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ABSTRACT

Here we study further the quasi-interpolation of sigmoidal and hyperbolic tangent types
neural network operators of one hidden layer. Based on fractional calculus theory we
derive fractional Voronovskaya type asymptotic expansions for the error of approxima-
tion of these operators to the unit operator.

RESUMEN

Estudiamos la cuasi-interpolacién de los operadores de redes neuronales de tipo tan-
gencial hiperbdlico y sigmoidal de una capa oculta. Basados en la Teoria del Calculo
Fraccional, obtenemos expansiones asintéticas del tipo Voronovskaya para el error en
la aproximacién de estos operadores hacia el operador unitario.
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1 Background

We need

Definition 1. Let v > 0, n = [v] ([-] is the ceiling of the number), f € AC™([a,b]) (space
of functions f with f=1) € AC([a,b]), absolutely continuous functions). We call left Caputo
fractional derivative (see [13], pp. 49-52) the function
1 x o
DY f(x) = =—— — )"V M (1) dt 1
e ¥ = ey | (v (v at, 1)
V x € [a, b], where I' is the gamma function I' (v) = fgo e ttY~1dt, v > 0. Notice DY, f € L; ([a, b])
and DY, f exists a.e.on [a,b].
We set DO, f(x) =f(x), ¥ x € [a,b].

Definition 2. (see also [3], [14], [I5]). Let f € AC™ ([a,b]), m = [«], > 0. The right Caputo
fractional derivative of order o« > 0 is given by

_1\ym b
D%_f("):(;)J (=)™ () dg, (2)

Vv x € [a,b]. We set D%_f (x) =f (x). Notice Dg_f € L; ([a,b]) and D{_f exists a.e.on [a,b].

Convention 3. We assume that

Dy f(x) =0, for x < xo, (3)
and
Dg, _f(x) =0, for x > xo, (4)

for all x,%xo € [a,b].

‘We mention

Proposition 4. (by [5]) Let f € C™([a,bl), n = [v], v > 0. Then D}, f(x) is continuous in
x € [a,b].

Also we have

Proposition 5. (by [5]) Let f € C™ ([a,b]), m = [«], « > 0. Then D{ f(x) is continuous in
x € [a,b].

Theorem 6. ([5]) Let f € C™ ([a,b]), m = [«], & > 0, x,x0 € [a,b]. Then D& f(x), D& _f(x)

*X0 X0o—
are jointly continuous functions in (x,xo) from [a, b]? into R.
We mention the left Caputo fractional Taylor formula with integral remainder.
Theorem 7. ([13], p. 54) Let f € AC™ ([a, b)), [a,b] C R, m = [«], « > 0. Then
m—1
f(k) (XO) k ] x x—1 o
= X g ) e DR E L )

YV x > x0; X, X0 € [a,b].
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Also we mention the right Caputo fractional Taylor formula.
Theorem 8. ([3]) Let f € AC™ ([a,b]), [a,b] C R, m = [«], &« > 0. Then
m—1
) (xo) K T (™ a1
9= ¥ 5 ool i 00" Dg (©

vV x < x0; Xy, X0 € [a,b].

For more on fractional calculus related to this work see [2], [4] and [7].

We consider here the sigmoidal function of logarithmic type

1

STrex MR

s (x)

It has the properties lim s(x) =1 and lim s(x)=0.

X—+o00 X——00

This function plays the role of an activation function in the hidden layer of neural networks.

As in [12], we consider

We notice the following properties:

i) ®(x) >0, VxeR,

i) Y _d(x—k =1, VYxeR,

i) Yoo @(mx—k)=1, VxeR;neN,
iv) [ D (x)dx=1,

v) @ is a density function,

vi) @ is even: @ (—x) = @ (x), x > 0.
We see that ([12])

e —1 e x
Pk = ( 2e )( e (e

1
e’ —1 1
22 ) (T+e 1) (T4+ex 1)

vii) By [I2] @ is decreasing on R, and increasing on R_.

(7)
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viii) By [II] forn e N, 0 < 3 < 1, we get

2 _ _ —
3 O (nx—k) < (e ])e_“” Y =3199e " (9)
k =—o0
‘Inx —k| >n'—-B

Denote by |-] the integral part of a number. Consider x € [a,b] C R and n € N such that
[na] < [nb].

ix) By [I1] it holds

1 1
< — 5.250312578, V¥ x € [a, b]. 10)
M G nx k) @ (1) |
k=[na]
[nb]

x) By [II] it holds nlgréo > ® (nx — k) # 1, for at least some x € [a, b].

k=[na]

Let f € C([a,b]) and n € N such that [na] < [nb].

We study further (see also [11]) the quasi-interpolation positive linear neural network operator

[nb] ¢ (X) ® (nx —k)

=[na] n
Gn (f,x) := K , X € [a,b]. (11)
Z]ET:T'Jna‘\ o (TLX - k)

For large enough n we always obtain [na] < [nb]. Also a < £ <b, iff [na] <k < [nb].
We also consider here the hyperbolic tangent function tanhx, x € R :

eX —e X e2X 1
tanhx := = .
eX+e*  erx41

It has the properties tanh 0 = 0, —1 < tanhx < 1, V x € R, and tanh (—x) = — tanh x. Furthermore
tanhx — 1 asx — 0o, and tanhx — —1, as x — —oo, and it is strictly increasing on R. Furthermore
. d _ 1
it holds ax tanhx = coshZ x > 0.
This function plays also the role of an activation function in the hidden layer of neural networks.
We further consider

‘P(x)::](tanh(x+1)—tanh(x—1))>0, vV xeR. (12)

4
We easily see that¥ (—x) = W (x), that is ¥ is even on R. Obviously V¥ is differentiable, thus
continuous.

Here we follow [§]

Proposition 9. ¥ (x) for x > 0 is strictly decreasing.



CUBO

Fractional Voronovskaya type asymptotic ... 75
14, 3 (2012)

Obviously W (x) is strictly increasing for x < 0. Also it holds lim ¥ (x) =0 = lim ¥ (x).

X——00 X—00
Infact W has the bell shape with horizontal asymptote the x-axis. So the maximum of ¥ is at
zero, ¥ (0) = 0.3809297.

Theorem 10. We have that > ° W (x—1)=1, Vx€R.

i=—o0
Thus -
Y Ymx—i)=1, VneN VxeR.

i=—o0
Furthermore we get:
Since ¥ is even it holds ) 2 _W(i—x) =1, Vx € R.
Hence ) 2 W(i+x)=1, VxeR,and ) ° WY(x+1i)=1, VxeR.
Theorem 11. It holds [%] W (x)dx =1.

So ¥ (x) is a density function on R.

Theorem 12. Let 0 < 3 <1 and n € N. It holds

Z Yinx—k) <et e (13)

Kk =—
nx —k| >n'"B
Theorem 13. Let x € [a,b] C R and n € N so that [na] < [nb]. It holds
1 1

< 4.1488766 = ——. (14)
Z]Enb[im} (nx —k) w(1)
Also by [8], we obtain
[nb]
nlgr;()k_rz]‘if(nx—k)yﬂ, (15)

for at least some x € [a, b].

Definition 14. Let f € C([a,b]) and n € N such that [na] < |nb].
We further study, as in [8], the quasi-interpolation positive linear neural network operator

) f ()W (ke — k)

k=[na]

b
Z]E“ Hna] (nx —k)

Fn (f,x) := , X € [a,b]. (16)

We find here fractional Voronovskaya type asymptotic expansions for G, (f,x) and F, (f,x),
€ la, bl.

For related work on neural networks also see [I], [6], [9] and [I0]. For neural networks in
general see [16], [17] and [18].



76 George A. Anastassiou S?@Bog

2 Main Results

We present our first main result

Theorem 15. Let « > 0, N € N, N = [o], f € ACN ([a,b]), 0 < B < 1, x € [a,b], n € N large

enough. Assume that HD,‘Z‘?fHOO’[aYXJ, D& Flloo, x,0) < M, M > 0. Then

= ) (x) ; 1
G (F) = () = 5 =6 (%)) () + 0 (W) (17)
=1
where 0 < ¢ < «.
If N =1, the sum in (7)) collapses.
The last (I7) implies that
N ) .
R G )~ £ = 3 60 (=) ()| 0 (13)
- !

asn — oo, 0<e<
When N =1, or f0) (x) =0,j=1,...,N — 1, then we derive that
nPle (G (f,x) — F(x)] = 0

asn — 00, 0 < ¢ < «. Of great interest is the case of o« = %

Proof. From [13], p. 54; (5), we get by the left Caputo fractional Taylor formula that

()=

j=

k

f0) (x) [k I A ot
P E) g [ (1) parma, (19)

j! () )y \n

1

[}

forallxﬁ%ﬁb.

Also from [3]; (6), using the right Caputo fractional Taylor formula we get

Q) E G ek 02 e

forall a < K <x.

Sl

We call

Hence we have

+ (22)
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k ox—1
(D(nx—k)J' (E_I) D2 () dJ,

V(x)T ()

all x < £ < b, iff [nx] <k < [nb], and

for all a < £ <x, iff [na] <k < [nx].
We have that [nx] < [nx|+ 1.
Therefore it holds

[nb]

fFE)omx—k) ' lx) & omx—k) (k—x)
_Z V(x) LT _Z Vx) +
k=[nx]+1 j=0 k=[nx]+1
[nb] X -1
1 k=|nx]+1 P (nx—Kk) (= [k * o
and [nx] [nx]
i k) ®(nx—k) '« ) (x) = ®mx—k) [k j
RN LS e ()
k=[na] j=0 k=[na]
[nx] ax—1
1 D (nx—k) (™ k «
) (k_%ﬂ o s (1-3) berw ‘”) |
Adding the last two equalities (24) and (23] we obtain
[nb]
B k\ ® (nx—k)
Gn (f,x) = k_%aw f <H) ~ =
N ]f M & omx—K (kY
I DI CRU

j= k=[na]

0
nx oa—1
{Z nx—kJ (1-%) orimas
n

o) * (_ _ ]) "o }

> o(nx— )J

k=[nx]|+1
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So we have derived

' 10 (x) j .
T(x) = Gn (f,x) = (x) b6 (C—9) =050, (27)
i=1
where
[nx] k ax—1
Gfl(x): d)nx—kJ (——) DX f(])d
) > ] J)dJ
k=[na] n
[nb] < K a—1
_ - X
£ Y omen[ (5-1) pui0 (29)
k=|nx]|+1
We set
[nx] a—1
1 k=[na] O (nx —k) JX k
b = - — DX f(])d 29
i (0 mw( T ML ma|, (29)
and
Lnbj x ox—1
1 k—\_nXJ—H(D(nX_k)J“ k
03, = —— D f
2n T ((X) ( V (X) N n ] *X (I) d] ) (30)
i.e.
0% (x) = 07, (x) + 03, (x). (31)
We assume b —a > (3 , 0 < B < 1, which is always the case for large enough n € N, that is when
n > {(b —a) f;_‘ . It is always true that either |; —x‘ < n_ﬁ or | —x‘ nﬁ
For k = [na],..., [nx], we consider
X k ox—1
=] (1-5) prrma < (32)
X k a—1 N
[[0-5) zrmle
X
X — K (X _ a)oc
<DL o T < DS )
« «
That is N
(x —a)
Yri < D5 Aoy 2=, 34
for k = [nal,..., [nx] .
Also we have in case of |£ — x‘ < - that

X oa—1
vmsij—E) REIIEY (35)



CU(BO) Fractional Voronovskaya type asymptotic ... 79
14, 3 (2012

1

0o, [a,x] n“ﬁoc'

(- %)
<D g S < 02|

So that, when (x — %) < LB we get

1

< ||D¥
Yik = H fH [a,x] omaﬁ (36)
Therefore
) 1 (I @ (x—K) 1
* < = -
‘ ]n(x)‘ = r(o() V(X) Y]k F(OC)
5 Lnxd @ (nx—k) 5 Lnxd @ (nx —k)
k = [na] k = [na]
n x| <ar 5 —X>ar
V) Yik + Vx) Yik
3 ] ® (nx — k)
{ k = [na]
1 %=X <7
< = DY
< Vo ID%-fl,
1 Lnx] N (x—a)* | Oy @, @)
Vi @ (nx —k) [ |DFf| . o — < (37)
k= [naj
He —x[> 57
D%l | (5.250312578) (3.1992) e ™" (x — o)
T (o + 1) nxp ) ) )
Therefore we proved
0% (x)| < 103 o o {1 +(167968) e ™ " (x — @) (38)
n - T(a+1) nab ) )
But for large enough n € N we get
% 2 HD f||oo [a,x]
07, () < (39)

I+ 1) nxb
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Similarly we have

x [k x—1
vao=|[" (1) parma) <
% k o—1
[ (2-1) i
k &« o
£ —x (b—x)
HD:(xf”oo,[x,b] % < HD:(xf”oo,[x,b] T (40)
That is ( o
b—x
Yar < [IDEFll oo, b —Q (41)
for k = [nx| + 1,..., [nb] .
Also we have in case of |% — x‘ < n]_ﬁ that
DA oo
Y2k < ;Tﬁ,[x,b]. (42)
Consequently it holds
[nb] B
03, (0l < A [ PR
n —TI'(«) V (x)
y i ® (nx — k)
{ k= |nx|+1
1 : ‘% _X| < n]_(i HDstfHoo,[x,b}
I (o) V (x) anxh
[nb] o
1 (b—x)
V(x) Z @ (nx —k) ”D:cfooo,[x,b] T <
{ k=|nx|+1
w x>
DA oo, 1x 1 -
r((x+’1[)'b] {naﬁ +(16.7968) e ™" (b—x)“}. (43)
That is 1D £
*X o0, [X ] — -
105, (x)] < r((x+’1[)’b] {naﬁ +(16.7968) e ™" " (b—x)“}. (44)

But for large enough n € N we get

2 ”D:(xf”oo,[x,b]

03, (x)] < Tlat)neb * (45)



CUBO

12 5 013, Fractional Voronovskaya type asymptotic ... 81
Since HDQ‘_fHOO tax)? IP&Flloo x,0) M, M >0, we derive
. . . (by B2, E3D) 4M
105, (x)] <107, ()| + 103, (x)] < W- (46)
That is for large enough n € N we get
4M 1
T =10; < 47
=105, 001 < (a5 ) (08 ) (47)
resulting to
1
=0 (53 ). (19)
and
T =0(1). (49)
And, letting 0 < ¢ < «, we derive
[T (x)] ( 4M >< 1 >
< — ) =0 50
(sp—) ~ \F(a+1)) \nbe ’ (50)
as n — oo.
TLe. 1
Tl=0 (=5 ) (51)

proving the claim. §

We present our second main result

Theorem 16. Let « > 0, N € Ny N = [o], f € ACN ([a,b]), 0 < B < 1, x € [a,b], n € N large
enough. Assume that ||D,‘2LfHOO )’ IP&Flloo,x,6) < M, M > 0. Then

= f(J) (X) j 1
Fu(fyx) = f(0= 3 = Fn ((-—x))(xwo(m), (52)
j=1
where 0 < ¢ < «.
If N =1, the sum in (G2) collapses.
The last (52) implies that

NZT () (x) )
nBle—e) Fu (f,x) — f(x) — Z j—an (( —x)]) (x)| — 0, (53)
= !

asn — o0, 0<e<
When N =1, or f0) (x) =0,j =1,...,N — 1, then we derive that

nB—e [F(f,x) —f(x)] — 0

N[=

as . — 00, 0 < ¢ < . Of great interest is the case of a =
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Proof. Similar to Theorem [I5] using (I3]) and (I4). B

Received: December 2011. Revised: May 2012.
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