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A Finite Liouville Dress for c< 1 Boundary Degenerate Matter
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Abstract

We review the derivation of a general formula for the Liouville dressing factor in the boundary 3-point tachyon correlator
with ¢ < 1 degenerate matter.
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1 Introduction

The simplest example of a non-critical string theory is 2d Liouville gravity induced by ¢p; < 1 matter [1]. It combines
two Virasoro theories with central charges parametrised by a generically real number b, cpy = 13 —6(b* +1/b%) < 1
and ¢ = 26 — cpr > 25, so that when we add a pair of reparametrisation ghosts of central charge —26 the
total conformal anomaly vanishes. The D-brane dynamics in an open non-critical string is determined by the
boundary correlation functions (numbers) of the physical fields of ghost number one, “massless tachyons”, see
e.g. [2, 3,4, 5, 6, 7] for more recent discussions.

The full boundary tachyon field factorises into a matter times a Liouville “dressing” vertex operator, producing
a similar factorisation of the full 3-point function. In this work we address our attention to the pure Liouville
factor of it in the case where the matter factor corresponds to degenerate Virasoro representations. The matter
fields are vertex operators of the scaling dimension AM (e) = e(e —1/b+b) labelled by degenerate cj; < 1 Virasoro
representations. This implies that the charges {3;} of the dressing Liouville boundary vertex operators ¢ Bg:, of
scaling dimensions

AL(B) =p@Q—B) =1-Anle),
take the values
ni

,Bi =b + mzb - -0,
b
or their reflected 8 — @Q — 8 counterparts (Q = b+ 1/b), so that without loss of generality we shall work with the
values in (1.1). The range of the boundary parameters o; is generically parametrised by the continuous Liouville
spectrum 20 — () — pure imaginary but also admits continuation to real values. These Liouville boundary fields
correspond to the FZZ branes [8].

The matter factor of the 3-point boundary tachyon correlator is a straightforward generalisation of the factor
in the rational b?-case. It is alternatively reproduced by an analytic continuation of a residuum of the integral
Ponsot-Teschner (PT) formula [9] at points corresponding to ¢ > 25 degenerate Virasoro representations. The same
analytic continuation applies to fusing matrices, which differ from the boundary field crossing matrices (3-point
boundary correlators) by a renormalisation of the three boundary vertices. Thus the formulae in [9, 10] for the
quantum 3j and 6j symbols, designed generically for the continuous ¢ > 25 spectrum, are in a sense universal, since
we can reproduce from them the Coulomb gas quantities in both ¢ < 1 and ¢ > 25 Virasoro regions. However
this integral formula is not very explicit, and its main characteristics are not immediately visible when applied
to the spectrum of representations (1.1). Another alternative is to solve the pentagon equations recursively. The
final result is a meromorphic expression in the boundary cosmological parameters, the derivation of which we
review here, see [11] for more details. It generalises a special (thermal) case result of [6] and partial results in the
microscopic approach in [5].

2m;, 2n; € ZZO (].1)

2 Boundary 3-point Liouville constant

The matter fusion rules impose restrictions on the values in (1.1), namely all mi—“j =m;+mj—my, nfj =n;+n;—ng

are non-negative integers, so that
3

2m123 = Z 2mi = 0 mod 2.
i=1
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The 3-point boundary Liouville functions that we are interested in are related to the boundary field crossing
matrices

B2 B

o | 2 0 | = 0B e = S G e @)

where S(o1, 33, 03) is the reflection amplitude [8].
The associativity condition for OPE of boundary fields, together with the fusion transformation relating the s
and ¢ channels, lead to an integral pentagon-like equation for the boundary field 3-point functions

B2 B
04,03,01 03,02,01 __ 04,02,01 04,03,02
/ dBsCQ" 3 50.8.CQ 5. 5.1 T B0 [ 5 B =CQ 5y5.5:.CQ 5. a3 (2.2)

03,02,01

where Fp, g, is the fusing matrix computed in [10]. The boundary 3-point functions C3*;*'3" are meromorphic

fa

with respect to the variables (1, 82, O3 [9], while the fusion coeficients Fg, 3, [ 5 3
3 Pl

] are meromorphic in all

six variables and invariant under the reflections §; — Q — f;.

When one of the operators corresponds to a degenerate representation, the Fg, g, and Cg;”g;gll coeficients
develop singularities such that the integral in (2.2) gives rise to a finite sum over representations in accordance
with the fusion rules [9]. In particular, for 8 = —b/2, equation (2.2) becomes (see e.g. [5]):

b b
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t=+1
where C and F' are the appropriate residues of C and F. For ¢t = 1 it becomes
Co’g,o’zi%,al _ F(l — 2ﬂ2b)F((2ﬂ1 - b)b) . 03702,05 ) + (24)
BarParh (1 —b(B2 + B3 — B1))L'(b(B1 + Bs — B2 — b)) PaPatzbr=g
b*VALT (1 = 262b)0(1 = 261b)g F (02, f1,01) 03,02,01

2sinmb(201 — Q)T(1 — b(By + B + B3 — Q)T (1 — b(By + B2 — Ba))  Ponfatsfits’

where A, = muy(b?) is the (normalised) cosmological constant and

. b\ . b
97(0'2,,61,01) = g+(0'2,Q — ﬁl,dl) = —4sinwb (,31 — 01 — 02 + 5) sin b (ﬁl — 02+ 01 — 5) . (25)

There is a second equation with a shift 52 — b/2 on the r.h.s. as well as two dual equations for 1/b — b/2. The
derivation of (2.4) is standard and the coeficients in front of the correlators are given by the products of fusing
matrix elements and 3-point boundary functions containing a fundamental field. The latter are computed by
free field Coulomb gas methods [8], assuming that for degenerate representations the Cardy multiplicity coincides
with the Verlinde multiplicity. In the case above, this means that the two boundaries of the field 72 B?, satisty

2

09 = 01 :tb/2

2.1 The simplest correlator

We start with the derivation of the simplest correlator with three identical charges equal to b, i.e., the correlator
of three cosmological operators, or boundary Liouville screening charges. It is reproduced by the second term on

b
the r.h.s. of the equality (2.4) choosing 8; = 3= B2, B3 = b. For this choice the equation needs regularisation

since the coeficient in front of the correlator becomes divergent. The remaining two correlators are represented
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as reflections (2.1) with respect to 33 (the Lh.s.) and (5 (the first term on the r.h.s.) of correlators which also
diverge, if we assume that they are given by the integral PT formula. Indeed they satisfy the charge conservation
conditions (Q — B3) + B2+ /1 = Q and B3 + (Q — B2 — b/2) + (81 — b/2) = Q, respectively, and their residua equal
1/27 (to agree with the normalisation in [9]). Thus, in a proper regularisation of (2.4), these two correlators are
replaced by the corresponding reflection amplitudes, which appear as the initial data in the equation. We recall
their general expression computed in [8],

27
Slow 000 = e T —amyra —2m) 170 (29
A 5,28 - Q)

[Ty Se(B + s(o2 + 01 — Q))Sp(B + s(o2 — 01))

Ga(o2,0,01) =

where Sp(a) = T'p(a)/Th(Q — ) = 2sinwb(a — b)Sp(a — b) and I'y(z) is the double gamma function; Sy(b) = b. In
the case under consideration here 8 = b and inserting in (2.4) we reproduce the cyclically symmetric expression
proposed in the microscopic approach [5],

03,02,01 _ 271-\/)\_[1 Ga(03,b,01) — Ga(03,b,02) _ (2.7)
b,b.b (T —02)2T(& - 1) g—(01,%,02)
Q-3
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SOTCIE-D (@ -a)o -l

where the boundary cosmological constants ~ ¢; and their dual appear,

(1) (% - 2ai> . (2.8)

ci = 2cosmb(b—20;),¢; = 2cosT—

Similar regularised versions of (2.4) arise for other values of the charges corresponding to reflections of Coulomb
gas correlators.

2.2 One parameter correlators, cyclic symmetry

We shall use Eq. (2.4) as a recursion relation, starting from the explicit expression (2.7). Let us first introduce
some general notation:

b
G(i)(dg,ﬁ,dl) =Sp(—=f+024+01)S(Q—0B+02—01) =9g- (Ug,ﬁ + 2 01> G(f)(ag,ﬁ +b,01). (2.9)
For a non-negative integer k and an integer n of parity p(n) denote

' G (gy, — B0 — 1
B(oy,01)FPM) = (02, =% — 35, 01)

o G(f)(O'Q,b-ﬁ- % — %,O’l)

- (_1)(’€+1)(n+1)3(017U2)(’€;p(n))_ (2.10)

Applying (2.9), the ratio (2.10) is expressed as a k + 1 order polynomial in {¢;} using that for k # 0

b b b b
g- (O’z, 3 k§ + 2%,01> g- (02, 5t k§ + %,01> =2+ c2—ciea(—1)"2cos Tkb? — (2sinwkb?)?  (2.11)

while B(o2, 01)(05”(")) = (—=1)"cg — ¢1. Similarly, we define the dual B(ag, 01)("5”(]“))

G (o2, —g5 = %,01)

G (o, % + 55— %,01)

B(og,01)PH) .= = (=1)FFDOFD) By | gy ) (ip(R) (2.12)

so that the reflection amplitude is expressed as the ratio of polynomials

265-Q 2
A, % Ga(03, 02 = b+mab— 22,01) G oy, B2, 01) o B(og, 01)2n2ip(2m2) (2.13)
Sp(262 — Q) - GO)(02,Q ~ B2,01) B0z, 01)mairn2))” |
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Finally we introduce

iz Sp((2ma + 1)b)Sy((2ma + 1)b)

P, = PO8:02:91 . (_1)m?2+2mz/\z

B3,82,61 ° Sb(b)
’nf m12+1)b) % G2(02 +pgvﬁ2_p%70—3) (2 14)
Sy((p + 1 )0)Sp((m3, + 1 — p)b) Gz (02, 2, 03) .

G2(U2—(m12 p)%, 61— (my —p)s, 01)
G2(02, 01, 01)

and similarly P, and P, which are obtained from (2.14) by cyclic permutations. The finite sum (2.14) is proportional
to a truncated basic hypergeometric function 4¢5(...;q,¢). It can be expanded as a polynomial in the variables
{ci} (a special case of Askey-Wilson polynomials).

We begin with the “thermal” case with all n; = 0 in (1.1). We first use such a regularised equation in which
the first term on the r.h.s. of (2.4) reduces to a 2-point function in order to obtain recursively the most general
correlator with mfs = 0. Then using the analog of the general equation (2.4) for shifts of the pair (033, (2), we
obtain

Q—0123
00370'2,01 >\L 2 H(/B?nﬁQ?/Bl) FUg,o‘g ,O1

B3:P2,51 B(01,09)2m1:0) B(gy, 03)(2m20) B(g3, 0y ) (2m330) B3:82,61
Fgogzdt = (=1)°™1((=1)"28 — &) B(og, 01) "0 pgegei —
(—1)%72((=1)*"9E5 — &1) B0, 03) 2O PRS0 = (2.15)
- (513(03 02)(2m2,0)P022,01,03 + é2B(oy, (rg)(zmi"o)PU;"’22"711 + &B(02,01) ml’O)ngﬁsgj)

where

_ b%0(@PTy (2 — Bras)Ty(Q — B35)Th(Q — BE)Th(Q — B,)
[13s.82.8) = . (2.16)
S(3)86(3)Ts(Q)TH(Q — 261)T5(Q — 262)T5(Q — 233)
In the last equality of (2.15) we have exploited (2.10) and the relation.
B(os,0q)(2m3i0 )ng’gjgf + cyclic permutations = 0 (2.17)

which is equivalent to the cyclic symmetry of the correlator, now explicit in (2.15). Symmetry is ensured by the
fact that the expression given by the first equality satisfies all the equations related by cyclic permutations.

The composition of the reflection of all three fields with the reflection amplitude as in (2.1) and the duality
transformation b — 1/b (changing notation m; — n;) gives the correlator in the other thermal case, when all
m; = 0in (1.1). In this case the product of B(P(2") replaces the denominator in (2.15) and the formula confirms
the structure suggested in the microscopic approach of [5]. The dual polynomial P”s’g2 5, is defined by changing in
(2.14) 8; —» Q — B4, b — 1/b, m; — n;. With the help of some identities for the basic hypergeometric functions one
reproduces the formula in [6] for the case {m; = 0,n; — integers}. The expression in [6] is however not explicitly

symmetric under cyclic permutations, rather this symmetry is checked to hold on examples.

2.3 The general correlator

To obtain the Liouville correlator defined for general values (1.1), we can either use the dual pentagon equations,
or we can start from the correlator with all m; = 0. In one of the steps, the pentagon equation (2.4) is regularised
again so that the second term on the r.h.s. is given by G5 times a non-trivial Coulomb gas Liouville correlator.
The final result is an expression generalising the first line in (2.15),

Q*ﬂblza ,
(93:92:91 _ )‘L : H (ﬂ37527ﬂ1) %
B3,62,61 — B(O’l,02)(27"1;1’(2”1))3(0'2,0'3)(27”2;1’(2”2))3(0'3 0-1)(2m3;p(2n3))
(_1)2m22n1 ((_1)2m1+2n2B(02’ 0_3)(2n2;13(2m2))1,:)522),5:)533B(Us7 ‘71)(2m3;p(2n3))ng,gf,gf_ (2.18)

(_1)2m2+2n1 B(Ug, 01)(2n3;p(2m3))P0;,U22 ,[;n B(Ug, 0_3)(2m2 ;p(2n2))P§227g117b033)

with the prefactor
(—1)m=smzs T(Bs, B2, 61) S5 (3)96(5 — D)

Sb(n?25,+1)Sb(n%fl)sb(n%fl )Sb(nlzg+2 - b) .

TT (35, B2, 8) = (2.19)
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Here, say, the polynomial P; is given by the first formula (2.14), where now all 3; are given by (1.1), with only

the sign in front of (2.14) modified to (—1)”";’2(1"‘2"3)Jr2m32"3+2m2 = (—1)mzs(+2na)+2m1 et ys also write down
the expression for one of the dual polynomials

—n?2 n " n? n?
B o_ ponoies (_1)n123(1+2m2)+2n3>\L 13/2Sb(2 2+1)Sb(2 %+1) 13 Sb( 13bJrl) 290
1 = 482,81,8s 1 Z n2,+1—u X ( ’ )
Sb(3) u=0 Sb(HTu)Sl‘z(—13 b )
2 2
Ga(o1 + 2,Q — f1 — 55, 02) Ga(01 — 252, Q — 3 — M2—"03)
Ga(01,Q — B1,02) Ga(01,Q — 3,03)

The cyclic symmetry of the full correlator is ensured by construction and is equivalent to a relation generalising
(2.17),

(—1)2m2@me+D) By g )(2msip(2n2)) py 4 cyclic permutations = 0 (2.21)

and its dual with the dual polynomials and m; < n;. In particular, when all m; = 0 the dual relation reproduces
the cyclic identity satisfied by the first order dual polynomials B(oa,03)%P(2m2) — (—1)?™2¢, — &, etc., which
appear in the numerator in (2.15). The composition of the duality transformation b — 1/b, m; < n; with reflection
of all three fields keeps (2.18) invariant.

3 Summary and discussion

We have obtained the general Liouville dressing factor in the tachyon 3-point boundary correlator with degenerate
¢ < 1 representations. Formula (2.18) represents the Liouville correlator as a ratio of polynomials of the boundary
cosmological parameters ¢;, ¢; generalising the partial results in [5, 6]. This solution of the Liouville pentagon
equations extends to the minimal gravity theory with rational b2, in which case there may appear further truncations
of the sums. The general 3-point boundary tachyon correlator is a product of (2.18) and the matter 3-point boundary
correlator, satisfying a 4-term equation, see [11] for an explicit formula and further discussion.

A possible extension of our result would allow us to describe also the 3-point boundary tachyon correlators cor-
responding to the ZZ branes. For this purpose, the roles of the matter and Liouville spectra and the corresponding
correlators are essentially inverted: the Coulomb gas Liouville correlator for degenerate ¢ > 25 representations
describing both the charges and the boundaries should be combined with a matter factor obtained by analytic con-
tinuation of the solution (2.18). Note that the corresponding discrete ¢ < 1 spectrum parametrises the irreducible
representations embedded as submodules of the reducible Virasoro modules. The analogous characteristics of the
¢ > 25 spectrum (1.1) have been exploited in the construction of the 4-point bulk tachyon correlators [12].
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