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A t race inequality with a subtracted term 

H. Miranda 'and Robert C. Thompson 1 

Abstract. 
For fixed real or complex. matirices A and 8, Lhe well 

known von Neumann ttiace inequality ident.ifies Lhe maxi
mum of 1 tr(U AV B) j1 as U and V range over the unit.ary 
group, t!he maximum being a bilinear expression in Lhe sin
gular \'tllue:s of A y B. Thia paper establishes the analogue 
oí this inequality for real maL11ices A and B when U and 
V range over tibe proper (real) orthogonal group. The ma
ximum is again a bilinear ex.pression in the singular values 
but t here is a sub tirac~ed berm when A and B have deter
minants of opposite sign. 

John von Neumann [l J provee\ a half century ego that if A and B are square 
matrices wit h complex element:.s, tben 

SUPu.VeU(n) 1 f.r(U AV B) I= a 1.61 + et:2/h + ··· + o:,JJ., , 

where a- 1 ~ .•• ? a ., are the singulnr vnlues of A and /31 ? ... ? B., the singular 
values of 8 , wi t h the sup tnken over oll matrices U and V in t he n x 11 unitory 
group U{n). T his theorem has attlracted inlercst in applied linear a lgebra., including 
mathematical physics [7], psychology (9], the hyperela.slicily of iso lropic muterials 
[18], ancl elsewhere, including [17, t9]. ln this paper we consider matrices A a nd B 
with rea l element.s, a nd we locl\te the voluc of .11u pLr(U AVB) as l hc sup h; ta.kcn 
over ali element.s U, V of SO(n), the rcu.I proper orthogonal group. 

A lisl (2-1 IJ o f a rl iclcs s implifying the original von Ncumonn proof, or cxptUlding 
the scope of lhc rcsull, oppeors ot tbc end of lhis pope r. The earlicsl of tbesc is 
the Fan paper (8). Thcrc is o deta ilcd nna lysis o f thc ca.se of equal it.y in 17] . Ncw 
results relat.ed to lhc t hcorcm ore probably wor thwhilc, and ours are u nnLurnl 
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count.crpart. to the original theorem aod 1ee111 not to be in tbe Ut.erature, at leut 
not in !~llj. Our result.s add Lo tbe aJowly ¡rowin¡ claas of spectral inequalic.íes 
having subtract.ed terms. 

We augment t.he last sentence by explanlni¡ tbat. apectr&I lnequalitles wlth 
subtracted t.erm.s oft.en occur In the study of singular values. See jt 3, 14, 15) for 
sorne examples. Many of these seemingly curious inequaliLim are best understood 
In l.er1IlS of the propertles of t.he root syst.ema &!80clat.ed with the claaslcal simple 
Lie groups and algebras. 

Our proof t.echnique in this paper is eJemenLary, using no Lie theory, insi.ead 
using a maximization techuiquc oíl.en employed to establlsh spectral inequallties. 

Tbeorem 1 Ta.Jcing the singular valuea 0¡1 A o/ t.he real m.atrice6 A and B in 
wenkl'll decrca.Jing orrler, 

•upp,Q E SO(n)tr(PAQB) = <xi/31 + a,¡J., + ... +<>o-1Po-J + •ign(det(AB))a 0 {J0 • 

In particular, when A and B have deLerminant.s o í opposite sign, 

:tUPP,Q6SO(n)/.r(PAQB) = a1fJ1 + a2f3.J + ... + a,J3n. 

Proof Since SO(n) X S0(11) is compacl and trace is 8 conlinnous r11nctio11, the 
sup in Theorcm l Is attalned. We show that it al most is the value claimed in the 
tbeorem. Let Po and Qo be elemenlS oí SO(n) at which the sup is 1t.ttalncd. We are 
going to perturb the matrix PoAQoB by a rotation and deduce certain information. 
Let ~¡(8) be a rotal.Ion mat.rlx, that is, an identity matrix aPart from elemenl.5 
an8,sin8, -sinO, cosO ln positions (i, i), (i, j) , U ,i) a.nd 0, j), respectively. Then 
tr(/l.¡¡(S)PoAQoB) &chievcs a iriaximum at O= O, so that it.s derivative with respect. 
to 8 al 8 = O. A simple computation shows that the (i, j) a.nd U, i) clcmenl.S of 
P0A.Q0 B are the same. Application of this fact for ali i and j shows that P0AQ08 
is symmetric. 

Since Lr(P0AQ0 8} = t.r(Q0 BP0 A), a similar computation shows that. Q0 BP0A 
is symmetric. 

Let S = PoA and T = Q08. Then ST and TS are real symmetric mal.rices, 
with S having as lt.s singular v&lucs thosc of A and T those B. By the singular 
\"8.lue dccomposition for real matrices, malrices 0 1 and O, in SO(n) exist such that 

o,so, = diag(•1 • ...••• ). 

We m$y as.sume that. the diagone.J elements s¡ in 0 1502 are nonnegativc, except 
perhaps for the 1Ml1 and are nrranged in order of weak.ly dectta.sing absolute valucs. 
Tbus -'1 = ai. ... ,Bn-1 = O:n-i. Sn = .rign(det(A))a., .. ot.e Lhat 

tr(P0AQ0B) = tr(ST) = tr((0 1 Po)(AO,)(Oi1Qo)(BOj1)). 

Renaming 01Po 8.! Pa ,AO, M A, 01 1a.sQo.., B0j 1 as 8,01S01 8.S si nnd 
Oi1T0j 1 as T, we 11ow hnve S = PoA ... diog(a:¡, .. .,a..-1,aign(det(A))an).T"" 
QoB, wiLh ST and TS symmetrlc. Lct T = !t,;J. 
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We uaen. thal Lhe ll"oet of ST la Lhc troct of a producl 

wlth p a permuLALion of l, .. . , n, an wlth the producl fo 1.he ± signs iu t.he ri ght. 
factor gi ving the sign of d.etB. 

The symmet.ry of ST and TS lm pli es Lh&L 1J1t 11 • a1t1, and 4,6, = 11,a,. Hence 
(11 - aj} t¡; = O. lf !t~ .¡.. a~ 1.hen t,, • O. lf S2 has distlncl diapnal element.s1 1.hen 
T must be diagonal. Becausc the diago11 nl elemenU5 oí T ara± t.he :singular values 
of B and detST = detAB , our assertlon Is lmmedlate, C\"en lí A or B is s ingul ar. 

Since an inequalily Is being proved, we cou ld avoid lhe in wbich S2 ha.s nondls
tlnt singu lar values ca.se by appeali ng to t he distincl singular "'alue ca.e and con
tinuity. We prefer to givc tt. direct anulysis. Lct S2 have nondisLinct dingonul 
elements. Then T s plits as a direct sum of blocks: T = diog(T1, T2 , ••• , T.t - I• T11:)1 

say, corresponding to S = diag(a1 l 1,ct2 l2, ... 1 C1.t - 1l.11:-1 1 a,D.1J , wilh 01 > u2 > ... > 
O't-1 > ui.. ~ O. Here each /¡is au identity matr lx but D1t depart.s from an ideutity 
In that t he last diagona l entry is - 1 exactly when detA is negative. A simul tane
ous block diagonal s imilarity of S a.ne\ T, with proper orthogonal diagonal blocks, 
pcrmit.s u:s to t.ake T1i .. ., T.1:- i t.o be d iagonal, and also Tt when Dt is an ident.i t.y 
matrix and ctt is nonzcro. lf C1 t =O, we may replace Tt by PtT11:Qt where P.1: e.nd 
Q1r. are proper orthogonal matri ces diagonali zing n, and leave Lhe product.s ST 
aud TS unchanged . We onl y ha.ve to s how how to replace Tt by a diagonal matri x 
when detA is negat. ive and Dir has -1 as it.s last. d iagonal element. T he mat.rix 
ui..Di.. T1r. is symmetric, and it.s t.race, as t he sum of it.s eigenvaJues, is a sum of term.s 
cach of which is the singular value ui.. of S times± a singular w.lue of D1r.Ti.., that 
Is, times ± a singular value of T1r,. Tbe product of the ± signs is the sign of t.he 
product of the eigenvalues of Di..Ti.. ancl therefore is t.he sign oí <ktDi..Ti... Because 
the last. diagonal element of D1r. is -1, the prod uct oí the ± signs is the sign of 
-dctTi.. = detD.tTr. Hence the trace of ui..Di..T.t is the tl"ace a product. (u.1:D1c t imes 
a diagonal matrix of signed s ingular volues of Ti..}, in which lhe signs of t he singular 
val ues of Tt are those on then singn lor val ues of D.1: Ti.., excepl for the sign on onc 
singular value , which for r .. is apposite to t.hat of o .. r.,. From lhese facts, our 
a.'l.!lcrtion follov.'S without ony need to effoct a diagonalization of T,... 

T hus 

tr(PoAQoB) = 1.r(ST) = L (fo,)(±0,.¡,¡) . 

with only º" among a, pc rhaps carryi ng a ncgative sign . If dctAB is negativc, 
thc position.s of Lhc 111 .. -gati vc cntri es on thc a , and on lhe ~') cannot co mpletcly 
be t he same, so t hnt at lee.st ouc tcrm n./Jp(•) carrics a ncgat.ive !\ign. A simple 
rcarrangemenl argument shows thot when dct(A 8 ) is nonnegal h"C lhe sum connot 
cxceed. 
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and when det(AB) is negat.ive 

R.eturning to t he original matrices A and 8, beíore the notation&l changes, we 
ha\-e prO\•ed that t.he cxpressions j ust displayed are upper bounds ror tr(PAQB) . 

~foreover , these cxprcssious are achievable vaJues for tr(PAQB) M P and Q 
range o~-er SO(n). Indeed, we may take A= diag(a1, .... a,,_ 1,sigu(det(A))an), 8 = 
di4g(JJ1, ••• ,(3"_" sign(det(B)){J" )' and the take P = Q = l . • 

lt is ea.sy to see that in Í U.VEU(n) 1tr(UAV8) I== O. Because of the ab5ence oí 
absolut.e val ues, Lhe in/ parallel to the .:mp in Thcorem 1 is generally uonzero, snd 
il5 value is left to the reader. 

The generali zat ion of Theorem 1 to more t.han two matrices is the conLCnL oí 
Theorem 2. lts proof will give an alternative demonstration of Theorem 1. 

Tbeorem 2 Let A 1, ••• ,A,,, be matrices with real entn"e.•. 1'ake the ~i11911.lar 
tialu~ o/ Aj lo be .~ 1 (Aj) ?! ... ?! sn(AJ) / or j = 1, .. . ,m. Then, 1\.8 mntricu 
P1 •••• , Pm mnge ouer S0(11). 

= ~Il ·'<(A;)+ ngn(det(A, ... Am)) IT •.(A;) . 
i • l j • I J • I 

Proof We shall use inc\uct.ion on m. No USe is made of Theroem t. T he 
foUowing argumcnt. inclndcs then m = 1 case st.arling t.he induclio n. 

Without Joss of generulit.y, we may suppose that. A 1 , .• • , Ano a re diagonal , with 
Lhe diagonal element..s of ca.ch AJ in order of decr~ing absolutc va. luce, a nd only 
the lasl possibly negative. As bcfore, t.he su p is att.ained, so suppose t.hat. matrices 
P1 .P,, ... , Pm in SO(n) achieve it. The matrices A¡, ... , Am may have mult.iple or 
zero singular values. Supposc, as an initial case, that ach diagonal matrix A¡ 
has si mple nonzcro .singular values. Set. M = P1A 1 ... Pm-iAm- l Pm. Let. R,1(0) 
be a rot.ation matrix as before. Then tr(R;1(8)M A,.) has a mruc imum at. O = O, 
and so does t.r(M R¡;(O) Am) = t. r (~;(O)Am 1W ). Therefore M Am is symmet.ric, 
a.nd so is AmM· Let. Am = diag(ct1, ... ,O'n), where the u, are d ist.i nct in absol u~e 
vaJue. Then M1;u1 ami a¡M1J = u1 M¡i . Therefore (o-2 - ct2)M,1 = O, whence 
M is diagonal. Moreover, t.he di agonal elemcm..s of M are in order of wenkly 
decreasing absolu te vnluc.s an d only lhe last. is pos.sibly negat.i\'C. Fo r if nol, by 
simple rearrange ment inequalities , tr(R- 1 M RAm) ~'Ould be incrcasecl by a suit.able 
choice of t.he gencral izect permut.at.ion metrix R in SO(n). 

When m = l , by proper orthogonalit.y thc metri>: M = P1 rnusL now be the 
ident.ity, and lhc value o f the sup in e/car. Let. m > l. 

Let N = PmAmP1A 1 ... Pm- l· Then lrA1Am = tr N A.,._ 1, ancl by L e se.me argu-
me.nt is a diagonal mat.rix, with diagonal clement.,s in ordcr of weakly dccrca..ing 
absolut.e vaJues and only thc 11:\Sl poosibl y negalivc. 
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Now 

P.,.A.,.Af P,;. 1 • NAm-1(• P,,.A,,.P,A, ... P.,. 1A .. -1). 

BoLh A"'M and .VA,,._1 Dl't' diRgonol mnt.rieea wilh uonuro dlagonal clcmem.s 
which are in ordcr oí st.ricll)' dccrensing al»olut.e ,,Uues siDCe lhis ts uue for A,,. 
and weakly ~ for M, and for A,,._ 1 and weo.kly for N. Tl\U$ thc similar diagonal 
matrices A ,..M and NAni-I hnve t.helr necessarily simple eigenvalues appea.ring on 
the diagonal in Lhe .same ordcr. Couscquent.ly t.he maLrix P. eO'«.ting the aimllarit.y 
must. be a d iagonal mat.rix, aud 1.hcrefore commut.cs with the diRgOnal mat.rix A,,._ 1, 

Hence 

P1A1 ... P.u-1 Am-1 P,.1An1 = P1A¡ ... (P,.,_,P.,.)(A.-1A.). 

We are nov.• in a posit.ion t.o npply induct.ion. AS P1 •••• , P._2 ,(P._1P,.,) rongc 
ovcr SO(n), 

·-· = L s,(A1) ... s ,(A,,,_,)s,(A0 ,_1Am) ,., 

·-· = L •;(A1) .... •, (Am-1)s,(Am) 

+.•ign{del(A¡ ... Am- 1Am))s,,(A1)···-'n(A,,._,.,"(A ... ) 

'fhcrcfore, for m 2=, 1, thc sup is _il:I claimed value when the A, have simple 
nonzcro :singular \'1\lues. Now supposc the A1 do noL ali ha ve simple nonzero singular 
vo.Jucs. Choose t.he P1 so LhaL Lhe sup is n.Ltained, and the n perturb the A¡ to havc 
simple nonzcro singular \'&lucs. Thc uppcr bouml on the tract is then valid for thc 
chom:n P, and Lhe pcrturbecl A,. By coutiuuity it. continues t.o be a n uppcr bound 
as the perturbaliort5 approach zero, whc nce it is an upper bound for the original 
mstrices A,. 

It is clear that. t.he uppcr bound on thc traa is achie\'Cd for suitablc matrices 
P, in SO(n). • 

The case o í equality in thc von Ncumonnn theorern seems t.o be analy!«.'<I only 
in [7]. The íull rcsult is somewhat intricale, but becomes a bit s impler if Lhc von 
Ncumann thoorcm is st.8t.ecl in trnot.hcr way. A latcr puper examining C&!ICS of 
cqunlity in the \"On Neumann re mlt ond our proper orthogonal \'Cf'Sion of it will be 
prcpa red ií sufficic:nt.ly significat rcsult.s are found. 
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Item 1 is the original paper, it.ems 2-6 include prooís oíthe \'OD Newnann inequality 
íor two matrices, and 7-11 lnclude the generalizat.ion to an erbit.rery numbcr oí 
matrices. ltcm 7 disc:.usses t.he case oí equatlity. None o( 1-11 in\'C:Stigat.e the case 
In which the :mp is t.aken over thc proper ort.hogonal group. ilemsl2-16 relate to 
spectral inequalities having subtrncted Lerms, and 17-19 conlain applicetlions of tibe 
Uheorcm. 
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