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Generalized Models from Beta( p, 2)
Densities with Strong Allee Effect:
Dynamical Approach
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Mathematics Unit, ADM and CEAUL, Instituto Superior de Engenharia de Lisboa, Portugal

A dynamical approach to study the behaviour of gen-
eralized populational growth models from Beta(p, 2)
densities, with strong Allee effect, is presented. The
dynamical analysis of the respective unimodal maps is
performed using symbolic dynamics techniques. The
complexity of the correspondent discrete dynamical
systems is measured in terms of topological entropy.
Different populational dynamics regimes are obtained
when the intrinsic growth rates are modified: extinction,
bistability, chaotic semistability and essential extinction.
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1. Introduction and Motivation

In previous studies, the authors presented a suc-
cessful approach to study population growth
models, proportional to Beta(p, 2) densities, [1]
and [2]. These models are natural extensions of
the logistic Verhuslt growth model, originally
introduced as a demographic model and often
considered as the basis of modern chaos the-
ory. The models presented have no Allee effect
for some values of the parameter p, namely for
1 < p ≤ 2, but this drawback was corrected
since the authors suggested suitable corrections,
[2]. In [6], we generalized these models by
adding a positive parameter C, which allows
models to be more flexible with variable extinc-
tion rates. The case of C = 0 was studied in
[2].

The generalized population growth rates or gen-
eralized models from Beta(p, 2) densities with

Allee effect, are defined by

f ∗
i (N(t)) = r∗i N(t)p−1

(
1 − N(t)

K

)
Ti (N(t))

(1)
with r∗i > 0, 1 < p ≤ 2 and i = 1, 2, 3, where
K is the carrying capacity and the correction
factors that adjust the Allee effect are defined
by

T1 (N(t)) =
N(t) − E
N(t) + C

T2 (N(t)) =
N(t) − E
K + C

T3 (N(t)) =
N(t) − E
E + C

with 0 < E < K and C > 0, where E is the rare
faction critical density or Allee limit. Conse-
quently, the respective per capita growth rates
are

g∗i (N(t)) =
f ∗
i (N(t))
N(t)

.

We consider that an Allee effect occurs when
the per capita growth rates increase at low den-
sities, i.e., (g∗i )

′ (N(t)) > 0 for N(t) sufficiently
small. A strong Allee effect is verified when
there is a positive equilibrium density or Allee
limit E = Eu, i.e.,

lim
N(t)→Eu

f ∗
i (N(t)) = 0

where Eu is an unstable equilibrium value, such
that

g∗i (N(t)) < 0 ⇔ 0 < N(t) < Eu ∨ N(t) > K
g∗i (N(t)) > 0 ⇔ Eu < N(t) < K (2)
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considering 0 < Eu < K, C > 0 and i = 1, 2, 3.
This means that the per capita growth rates in-
crease with population size at low densities, in-
dicating more deaths than births in the popu-
lation, i.e., extinction occurs. We remark that,
attending to (2), with i = 1, 2, 3, there is a
subinterval Ii ⊂ ]0, K] such that the generalized
per capita growth rates verify the inequality

g∗i
(
Ñ(t)

)
> (f ∗

i )′ (0) = −∞, ∀Ñ(t) ∈ Ii.

So, the models under study exhibit strong Allee
effect, see [6], [7] and Figure 1.

In the present paper, we study families of uni-
modal maps, which represent the generalized
models from Beta(p, 2) densities, given by
Eq. (1), with three adjustment factors, which
incorporate strong Allee effect. The families of
maps considered are defined by

f i;ri,p (x) = ri xp−1 (1 − x) Fi (x) (3)

with x = N(t)
K ∈ [0, 1] the normalized popu-

lation dimension size, ri = r∗i Kp−1 > 0 an in-
trinsic growth rate of the number of individuals,
1 < p ≤ 2 a shape parameter and i = 1, 2, 3,

where the adjustment factors are defined by

F1 (x) =
Kx − E
Kx + C

F2 (x) =
Kx − E
K + C

F3 (x) =
Kx − E
E + C

.

(4)

We consider Ari = f i;ri,p (Ari) the first posi-
tive fixed point of each map f i;ri,p and A∗

ri =
max{f −1

i;ri,p (Ari)}, with i = 1, 2, 3. Under these
assumptions, the maps (3) define a family of
unimodal maps,

f i;ri,p :
[
Ari , A

∗
ri

] −→ [
Ari, A

∗
ri

]
since they satisfy the following conditions:

• f i;ri,p (Ari) = f i;ri,p
(
A∗

ri

)
= Ari;

• f i;ri,p ∈ C3
(]

Ari , A
∗
ri

[)
;

• f ′
i;ri,p(x) 
= 0, ∀x ∈ ]Ari, A

∗
ri

[ \{ci}, where ci

is the positive critical point of each f i;ri,p(x);

• f ′
i;ri,p(ci) = 0 and f ′′

i;ri,p(ci) < 0;

• the Schwarz derivative of f i;ri,p(x) is given
by

S
(
f i;ri,p(x)

)
=

f ′′′
i;ri,p(x)

f ′
i;ri,p(x)

− 3
2

(
f ′′
i;ri,p(x)

f ′
i;ri,p(x)

)2

.

(a) f1;r1,1.5(x) (b) f2;r2,1.5(x) (c) f3;r3,1.5(x)
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Figure 1. Population growth rates curves: with E = 2, K = 10, (a) and (b) with C = 2.01, (c) with C = 5, and
several intrinsic growth rates.
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It can be seen that S
(
f i;ri,p(x)

)
< 0, for all

x ∈ ]
Ari, A

∗
ri

[ \{ci}, for each i = 1, 2, 3, and
S
(
f i;ri,p(ci)

)
= −∞. This condition ensures a

“good” dynamic behaviour of the models: con-
tinuity and monotonicity of topological entropy,
order in the succession of bifurcations, the ex-
istence of an upper limit to the number of stable
orbits and the non-existence of wandering inter-
vals.

Therefore, in the following sections, the three
families of unimodal maps defined by Eq. (3),
satisfying the conditions presented above, will
be studied from a dynamical systems viewpoint,
using techniques of symbolic dynamics, see
Figures 1 and 2.

2. Discrete Dynamical Systems: Symbolic
Dynamics and Topological Entropy

Symbolic dynamics is a theory composed of a
set of results, methods and techniques which
have a primordial role in the study about quali-
tative and quantitative properties of discrete dy-
namical systems. The topological complexity
of a dynamical system is usually measured by
its topological entropy, see [3], [4], [5] and ref-
erences therein.

We consider, for each value of the parameter ri,
the orbit of the critical point ci for each map
f i;ri,p(x), with i = 1, 2, 3,

Ori(ci) =
{

xk : xk = f k
i;ri,p(ci), k ∈ N0

}
defined by an iterative process, where

xk = f k
i;ri,p(ci) = f i;ri,p(xk−1).

Thus, for each value of the intrinsic growth rate
ri, is considered the orbit of the density when
each growth rate is maximum.

In order to study the topological properties of
these orbits, we associate to each orbit Ori(ci)
a sequence of symbols, corresponding to the
critical point itinerary, denoted by

S(ri) = S(ri)
0 S(ri)

1 S(ri)
2 . . . S(ri)

k . . . ,

with k ∈ N0, where S(ri)
k belongs to the alphabet

A = {L, C, R}, with each symbol defined by

S(ri)
k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

L if f k
i;ri,p(ci) < ci

C if f k
i;ri,p(ci) = ci

R if f k
i;ri,p(ci) > ci

.

Note that the alphabet A is an ordered set of
symbols corresponding to the intervals ofmono-
tonicity and to the critical points of the maps
f i;ri,p. The space of all symbolic sequences of
A is denoted by AN.

The expansive maps admit Markov partitions,
whose existence is implicit in the works of
Bowen and Ruelle. In this study, we consider
the existence of Markov partitions, which are
characterized by the orbits of the critical points
of the maps f i;ri,p. Consider the set of points cor-
responding to the k-periodic orbit or kneading
sequence of the critical points

S(ri) = (CS(ri)
1 S(ri)

2 . . . S(ri)
k−1)

∞ ∈ AN.

This set of points determines three Markov par-
titions of the intervals

Ii =
[
f 2
i;ri,p (ci) , f i;ri,p (ci)

]
⊆ [Ai, A

∗
i ]

in a finite number of subintervals, denoted by
PIi =

{
Ii,1, Ii,2, . . . , Ii,k−1

}
. The dynamics of

each map f i;ri,p is completely characterized by
the symbolic sequence S(ri) associated to the
critical point itinerary.

For each map f i;ri,p and Markov partition asso-
ciated is induced a subshift of finite type whose
Markov transition matrix Bi = [bmn], (k − 1) ×
(k − 1), is defined by

bmn =
{

1, if int (Ii,n) ⊆ f i;ri,p (int (Ii,m))
0, otherwise .

Usually, the subshift is denoted by
(∑

Bi
, σ
)
,

where σ is a shift map in
∑N

k−1 defined by
σ (S1S2 . . .) = S2S3 . . ., where k − 1 subshifts
states are

∑
k−1 = {1, . . . , k − 1}.

The topological entropy of each map f i;ri,p, in
the phases space, is defined in the associated
symbolic space as the asymptotic growth rate
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(a) Extinction (b) Bistability (c) Chaotic semistability (d) Essential extinction
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Figure 2. Population growth rates curves f 1;r1,1.5(x): with E = 2, K = 10, C = 2.01, (a) CL∞ with r1 = 2, (b)(CR)∞

with r1 = 5.053, (c) CRA∞
r1

with r1 = 5.99, (d) CRL∞ with r1 = 6.2.

of the admissible words (finite symbolic se-
quences) in relation to the length of the words,
i.e.,

htop
(
f i;ri,p

)
= lim

n→∞
lnN (n)

n

where N (n) is the number of admissible words
of length n. For a subshift of finite type, uni-
directional or bidirectional, described by the
Markov transition matrix Bi, the topological en-
tropy is given by htop (σ) = ln (λBi), where λBi

is the spectral radius of the transition matrix Bi.
For a more detailed approach about subshifts of
finite type and the Perron-Frobenius Theorem
for Markov transition matrix, see [3], [4] and
references therein.

3. Extinction, Bistability, Chaotic
Semistability and Essential Extinction

This section is devoted to the study of the com-
plex dynamical behaviour of the generalized
models from Beta(p, 2) densities, with strong
Allee effect. The complexity of these models,
described by the maps f i;ri,p, defined in (3), is
displayed as a function of the parameters ri and

p. Or, equivalently, the dynamical behaviour is
analyzed according to the intrinsic growth rate
of the number of individuals and the shape pa-
rameter p, related with the growth-retardation
phenomena. This complexity is measured in
terms of topological entropy. The parameter
space is split into different regions, according
to the dynamical behaviour of the models. The
dynamics of the models f i;ri,p with strong Allee
effect fall generically into four categories: ex-
tinction, bistability, chaotic semistability and
essential extinction, Figure 4.

If the per capita growth rate is less than one
for all densities, or in an equivalent way, if
f ∗
i (N(t)) < N(t), ∀ N(t) > 0, then extinc-

tion occurs for all initial population densities.
In this case, the iterates of the maps f i;ri,p are
always attracted to the “extinction area”, Fig-
ures 1(c) and 2(a). For each i = 1, 2, 3 and
1 < p ≤ 2, there are values of the intrinsic
growth rates defined by

0 < ri < ri(p) = a2−p
ri (1 − ari)

−1F−1
i (ari)

where Fi is like in (4) and ari is the only
positive fixed point of each map, such that

(a) f1;r1,1.5(x) (b) f2;r2,1.5(x) (c) f3;r3,1.5(x)
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Figure 3. Bifurcation diagrams: with E = 2, K = 10, (a) and (b) with C = 2.01, (c) with C = 5.
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f i;ri,p (ci) < ci, where ci is the critical point
of each family of maps. In this region, the sym-
bolic sequences associated to the critical points
orbits of these families of maps are of the type
CL∞, Figure 2(a), and its topological entropy
is null, [3] and [5]. In this case, the negative
Schwartzian derivative hypothesis is necessary
to ensure that almost every initial density goes
to extinction. Without this condition, we are
only ensured that initial densities near ci con-
duct to extinction and other initial densities may
lead to stable periodic points.

Otherwise, if theper capita growth rate is greater
than one for intermediate values densities, then
we are dealing with extinction survival or un-
conditional survival scenarios, see [6].

Definition 1. For the values of the parame-
ters 1 < p ≤ 2 and ri > 0, with i = 1, 2, 3,
the smallest positive fixed point Ari, that verifies
f 2
i;ri,p (ci) < Ari , where ci is the critical point of

each family of unimodal maps, is designated by
Allee point.

Abehaviour of bistability is definedwhen a pop-
ulation persists for intermediate initial densities
and otherwise goes extinct, [7] and Figure 2(b).
This is, if f 2

i;ri,p (ci) > Ari then

f n
i;ri,p (x) ≥ Ari , ∀ x ∈ [

Ari, A
∗
ri

]
, n ≥ 0

and

lim
n→∞ f n

i;ri,p (x) = 0, ∀x /∈ [Ari, A
∗
ri

]
.

For the parameter values, such that these condi-
tions hold, the associated dynamic behaviour is
characterized by bifurcations (period doubling)
and chaos, verifying Sharkovsky’s Theorem,
Figure 3. The period doubling region (where
the topological entropy is null, [1], [3] and [5])
starts with the symbolic sequence (CR)∞, Fig-
ure 2(b), and finishes with the symbolic se-
quence

(
CRLR3

)∞
, whose transition matrix is

Bi =

⎡
⎢⎢⎢⎣

0 0 0 1 1
0 0 0 0 1
0 0 1 1 0
0 1 0 0 0
1 0 0 0 0

⎤
⎥⎥⎥⎦

and the spectral radius is λBi = 1.272 . . .. The
topological entropy becomes positive and it is

a non-decreasing function in order to the pa-
rameter ri, [1], [4] and [5]. In turn, the chaotic
region ends at the designated “fullshift”, whose
symbolic sequence is CRL∞. These results are
illustrated in Table 1.

The parameters for which the bistability region
finishes, or, equivalently, where the chaotic re-
gion ends, characterize a line designated by
chaotic semistability, Figure 2(c). This line is
defined by the parameters such that f 2

i;ri,p (ci) =
Ari . In the chaotic semistability line, the dy-
namical behaviour of each f i;ri,p, restricted to[
Ari , A

∗
ri

]
, is chaotic. Thus, we are in the “full-

shift” line, whose symbolic sequence is CRA∞
ri

and the topological entropy is ln 2. For all den-
sities outside the invariant interval

[
Ari, A

∗
ri

]
, the

populations become extinct, Figure 2(c).

After this line, we have an essential extinc-
tion region in which “almost every” initial den-
sity leads to extinction. The maps with pa-
rameters in this region are characterized by
f 2
i;ri,p (ci) < Ari and the iterates for Lebesgue al-

most every x ∈ [0, 1] goes to “extinction area”[
0, E

K

[
, Figure 2(d). The symbolic sequences

are of the type CRL∞ and the topological en-
tropy is ln 2. At this stage, Cantor sets become
observable, [1].
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Figure 4. Extinction, bistability, chaotic semistability
and essential extinction regions for f 3;r3,p(x), with

E = 2, K = 10 and C = 3.

Table 1 shows the numerical results that il-
lustrate the application of iteration theory and
symbolic dynamics, to generalized models from
Beta(p, 2) densities, with strong Allee effect. It
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f 1;r1,1.5(x) f 2;r2,1.5(x) f 3;r3,1.5(x)
k S(ri) C = 0 C = 2.01 C = 3 C = 0 C = 2.01 C = 3 C = 0 C = 2.01 C = 3 htop

2 (CR)∞ 3.670 5.053 5.717 6.411 7.699 8.334 1.282 2.570 3.205 0.000
4 (CRLR)∞ 3.934 5.384 6.080 6.716 8.066 8.731 1.343 2.693 3.358 0.000
8
(
CRLR3LR

)∞
3.990 5.456 6.158 6.783 8.146 8.818 1.356 2.720 3.391 0.000

6
(
CRLR3

)∞
4.063 5.548 6.260 6.870 8.251 8.932 1.374 2.755 3.435 0.241

8
(
CRLR5

)∞
4.098 5.593 6.309 6.911 8.301 8.985 1.382 2.771 3.455 0.304

7
(
CRLR4

)∞
4.142 5.646 6.367 6.957 8.356 9.045 1.391 2.790 3.478 0.382

5
(
CRLR2

)∞
4.177 5.693 6.419 7.004 8.420 9.105 1.400 2.808 3.502 0.414

7
(
CRLR2LR

)∞
4.207 5.736 6.467 7.050 8.467 9.165 1.410 2.827 3.525 0.442

8
(
CRLR2LR2

)∞
4.231 5.768 6.504 7.085 8.509 9.210 1.417 2.841 3.542 0.468

3 (CRL)∞ 4.254 5.804 6.545 7.129 8.562 9.268 1.425 2.858 3.564 0.481
6
(
CRL2RL

)∞
4.261 5.818 6.561 7.149 8.587 9.294 1.429 2.867 3.574 0.481

8
(
CRL2RLR2

)∞
4.280 5.847 6.595 7.188 8.633 9.344 1.437 2.882 3.594 0.499

7
(
CRL2RLR

)∞
4.293 5.866 6.616 7.209 8.658 9.372 1.441 2.891 3.604 0.522

8
(
CRL2RLRL

)∞
4.303 5.882 6.634 7.229 8.682 9.397 1.445 2.898 3.614 0.539

5
(
CRL2R

)∞
4.307 5.888 6.642 7.239 8.694 9.411 1.447 2.902 3.619 0.544

8
(
CRL2R3L

)∞
4.311 5.895 6.651 7.249 8.706 9.424 1.449 2.907 3.624 0.547

7
(
CRL2R3

)∞
4.319 5.907 6.664 7.264 8.724 9.443 1.452 2.912 3.632 0.562

8
(
CRL2R4

)∞
4.326 5.918 6.676 7.275 8.737 9.458 1.455 2.917 3.637 0.574

6
(
CRL2R2

)∞
4.331 5.926 6.686 7.286 8.750 9.472 1.457 2.921 3.643 0.584

8
(
CRL2R2LR

)∞
4.335 5.933 6.694 7.296 8.763 9.487 1.459 2.926 3.648 0.591

7
(
CRL2R2L

)∞
4.339 5.941 6.703 7.307 8.776 9.500 1.461 2.930 3.653 0.601

4
(
CRL2

)∞
4.343 5.950 6.715 7.325 8.798 9.523 1.465 2.937 3.662 0.609

8
(
CRL3RL2

)∞
4.344 5.951 6.716 7.327 8.800 9.525 1.466 2.938 3.663 0.609

7
(
CRL3RL

)∞
4.347 5.958 6.725 7.343 8.819 9.546 1.468 2.944 3.671 0.618

8
(
CRL3RLR

)∞
4.350 5.963 6.731 7.352 8.830 9.558 1.470 2.948 3.676 0.626

6
(
CRL3R

)∞
4.352 5.968 6.736 7.360 8.839 9.568 1.472 2.951 3.680 0.633

8
(
CRL3R3

)∞
4.354 5.971 6.741 7.367 8.848 9.577 1.473 2.954 3.683 0.639

CRA∞
ri 4.360 5.988 6.763 7.379 8.908 9.639 1.483 2.974 3.707 ln 2

CRL∞ 4.694 6.418 7.240 7.870 9.452 10.231 1.574 3.156 3.935 ln 2

Table 1. Topological order in bistability, chaotic semistability and essential extinction regions: symbolic sequences,
intrinsic growth rates and topological entropy, with K = 10 and E = 2.

establishes a topological order to each model,
depending on the intrinsic growth rate ri, which
reflects the bistability, chaotic semistability and
essential extinction behaviours of the popula-
tion growths. Analyzing the results, it was con-
cluded that:

• Flexibility in the extinction rate: increas-
ing the parameter C in each model, the in-
trinsic growth rate ri increases in the ex-
tinction region, and consequently also in-
crease the intrinsic growth rates in bistabil-
ity, chaotic semistability and essential ex-
tinction regions.

• Monotonicity of the topological entropy: if
the intrinsic growth rate ri increases, then
the topological entropy is a non-decreasing

function in order to ri, (consequence of the
negative Schwartzian derivative), [4] and [5].

• Isentropic curves: for each of the models,
there is an intrinsic growth rate ri such that
the topological entropy is equal.
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