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Abstract. In this work, the stopping power of a partially ionized plasma is analyzed by means of
free electron stopping and bound electron stopping. For the first one, the RPA dielectric function is
used, and for the latter one, an interpolation of high and low projectile velocity formulas is used. The
dynamical energy loss of an ion beam inside a plasma is estimated by using an iterative scheme of
calculation. The Abel inversion is also applied when we have a plasma with radial symmetry. Finally,
we compare our methods with two kind of plasmas. In the first one, we estimate the energy loss in a
plasma created by a laser prepulse, whose density is approximated by a piecewise function. For the
latter one, a radial electron density is supposed and the stopping is obtained as function of radius from
the calculated lateral points. In both cases, the dependence with the density profile is observed.
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1. Introduction
Nuclear fusion has a promising future as clean, endless,
and sustainable energy source for humankind. A large
amount of energy is achieved from a dense and highly
energetic deuterium-tritium plasma. However, there
are great challenges in order to obtain this so dense
and overheated plasma. One of the chosen methods
is by means of energetic beams as high power lasers
or fast particles. In this last case, it is important to
study energy loss of an ion beam that passes through
a plasma target to understand the interactions of swift
particles with nuclear fusion fuel pellet.
The proton is the lightest ion that can be accel-

erated, and it achieves a great velocity due to high
ratio charge-mass. Furthermore, the laser-accelerated
proton beams technique has achieved a great devel-
opment in the last years [1, 2]. The low longitudinal
emittance of the beam together with a continuous
distribution of proton kinetic energies of a few MeV
allow to trace the temporal evolution of strong electric
and magnetic fields in plasma foils [3]. A diagram
of this process is shown in Figure 1. The temporal
evolution of energy loss can be evaluated using the
proton streak deflectometry, where the proton energy,
which encodes the time, is resolved using a magnetic
spectrometer.

Electronic stopping is the main processes that con-
tributes to deposit energy on plasma target for ion
or proton beams. For partially ionized plasmas, this
stopping is divided into two contributions: free elec-
trons and bound electrons. Both are calculated using
different methods: For the first one, the random phase
approximation (RPA) dielectric function is used, and

Figure 1. Sketch of proton beam interaction with
plasma target.

for the latter one, an interpolation formula between
limits of high and low projectile velocities together
with Hartree-Fock calculations for atomic quantities
is utilized. [4, 5].
Stopping power calculation methods are described

in section 2. Afterwards, stopping power of different
density profile plasmas are estimated for a proton
beam in section 3 and finally a summary of this work
is explained in section 4. We will use atomic units
(a.u.) e = ~ = me = 1 to simplify expressions.

2. Theoretical Methods
2.1. Free Electron Stopping
Stopping power of free plasma electrons can be cal-
culated using a RPA dielectric function (DF). In this
DF, the effect of a swift charged particle that passes
through an electron gas is considered as a perturba-
tion that losses energy proportionally to the square
of its charge. Then slowing-down was simplified to a
treatment of the properties of the medium only, and
a linear description of these properties may then be
applied.
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The RPA dielectric function (DF) is developed in
terms of the wave number k and of the frequency ω
provided by a consistent quantum mechanical analysis.
The RPA analysis yields the expression [6]

εRPA(k, ω) = 1+ 1
π2k2

∫
d3k′

f(~k + ~k′)− f(~k′)
ω + iν − (E~k+~k′−E~k′)

,

(1)
where E~k = k2/2. The temperature dependence is
included through the Fermi-Dirac function

f(~k) = 1
1 + exp[β(Ek − µ)] ,

being β = 1/kBT and µ the chemical potential of the
plasma with electron density ne and temperature T .
In this part of the analysis, we assume the absence of
collisions so that the collision frequency tends to zero,
ν → 0.
The analytic RPA dielectric function for plasmas

at any degeneracy can be obtained directly from (1)
[7, 8]:

εRPA(k, ω) = 1 + g(u+ z)− g(u− z)
4z3πkF

, (2)

where g(x) corresponds to

g(x) =
∫ ∞

0

y dy
exp(Dy2 − βµ) + 1 ln

(x+ y

x− y

)
;

u = ω/kvF and z = k/2kF are the common dimen-
sionless variables [6]. D = EFβ is the degeneracy
parameter and vF = kF =

√
2EF is Fermi velocity in

a.u.
Finally, electronic stopping of free plasma electrons

will be calculated in the dielectric formalism as

Spf (v) = 2Z2

πv2

∫ ∞
0

dk
k

∫ kv

0
dω ω Im −1

εRPA(k, ω) , (3)

where Zp is the charge, v is the velocity of the projec-
tile, and the equation is in atomic units.
The calculation of stopping power using (3) could

be difficult and computationally slow in some cases.
A fast accurate method is to make an interpolation
from a database [9] where the variables to interpolate
are temperature and density for every couple of co-
ordinates (vi, Spi) located on the interpolation grid.
Database has a set of RPA result files for different
conditions of temperature and density. For sake of
simplicity, bilinear method is used for a 2D interpola-
tion, which is an extension of linear interpolation for
interpolating functions of two variables on a regular
2D grid. In Figure 2, we can see the difference between
the direct calculation of RPA and its interpolation,
for a free electron density of 3.6× 1021 e−/cm3. Both
graphs are similar with a slight difference on the max-
imum values of the stopping, where the interpolated
RPA is lower that the calculated one.

Figure 2. Stopping power as a function of proton
beam velocity. Blue solid line: Direct calculation of
RPA. Red dashed line: Interpolation of RPA

2.2. Bound Electron Stopping
The stopping power of a cold gas or a plasma for an
ion with charge Z has been calculated many times by
the well-known Bethe formula [10]

Sp =
(Zeωp

vp

)2
ln

2mev
2
p

I
, (4)

where ω2
p = 4πnee2/me is the square of the plasma

frequency and ne denotes the bound electron density.
I is the mean excitation energy, which averages all
the exchanged energy in excitation and/or ionization
processes between a fast charged particle and the
target bound electrons. We can simplify (4) using
atomic units

Sp =
(Zωp
vp

)2
ln

2v2
p

I
. (5)

I, is estimated by several methods. A short expression
is deduced in ref. [11]

I =

√
2K
〈r2〉

, (6)

where K is electron kinetic energy and 〈r2〉 is the
average of the square of the radius. These quantities
can be estimated for the whole atom/ion or shell by
shell using atomic calculations.

However, Bethe equation has a disadvantage, when
the logarithm argument in (5) is less than one, this
results in a negative stopping, which has not physical
meaning. To avoid this difficulty, an interpolation
formula obtained in ref. [12] is used in this work.
This expression interpolates the stopping between the
limits of high velocity and low velocity projectiles,
which are separated by an intermediate velocity

Lb(v) =
{
LH(v) = ln 2v2

I −
2K
v2 for v > vint,

LB(v) = αv3

1+Gv2 for v ≤ vint,
(7)

vint =
√

3K + 1.5I, (8)
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Figure 3. Stopping power (thick line) and proton
energy (dashed line) as a function of depth for a 1.5
MeV proton beam. The Bragg peak is placed at 0.169
cm.

where G is given by LH(vint) = LB(vint), and α is the
friction coefficient for low velocities. Lb(v) substitutes
the logarithm in (5). Using (5) and (7), the stopping
power of bound electrons for a proton beam (Z = 1)
is

Spb = 4πnat
v2 Lb(v) (9)

2.3. Energy loss in a thick
plasma target

The energy loss of a proton beam in a material, like
plasma, is a dynamical process. When it impacts with
an initial energy, Ep0 , it starts losing energy with
a rate that is given by the stopping power function.
Using an iterative scheme, this energy loss could be
calculated. The method is to divide the plasma length
in segments and to evaluate the energy loss in the ith
step by means of

ELi
= Spi

∆x ,

where Spi is the stopping in the ith segment and ∆x
its length. Applying this iterative calculation to a
plasma stopping profile, it is possible to calculate the
energy loss profile and the Bragg peak for a proton
beam that is totally stopped inside the target. In Fig-
ure 3, both graphs are been calculated for a partially
ionized aluminum plasma.

2.4. Abel inversion
The Abel inversion method is a mathematical tech-
nique that has been used to analyze proton imag-
ing data from inertial confinement fusion experi-
ments [13, 14]. With this technique a set of radial
points is obtained from a corresponding set of lateral
data points. The relationship between the lateral in-
tensity measured I(y) and the radial intensity desired
i(r) is shown schematically in Figure 4 and is given
by

I(y) =
∫ x0

−x0

i(r) dx (10)

Figure 4. The radial distribution i(r) cannot be
measured directly, but only through the integral I(y)
in the x-direction.

In this expression the integral is taken along a strip
at constant y, x2 + y2 = r2, x2

0 = R2 − y2 is the x
coordinate of the plasma edge at y value, and R is
the radius beyond which i(r) is negligible. Hence,
assuming a radial symmetry, (10) can also be written

I(y) = 2
∫ R

y

i(r) r√
r2 − y2

dr (11)

Equation (11) is one form of Abel′s integral equa-
tion. The reconstruction of the unknown function i(r)
from the measured data I(y) can be done analytically
by means of the inverse of Abel′s integral equation

i(r) = − 1
π

∫ R

r

dI(y)
dy

dy√
y2 − r2

(12)

The experimental measurement of I(y) provides a
discrete set of data points. Thus, both the differentia-
tion and the integration in (11) cannot be performed
directly. For this reason, the Nestor-Olsen method
[15] is used in Section 3 to apply the Abel inversion
to a discrete set of stopping power points.

3. Results
Using stopping power expressions, (3) and (9), is pos-
sible to estimate the energy loss of a proton beam
for different density target distributions: rectangu-
lar shape with a constant density and the piecewise
approximation of a trapezium shape with a density
profile given by [16]

ni(z) = 2nimax

1 + exp
( 2xθ(x)

lr
− 2xθ(−x)

lfr

) . (13)

Equation (13) is the density distribution obtained
when a laser prepulse hit a thin target with a thickness
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Figure 5. The target density profiles (top) and its
corresponding energy loss functions (bottom).

of 1 micron or less. Here x = z− 0.5lr and θ(x) is the
Heaviside step function. The parameters lr and lfr
were obtained for different initial target thicknesses,
lf , from hydrocode calculations [16]. lr, lfr, and lf
are expressed in microns. For a solid aluminum target,
nimax = 6× 1022 cm−3. The different density profiles
and the corresponding proton beam energy are showed
in Figure 5.
The energy loss of a proton beam has been also

considered for a plasma with radial symmetry. In this
case a rising electron density from external shells to
inner core has been simulated by means of piecewise
function, as it can see in Figure 6.
The energy loss of a proton beam is obtained in

every xi. Then, Sp(xi) can be calculated, and ap-
plying the Abel inversion to this lateral point set, by
means of Nestor-Olsen method, it is possible to obtain
the stopping as function of the radius, Sp(ri), as it is
showed in Figure 7.

4. Conclusions
The stopping power of partially ionized plasma has
been divided into two contributions. For free electrons,
the RPA dielectric function obtained from interpolated
values of discrete points of RPA calculations has been
proposed. It has been proved that the differences
between the calculated RPA and the interpolated one

Figure 6. Electron density as a piecewise function of
the radius.

Figure 7. Stopping power as a function of lateral
and radial points set.

are negligible. In the case of bound electrons, a set
of formulas for high and low projectile velocities has
been proposed, which have the advantage to result in
positive values of stopping for any proton velocity.
The energy loss has been evaluated using an itera-

tive scheme, that provides an accurate value of Bragg
peak and total depth stopping for a proton beam
that traverses an extended plasma. In the case of
plasma with radial symmetry, the Abel inversion has
been used to obtain radial parameters from lateral
measurements.

Finally, two kinds of plasma has been analyzed us-
ing the previous methods. The first one, created by
a laser prepulse, is approximated by a piecewise func-
tion and compared with a rectangular profile with the
same particle number quantity. In both cases, the
final energy loss is practically the same, but showing
some differences in the proton beam energy profile.
The second kind of plasma has a symmetrical ra-
dial distribution, with a density that decreases from
inside to outside. The Abel inversion has been ap-
plied to the stopping estimated from lateral measure-
ment, obtaining the stopping as function of radius
which is more closer to the radial electron density
proposed.
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