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Abstract. In the present paper the experiment on Berkovich nanoindentation of ZrN coating on
steel substrate is modelled using the proposed effective mathematical model. The model is intended for
describing the experiments on indentation of samples with coatings (layered or functionally graded).
The model is based on approximated analytical solution of the contact problem on indentation of
an elastic half-space with a coating by a punch. It is shown that the results of the model and the
experiment are in good agreement.
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1. Introduction
Nanoindentation is a widespread technique aimed at
researching of the physical and mechanical properties
of materials [1]. During experiment the dependence of
the penetration depth of the special probe – indenter
– into the sample on the applied load is acquired (load-
displacement curve). For different purposes indenters
with different tip shapes are required. A pyramid with
a triangular cross-section and a spherical blunting of
the tip (Berkovich indenter) is one of the most popular
shapes. Since it is difficult to avoid plastic deforma-
tion in such an experiment even with a small load,
Oliver and Pharr proposed to analyze the unloading
part of the load-displacement curve to determine the
elastic properties of the sample [2]. They described
the method for evaluation of the Young’s modulus of
the sample based on the analysis of the indentation
stiffness – the derivative of the force with respect to
the indentation depth – at the maximum indentation
depth. In such a case, the contact area must be de-
termined. For homogeneous materials, contact area
can be found from calibration experiments on samples
with previously studied properties [3]. However, it was
shown [4, 5] that the presence of an inhomogeneous or
layered coating on the material significantly influences
the size of the contact area. One can determine elastic
moduli of an isotropic elastic material by establishing
the real indentation contact area [6] but it is nearly
impossible for submicron indentation depth.
In the present study, an effective mathematical

model, taking into account the layered or continuously
inhomogeneous structure of the sample, is proposed for
the description of nanoindentation experiment of the
ZrN coating on the steel substrate. ZrN coatings are
used in practice to improve the ability of various tools
for drilling and milling aluminum and titanium alloys

[7, 8], for increasing hardness and abrasive resistance
of surgical tools [9], decorative purposes [10] etc. The
results of the mathematical modeling are compared
to the results of nanoindentation experiment.

2. Materials
Prior to coating deposition, the preparation of steel
3Cr3Mo3V (analogue to H10 [11]) substrate was car-
ried out by a standard metallographical method using
linear precision saw Isomet 4000 (Buehler, USA) and
grinding-polishing machine Metaserv 250 (Buehler,
PRC). The substrate was mirror polished in several
steps with the abrasive particles of various diameters
(down to 0.05 µm). The ZrN coating was deposited on
the ion-plasma sputtering unit Bulat 6. The substrate
was heated to 550-600 ◦C, ionic surface cleaning was
conducted, then deposition was carried out at 60-65 V
supply voltage of the substrate and 130-140 A current.

The microgeometrical characteristics of the sample
were studied for using Contour Elite 3D Optical Mi-
croscope (Bruker, Belgium). Figure 1 shows surface
profiles constructed in the software Vision64 (Bruker,
Belgium) in horizontal and vertical directions (filter
type: Gaussian regression, long cutoff 250 µm). The
values for the average roughness Ra and the maxi-
mum roughness height Rt were calculated according
ISO 4287 [12] standard and are summarized in the
Table 1. These values were used for choosing optimal
parameters for the nanoindentation experiment. The
extremely high Rt values can be explained by the pres-
ence of the artefacts of deposition on the surface of the
coating: caverns and crystallized droplets (Figure 2a).

One of the crucial characteristics for the mathemat-
ical modelling, the coating thickness, was determined
using ion beam etching on the scanning electron mi-
croscope (SEM). Its value reached 2.7 µm after ap-
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Figure 1. Surface profile of ZrN coating across direc-
tions: a) horizontal; b) vertical.

Characteristic
Horizontal
direction,

[m]

Vertical
direction,

[µm]
Ra 0.073 0.052
Rt 0.984 0.73

Table 1. ZrN coating microgeometrical characteristics.

a)

b)

Figure 2. ZrN coating research using SEM: a) arte-
facts of deposition; b) coating thickness.

propriate tilt correction in the software of the device
(Figure 2b).

3. Methods
Nanoindentation research was conducted on the Nan-
otest 600 Platform 3 (Micro Materials, UK) device.
All the experiments were made in the closed cham-
ber at a constant temperature of 27.0 ± 0.1 ◦C, the
Berkovich indenter with a diamond tip was used. The
following load profile was applied: the load linearly
increased for 30 seconds, held constant for 30 seconds,
then linearly decreased for 30 seconds. Before the coat-
ing investigation the value for the Young’s modulus E
of the substrate was obtained for the needs of mathe-
matical modelling, it reached 267.11 ± 10.65 GPa.
The value of Poisson’s ratio of the steel substrate

was taken ν = 0.3 [13]. The series of nanoindentation
experiments was conducted for different maximum
loads Pmax: load varied within 5 mN ≤ Pmax ≤ 280
mN. The corresponding maximum indentation depth
hmax was as follows: 65 nm ≤ hmax ≤ 1414 nm. For
each Pmax, 8 to 12 identical indentations were carried
at different locations, the results were averaged.

4. Results and discussion
The experimentally collected characteristics allowed us
to perform the mathematical modelling of the inden-
tation process. The Berkovich indenter was modeled
by an elastic body of conical shape with the elastic
moduli Epunch = 1131 GPa and νpunch = 0.07. The
ZrN on the steel substrate system was modeled by a
half-space with a coating since the contact area be-
tween indenter and the sample is much smaller than
the sample size. The contact problem was reduced to
the solution of the dual integral equation, the solu-
tion of which was constructed by the authors earlier
[14]. Using the bilateral asymptotic method, the ap-
proximated analytical expressions for the indentation
stiffness, force and indentation depth were obtained
(1)− (3).

In the formulas above a− the radius of the con-
tact area (m);α− the half of the angle of the conical
punch opening; λ = H/a− the dimensionless thick-
ness of the coating; H− the coating thickness (m);
E

(s)
ef = E/

(
1− v2)− the effective elastic modulus

of the substrate (Pa); Ai, Ci, Di− the constants de-
pending on the elastic properties of the coating and
the substrate [14]. Expressions (1)-(3) are asymptot-
ically exact for λ → 0 and λ → ∞. The functions
P0(λ), δ0(λ) describe the influence of the coating on
the characteristics of the contact. It is clear that if
the coating thickness tends to zero ( λ ⇒ 0), then
P0(λ)→ 1, δ0(λ)→ 1, the formulas (1) coincide with
the formulas for the homogeneous half-space without
coating [15]. The conical punch opening angle was
chosen similarly to [3] on the basis of the following
considerations. Let ABeek

c − the contact area during
the Berkovich indentation, obtained from the calibra-
tions of the device: APerk

c = 23, 33χ2 + 3213, 76χ,
and Acon

c − the contact area during the conical punch
indentation. From geometric considerations Acon

c =
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S = 2aE(s)
ef

P0(λ)
δ0(λ) , P =

E
(s)
ef aχ

2 P0(λ), δ = πχ

2 δ0(λ), χ = a ctgα (1)

P0(λ) = 1 + 2λ
N∑
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Ai
sh
(
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δ0(λ) = 1 +
N∑

i=1
λA−1

i

(
Ci ch

(
Aiλ

−1)+Di sh
(
Aiλ

−1)) (3)

πa2 = πχ2/ cot2 α. Equating ABerk
c = Acon

c , we ob-
tained:

α = 180
π

arccot
( 17, 725√χ
√

2333χ+ 321300

)
(4)

Figure 3 shows the graphs of the indentation stiff-
ness as the function of the maximum indentation
depth hmax . It is clearly seen, that the experiment
and the theory agree well on the entire investigated
range (even despite the steps associated with the de-
struction of the sample were observed on the loading
curves at ∼500 nm and ∼800 nm indentation depths).

Figure 3. Dependence of the indentation stiffness S
on the maximum indentation depth for the ZrN coat-
ing on the steel substrate according to mathematical
modelling and nanoindentation tests

5. Conclusions
The paper presents the second step in testing of the
mathematical modelling for describing the results of
the nanoindentation experiments on ZrN coatings [16].
The results obtained show that the chosen mathe-
matical model gives possibility to effectively describe
the nanoindentation experiments with ZrN coatings
deposited on steel substrates. As a consequence, the

proposed mathematical model may be used to recon-
struct Young’s modulus of such coatings for improving
the technology of ZrN coating deposition. In this re-
gard, the further research concerning simplification
of the model proposed (so the kernel transform to be
approximated by a ratio of two quadratic functions
containing only one parameter) for the engineering
applications [17] is of significant interest.
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