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ABSTRACT. We introduce a numeration system, called the beta Cantor series expansion, that generalizes
the classical positive and negative beta expansions by allowing non-integer bases in the Q-Cantor series
expansion. In particular, we show that for a fix v € R and a sequence B of real number bases, every
element of the interval [,y 4 1) has a beta Cantor series expansion with respect to B where the digits
are integers in some alphabet A(B). We give a criterion in determining whether an integer sequence is
admissible when B satisfies some condition. We provide a description of the reference strings, namely
the expansion of 7 and 7y + 1, used in the admissibility criterion.
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1. INTRODUCTION

The subject of representations of real numbers is an
extensively studied research field. In the seminal
work [I], Renyi introduced the now well-known con-
cept of beta expansions. Beta expansions are repre-
sentations of real numbers using an arbitrary positive
real base § > 1 obtained via the beta transformation
T3 :[0,1) — [0,1) given by

Tp(x) = fz — [ Bz].

The iterates of T' induce a numeration system on [0, 1)
wherein the expansion of an element x € [0,1) is
given by the sequence d(8;z) = (di1,da,...) with d; =
| BTt (z)]. Thus, the digits d; belong to the alphabet
A={0,1,...,|8]}if ¢ Nor A={0,1,...,8—1}
if 8 € N. Parry, in [2], considered the admissibility
problem of determining the integer sequences over the
alphabet A that appear as the beta expansion of a
real number in the domain [0,1). Parry provided a
necessary and sufficient condition (formulated in terms
of the beta expansion of 1) for a sequence of integers to
be beta admissible. In the subsequent paper [3], Parry
extended the definition of the beta transformation to
T:[0,1) — [0,1) where T'(z) = Bz + a + | Sz + «]
with § > 1 and 0 < o < 1 and he also tackled the
admissibility problem in this setting.

An important generalization of beta expansion is
a positional numeration system that uses negative
bases. As remarked by Frougny and Lai in [4], it
appears that Griinwald was the first to introduce this
idea in [5]. Here, we present a general formulation
considered by Ito and Sadahiro in [6]. Let 1 < 8 € R
and define lg :== —F/(8+ 1) and rg := 1/(f + 1).
The negative beta transformation is the map 73 :
[l,73) — [lg, ) given by

T_s(x) = —Bax — | Bz — 1.
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The map T also induces an expansion on the domain
[lg,73), where the digits are given by |—BT"(z) —
l3]. An admissibility criterion was also given in [6]
Theorem 10]. (In [7], Liao and Steiner introduced
the self-map 7' : (0,1] — (0,1] given by T'(z) =
—Bx + |Bz] 4+ 1. This transformation is conjugate to
the one defined by Ito and Sadahiro and, as such, the
results for the negative beta expansion can be restated
using the map T)

As with the positive beta transformations, Dombek,
et.al, in [§] introduced a parameter a to generalize
the negative beta transformation defined by Ito and
Sadahiro. They considered the map T : [o, o +1) —
[, + 1) given by T(z) = —fz — | —fx — o] where
B >1and a € (—1,0]. (See also [9, [10] for other
transformations inducing an expansion in a negative
base.)

The motivation of the current study originates from
a certain class of rotational beta expansions in dimen-
sion two (see [11I, 12]). Rotational beta expansions
generalize the notion of beta expansions in higher
dimensions. Let Z = [0,1) x [0,1) and 1 < § € R.
Define the four-fold rotational beta transformation
T:2Z— Zby

()~ [262)
y B — |Bz]
It is easy to see that if we wish to keep track of
the itinerary of a point z € Z under T, then we
need to alternatingly apply the functions fi(x) =
—Bx — |—pz] and fo(x) = fa — |Sz] to an element
x € [0,1). This series of applications of the maps f;
and fy yields a numeration system in [0,1) in two
bases —f and [ as discussed in Section 2 below.
This numeration system is akin to the @-Cantor
series expansion [13]. Given a sequence @ = (¢n)n>1
of integers ¢, > 2, the Q-Cantor expansion of a real
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number z is the unique expansion of the form

E,
Xr = E() + -

where Ey = |z] and E, € {0,1,...,¢, — 1} for all
n > 1 such that E, # g, — 1 infinitely many number
of times.

We call the numeration system considered in this
paper the beta Cantor series expansion as it marries
the notions of beta expansion and @-Cantor series
expansion. As mentioned in Section 2, the beta ex-
pansion of Parry and the negative beta expansion of
Ito and Sadahiro are examples of beta Cantor series
expansion. It is the hope of the authors that the beta
Cantor series expansion provides a unified formulation
for the positive and negative beta numeration systems
to further highlight their similarities. After all, the
positive and negative beta expansions share many
similar properties (see e.g. [9] 14, [15]). Our goal is
to extend the work of Parry on admissibility to beta
Cantor series expansions. In Section 2, we define the
transformations that induce the beta Cantor series
expansion. In Section 3, we provide a discussion on
the relationship between two different definitions of
the expansion of v + 1 (similar to the expansion of
1 in [2] and the expansion of rg in [6]). In Section
4, we tackle the problem of finding a necessary and
sufficient condition for a sequence to be admissible
with respect to the beta Cantor series expansion.

2. B-EXPANSION MAPS

Fix v € R and let B = (f1, fa, ... ) where j3; € R for
all i € N. For j € N, we define f; : [v,7+1) —

[v,v+ 1) by fj(z) = Bjz — |Bjz —~]. For m € N,
consider the transformation 7" = T3 = T]g”fﬂY on
[v,7 + 1) given by

T™(x) = ful- - f3(f2(f1(2))) - )-
Hence,
T (@) = BT (2) — am(2)

where
am(z) = [ BmT™ H(z) — 7] -

For 8 = B, we also define
ug :=min{[fy — ], [B(y+1) =]}

vg :=max{[By — 7], [B(v+1) — 7]}

and

if f>0and f+~(f—1)€Z
otherwise.

[uﬁvvﬁ) NZ
A(B) =
(6) {[uﬂv Uﬂ] NZ

Then a,(z) € A(Bm). Define A(B) :=11°_, A(Bm),
which is the set of all sequences (dy,ds,...) where
dpm € A(Bm). For ease of notation, we define BJi, j] :=

an:iﬁm. When i = 1, we write BJ[j] instead of BJ[1, j]
with the convention that B[0] := 1. Observe that
B[m + i) = B[m]B[m + 1,m +1].

The transformations 7™ induce a numeration sys-
tem on the interval [y, + 1) over the alphabet A(B)
if lim,,— o0 |B[m]| = 0.

Proposition 2.1. Let B = (B1,02,...) € RY and
z € [y,y+1). If lim,,— o |B[m]| = oo, then

_ =, ai(x)
-y

Proof. For simplicity, let a; = a;(z). Note that

. T (z) + a,;
T’ 1(x):(ﬁ)j ’.
Hence,
Ca TG, e | T
b B Br o BiBe Bife
In general,

This implies that as m — oo,

— a; T (x)| _ max{|y[,[v+1[}
T — —| = < — 0.
2B ‘ Bim] [Blim)]
n
We write © = ; Ba[lz] as (a1, az,...)p. We call

the sequence d(B;x) := (a1, az,...) the B-expansion
of z. Let 1 < 8 € R. Note that if v = 0 and
B = (B), then the B-expansion of = coincides with
the classical S-expansion. (Here, T stands for the
periodic repetition of a word v.) When v = —3/(8 +
1) and B = (—f3), then the B-expansion coincides
with the (—3)-expansion. If B is periodic, say B =
(81, B2, ..., 0N) for some N € N, we also call the B-
expansion as the {f1, ..., Sy }-expansion of z. In this
case, we may write d(B;x) as d(B1, ..., 0n;T)-

We may extend the definition of 77 to « + 1 as has

been done in [2] and [6]. For all j € N, define
Ty +1) =BTy +1) =[BTy +1) =]

Ci
Bli]
where ¢; = LﬁiTi_l('y—i— 1) —7J. We also write
d(B;y+1) = (c1,c2,...). Note that ¢1 € [ug,,vs]NZ
and for j > 1, ¢; € A(B;) since T9 71 (y +1) < v+ 1.

As in Proposition 2.1 we have v+ 1= Z
i=1

Example. Let a = —3 = (1 + v/5)/2 be the golden
mean. Table [1| gives some information on the {«, 5}-
transformations for various values of ~.
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v Ala)  A(B) d(a, B;7) d(a, B;y +1)
0 {01} {-2,-1,04 (0 (1, — 6)
1/a {0,1} {-4,-3,-2} (0,-3,1,-3,1, 1,-2) (2,— )
2 {172} {_7a _6} (17_6ala_ ) (25 )
TABLE 1. The expansion of v and v + 1 under various values of v when a = —8 = (14 /5)/2
15 = Now, let v = 1/a. We have
s I
o I fol) = az ifxe(l/a,l)
| ar—1 ifzxe[l,a)
0.6 T |
| fo( and
04T : —ax+2 ifzel/a,3/a—1]
st I falx)=q —ar+3 ifze(3/a—1,4/a—1]
' | —ar+4 fze(d/a—-1a).
0'00_0 ' 0?2 ' 0i4 I1 0?8 ' 1?0 Figure |3| gives a graph corresponding to v = 1/«
= X where J := (1/a,4 — 2a), K := (4 — 2a,3/a — 1),
L:=@3/a-1,1), M :=(1,2a—2), P := (2a—2,3—q),
yl_o* Q:=0B-a,4/a—1)and R:= (4/a — 1, ).
057 3. EXPANSION OF v + 1
0.6 - The expansion of 7+ 1 defined in the previous section
’ proves to be insufficient for our purposes and hence,
il the definition needs to be modified. In this section,
) | we present another definition of the expansion of v+ 1
I analogous to those defined in [2] and [6, Lemma 6].
024 | Hereafter, we assume B = (j,B2,...) € RY with
lim;;, 00 |B[m]| = 00
0.0 =i —t
0o _ 08 )1('0 Definition 1. We define d*(B;y+ 1) = (¢f,¢5,...)
x as the limit
FIGURE 1. The maps T and T2 when v = 0, o = hml _ d(B;x).
—B=(1++5)/2 z—(y+1)

Let us consider the particular case of v = 0. Then

ax ifrxel0,1/a
fulz) = if 2 €[0,1/a)
ar—1 ifze(l/a,l)
and
—ax ifx=0
folx) =49 —azx+1 ifze(0,1/q]
—ar+2 fze(l/a,l).

Figure depicts the

transformations 7" and T2.

shape of the {a,f}-

From these, we obtain

a graph G (Figure [2)) describing the dynamics of the
map T™. In this graph, the vertices are subintervals
of [y,7 4+ 1) that form its partition and there is a
directed edge (dashed, if 7 = «a; and solid, otherwise)
from vertex V; to vertex V5 labelled d if and only if
Vo C f-(V1) and the corresponding digit is d.
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That is, for any n € N, there exists an €, > 0 such
that for all z € (y+ 1 —€,,7+ 1) and for all i < n,
the i-th digit of d(B;z) is ¢ where €,41 < €, and
€, — 0 asn — oco.

Example. Let 5 be a quadratic Pisot number. Then
B satisfies the minimal polynomial 22 — bx — ¢ where
beNandl1<c<bjorbe N—{1,2}and2—-b<c<
—1. Let v = 0. We compute for d*(8,—8;7+ 1) =
d*(B8,—p;1). Let € > 0 be arbitrarily small.

Case 1. Let 1 < ¢ <b. Thenb < 8 < b+1. We have

T(l—¢) = B(l-¢—[f(l-€]=B—€c—b
T?(1—¢) —BB-b—€)—[-B(B-b—¢€)]=¢
T3(1—€) = PBe—|fe|=¢

T*(1—€¢) = —PBe—|—Pe]=—€e+1.

Hence, d*(8,—B;v+ 1) = (b, —¢,0,—1). It can be
shown that d(8, —f;v + 1) = (b, —c,O).
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FIGURE 2. Tap:[0,1) — [0,1) with o = —3 = (1 ++/5)/2

FIGURE 3. Top : [1/a,a) — [1/a, ) with a = —8 = (1 4+ /5)/2

Case 2. Let 2—b<c¢<—1. Thenb—1< < b. So

T(—¢) = B-—|B(1-]=f—c—b+1
T?(1—¢) —-B(B—-b+1—¢)

—|-B(B—-b+1—¢€)]=—-B+b+e
T°(1—¢) = B(=B+b+e)—[B(-B+b+e)=¢
T (1 —e) —Be — |—Pe] = —e+ 1.

Hence, d*(8,—0;yv +1) = (b—1,-b—c,—c,—1).
Also, we have d(8, —83;7+1) = (b—1,—b— ¢, —c,0).

Example. Let B = (a,3) where a € Z < 0
and 0 > 8 € R. Suppose a(y +1) — v € Z
and T(y + 1) = fu(8) — [fa(f) 7] and
Ty + 1) = ga(8) — Lgn(B) —7) for some
polynomials f, and g, of degree n in Z[x] where
fn(ﬁ)_’y g—f Z and gn(ﬁ)_7 ¢ Z for all n € N
(e.g. [ may be taken to be transcendental over Q
and v € Q). Let d(o,8;7+ 1) = (c1,¢2,...) and
d*(a, B;v+ 1) = (¢f,¢5,...). Then, for small € > 0,
g =laly+1)—y+e| =aly+1) —v =c. Since
fn(B) —~ and g,,(8) — v are not integers, we can show
that T"(y+1—¢€) = T"(y+ 1)+ (=1)"*e. Moreover,
G = LIn(B) == ] = [falB) =] = con and
1 = [9n(B) —v+e€] = [9.(8) —7] = cont1.
Hence, d(a, 8;v+ 1) = d*(a, 857 + 1).

From the examples above, we see that d(B;~y + 1)
may or may not be equal to d*(B;y + 1). In what
follows, we characterize the B-expansions such that
d(B;y+1) =d*(B;y+1).

Let sgn denote the signum function. Define Ig :=
{n e NU{0} | sgn(B[n + 1]) > 0} and

Cp:={veR|Bpt1T"(v+1)—~v ¢ Zfornelg}.

Proposition 3.1. If v € Cp, then d(B;y+ 1) =
d*(B;vy +1).

Proof. We show by induction on n € NU{0} that, for
arbitrarily small constant, € > 0,

T"(y+1-€6) =T"(y+1)—Blnle. ()

The case where n = 0 is clear. Suppose (%) holds for
some n € NU {0}. Then

Ty +1-¢)
= BoiT"(v+1—€) = [BariT"(v+1—€) =]
= PpaT"(y+1) - Bn+1]e

= [Bn1T"(y+1) = Bln+1]e —].

Since 7 € Cp and ¢ is arbitrarily small,
then | Bnp1T™(y+ 1) — B[n + 1]e — 7] =
| Bns1T™(y + 1) — 7v]. Therefore,

T (y+1—¢€ = BuT"(y+1)— Bln+1]e

= Bp1 T (v +1) — 7]
T (y+1) — B[n + 1]e.

Thus, we get d(B;y+ 1) =d*(B;~v + 1). L]

Proposition 3.2. If d(B;y+1) = d*(B;y+1), then
S CB-

Proof. Suppose d(B;y + 1) = (c¢1,¢2,...) and

d*(B;y + 1) = (c},c5,...) are equal. We show, by
induction on n € NU {0}, that

T"(y+1-0 =T"(y+1) = Blnle.  (x)
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The base case n = 0 is clear. Suppose (x) holds for
some n € NU {0}. Then

Tn+1(’}/ 4 1— 6)
= Bat1(T"(y+1) — Blnle) — ¢4
= Bup1T"(v+1) — Bln+ 1]e — cpy1
= T"*Y(y4+1) - Bn+ e

Thus, for all n € NU {0} and ¢ > 0 sufficiently small,

Chy1 = [BnriT"(v+1) = Bln+1Je — 7]
[Bna T (v +1) — ]
= Cn+41-

If n € Ip, then B, 11 T"(v+ 1) — v ¢ Z. Thus, v €
CB- |

Combining Prop. B1] and Prop. [3.2] we have the
following theorem.

Theorem 3.3. v € Cp if and only if d(B;y + 1) =
d*(B;y+1).

Theorem and [2, Theorem 3] imply Corollary
3.3.1:While Theoremand [6, Lemma 6] imply Corol-
lary [3:3:2)

Corollary 3.3.1. Let 1 < f € R. Let T : [0,1)
[0,1) be the beta transformation given by T(x) =
Bx — | Bx]. Then the following are equivalent:

(1) d(B;1) = d*(B;1);

(2.) BTI(1) ¢ Z for all j € NU{0};

(3.) d(B;1) is infinite.

Corollary 3.3.2. Let 1 < g € R. Let T_g be
the negative beta transformation on [lg,r3) given by
T_g(x) = —px — |—PBx — lg|. Then the following are
equivalent:

(1) d(B;rg) = d*(B;rp);

(2) =BT (rg) — 1g ¢ Z for all j € NU{0};

(3.) d(Bj;rg) is not purely periodic of odd period.

Next, we determine the relation between d*(B;y+1)
and d(B;«y+1) when they are not equal (i.e., v ¢ Cp).
Define the propositional statement F(B;k) to mean
Be1T*(y + 1) — v € Z and sgn(Blk + 1]) > 0.

Suppose E(B;k) holds and k is minimal with such
property. Then

TH (y+1) = Bepr TH (v+1) = | Be1 TF (v+1) =] = 7.
Thus, if d(B;y+ 1) = (¢1,c¢2,...), then
d(B;y +1) = (c1,¢a, .., cgyr) 0 d(a™TH(B); ),

where o denotes the usual word concatenation and o7
(4 € N) is the shift operator in RY given by
O'j(’l“l, ro,... ) = (Tj+1,7“j+2, P )
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Moreover, from the proof of Proposition [3.1] we see
that

TkJrl(’erle)
= B TF(v+1) = Blk+ e
—[Ben1 T*(y + 1) = Blk + 1]e — 7]
= ~v+1—e

Therefore,

d*(B;y+1) = (c1, ¢, . .., cpp1—1)od* (a* 1 (B); y+1).
From the computation above, we see that the process
of determining d*(B;v + 1) depends on the other
sequences d*(c(B);y + 1), i € N.

To illustrate this process, we present the two-base
expansion case where we set o := 37 > 0 and § :=
B2 > 0. We easily compute Ip to be NU{0}. Suppose
E(B;k) is satisfied and k is minimal.

On the one hand, suppose k is odd. Then

d(o, B3y +1) = (c1,¢2, ..., cpg1) 0 d(a, B5)

and
d*(c, B;v+1) = (c1,¢2,. ., cpp1 — 1) od™ (o, B; 7 +1).

This implies that

d*(a,ﬁ,’y—l—l) = (017027"'ack+1 - 1)

On the other hand, suppose k is even. Then

d(aaﬂv/}/—’— 1) = (017027"'ack+1) Od(ﬁ,a/')/)

and
d* (o, ;7 +1) = (c1,¢2, ..., chp1 — 1) od™ (B, a; v +1).

Note that /,gy = NU {0}. Suppose that there is no
m € N such that E(c(B);m) holds. Then

d* (8,057 +1) =d(B, ;7 + 1)
and so,
d* (o, ;7 +1) = (c1,¢2,. .., chp1 — 1) 0d(B,a; 7+ 1).

Let d(B8, ;v + 1) = (q1,q2, ... ). If there exists m €
NU{0} such that E(o(B);m) holds and m is minimal
and odd, then

d*(ﬂvav’y_k 1) = (Q17Q2a-~-an+1 - 1)
Therefore,
d* (o, B5y + 1)
= (e1,¢2y..5¢kt1 — 1) o(q1,92y- -y Gme1 — 1).

Finally, if m is even, we have

d*(B,057+1) = (g1, 92, - - - s Gm+1— 1) od™ (o, B5v+1).
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Hence,
d* (o, By + 1)
= (c1,c2,... 0001 —1)0
(Q17QQa-~-an+1 - 1) Od*(avﬁ77+ 1)

= (017C2w~-7ck+1_1;(]17(]27~-an+1_1)~

To sum up, we have the following proposition.

Proposition 3.4. Let B = (a, ) wherea,, € R > 0
and aff > 1. Let d(a,B;v + 1) = (c1,¢2,...) and
d(B,a;v+1) =(q1,92,...). Then d*(a, f;v+ 1) can
only assume one of the following forms:

(1) (e1,c9, -« cor — 1)

(2) (e1,e2,. - k41 — 1,q1,02, .- +)

(3) (c1,c2,- - k01 — 1,q1,02, -, Gam — 1)
(4.) (c1,¢2, -, Copr1 — 1,41, G2, - -+, Qoma1 — 1)
(5 (

Cl,CQ,...)

Examples. We now give examples to illustrate Prop.

[3.4) (1-5) by providing values of & > 0 and 3 > 0 with
aff > 1 and v = 0 for each case. Let r,s € N.

(1) Let a=r/s ¢ Z and 5 = s.

(Ir/s|,r —s|r/s],0)
(Lr/s]r—slr/s] =1)

(2.) Let @ = r and 8 be transcendental over Q.

dla, B3y +1) =
d* (o, Bsy+1) =

d(e, B;7v+1) = (r,0)
diB, ;v +1) = d*(B,s7+1) = (q1,q2,--.)
d*(aa577+1) = (T_17qlaQQa"')

(3) Let a = (1++/5)/2 and 8 = .

dle, B;v+1) = (1,1,1,0)
d(B,a;v+1) = (2,1,0)
d*(e, B57+1) = (1,1,0,2,0)

(4.) Let 8 = a4+ 1 where « is the (smallest) Pisot
number which satisfies a® —a — 1 = 0.

d(a, B;v+1) = (1,0,1,0)
dBraiy+1) = (2,0,1,0)
d* (e, 8;7v+1) = (1,0,0,2,0,0)

(5.) Let a be transcendental over Q and 8 = r. Then
de, By +1) = d*(a, B;7y + 1)

To end this section, we recover the classical results

for beta and negative beta expansions. Let 1 < 8 € R.

For the positive beta expansion, we see that I = NU
{0}andCp ={y e R | T (yv+1)—y ¢ Z for all n €
Ig}. Suppose 0 ¢ Cp. Then there exists a minimal
k € NU {0} such that E(B;k) holds. We have

d(B;1) = (cq, ..

'7ck+l) Od(BaO) = (017"'7ck+156)

and
d*(B, ].) = (Cl, ey Chy1 — 1)
In other words, d*(B;1) =
d(B;1) if d(B;1) is infinite
(c1,¢2,.-.,¢cq — 1) if d(B;1) = (e1,...,cn,0).

For the negative beta expansion, we have Ig =
2N—land Cp ={y e R | -BT*" (y+1)—~v ¢
Z for all n € N}. Suppose lg ¢ Cp. Then there ex-
ists minimal & € N such that F(B;2k — 1) holds.
Let d(B;lg) = (a1,az,...). It is easy to see that
d(B;rg) = (0,a1,a2,...). From E(B;2k — 1), it fol-
lows that

d(B;rg) = (c1,. .., C2k, 01,02, ... ).
This means that ¢; = 0; ¢; = a;,—1 foralli =2, ... 2k;
and a; = agg—14; for all ¢ € N. Therefore,

d(B, lﬂ) = (al, ey agk,l)
and
d*(B;rg) = (c1,...,co —1)od"(B;rp)
= (Cl,...,CQk—l)
= (0, aiy...,02k—1 — 1)
This is equivalent to
(Oa a1,A2,...,02p—-1 — 1)
d*(B;rg) = if d(B;lg) = (a1, a2, .-, a2n-1)
d(B;rg) otherwise.

4. ADMISSIBLE SEQUENCES

Throughout this section, we let B = (31, B2,...) € RY
with lim,,—,. |B[m]| = co. A B-representation of a
real number z € [,y + 1) is an expansion of the form

oy
= Bl
with (di,ds,...) € A(B). Note that the condition

lim | B[m]| = oo does not guarantee that any sequence
(di,dg,...) in A(B) is a B-representation of a real
number z since the series Y .-, d;/B[i] may not con-
verge. If the sum converges, we adopt the notation
(d1,da,...)B = Zfil d;/ Bli].

Now, the B-expansion of z is a particular B-
representation of x. Deciding whether a sequence
(d1,da,...) in A(B) is the B-expansion of an element
of [v,7 + 1), thus, entails showing that the series
converges.

Definition 2. An integer sequence (dy,ds,...) €

)
A(B) is B-admissible if there is an © € [y,y + 1)
such that d(B;z) = (dy,da,...).
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The admissibility of sequences with respect to the
B-expansion map is related to the admissibility of se-
quences for a special class of rotational beta expansion
map. Let Z =[0,1) x [0,1) and 1 < 8 € R. Define
the map 7 : Z — Z by

T((m,y)) = (_ﬁy - I__ﬁyL BQ? - LB-IJ>

Let T be the B-expansion map on [0,1) with B =
(=8, B). It follows that for all n € N, we have

TN ay) = (137 ), 12 (@)

and
T2 (w,y) = (T2 (@), TH' W) -

So, if d(B;y) = (a1,a2,...) and d(c(B);z) =
(b1,ba,...), then the expansion of (z,y) with respect
to T is

((al,bl), (bg,dg), (a37b3), NN ) .

Proposition 4.1. Let B = (-3,6) with § >
1. Then (ay,as,...) € A(B) is B-admissible and
(b1,b2,...) € A(o(B)) is o(B)-admissible if and only
if ((a1,b1), (b2, az2), (as,bs),...) is admissible with re-
spect to T .

In this section, our goal is to provide an admissibility
criterion for sequences in A(B). We first mention few
results.

Lemma 4.2. Let x € [y, + 1) such that d(B;z) =
(a1,az,...). Forn € N,

" a;B[n]

T"(z) = Bln|x — Bl

i=1

Proof. We prove this lemma by induction. Let x €
[v,7+1). Then T'(x) = B[l]x — a1. Suppose that for

some k € N, T*(x) = B[k]z — iaiB[k}/B[i]. Thus,

TkH(m) ﬁkﬂTk(l‘) — Ok41

k
= Blk+1z-) C@HH

i=1

B[k +1]

—ak+lm

k+1
= B[k+1]x—Z‘”Bng].

In the following lemma, we give certain con-
ditions for a B-representation (di,ds,...) to be
a B-expansion. Note that the convergence of
the sum (dy,ds,...)p implies the convergence of
(dk+1,dk+2, - )o.k(B) for all k e NU {0}

Lemma 4.3. Let (dy,ds,...) be a B-representation

of v € [v,y+1). If (dpy1,drr2,- - )or(m) € [1,7 + 1)
for all k € NU {0}, then d(B;z) = (dy,ds,...).
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Proof. By induction on n € N, we prove that d,, =
8T () — 7] and

Tn(l‘) = (dn+1,dn+2, e )o-n(B).

Note that Sz — di = (da,ds,...
1).  Hence, di =
(dg, dg, . )U(B)'

Suppose the claim holds for n < k where k£ € N.
Then

Jor) € 1,7 +
|/1T%(z) — | and T(z) =

5k+1Tk(55) — dpy1

di41 di42 )
= + +...)—d
Pr (ﬁkﬂ Br+1Br42 H
d d
_ k2 des
Brr2  Brr2Brys
= (dit2,drs3, - )orti(p) € [V, 7 +1).

Hence, dpy1 = BT (2) —~] and TF(z) =
(dk+2,dk+3,...)ak+l(B). L

Corollary 4.3.1. Let « € [y,7 + 1) such that
d(B;x) = (a1,as,...). Then

d(e™(B); T"(x)) = (ant1, Gnt2y-- - )-
Proof. By Lemma [£.2]

T (z) =

Thus, (@p+1,anta,-..) is a o™ (B)-representation of
T™(z). For all k € N, we have
Uk(an+1, Ap+2y -+ - )o-k:(o.n(B))

= a"+k(a17a2, cee )a-n+k(B)

T (z) € [y,y +1).
The conclusion then follows from Lemma [£.3] m

Remark. Proposition 2.1} Lemma[4.2] and Corollary
also hold when xz =~ + 1.

From Lemma and Corollary we obtain
the following proposition, which gives an admissibility
criterion for a sequence (dy,ds,...) € A(B) in terms

of O'k(dl, dQ, e )o.k(B).
Proposition 4.4. A sequence (di,ds,...) € A(B)
is B-admissible if and only if o*(dy,ds, ... )ok(B) €

[y,v + 1) for all k € NU{0}.

Now, we provide another admissibility criterion
— this time, in terms of the shifts of a sequence
(z1,22,...) € A(B). To this end, we need to in-
troduce an order <p on A(B).
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Definition 3. Let (a1,as,...) and (b1,bse,...) be in
A(B). We say
(al,ag,...) <B (bl,bg,...)

if and only if there exists k € N such that b; = a; for

alli=1,2,...,k—1 and by # a, where

(b, — ax) sgn(Bk]) > 1.
If (al,ag,...) =B (bl,bg,...) or ((],1,(],27...) =
(bl,bz,...), Wewrite(al,ag,...)jB (bl,bg,...).

Remark. For the classical positive and negative
beta expansions, the order <p coincides with the
orders defined in [2] and [6], respectively.

The following proposition tells us that the mono-
tonicity of points in [y, + 1) is carried over to the
ordering of words with respect to <p.

Proposition 4.5. Let z,y € [y,7 + 1). Then
d(B;z) <p d(B;y) if and only if x < y.
Proof. Let d(B;x) = (x1,22,...) and d(B;y) =

(y1,92,-..). Let k € N be the least integer such that
g # yr. Suppose d(B;z) <p d(B;y). Then
yk - $k yz — Xy
y—x=
i>k+1
We have
yz - i _ Z Yk+i — Tk+i
i>k+1 i>1 Blk +1]
_ 1 Yk+i — Thti
B[k] = Blk+ 1,k +1
_ THy) - T*(x)
B Blk]
_ (T*(y) — T*(x)) sen(Bk])
|B[k]]
S b
| BIK]|
Thus,
(yx — wx) sgu(Bk]) — 1
y—x > > 0.
| B[]
For the reverse implication, suppose
yp — xp +TF(y) — T" (x)

O<y—ax= Bl

Note that —1 < T*(y) — TF(z) < 1. When
sgn(B[k]) > 0, then yr — xx + 1 > 0. This implies
that yr — xr > 0 since both y; and xj; are integers.
But since yi # x, then yr — x; > 1. However, when
sgn(B[k]) < 0, then 0 > yj, —x) —1. Thus, y—x < 0.
But since yi # x, then yi — zp < —1. In both cases,
(v — 22) sgn(BIK]) > 1. .

Proposition [4.5] together with Corollary [£.3.3] im-
plies the following result.

Corollary 4.5.1. If (dy,ds,...)
admissible, then, for all n € N,

€ A(B) is B-

d(0"(B);7) Zon(B) (dnt1s dntas .- -)-

Analogous to Proposition 2.1 and Lemma we
provide a relation between d*(B;~vy 4 1) and v + 1.

Proposition 4.6. If d*(B;y+1) = (c¢f,c5,...), then
v+ 1 = (cf,¢,...)p and (€5 1,Chygs---)ok(B) €
[v,v+ 1] for all k € N.

Proof. Suppose d*(B;y + 1) = (c},c5,...). Then
there exist a sequence {e,} converging to 0 and a

sequence {Y,,} such that ¥, € (y+1—¢,,v+1) and
d(B;Y,) = (cf,---,¢5 Yn,15Yn,2, - - - ). Thus,
~ Yni
Y, =
Z BJi Bln+1i]

Since

Yn,i _ 1 Yn,i 1
> Bln+i B[ > B € Bty

i>1 i>1
then Ui
lim Y —— =0
n—o00 =1 B[?’L + Z]
Hence,
¥y+1 = Ilim Y,
n— oo
. = c; Yn,i
= lim =+ -

Now, for j, k € N| let us consider

d(B; Yi1j) = (€1,C3 - -+ Ch o Yhtgi1s Ykt g2y - - - )-
By Corollary

d(o*(B); T*(Yi+))
= (024—17 s 7CZ+j, Yk+4,1> Yk+4,25- - - ).

Hence, (¢jiq5---»
[v,v+1). That is,

7
Ck+z Yk+j,i
1.
Z *Z Bt T

CZH-» Yk+j,1, Yk+5,25- - - )ak(B) €

Since {w;} tends to (cf 1, g, ---)ok(m), then v <

(Cog1)Chgar---) Sy + 1L n
Proposition 4.7. If z € [y,y + 1), then d(B;z) <p
d*(B;vy +1).
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Proof. Let d*(B;y + 1) = (c¢f,¢,...). Then
there exist a sequence €, tending to zero and
Y, € (y+1—¢€,,v+ 1) such that d(B;Y,) =
€y € Yn1sYn,2,---) with ¢y # yn1, so that
A(B; Yy) % d*(By + 1)

Suppose d(B;Y,) =5 d*(B;vy + 1). There exists
Yoam € (Yn,v+ 1) where m > 1 such that

d(B; Yn-‘rm) = (CT7 ce aC:Lera Yn4+m,1, Yn+m,2, - - - )

Since d(B;Y,) >=p d*(B,y + 1), then (y,1 —
chyq)sgn(Bn 4 1]) > 1, implying that d(B;Y},) ~g
d(B; Yyn+m). By Proposition Y, > Y, 1m which is
a contradiction since Y, 4m € (Yn,v + 1). Hence, if
x < Yy, thend(B;x) <p d(B;Y,) <p d*(B;y+1). =

Definition 4. A sequence (di,ds,...) € A(B) satis-
fies the lexicographic restriction if, for all k € NU {0},
d(c*(B);y) Zorm 0F(dida,...)

{O-k(B) d*(O'k(B),"}/+].)

Combining Corollary [.5.1] and Proposition [.7]
yields the following proposition.

Proposition 4.8. Let x € [y,v+ 1). Then d(B;zx)
satisfies the lexicographic restriction.

We now show that the converse of Prop. [£.§ holds
under some condition. To proceed, consider a sequence

z=(z1,%2,...) € A(B). For i € N, we define
iy Zid1,- -, 2i0s) i jeNU{0
2(7/7]) _ (ZZ7ZZ+17 721+J) 1 -]6 { }
(Ziy Zit1y -+ ) if j =00
and set
iy f)oirmy = Y
yJ)oi=1(B) B[’L,Z—Fk]’

k=0
provided that the sum converges if j = co. For n € NU
{0}, let u(™ = d(c™(B);7) and v(™ = d*(¢"(B);y +
1).
Lemma 4.9. Let w = (wy,ws,...) € A(B). If w
satisfies the lexicographic restriction, then there are

infinitely many n such that at least one of the two
holds:

(1.) Bln] > 0 and (w(1,n — 1) ou™)p > ~;
(2.) B[n] < 0 and (w(1,n — 1) ov™)p > ~.
Proof. Suppose w # d(B;~). For the base of the
induction, we set n = 0 and define w(1,—1) as the

empty word. Then (w(1,—1) o u(®)p = ~. Likewise
(w(1,=1)ov®)g =541 > ~. Now, let m € NU{0}.

CASE 1 Suppose B[m] > 0 and (w(l,m — 1) o
u(™) g > ~ hold. By the lexicographic restriction,

u™ = d(c™(B); ) ~<om(B) 0" (w) = w(m + 1, 00).
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Thus, there exists a least positive integer [ such that
Wi = u™(i,0) for all 4 < [ and

(Wit — ul™(1,0)) sgn(e™ (B)[I]) > 1.
Since B[m] > 0, then sgn(c™(B)[l]) = sgn(B[m +1]).

CASE 1.1 Suppose B[m + 1] > 0 so that (w,,4+; —
u(™(1,0)) > 1. We have
(w(l,m+1—1)ou™)p
— (w@,m—1)ou™)g

Wm41 — u(m) (l7 0)

Blm +1]
L @) omig) = (A 1,00))gmep)
B[m +1] '
Now,
Wm+1 — u(m) (lv O) > 1
Blm +1] ~ Blm+1]
Meanwhile,
(U™ D) pmsi gy — (W™ (14 1,00)) gmt1 ()

= 7= Tomm():

Hence,

(u(m+l))gm+1(3) — (u(m)(l + 1, OO))O-m+l(B)
Blm +1]

is greater than —1/B[m + ] and less than or equal to
0. Therefore,

(w(1,m+1—1)ou™ D) g —(w(1,m—1)ou™)p > 0,
implying that

(w1, m+1-1)ou™ ) 5 > (w(1,m—1)ou™)z > 4.
CASE 1.2 Suppose B[m + 1] < 0. Then

(w(l,m—+1—1)ov™m)g
- (wl,m—1)ou™)p
wim g1 — u™(1,0)
Blm +1]
(WD) i gy — (W™ (1 + 1, 00)) pmti ()
Blm + 1] '

_|_

Since Blm + 1] < 0, we have

Wm+l — u(™ (lv O) > -1
Bm+l = Bm+1’

Moreover,
(U(m+l))am+1(3) - (U(m) (l + 1a OO))J’"*Z(B)
=7+ 1 =Tl
It follows that

(’U(m+l))am+L(B) — (u(m) (l + 1, OO))Um,+L(B)
Blm +1]
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is less than 0 but greater than or equal to 1/B[m +1].
Therefore,

(w(1,m+1—1)ov ™) g —(w(1,m—1)ou™)p > 0,
and consequently,
(w(1,m+1—1)ov™ ) g > (w(1,m—1)ou™)g > .

CASE 2 Suppose B[m] < 0 and (w(l,m — 1) o
’U(m)) B > 7 hold. By the lexicographic restriction,

o™ (w) = w(m+1,00) <gm By o™ = d* (6™ (B); y+1).

Thus, there exists a least positive integer [ such that
Wi = v (i,0) for all i < and

(0™ (1,0) = won 0) sen(e™ (B)[1]) = 1.

Since B[m] < 0, we have sgn(c™(B)[l]) =
—sgn(B[m +1]). As before, we have two subcases:
sgn(B[m +1]) > 0 and sgn(B[m +]) < 0. The proofs
are similar. u

Analogous to Lemma [£.9] we have the following
result.

Lemma 4.10. Let w € A(B). If w satisfies the lexi-
cographic restriction, then there are infinitely many n
such that at least one of the two holds:

(1.) Bln] < 0 and (w(1,n —1) ou™)p < v+ 1;
(2.) Bln] > 0 and (w(1,n — 1) ov™)p <~ +1.

We now apply Lemmas [£.9] and [£.10] to prove the
next proposition.

Proposition 4.11. Let w = (wy,ws,...) € A(B)
such that the sum o*(w),xp) converges for all k €
N U {0}. If w satisfies the lexicographic restriction,
then O'k(w)a.k(B) € [’y,’y + 1)

Proof. We show that v <wp <~y + 1. Let E,(w) :=
0" (w)yn (), which by assumption converges. Then,
for all n € N,

~ Wi Ea(w)
k] Bl

wp =
k=1

b
=
£

= w(l,n—1)p+

Thus, as n tends to oo, the quotient E,, (w)/B[n] tends
to 0.
For sufficiently large n,

(w(l,n—1)ou)p > 5

or
(w(l,n—1)0 v(n))B >

by Lemma So,

w ™).,
wp — (w(l,n—1) o t™M)p Eg[(n]) _¢ B)[n](B)
L Bw O
= B Bm

where (t("), C) is either (u(™, ) or (v(™, y+1). There-
fore, wg > 7. In general, observe that as w satisfies
the lexicographic restriction with respect to B, then
o™ (w) also satisfies the lexicographic restriction with
respect to c™(B). Consequently, Lemmas and
apply. In other words, letting o™ (w), o™ (B),
(u m))o-‘ln(B) and (U(m))gm(B) take the role of w, B, ~v
and v + 1, respectively, in Lemma we obtain the
conclusion that o™ (w)em(B) > 7.

Likewise, we have o™ (w),m gy < v+ 1 for all m €
N U {0} by Lemma The only thing we are left
to do is to show that ¢ (w),mp) # v+ 1. Let z =
(21,722, ..) denote the sequence d*(c™~1(B);~ +1).
Let s be the least positive integer such that wp;4;-1 =
zi for 1 <i < sand

(25 — war+s—1) sgn(a™1(B)[s]) = 1.
Note that there exists Y € [y, + 1) such that
d(@™ (B Y) = (21, 26, Yst1, Ysha -+ )

Then,

‘Y(S + 1, OO)UM+S71(B) —w(M + s, 00)0M+571(B)‘
SO+ -y=1

Therefore,

Y — w(M, OO)O.]\/I—l(B)
(2s = wWarts—1) + Y (5 +1,00)sm+s-1(p)

oM=1(B)]s]

_ ’LU(M+S,OO)UM+571(B)

oM=1(B)]s]
L L s BV (s + Loc)yuresim)
- oM =1(B)[s]|
B w(M+S,OO)UM+571(B))

oM =1 (B)]s]]
> L -0
T MBS

Since v + 1 > Y > w(M,00),m-1(p), then
U)(M,OO)UMf1(B) 7é v+ 1. u

In the previous proposition, an important part of
the proof is the assumption that the sequence w =
(w1, ws,...) € A(B) has the property that the series
o*(w) yx () converges for all k € NU {0}. It is clear
that if the base B = (31, B2, . . .) is eventually periodic,
then this property holds for w. We can say more. First,
note that the digits are bounded by ug, and vg, (see
Section 2), which, in turn, satisfy

) < (1Bl + 1) (vl + 1)

max('”ﬁi |7 |vﬂz‘

Now, let us consider the following. For the base B,
let | B| be the sequence (|f1],|B2],...). Suppose that

Bl + 1
B[] < 00. (x*)

n=1
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Then for every sequence w € A(B), the sum wg is
convergent. Indeed,

2 B = 2B
= (1Bal + D)(17] + 1)
< 2 En
— |Bn| +1
< (W|+1)Z;‘Eﬂgﬂ*<<”

Note that if B is eventually periodic, then (xx) holds.
However, if B = (b1, ba,...) with b, = (n+1)/n, then
(%) does not hold.

We now state the main result of this article, which
provides a sufficient and necessary condition for ad-
missibility of integer sequence in A(B) with respect to
the beta Cantor series expansion for a base sequence
B satisfying (#%). It would be interesting to know
how the result can be extended beyond property (*).

Theorem 4.12. Let B € RN such that
lim,, o0 [B[m]| = oo and (xx) holds. Let
(dl,dg,...) S .A(B) Then (dl,dg,...) is B-
admissible if and only if (dy,ds, ...) satisfies the lexi-
cographic restriction.
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