphism from Gx to zZ such 
that h(z) = bz, b E Z\{O} . Vle define h': A~k - X by h'(ij) = n if n < w and 
h(x¡¡) = nz and h'(r¡) = w + n if n < w and h (x~1 ) = (-n)z. 

By the choice of O, far some fi E Ax we have: m ::=; k /\ n < w => h'(f¡ 1 (m, n}) = 
O¡¡,m,n· Hence h (x¡¡1( rn,n)} = i(o ,1,m ,11) z far ·111 :S k ,n <w. 

Let e,, E Z be such that h(y¡¡ ,11 ) = c,,z. Now the equat ion @¡¡, .. in Definition 1.6 
is mapped to t he n-th equation in 181¡¡, so an obvious cont radiction. 
2) By pnrt (1) and 2.2 . 

R e mark 2.4 J)\11le can replace x by a set of cardinality X in Definition 1.3. Using 
Zz instead of x simpl ify the notation in the proof of 2.3. 
2) \Ve have not tried to save in the cardinality of G in 2.3(2), using as basic of the 
induction the abelinn group of cardinality N0 or N1. 

C laim 2.5 1) lf xo = x~º , Xm+1 = 2x ... and A.,. = Xm for m :S k th.e1-e is a X-full x 
such that (x, Y)-bla ck box exist. 
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Conclusion 2.6 Assume 110 < . < /J.k(•) are strong limit of cofinality No (or l'o = 
No), At = 14 .xt = 21•1 . 

T hcn in 2.1 far 17 E Ax we can !et h r¡,m has domain {ii E A~" : Í"t = 1/t for 
l = m + ! , . , k(•) ) . 

3 Constructing abelian groups from combinatoria! 
parameters 

Deflnition 3.1 1) We sny F is a µ-regressive function on a combinatoria! parameter 
x E f(~r. l when: sx is a set of ordinals and: 

(n) Oom(F) is A• 

(e) for every f¡ E A"' ancl m ::; k(*) we 5 have sup Rang('7m) > sup(U{Rnng(v11): 

ii E F (I])}); note Vt E Ax or ii E A~k(·) ns F (fi} is a set of such objects. 

IA) We sny F is finilary when F(i¡) is fi nite far every fj. 
18) We say F is simple if 7/k{•)(O) detennined F(r;) far fJ E A"' . 
2) For x, F as above and A ~ Ax we sny t hal A is free for (x , F ) when: A ~ Ax and 
Lhere is a sequence (17ª : O'< O'(*)) listing A' = A U LJ(F(-;;) : fi E A} and sequence 
(t0 : o < n(•)) such t hat 

(b) if a < o (•) and 1/º E A then F(r¡º) <; {f¡fi, 1¡f1] (m , n): f3 < o,n < w,m $ k(•)} 

(e) if o< o(•) and 17° E A t hen for some n < w we ha.ve fiº 1 (fa,n) r/: {r¡fi 1 
(l.,n) :{3 < o,q~ E A) U (it :{3 <a). 

3) We say x is O-free for F is (x, F) is ¡i-free when x , F are as in part (1) a n<l evcry 
A <; Ax of cardinality < (}is free far (x, F) . 

C la im 3.2 1} lf x E Kkt.) and F is a regressive fun.ction on x then. (x , F) is Nk(•)+ • 
frce provided that F is fimtary or simvle. 
2) In tiddition: if k S k( *), A <; Ax has canli1wlity S Nk anti ii = (u-1) : fj E A) satisfies 
ul) <; {O, . .. ,k(-.o. )},lu.,I > k , thm we can fiml (f;º : o< Nk}, {ta : O' < Nk) , (n0 : o < 
N,.:) such tliat: 

{a) A ,; {iiº: o< N.} 

6ncLuoUy, 1111ffice to hR\'C it for l = k(•) 
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(e) ;¡• 1 (l0 ,n0 ) ~ {'i' 1 (l0 ,n0 ) '(3 <a) U{;¡• ' (3 <a) . 

Proof. 1) Follows by ¡~art (2) for the case k = k(•) ,1i¡¡ ={O,. ,k(*)} for every 
;¡E A. 
2) So we are assuming x E Kzr.l'F is a regressive function on x ,k :5 k(*), A ~Ax 
has cardinality s; Nk and with0Li t 10ss 0f generality A is closed under fj .._. F (11)nA "'. 
YVe prove t his by inducti0H 0 11 k. 
Case 1: k =O. 
Subcase 1A: Ig:nori ng F. 

Let (fjª : o: < IAI} list A with no repetitions (so a < )A/ ==> a < Nk = No)- Now 
a< IAI ==> u,1 .. :¡6 0 and Jet e0 = Fnin(u,1º) :S k(*) . Hence far each a< IAJ we know 
t hat f3 < n ==> ij/3 f:. f¡"', heRce for sornen= n 0 ,13 < w we have r¡P 1 (fa, na,p ) .¡:. f¡º 1 
(eo,na,p). 

Let n 0 = sup{na ,/J : /3 <a), 1t is< w as o:< w. Now ((fa, n 0 ) : a< IAI) is ns 
req uired. 
Subcase IR r¡ E A=> F(r¡) is f.l.nite. 

Let {r¡ª : o:< IAI) list A, we d100se wJ by ind uction on j S j(* ), j (*) s; w such 
t hat: 

(b) j E Wj+ I 

(e) if a E wi t hen F(fj") nA ~ {i7": /3 E w1} 

(d) 'Wj( · l ~ IAI and w, ~ 0 

(e) Wj ~ W;+ i and j(x) = w ==> Wj (z ) = U{wj: j < j(x)} . 

No problem to do t his (far clause (e) use "F is regressive, the ord inals wel l ordered). 
Now Jet ({J(j,i) : i < ij) list Wj+i\w; sucb that: if i 1,i2 < ij and r¡f3{j,ii) E 

F(f¡/JU,i~)) t hen i.1 < i 2 ; we prove existence by F being regressive. Let (iij,i : i < ij') 
list U{F(;¡º) 'a E wí+ 1 \w, }\Ax\{F(;¡º ) ' a E wj )· 

Let aj = B{ij(1¡ + ij{J ) : j(l) < j} . Now we choose Pe far €< aj far j < j(*) ns 
fallows: 

(a) P<>j+i = l'j.i if Í < ij" 

(b) Pn¡+;; ·+; = r¡O<i ,iJ if i < ij . 

Lastly, we choose no ; +i < w far i < ij as in case lA. 
Now check. 

Subcase IC: F is simple. 
Note that F(il) when defined is determined by 11k(-¡(O) and is included in {11 E 

A$k(• ) U Ax sup Rang(11k(•J ) < T/q.¡(O) }. So let u. = {TJk(•J(O) : ij E A} and 

u."= u U {sup(u) + 1} and far a E u !et Ao = {fJ E A: 'lk(· )(O) =a} and far a E u+ 
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lct A<o = U{J\0 : o E 11 } . Now by induction on {JE 11." we choose ((i"¡c, e,) : c.< c.p) 
such that it is a required for A<o· For {J = min(11) t his is trivial and if otp(u n {J) 
is a limit ordinal t his is obvious. So nssume o = nut..x{11 n{J), we use Subcase l A on 
/\0 , nnd combine them nnturally promising f 0 = k( *) => n0 > l. 
Case 2: k = k . + 1 nnd IAI = N,1. .. 

Lct (Ai: : E< N.1; ) be S:-increasing cont inuous with union A,IAi+cf = Nk. , Ao = 0, 
ench A, closcd cnough, m a.inly: 

®1 ih]' E A, for i < i(•) < w, ¡;E A and {Pt ' e $ k(•)) !;; {•lt ' t $ k(•) , i < i(•)) 
then fi E A, 

2 /\, isclosed uncler1/ 1-+ F(ij)n/\x. 

Ncxt 

0 i f E < Nk , ;¡ E A,+ 1\A, t hen 1tij = {f E 1tfl: for every or just some n < w for 
some ii E Ai: we have fi 1 (e, n) = ¡; 1 {f, n}} has at most one member. 

[Why? So assume toward contradiction that ij E A,+1 a nd l{ I ) #:- f (2) belong to 
ii~. Hencc by t he definition of u~ there are ii1,ii2 E Ac a nd 1711 112 < w such thnt 
~ 1 (t'1,111 ) E ii1 1 (f1 , m 1) a nd ij 1 {f1,172) = ii2 1 {t'2, 1n}- Now m $ k(•) => for 
some i E {1, 2} , m $ C; => 17111 is (f¡ 1 (t'; , n;)),.. => 1¡.,. E {Pt : p E Ac. Hencc 
{11t: t' $ k(•)} i;: {Pt: l $ k(*) and p E A, }. So by ® t we have ij E Ac, so we fll'e 
done.j 

Apply the induction hypothesis to Ac+ 1\ Ac for each € a nd get ((i¡'•º,fc,n,n~.J: 
o < a(€)} such thnt ;¡'•º 1 (t'!,t • nc,n) ~ {r¡c,/1 1 {t'c,/J• llc,¡1} : f3 <a}. 

Lct " · = E{o(E) ' E < IAI} and" = E{a(() ' ( <E) + {3, a < a(<) lct 'Iª = 
1¡1·11,t'n = t'c,fJ, '1n = 'h.fJ· I.e. we combine but far A, +1\ A, we use {1t;¡\u;1 : 1J E 
At+1\ A,L so lu 11\u~I ~ k - I = k,. 1 

Oeflnit ion 3.3 Fo r a combinatoria[ parameter x we define Yx , t he cluss of a bclian 
groups dcrived from X as follows: e E Ox if t here is a simple (or fini tary) regressive 
F on A" and Gis generated by {YiJ,n : '7 E Ax , n < w} U{x.., : ij E A5k(•)} freely exccpt 

18JIJ,11 (rt!)yl),n+ l = Y;¡,,. + bij,., zf),u + L:{x1n <m,11> : m $ k(• )} 

whcre 

0 (n) b0,n E Z 

(b) z11,,. is a linear combination of {x0 : ii E F ('ij)\A"} U {Yfl,n : f¡ E F(ii) n Ax 
and (l'm $ k{<))(;¡ 1 (m,n) ) E F(fJ)). 

C lnim 3.4 1/ X E I<kt.) and e E Ox (i.e. e is mi abelian group derived f rom x ), 
titen G is Nk(o)+ i ·f ree. 

P roof. \Ve use cln.im 3.2. So !et H be a subgroup of C of cardinality $ Nk(· )· We 
can fincl t\ such tha t 
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(*) (a) J\ ~ Ax has cardi nality $; Nk (• ) 

(b) every equation whi ch X" = {xlJl<m,u»Y!J.r• : m $; k(• ), n < w, 1/ E A} 

sat isfies in G, is implied by the equations in r"' = u {[81,,,,.: 1} E A} 

(e) H ~ Gf.. = (X,1J < m,n>1 Yr;,11: t} E A, m $; k(•), 11 < w}c . 

So it sufices to prove that G"' is a free (abelian ) group. 
Let the sequence ((1]º , Ca ) : o < o(• )) be as proved to exist in 3.2. Let U = {o< 

a(>1): i¡º E A} U{a·(• )} and for o E U let X~ = {x,101< rn ,n> : f3 E o n U,m $; k(• ) and 
11 <w} and X!= x gu {ry/3 : (3 E a \U}. Sofor each a E u t.here is ña = (na,i : l E Vo) 

such that : fa E Vo ~ {O , . ' k( • )} ,na,t < w and X! +1 \ X! = {xl)J<l.n> : e E 'Ua and 
n E !11 0 ,t,w)}. 

Foro :::;: a(• ) Jetª"' ·º = {{ yfl 11 ,,,, x0 : f3 E U n a and ¡; E XJ})c". Clearly 
(Gf.. ,a : o $;a(•)) is pu rely increasing conti nuous with union Gf.. , and Cf.. ,O = {O} . 
So it suffices to prove that Gf..,a+i!Gt. ,a is free. If o: f/. U the quotient is t rivial by a 

free group, and if a E U we can use Ca E Va to prove that is free giving a basis. 1 

Conclusio n 3.5 For every k(*) < w t here is an Nk( · )+ i-free abeli an gro up G of 
cardi nality ..\ = .Jk( • )+ I such that Hom(G, Z) = {O}. 

Prno r. We use X and (hl) : ij E A.x) from 2. 1(3), and we shall choose e E 9x· So e 
is Nq . )+ 1-free by 3.4. 

Let. S = {((a;, 1];) : i < i 1r((b; ,ii;,n;) : j < j 1) : i 1 < w, a; E Z ,ij; E A5"(•l and 
j ¡ < w, bJ E Z, vi E Ax , n; < w} (actually S = A~k( • ) suffice noting ii; = (vj ,i : f ~ 
k(•))). 

So ISI = ..\k( • ) and Jet jJ be such that: 

(a) p ~ (pº ' " < ,\) 

(b) p lists S 

(e) pº = ((o ~' ij~ ) : i < io) A ((bj ' Vj' n~) : j <Ja ) so¡¡~ = (vJ:t : e:::;: k{•)) 

(d) sup Rnng(11~k( ·» < a, sup Rang(vJ,k( · )) <a ií i < i 0 ,j < j 0 . 

Now to npply Definition 3.3 we have to choose Za (for Defi ni t ion 3.3) as E{a? x11. : 
i < ia} + E {b;Ylij'. nj' : j < Ja } nnd z,J = z,1•( • )(0) fo r fj E J\x t hen for ij E J\ x we 
choose (bii,., : 11 < w) E '"' Z such thnt : 

® there is no íu nction h from {zf) }U {Yfl,n : n < w}U{x.,1<m,r1 > : m :5 k(*) , n < w} 
into Z satisíying 

(a) h(z0) # O and 

(b) h (x,Jl< m,,, >) = h;¡ (1/ l (m , n}) for m :5 k( .o ), n < w 
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(e) for every 11 

(*) .. n!h(Yo ... +il = h(y,,.,) + b0,.,h(z0) + l:{ (xoJ<m,n>): ni S k(•) ) . 

E.g. for ench p E '"'2 we cnn try bf. = p(n) nncl nssume toward contrndiction that 
for cach p E '"'2 there is hp ns above. Hencc for sorne e E Z\{O} the set {p E '"'2 : 
hp(zt¡) =e} is uncountnble. So we can fi nd p¡ '/; p2 such that hp1 =e= hp~(x11 } 
l\nd p¡ 1 (lcl + 7) = P2 1 (lcl + 7). So for some n ;::: le!+ 7,p1 f n = P2 1 n and 
p1(n) 'f. p2 (n}. Now consi<ler t.he equation (•),, for h,,1 ancl hp,, s ubtrnct. t hcm and 
gct (p1 (n) - f>2(n))c is divisible by n !, cleor contradiction. 

So GE Gx is well defined nnd is ~k{·)+ 1-free by 3.4. Suppose 11 E Hom(G,Z) is 
non-zero, so for some o< ,.\k(• )• h(z0 ) f.:. O (actually ns C 1 = ({xc; : V E A~k(o»}c is a 

i;ubgroup such t hat G/ G 1 is divisible neccssarily h f G 1 is not zero hence in 2.1 (2) for 
somc;; E A~k(•) we have h(xo) ':f: O. Let y = {V} and so by the choice of {hiJ: 1/ E A) 

for somc 1/ E 1\" , '7k{•)(O) = a and wc have lir¡ = h / {xlJl<m,n>: m:::; k(•)1 n < w}. 
Dy wc clcarly gct a contracliction. 1 

Rcma rk \.Ve can give more clctni!s as in thc proof of 2.3. 

Conclus ion 3.6 °m1 For every n :::; m < w there is a pure.ly increasing sequence 
(G0 : CY :::; Wn + l } o/ abelian groups, G,"Gp/ C 0 are free for O' < {3 :::; w,, and 
G,,.,,.+ifG,,.,,. is N.n-frce arid/01· some h E flom(G/( ,Z) has no e:rtension in /1om.(G,,.,,.+1, Z). 

P roof. Let C , z be as in 2.2. So a lso G/Zz is N.,-frce. Le t C(i = ({z})c for 
Cr :5 W2, Gw,.+ I =C. 

4 Appendix 1 

Notntio n 4.1 lf ,,. E A~, nnd f¡ = ,,. 1 {l :::; k(•) : e ':f: rn} and V = 11~. then Jet 
:tm,IJ,1.1 := XfJ· · (Sec proof of 1.1 2). 

Proof o f 1.8. Let U~"" S be countable (and infinite) and define CU like G restricting 
oursclvcs to '1t E U; by t he L6wenheim-Skolem argument lt suffices to prove t hat CU 
is n free abclian group. List A n k(• ) + I LJ without repetitions as {ij1 : t < t• :::; w), and 
Cb OOSC St < W by induction 0 11 t < W SUCh that Ir< t& fj,. f k(•) = 1/t f k(•) => 0 = 
{•l<,k(• l 11: 1 E {s.,w)) n {>fr,k(· l 1 e: e E [snw))j. 

Let 

Y1 = {xm,1),1.1: m. < k(•),ij E k¡.j+ l \ {m)U and V E '-'>2} 

m = k(•) ,1/ E k(o)lj and far no t < t • do we havc 

1/ = 1/t ík(•)&v E {rlt,k{o) f f:s, $l<w)} 
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Y3 = {y,1,,,.: t < t• and n E !st,w)}. Now 

(*)1 Y1 U Y2UY3U {z} generatcsC(, . 

fWhy? Let G' be the subgroup of Glj wh.id1 Y1 U Y2 U Y3 generate::>. Firs t we prove 
by induction on n < w that far ¡¡ E k(·Ju and v E "S we have xk(o),iJ,., E C'. lf 
Xk(• ),i),11 E Y2 t his is clear; otherwise, by the defi njtion of Y2 for somc e< w (in fnct 
f = n) and t < W such that f, 2: St WC have fj = f/t f k(•),v = TJt ,k(•) Í f.. 

Now 

(b) x.,..,;¡,f {i~ k { • ) : í;ém},v belong to Yi ~ G' ifm < k(•). 

Hence by the equation [81;¡,.. in Dcfinition 1.6, clearly Xk( • ),iJ,u E G' . So as Y, ~ G1 ~ 
Glj , ali the gencrators of the form x,,.,,1,11 with each fJl E U are in G'. 

Now for each l < w wc prove that ali the gencrators y;¡,,,. are in C'. lf n 2: s1 then 
clearly Y.1. ,n E Y3 ~ G 1• So it su ffices to provc this for n ~ St by downwnrd induction 
on n; far n = St by an earlicr sentcnce, for n < St by ®;¡, ... The other generntors are 
in this subgroup so we are done.] 

(•)2 Y1 U l'2 U Y3 U {z} gcnerates CU freely. 
íWhy? Translate the equations, see more in [5 , §5/.J 

Prooí o f 1.10 O), 1) Obvious. 
2) ,3) ,4) FoUows. 
5) Let. (ru: f < m(•)) list u, Ut = U u (u\ {11t}) so Gu,ii = Cut ... + Gum<·i - i· First, 
Cu.u ~ Cuuu follows by the definitions. Second , we deal wit.h proving Cu, .. ~ i>r Cuuu· 
So assume zº E G, a• E Z and a• z• belongs to Gv0 + .. + Gu,nC•J so it has thc form 
E {b,xf)'l<rn,,n, > : i < i(•)) + E {CiY•iN'i : j < j(•)} + az with i(•) < w,j(•) < W 
and a' , b; , e; E Z and v;, f¡ ' , 1/i are suitable sequences of members of Ut(•)• Utc•» Uk{j ) 
respect.ively where l(i), k(j) < m(•). We continue as in j5J. 
6) Easy. 
7) Clcarly U1 U v = U2 U u heuce Gu1uu ~ Cu1uv = Cu2u .. hence Cu, .. + Cv1uu is a 
subgroup of Cu,u + Gu2 u,., so t he first quotient makes sense. 

Menee (Cu ... + Gu2uu)/(Gu,u + Gu 1uu) is isomorphic to Cu2u .. / (Gu2 u .. n (Cu,,, + 
Gu,Uu)). ow Gu1 ,u ~ Cu 1uu = Gu2 uu ~ Gu, .. +Cu2 ,u and Cu,,,, ~ Gu,v = Gu,u\U = 
Gu,u ~ Cu, .. + Cu2 ,,.. 1bgether Gu,,v is included in their iut.ersection, i.c. 

Gu,uu n (Gu,u + Gu,u,.) include Gu1 ,v and using part (1) both has the samc 
divisible hul.l inside c+ . But as Gu1 ,,, is apure subgroup of C by part (5) hcnce of 
Gu,Uv· So necessarily Cu1uu n (Cu,..+ Gu1,,.) = Gu.,u , so as Cu2u,, = Gu1u,, wc are 
done. 
8) See ISJ. 

Proo í oí 1.12 1 ) We prove this by induction on IUI; wit.hout loss of genernlity 
lul = k as nlso k' = lul satisfi cs the rcquirements. 
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~: U is countable. 
So !et { t1i : l < k} list u be with no repctitions, now if k = O, Le. u = 0 t hcn 

Ouuu = G'u = C u,,. so t.he conclusion is trivial. Hence we ns.sume u '=/:- 0, and let 
''·t := 1i\ {11¡} for e< k. 

Let (1/1 : t < t• :::; w) list with no repetitions the set /\u ... := {;¡E Ax n kC-)+1(Uuu): 
forno e< l.: does ,-, E k(•)+ ' ( U U ut )}. Now comes a crucial point: Jet t < C , for 
cach e < k for some rr,t :::; l.~ (•) we lrnvc 11t,r, ,, = 11¡ by t he definition of /\u,,., so 
1{1·1,1 : e< k}I = l.·< k(• ) + l hence for some m1 S k(•) we have t < k => r1 ,t .¡:. m 1, 

so for cach e< k thc sequcncc ;¡, r (k(•) + !\ {mi}) is not. from {(p,,: s s k(•) and 
s "f:. m1) : p,, E ..i(U U 11t ) for evcry s :5 k(•) such that. s.¡:. mi}. 

For cach t < t' we define J(t) = {m :::; k(• ) : {111,,, : s S k(•)&s .¡:. m } is 
includccl in UUut for no t :5 k}. So m1 E J (t) ~ {O,. ,k( ... )} and m E ./(t ) => 
ij¡ 1 {j :5 k(•) : j '=/:- m} '/; ~·( •)+ l \{m}(U U ut) for e\lery l. :5 k. For m :5 k(•) Jet 
1/;,,,. := ;¡, r {j :::; k(• ) : j .¡:. ni} and 1;; := 1i~ ..... · Now we can choose St < w by 
induct ion on t such that 

(•) if t 1 < t, rn :5 k(•) And 7/~ 1 ,,,. = 1J;,..,, then 1/1 ,111 f Sr ~ {1'11,.m f l: l < w). 

Lct y · = {xm,IJ E C uuu : x, .. ,IJ </; Cuuu, for l < k} U {Y¡¡ ... E Guuu : Y¡¡,,, </; Cuu .. , 
for e< k}. 
Lec 

l'1 = {xm,l),v E y• : for not < lº do we luwe m = m1 &;¡ = ;;;}. 

Y2 = {xm,l),v E y• : x .,.,;¡ </; Y1 but for no t < t' do we have 
m = m1 & 1¡ = 1/~ & 11i,.,., f St ~ ti <l 1'1t,m, } 

Y3 = {Yt'/.": YIJ,n E Y ' nnd n E [s1,w) for t he t < t" such tha t. 17 = 1Jt}. 

Now the desired conclusion follows from 

(•)1 {y + Cu.u: y E Y1 U Y2 U Y3} gencrntes G'uu.,/Gu,u 

(•)2 {y + Cu.u: y E Y¡ U }'2 U Y3} geuernles G'uu ... / Gu ... freely. 

\:'1·oor oí ( · ) 1 • IL suffices to check t hnt ali t.he generators of Guuu belong to 
OOuu =: (l'1 U Y2 U Y3 U G'u,u)c. 

First consider x = Xm, l),v wherc 1J E k(•)+1(U U u), m < k(•) and 11 E "S for 
1:1ome rl < w. lf X <t y· t:hen X E C u.u, for some e < k but Guuu, ~ G u,u ~ GUuu 
1:10 wo are done. hencc assume x E Y', lf x E Y1 U Y2 U Y3 we a re done so assume 
:¡; </; Y1 U Y2 U Y3. As ':r </; Yi for somc t < C we have m = m 1&;¡ = r¡~ . As x </; }'21 

t l<!nr\y for some t ns above we luwe 'lt,rn, f s1 ~ ti <l r¡1,m,. Hence by Dellnition 1.6 t he 
~/lUntion @11,,n from Dcfinit.ion l.G holds, now y11,,1.,y¡¡, ,n+ l E GUuu · So in orcler t.o 
\!"duce from t he equation thnt x = !1'11;1<rn, ,n> bclougs t.o Cuuu, it suffices to show 
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t hat x;¡;,,l<J,n> E GUu .. fo r each j :5 k (•),j ::/:- m,. Bu t ench sucl1 :r;i; ,J l<J,n> belong 

to GUuu as it belongs to }'"¡ U Y2 . 
[\Vhy? Otherwise necessarily fo r sorne r < t • we have j = m,., ;;;,; = 1}~, ..... and '7r,mr f 
s,. ~ 'lt r 11 <111 ........ son ~ Sr and as said above n::::: s, . Clearly,.""" las m ,. = j .,¡:. m,, 
now as r¡; ,m,. = 77~,mr irnd 7/¡ f.: i¡,. (as l #- r ) clearly '71,m .. i= rJr,m,.· Also -.( r < t) by 
(*) abovea ppJied with r,l berestandi ng fo r t 1,t t hereas 1}r,m,. Í Sr::::! 11t,J f 11 <11Jr,m, · 

Lastly for if t < r, again ( *') app!ied wi th t,,. here standing for l¡ 1 l t here as n ;::: m1 

gi\'eS contradiction. J 
So indeed x E GUu~, . 

Second consider y = y,1,,. E Guuur if y rJ. y · t hen y E Cu.u~ GUuu• so nssume 
y E }' º . lf y E Y3 we are done, so assume y rJ. Y3 , so for sorne t , fj = f1i a nd n < St. \Ve 
prove by downward induction on s :::; St t hat Yp¡, 8 E GUuu• t his clearly suffices. F'or 
s = s1 we have Y;¡, 8 E Y3 ~ GUuu; and if Y;¡,a+ 1 E GUuu use t he equation ('81 11, ,, frorn 
1.6, in t he equation YIJ ,H I E GUuu and the x's appearing in the equation belong to 
GUuu by the earlier pa rt of t he proof (o f (•)¡)so necessari ly Yfl,• E G(.,u,. , so we nre 
done. 

Proof o f ( * h We rewrite t he equations in the new variables recal!ing thal.. Cuuu is 
generated by the relevant var iables freely except t he equat.ions of @11 ,n from Definition 
1.6. After rew ri ting, ali the equations disappear. 

Case 2: U is uncountable. 
As N1 $ IU! $ Nq .. )-kt necessa rily k < k(•). 
Lct U = {p0 : cr < ¡1.} where ¡.t = IUI, lis l.. U with no repeti tions. Now fe r each 

a ::5 IUI let U0 := {pp : /3 < a } ancl if o-< IUI t hen u 0 =u U {p0 } . Now 

0 1 ((Cu,,,+ Gu,.uu)/Gu, u : O" < IUI) is an increasing conti nuous sequencc of sub
groups of Guu .. /Gu, .. . 
[Why? By 1.10(6) .J 

0 2 Cu.u+ Gu0 u,./Gu, ,, is free. 
(Why? T his is (C u, ,, + G0u .. )/Gu,u = (Gu,u + G,,.) / Gu,u which by 1.10(8) is 
isomorphic to G,./G 0,,. which is free by Case l. ] 

Hence it suffices to prove that for each o< IUI the group (Gu,u + Gu,.+iuu)/(Cu.u + 
Gu .. uu) is free. Bul.. ca.sily 

03 this grou p is isomorp hic to Gu,.uu"/Gu0 ,u,.· 
f\Vhy? By 1.1 0(7) with U0 , U0 +1 , U, p0 , u here standing for U1 , U2, U, r¡, u t hcre.J 

0 <& Gu,.uu,./Gu,,,,.,, is free. 
íWhy? By the induction hypot hesis, as No + IU0 I < IUI ~ Nk( · )-(k+ l ) and 
lu. I = k + 1 ~ k(•).J 
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2) If k(*) =O just use 1.8, so ussume k(*) 2: l . Now the proof is similar to (but easier 
t1hnn) the proof of case (2) inside the prnof of pnr t (1) above. 

Recei ved: Sep . 2006. Revisad: De e . 2006. 
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