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This paper considers the existence of the generalized solution to the initial vale problem for a generalized
Zakharov equation by a priori integral estimates and Galerkin method, one has the existence of the global
generalized solution to the problem

1. Introduction

The Zakharov system is one of the basic plasma models, introduced by V. Zakharov in 1972 to describe the
propagation of Langmuir waves in an ionized plasma (Zakharov (1972)).

This system attracted many scientists' wide interest and attention. Merle (1998) consider the blow-up solution
of the Zakharov equations. An analytic technique, namely the homotopy analysis method is applied to obtain
approximations to the analytic solution of the generalized Zakharov equation (Abbasbandy et al (2009)). Khan
et al (2011) obtained new soliton solutions of the generalized Zakharov equations by the well-known He’s
variational approach. Ginibre et al (1997) studied the local Cauchy problem in time for the Zakharov system.
Merle (1996) first established a viriel identity for such equations and then proved a blow-up result for solutions
with a negative energy. You (2015) considered the existence of the generalized solution to the initial vale
problem for quantum Zakharov equation in dimension three. By considering the modified Adomian
decomposition method, exact and numerical solutions are calculated for the generalized Zakharov equation
which is an imaginary equation, with initial condition (Wang et al (2007)). An exact 1-soliton solution is
obtained by the ansatz method (Suarez etal (2011)). Masselin (2001) consider a blow-up solution of the
Zakharov system in dimension 3. Guo et al (2013) considered the global dynamics below the ground state
energy for the Zakharov system in the 3D radial case and obtained dichotomy between the scattering and the
growup. Guo et al (2010) dealt with the existence and uniqueness of smooth solution for a generalized
Zakharov equation and established local in time existence and uniqueness in the case of dimension two and
three. You (2009) studied a generalized Zakharov equation and obtained the existence and uniqueness of the
global solutions to initial value problem.

In this paper, we are interested in studying the following generalized Zakharov system in dimension two.

i, +Ac—ne+ale|’ £=0, (1)
n,—An=Als, 2)
with initial data

£(x,0) = &(x), n(x,0)=ny(x), n(x,0) =ny(x). ®)

where &= (g,---,&,) is complex valued unknown function, n is real valued unknown function,

X=(X,%)ell?, @ and p>0 are real constants.

Now we state the main results of the paper.

Theorem 1. Suppose that &, e H', n,el?, n,eH™ and 0< p <2 with || £ (X)Il. small. Then there exists
a global generalized solution of the initial problem (1)-(3).

e, (X el”[0 S HY AW (O H™), n(x,t) e " ;L) AW @0 HD,

nxt)el @ HN)AW O H?).
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To study generalized solution of the generalized Zakharov system, we transform it into the following form

i, +Ac—ne+ale|’ £=0,
—(n+le)=0,
n—-Ap=0,
with initial data
£(%,0) =& (x), n(x,0)=ng(x), @(x,0) =@, (x).
where ¢, satisfying V¢, =n,.

(4)
Q)
(6)

()

For the sake of convenience of the following contexts, we use C to represent various constants that can

depend on initial data.

The paper is organized as follows. In section 2, we establish a priori estimations. In section 3, we state the

existence of global generalized solution.

2. A priori estimations

In this section, we will derive a priori estimations for the solution of the system (4)-(7).
Lemma 1. Suppose that &,(x) € L*(0?) . Then for the solution of problem (4)-(7) we have
Il e(x, )P
Proof. Multiplying Eq(4) by & , and integrating the imaginary part of the result, we get the lemma.
Lemma 2. Suppose that &, e H', n, e L*, ¢, € H'. Then for the solution of problem (4)-(7) we have
H(t) = H(0).

where

I?

=l &, o)

o)

1 1
_ 2 2 + 2+ 2 p+2
H®) =1 Ve, +[ nle [ d+ S Vol + il —p+2H ez,

Proof. Taking the inner product of Eq(4) and ¢, , it follows that
(igt +As-ne+alel g, gt):O
Since

) 1d
Re(ic, &) =0, Re(Ag,&)=—-=—I Vel?,
(i&. &) (Ag, &) Sar Ve

Re(— ngg)_—lj nlzf dx

— L8 njef ace [ n el o
2.dt ¥ 2%

_1d 1

== lenlel dx+—j2Ago(go‘—n)dx
1d 1d

= ——— dX—— || V H ___H nHZZ!
2dt 02 | | q) 4dt L

Re(a|s|pgg

d
P2 dx = —Il &IP3,
JD2|5| p+ 2dt -

p+ 2 dt
thus from Eq(8) we get

d 2 2 1 , 1 2 2a p+2 | _
EP Velly + [ nleF 0 1 Vit +lnf g | <0
Letting

2a p+2

1 1
_ 2 2 = 2 Tl
HO =1 Vlf + [ nl o b 51 Vol o1l -~ 4l

It follows that
H(t) = H(0).

(8)
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Lemma 3 (Gagliardo-Nirenberg inequality (Friedman (1969))). Assume that uel’("), D"uel'@") ,
1<q,r<o,0< j<m, we have the estimations

I Dull <cClpmull% . llulte

Lo [KIGRN
where C is a positive constant, 0 < gl <a<l,

1 1 m 1

SRR

P n ron q
Lemma 4. Suppose that ¢, e H', n, e *, ¢, eH' and 0< p <2 with || & (X)ll. small. Then we have

I VelP, 1 velf, 4l nlP, <c.

[

LP@")

3

Proof. By Holder inequality, Young inequality and Gagliardo-Nirenberg inequality, there holds

1 1
JLnle o<l ll ol <l el < 20, +Cll el el ©)
Using Gagliardo-Nirenberg inequality, we write
2
21l goz <cll el 4, (10)
p+2

Note that from lemma 2 and Eq(9), (10), one has
1 1
I Velly + 21Vl + 21l <[H©)+Cll Vel i, +Cl Vel o,

L
Note that 0< p<2 and || gll, small, we thus get the lemma.
Lemma 5. Suppose that &, € H', n, e, @, e H' and 0< p<2 with || £ (x)ll, small. Then we have

ledl, =+l +Indl,- <C.
Proof. Taking the inner product of Eq(4) and V , Eq(5)-(6) and v, it follows that

(igt+Ag—ng+01|g|p 5,V):0, (11)
(o —(n+]2[),v)=0, (12)
(n,—Agp,v)=0. (13)

where V V,V, e HY (i=1---,N), V = (v,,--,Vy).
By Holder inequality, it follows from Eq(11) that
|(6‘[,V)| S|(Ag,V)|+|(n5,V)|+|(oc|$|p g,V)|
=|(V£, vV )|+|(ng,V)|+|a||(| elf g,V)| (14)

<|Vel: 9V ] + Il el Vs +ledlell o VL
By Gagliardo-Nirenberg inequality, we know that

1 1
lel <CIVelz elle . el <Gl Vel el

1 1
Ml <CIVVIE IVIE <C (W] +IVI: )

Hence from Eq(14) we get

(. V)| <CIV ], - (15)
Using Holder inequality, from Eq(12), there is

() <[00 |l )| < ol I+l e <C vl (16)
From Eq(13) and Holder inequality, we have

Il =l(aew)| = |(To.9) <[V ol [7],. <Cl, (1)
Hence from Eq(15)-(17), one obtain
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el +lele +nd,. <C

3. The existence of global generalized solution

In this section, we formulate the proof of Theorem 1. First we give the definition of generalized solution for
problem (4)-(7).Firstly, we give two lemmas (Lions (1969)).
Lemma 6. Let By, B, B, be three reflexive Banach spaces and assume that the embedding B, = B is

compact. Let

W ={V e L™ ((0,T); B,), %e L™ ((0,T); Bl)}, T <o0,1< py, p, <.

W is a Banach space with norm

VI, =l VIl H Vel orye

LP ((0,T);By)
Then the embedding W — L™ ((0,T); B) is compact.

Lemma 7. Let Q be an open set of [1" and let g, g eL?(1"), 1< p<w, such that g, - g ae.in Q and

lg,ll,.  <C.Then g, —> g weaklyin L°(Q).

r@ =
Now, one can estimate the following theorem.
Theorem 2. Suppose that ¢, € H', n,el?, ¢, e H" and 0< p<2 with | & ()|, small. Then there exists

global generalized solution of the initial value problem (4)-(7).

g, () el”OHYAW O H™), nxt)el @) AW @O+ H™),
p(x,)e @ " HY AW @O ;).

Proof. By using Galerkin method, choose the basic periodic functions {@, (x)} as follows:
~Aw, (X) = 4,0;(x), @,(x) € H(Q), j=1,2,--,1.

The approximate solution of problem (4)-(7) can be written as

g (xt)= Za} Oa;(x), @' (x1)= Zﬂ,' Oa;(x), n'(xt)= Z}/L (t)o; (%),

g =(a,el), @)= (ajt), ol ).
and Q is a 2-dimensional cube with 2D in each direction, that is, Q={x=(x, X,)| % |<2D,i=12}
According to Galerkin's method, these undetermined coefficients a; 1), ﬂ} (t) and ;/; (t) need to satisfy the

following initial value problem of the system of ordinary differential equations.

iel o )-(Ve ,Vo_)-(n'e. o )+a(le'|” &, 0. )=0, m=1--- N, (18)
(iem: @) =(Van, Voo, )= (n'er, o, )+ a (12| &, )

(dro.)=(n' 0, )(|e'[ 0. ) =0, (19)
(nt',a),()—k(V(p',Va)K):O, k=121 (20)
with initial data

e lo=e00), n'lo=nX), @' lo=ax), (21)
Suppose

600", X)X, @AR)—a (), 1w

Similarly to the proof of lemma 1-5, for the solution &' (x,t), n'(x,t), ¢'(x,t) of problem (18)-(21), we can
establish the following estimations

'], [’ <C, (22)

[

HY +"nI

el + o] + Il < (23)
where the constant C is independent of | and D . By compact argument, some subsequence of (8', n', q)')

, also labeled by |, has a weak limit (g, n, (p). More precisely
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g —>¢e in LU HY  weakly star, (24)
n'—n in L°0%;1%) weakly star, (25)
@ —>@ in L°O7;HY) weakly star.

Eq(23) imply that

g —>¢g in L°(O%H™) weakly star, (26)
n —n in L°("H™) weakly star,

@ =@ in L°07,L1%) weakly star.

Moreover, let us note that the following maps are continuous.

H' 0% —>L'@0?%), umu,

H'O)xH' (O - L20?%), (u,v)—>uv.

It then follows from Eq(24) and (25) that

|.s'|2 Sw in L*(0* %) weakly star, (27)
ne >z in L°(7,1%) weaklystar. (28)
First, we prove w= |g|2 . Let Q be any bounded subdomain of [1?. We notice that the embedding
H'(Q) — L*(Q) is compact and for any Banach space X, the embedding L*(0 *, X) — L?(0,T; X) is continuous.

Hence, according to Eq(24),(26) and lemma 6, applied to B, = H'(Q), B=L"(Q), B, =H*(Q), and says
that some subsequence of &' |, (also labeled by |') converges strongly to ¢ |, in L*(0,T;L*(€2)) . So we can
assume that

&' — estrongly in L2(0,T; Li (), (29)
andthus ¢ ¢ aein [0,T]xQ. Then, using lemma 7 and Eq(27) imply that w = |g|2.

Second, we prove Z=ne¢. Let ¥ be some test function in L*(0,T;H"), suppy cQc0?

jj (n'g'—ng)wdxdt_jj (¢'-¢ wdxdt+jj (n' —n)eydxdt.
On one hand
|

&)yt <o

L7 (0,T;L2(Q)) " ¢ 12(0,T;L4(Q) I WHLZ(O,T:L‘(D))'

Since Q is bounded, we deduce from Eq(25) and (29) that
j [ n'(e'—2)wdxdt >0 (1 - +o0),

On the other hand, let us note that gy € L'(0,T;L?). In fact
lewlleoriey <Ml I Wi orsy <

Therefore we deduce from Eq(25) that

jOT [ (' —meypdxdt >0 (1 —+0).

Thus n'e' = ng in L2(0,T;H™).So z=ns.

Hence taking | — oo from Eq(18)-(21), by using the density of ®; in Hé(Q) we get the existence of local
generalized solution for the periodic initial value problem (4)-(7). letting D — o, the existence of local solution
for the initial value problem (4)-(7) can be obtain. By the continuation extension principle and a prior estimates,

we can get the existence of global generalized solution for problem (4)-(7).
We thus complete the proof of theorem 2. Hence one can get the theorem 1.

4, Conclusions

This paper considers the existence of the generalized solution to the initial vale problem for a generalized
Zakharov equation by a priori integral estimates and Galerkin method, one has the existence of the global
generalized solution to the problem
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