
1 Introduction
Load induced thermal strain (LITS) is an integral part of

the behaviour of concrete in fire. The existence of LITS has
been well documented and modelled by different researchers.
It is vital that this strain development is correctly represented
in structural models, as the locked in strains due to LITS con-
stituents are significant. Current methods of modelling LITS
involve incorporating the strains into constitutive curves. This
approach allows the total strains developed due to LITS to be
simply included in a finite element analysis. More thorough
representation is needed to accurately represent the plastic
components in loading directions, and the total strains in
non-loading directions. This paper presents a technique to
allow the evolution of LITS in accordance with the rules
developed in several academic material models [1–3]. The
technique is implemented with a simple Drucker-Prager yield
surface and the results assessed.

2 Current methods
Inclusion of LITS in a concrete constitutive curve is a con-

venient way of representing LITS in finite element analyses.
It allows the modeller to make the LITS constituents tem-
perature dependent and stress dependent – through the use
of multiple curves and by giving strains for different stresses
respectively. A number of models are available from different
sources and for different concretes [1–4]. Failure to represent
LITS will result in the modeller not modelling the strains
developed in the material accurately, thereby giving an ex-
cessively stiff structure. In fact, it could be argued that since
LITS is an integral part of concrete behaviour, a modeller fail-
ing to include it will not be modelling concrete but some
other, non-physical, material.

Once the total strains caused by LITS have been repre-
sented, one can then think about the division between elastic
and plastic strains. It has been observed that the largest LITS
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Fig. 1: Plastic flow, and model setup



constituents are irrecoverable [5], i.e. they are plastic strains.
Therefore, to accurately model these plastic strains it is neces-
sary to determine the elastic modulus of the material as a
function of temperature. If the modulus is too stiff, the plastic
strains will be overestimated; too soft, and they will be under-
estimated. The correct modelling of plastic strain constituents
becomes increasingly important as a structure cools, since the
plastic strains will induce greater tension on strain reversal.

Some authors have presented their material models in
parts, allowing the user to build the strain constituents into
the full curve. The elastic modulus is, therefore, a precisely
identifiable constituent of the material model and can be in-
cluded in a structural model as such; henceforth, this will be
termed the “actual” modulus. Other material data such as
that presented in the Eurocode do not specify the value of the
elastic modulus. In this case, extra care must be taken to rep-
resent the strain components accurately. Where the elastic
modulus is the initial gradient of the constitutive curve, this
will be termed the “apparent” modulus.

3 Multiple dimensions
The primary focus for research has been on total and plas-

tic strains in the direction of loading. However, attention must
also be paid to the non-loading directions. Depending on
the model in use, failure to carefully consider the elastic
modulus of the material will result in unrepresentative plastic
strains, unexpected strains in the non-loading directions, or a
mixture of both. The potential for these effects to manifest
themselves can be demonstrated by a simple example.

3.1 Simple example
Consider a small cube of concrete, subject to a displace-

ment controlled loading in principle direction 2, but free to
move in the transverse directions with a Drucker-Prager yield
surface and a perfectly plastic material behaviour, as shown in
Fig. 1. The associative isotropic flow rule (used here for sim-
plicity) dictates that once the yield surface is reached, plastic
strain must occur in a direction orthogonal to the yield
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Fig. 2. The same constitutive curve with different elastic moduli gives different lateral deformations and direct plastic strains



surface in stress space. This means that plastic strains are
induced in directions other than the one in which the load
is applied.

Since the location of trial stress is a function of the elastic
modulus, the implications of this for the implementation of
LITS via a constitutive curve are significant. The inclusion of
LITS whether implicitly (with an “apparent” elastic modulus)
or explicitly (with an “actual” elastic modulus) will result in a
proportion of that LITS becoming active in the transverse di-
rections. The magnitude of the extra strain would depend on
the stress state of the material, and on the degree of plasticity
developed in the principle direction. For example: should the
element described above be at a stress state at point A, no
plastic strains would be induced in the 1-direction.

In the case of the apparent modulus, a large proportion of
the extra transverse strain may be elastic; while in the case of
the actual modulus, the major constituent of the incremental
strain would be plastic.

The impact of this difference is demonstrated below, using
the Drucker-Prager yield criterion with a constitutive curve
corresponding to that of the 200 °C Terro [2] LITS curve.
This temperature was used as there is a significant difference

between the actual and apparent moduli, but the temperature
is not too extreme. Two different models were created, each
with a different elastic modulus – apparent or actual – but with
the same constitutive curve (Fig. 2a). The numerical models
consisted of a single cubic finite element, restrained at the
base in the 2-direction (but free to displace in the 1 and 3-di-
rections) and were strained in the 2-direction. The corre-
sponding deformations and plastic strains were recorded.

Fig. 2b shows the total strains in the lateral deformation
direction. The strains in the 2-direction (i.e. the direction of
strain control) are the same for both of the models. In the un-
restricted directions, however, there are significant differences
in the total strains, particularly in the inelastic phase of the
constitutive model. The origin of these differences can be
clearly seen from Fig. 2c. In the “apparent” model the plastic
strains do not develop until much later in the deformation
process. The “actual” model on the other hand – because of
the difference between the elastic modulus and the shape of
the constitutive curve – activates the plastic strain constituents
immediately. This difference in plastic strain is entirely due to
the activation of the flow rule at a much lower stress. Conse-
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Fig. 3: Calculation of plastic and elastic strains: a) hardening with
apparent modulus, b) corresponding strains
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Fig. 4: Redistribution of strains due to the difference between ac-
tual modulus and apparent modulus: a) redistribution
found using actual modulus, b) corresponding strains



quently, though the plastic strain in the loading direction is
what would be expected from using the “actual” modulus in
the constitutive curve, the impact of this approach can be
clearly seen in the non-loading directions.

Since equations to represent LITS are all functions of tem-
perature and direct stress, the use of either the apparent or
the actual modulus is inadequate if one wants to model the
plastic strains accurately, whilst limiting the lateral
deformations.

4 The embedded modulus
To allow the modelling of LITS to be more representative,

a new method is proposed for the inclusion of LITS in
the constitutive model while avoiding the transverse strain is-
sue outlined above. The Drucker-Prager yield criterion and
plasticity equations are solved in a two step method: first, the
elastic strains and corresponding plastic strains are calculated
using the apparent modulus and the normal solution meth-
ods (Fig. 3); secondly, the elastic (�el1) and plastic (�pl1) strains
are recalculated using the actual modulus (Fig. 4). As such, the
actual modulus is embedded within the solution procedure.
This second stage can expressed simply as:

�
�

el
em

1 �

E
, (1)

where Eem is the embedded actual modulus and � is the stress
calculated from the previous solution. Since:

� � �el pl0 0� � total , (2)

where �el0 and a�pl0 are the original elastic and plastic strains,
and �total is the total strain. The new plastic strain can be di-
rectly calculated from:

� � �pl el1 1� �total . (3)

The new plastic and elastic strains are then used in the
subsequent analysis. The equivalent plastic strain is not, how-
ever, changed. Consequently, the strains developed in the
transverse directions are in line with those that would occur
when using an apparent modulus, but the plastic strains de-
veloped in the principle direction are as would be expected
from using the actual modulus. It should also be noted that
where plastic strain has occurred, but the yield function is
found to be negative (i.e. the total strain is reduced), the
corresponding elastic stresses must be recalculated using the
embedded modulus. Otherwise, the redistributed strains
would be reabsorbed into the elastic region on return to zero
stress.

A Drucker-Prager model was created [6–12] which incor-
porated this method of modification by the embedded
modulus. A model with an apparent elastic modulus and an
embedded actual modulus was subjected to the previously de-
scribed test. The results were compared with the previous
models (Fig. 5).

The total lateral strains experienced by the “embedded”
material are the same as those experienced by the “apparent”
material. Equally, the total plastic strain experienced in the
loading direction is the same as those experienced by the
“actual” material. Thus, a fully plastic, transient strain constit-
uent has been included in the model without affecting the

14 ©  Czech Technical University Publishing House http://ctn.cvut.cz/ap/

Acta Polytechnica Vol. 49  No. 1/2009

�0.02

�0.01

�0.02 �0.01

Apparent

Actual

Embedded

0.01

0.02

0.03

�0.02 �0.01

Apparent

Actual

Embedded

P
la

st
ic

st
ra

in
(å

p
l2

)

T
o

al
st

ra
in

(å
1
)

(åpl2)

(åpl2)

(å1)

(å1)
(å1)

(åpl2)

Total strain (å2) Total strain (å2)

t

Fig.5. Comparison of two stage approach with results from original models



deformations in the non-loading directions. This allows the
plastic LITS effect to be successfully modelled uni-axially and
in proportion to the applied stress in the way stated in the
governing LITS equations.

5 Conclusion
There are several conclusions to be drawn from this study:

� There are significant differences between a constitutive
curve which includes LITS, and a full constitutive model
which accurately represents LITS components.

� Inclusion of the plastic strains by means of an “apparent”
modulus is useful in one dimension; however, plastic flow
rules cause unwanted strains to develop laterally when
more than one dimension is considered.

� Use of a two step model with an “apparent” modulus, and
an embedded “actual” modulus within the material model
is one approach which can be used to correctly model the
plastic strain due to the LITS equations, while allowing
the strain in the lateral directions to be modelled correctly.
This model has been demonstrated in the case of an ele-
ment deformed uniaxially.
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