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Abstract  
 
Hydrocarbon reservoirs usually contain pores and various cracks, which may contain a small amount 
of bubble fluid. In this study, based on the wave theory of basic porous medium, the influence of 
various factors on fluid pressure are investigated, and then the stress-strain relationship and 
Lagrange’s equations with a dissipation function is utilized to derive the elastic wave equation of 
porous medium containing various cracks and a small amount of bubbly fluid initially. This elastic 
wave equation describes the influence of squirt flow induced by various cracks on seismic wave 
attenuation and dispersion, and the influence of the bubble linear vibration on seismic wave 
attenuation and dispersion effectively. Then, the seismic wave attenuation and dispersion of a given 
model is estimated and the matching of rock physics parameters are obtained in different frequency 
bands. The numerical results illustrate that the proposed approach is compatible with previous 
theory to explain the mechanics of the seismic wave attenuation and dispersion induced by fluid 
flow and can better describe the propagation of elastic waves in actual rock medium especially for 
the mechanics of the seismic wave attenuation and dispersion induced by fluid flow within various 
cracks and a small amount of bubble fluid. 
 
 
Keywords: Attenuation, Dispersion, Crack, Bubbly Fluid, WIFF. 
 
 

 
 
1. Introduction 

 
Seismic waves in the Earth’s medium possess attenuation and dispersion characteristic over a wide frequency 

range [Aki and Richards, 1980]. Numerous physical process mainly including elastic process and inelastic dissipation, 
may result to the attenuation and dispersion of seismic wave. Exploration geophysicists are particularly interested 
in the inelastic attenuation and dispersion due to the presence of fluid in the pores of the rock [Kumar et al., 2019] 
by the mechanism wave-induced fluid flow (WIFF) [Müller et al., 2010] including macroscopic scale, microscopic 
scale and mesoscopic scale. 

WIFF occurs from macroscopic flow caused by pressure gradients at the wavelength scale. Viscous-inertial 
attenuation and dispersion due to macroscopic flow is proposed by Biot’s theory [Biot, 1956a, 1956b, 1962; Wang 
et al., 1990; Pride, 2005; Mavko et al., 2009]. In accordance with these studies, macroscopic flow attenuation well 
exceeds the seismic frequency band. 



On the other hand, WIFF occurs from microscopic flow (squirt flow) caused by pressure gradients at the 
microstruture scale. According to the studies focused on microscopic flow [Mavko and Nur, 1979; Murphy et al., 
1986; Mavko et al., 1991; Parra, 1997; Dvorkin et al., 1995], the microscopic flow generally considered to be 
important at petrophysical frequencies but may also contribute to seismic and logging frequencies. Among these 
studies, one of typical theories is BISQ theory, which defines the squirt length ‘R’ to analyze the squirt flow [Dvorkin 
and Nur, 1993; Dvorkin et al., 1994]. However, the slow P wave of BISQ theory has a large attenuation in the low 
frequency band and is incompatible with the real situation of elastic wave attenuation [Tang, 2011]. Therefore, 
coin-type and pinch-type crack is respectively introduced into porous medium to make up for this deficiency [Tang, 
2011; Tang et al., 2012]. Furthermore, coin-type and pinch-type crack is simultaneously introduced into porous 
medium to describe seismic wave dispersion and attenuation [Wu et al., 2015]. 

WIFF can also occur from mesoscopic flow caused by spatial variations at the scale of much larger than 
microstruture but much less than the wavelength. Mesoscopic flow can cause attenuation and dispersion over a wide 
range of frequencies, especially significant in seismic bands. [Pride et al., 2004]. Two important models about 
attenuation and dispersion have been proposed, including the double-porosity model and patchy-saturated model. 
The double-porosity model is proposed by Pride and Berryman [2003a, 2003b] and extended to many special situations 
[Ba et al., 2011, 2017; Sun et al., 2018; Zhao et al., 2018; Zhang et al., 2019]. The patchy-saturated model is first 
proposed by White [1975] and developed by Dutta and Odé [1979a, 1979b] and Vogelaar et al. [2007]. However, on the 
basis of White’s model, when the gas content is small, the presence of gas has little effect on the propagation of 
seismic waves, which does not conform to bubble vibration theory given by Keller and Miksis [1980]. Therefore, the 
elastic wave theory of quantifying the attenuation of a small amount of bubble fluid is established [Wang et al., 2018]. 

Up to now, the model that considers mesoscopic flow, a small amount of bubble fluid and microscopic flow 
simultaneously is still challenging. Therefore, in this study, we propose a model, a porous medium containing 
various cracks and a small amount of bubble fluid. 

Firstly, we assume that the underground porous medium contains both coin-type, pinch-type cracks and a small 
amount of bubble fluid. Then under the framework of Biot theory, considering the influence of local flow and bubble 
linear vibration on seismic wave dispersion and attenuation, we establish an elastic wave equation. Through 
calculation and analysis, this new theory not only retains the basic characteristics of the previous theory, but also 
greatly improves the ability to predict and simulate the propagation of elastic waves in porous medium. 

 
 

2. The influence of various factors on fluid pressure 
 
2.1 Review of the influence of various cracks on fluid pressure 

 

The fluid pressure of porous medium is [Biot, 1956], 

 
 

(1) 
 

 
where, 𝛼 = 1 ‒  , 𝛽 =  +  , 𝒘 = 𝜙 (𝑼 ‒ 𝒖), and, 𝒖, 𝑼 is the solid displacement and fluid displacement, 
respectively. 𝐾�, 𝐾� , 𝐾�,  are the skeleton, solid, fluid bulk modulus, respectively. 𝜙 is the porosity of the rock. 

Under the assumption that coin-type cracks and pinch-type cracks in a porous medium are randomly oriented 
in the three-dimensional space, we involve cracks into the porous rock, which cause the “squirt flow” between 
cracks and pores (as shown in Figure 1). Moreover, in a unit rock volume the increase of fluid dilatation due to local 
flow into pore space is 𝑞�. The pore pressure in turn is changed to accommodate the added fluid content, 𝜙𝑞�. 
𝑖 = 1, 2 represent coin-type crack and pinch-type crack, respectively. And the fluid pressure is [Wu et al., 2015], 
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Using 𝑞₁ = 𝑆₁(𝜔) 𝑃�/𝜙 and 𝑞₂ = 𝑆₂(𝜔) 𝑃�/𝜙 to characterize the squirt flow influence induced by coin-type crack 
and pinch-type crack on the pore pressure yields, 

 
 

(3) 
 

 
The specific expression of 𝑆�(𝜔) is given in Appendix A. 

2.2 The influence of bubble fluid on fluid pressure 
 
In addition to the existence of cracks, there is always a small amount of bubble fluid in the underground porous 

medium (as shown in Figure 2). Therefore, it is necessary to consider the attenuation caused by a small amount of 
bubble fluid. Following the method to research the attenuation caused by a small amount of bubble fluid, the bubble 
volume fraction 𝜙� can be expressed as, 
 

(4) 
 

 
where 𝑉� is the content of bubbles per unit pores, 𝑉� = 4𝜋𝑎³𝑁/3, R is the instantaneous radius of the bubble, 𝑁 is the 
number of bubbles in the unit volume, 𝑉� is the volume of unit pore, 𝑉� = 4𝜋𝑎³𝑁/3 and 𝑎 is pore radius. 

The relationship between the bubble volume fraction 𝜙� and the instantaneous radius R of the bubble is 
 
 

(5) 
 

 
Introducing bubbly fluid into the porous rock with the following hypothesis including the bubbles are the same 

𝑃 = ‒ (α∇ ⋅ 𝒖 + ∇ ⋅ 𝒘) 
𝛽 + 𝑆₁(𝜔) + 𝑆₂(𝜔)

𝑉� 
𝑉�𝜙� = 

𝑁𝑅³ 
𝑎³𝜙� = 
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Figure 1. The porous medium containing different kinds of cracks 
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size and evenly distributed in the fluid, the gas in the bubble is the ideal gas, ignoring the influence of the vapor 
inside the bubble, the gas and liquid are mutually incompatible and bubble fluid’s contribution to the fluid 
modulus𝐾� could be negligible for its little volume. 

Using the commander bubble linear vibration theory [Wang et al., 2018], the fluid pressure is 
 
 

(6) 
 

 
with 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
where 𝑅₀ is the initial radius of the bubble, 𝑃��₀ is the pressure inside the bubble at steady state, and 𝑃��₀ = 𝑃∞ + 2𝜎/𝑅 
from the boundary condition of the bubble, 𝑁 is the number of bubbles in the unit volume, 𝜎 is the surface tension 
coefficient of the gas-liquid interface, 𝜂 is the pore fluid viscosity coefficient, 𝐷 is the thermal diffusivity of the gas 
and 𝛾 is the specific heat of the gas. 

𝑃 = ‒ (α∇ ⋅ 𝒖 + ∇ ⋅ 𝒘) 
𝛽 + 𝜉
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Figure 2. The porous medium containing a small amount of bubble fluid.



2.3 The influence of various cracks and bubble fluid on fluid pressure 
 
In complex underground porous medium, there may be cases where a small amount of bubble fluid is present in 

mixed cracks, which means the bubble fluid and various cracks are introduced into the porous rock simultaneously. 
In such case, two mechanisms affect fluid pressure (as shown in Figure 3). We assume that these two factors act 
independently and do not interfere with each other, and the fluid pressure is 

 
 

(7) 
 

 
where 𝛼 = 1 ‒  , 𝛽 =  +  , 𝒘 = 𝜙 (𝑼 ‒ 𝒖), 𝜉 =  𝜙. 𝒖, 𝑼 is the solid displacement and fluid 
displacement, respectively. 𝐾�, 𝐾�, 𝐾� are the skeleton, solid, fluid bulk modulus, respectively. 𝜙 is the porosity of 
the rock. The specific expression of 𝑆�(𝜔) is also given in Appendix A. 

3. Elastic wave equations of porous medium containing various cracks and a 
small amount of bubbly fluid 
 
Under the framework of Biot theory, the stress-strain relationship of porous medium containing various cracks 

and a small amount of bubbly fluid is, 

(8) 𝜎�� = 2𝑁𝜀�� + 𝐴𝜀𝛿�� + 𝑄𝜁𝛿�� 
𝑆�� = 𝑄𝜀𝛿�� + 𝑅𝜁𝛿�� 

 
where 𝛿�� is the Kronecker’s symbol, 𝜎�� is the solid phase stress, 𝑆�� is the fluid phase stress, 𝑆= 𝜙𝑃. 𝜀�� is the solid 
phase strain, 𝜀 = ∇·𝒖. ζ is the fluid phase strain and ζ = ∇·𝑼. 

Furthermore, dynamic equations for porous medium containing various cracks and a small amount of bubble 
fluid derived from Lagrange’s equations with a dissipation function [Biot, 1956] are, 

𝑃 = ‒ (α∇ ⋅ 𝒖 + ∇ ⋅ 𝒘) 
𝛽 + 𝜉 + 𝑆₁(𝑤) + 𝑆₂(𝑤)
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Figure 3. The porous medium containing different kinds of cracks and a small amount of bubble fluid.



 
 

(9) 
 

 
 
And the fluid pressure is, 
 

(10) 
 

 
Combining equation (8), (9) and (10), the elastic wave equation of porous medium containing various cracks and 

a small amount of bubbly fluid can be expressed as, 
 

 
 (11) 

 
 
with 
 
𝜌11 + 𝜌12 = (1 ‒ 𝜙)𝜌� , 𝜌₁₂ +𝜌₂₂ = 𝜙𝜌� , 𝜌₁₂ = {1 ‒[1 + 𝑟 (1/𝜙 ‒ 1)]}𝜙𝜌� ,  
 
𝑏 = 𝜂𝜙²�1+𝑖𝜔/2𝜔� /κ , 𝜔� =  , 𝑁 = 𝜇, 𝑃 = 𝐴 + 2𝑁 ,  
 
𝑃 = 𝐾� + 4𝜇/3 + (𝛼 ‒ 𝜙)²/[𝛽 + 𝜉 + 𝑠₁(𝑤) + 𝑠₂(𝑤)] 
 
𝑄 = 𝜙 (𝛼 ‒ 𝜙)/[𝛽 + 𝜉 + 𝑠₁(𝑤) + 𝑠₂(𝑤)] 
 
𝑅 = 𝜙²/[𝛽 + 𝜉 + 𝑠₁(𝜔) + 𝑠₂(𝜔)] 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
where 𝒖, 𝑼 is the solid displacement and fluid displacement, respectively, 𝜇 is the shear modulus, 𝐾�, 𝐾�, 𝐾� are the 
skeleton, solid, fluid bulk modulus, respectively, 𝑃, 𝑄, 𝑅 are the modulus, respectively, 𝜌� and 𝜌� are solid density and 
fluid density, respectively, 𝜂 and κ are the viscosity coefficient and permeability of the fluid, respectively, 𝜔 is the 
circular frequency and 𝜔� is the Biot characteristic frequency, 𝜔₀ is the resonance frequency, 𝛼 is the Biot coefficient,  
𝑎i s pore radius. 
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4. Numerical calculation results and analysis 
 
We compute the seismic wave attenuation and dispersion for porous medium containing various cracks and a 

small amount of bubbly fluid using proposed theory and method in this study. The calculation formula is shown in 
appendix B. Table 1 gives the model parameters. 

 
 
4.1 Comparison of the theory of the proposed with previous ones 
 
Figure 4 (a) and (b) display the dispersion and attenuation for the fast P wave for Biot theory, porous medium 

containing coin-type crack and pinch-type crack, porous medium containing a small amount of bubbly fluid and the 
proposed theory respectively in the frequency range of 10 to 107 Hz with logarithmic scale. It can be obviously 
observed from Figure 4(a) that in the proposed model, there is a significant dispersion of fast P wave velocity from 
low frequency to high frequency. It also can be clearly observed from Figure 4(a) that in the proposed model, the 
attenuation parameter curve of the seismic wave presents “multiple peaks”. Those peaks are induced by squirt flow 
caused by coin-type crack, squirt flow caused by pinch-type crack, “Biot flow” attenuation mechanism and bubble 
linear vibration, corresponding to the peak of Cracks curve, Biot curve and Bubbly fluid curve. 

Figure 4 (c) and (d) display the dispersion and attenuation for the slow P wave for Biot theory, porous medium 
containing coin-type crack and pinch-type crack, porous medium containing a small amount of bubbly fluid and 
proposed theory respectively in the frequency range of 10 to 107 Hz with the logarithmic scale. At low frequency, 
the speed of slow P waves approach zero, meanwhile the speed increases with frequency. The slow P wave speed 
given by the proposed theory is lower than the speed of the Biot theory and unstable in the frequency of  Hz, 
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Parameter Figure 4 Figure 5 Figure 6 Figure 7 Figure 8

𝜙 0.3 0.3 0.2-0.3 0.3 0.3

κ(D) 1 1 1 1-10 1

𝜂(cp) 0.006 0.006 0.006 0.006 0.006

𝜌s(kg∕m3) 2650 2650 2650 2650 2650

𝜌f(kg∕m3) 1000 1000 1000 1000 1000

μ(GPa) 5 5 5 5 5

Ks(GPa) 36 36 36 36 36

Kd(GPa) 6 6 6 6 6

Kf(GPa) 2.25 2.25 2.25 2.25 2.25

𝜀1 0.0025 0.0025 0.0025 0.0025 0.0025

𝛾1 0.0020 0.0020 0.0020 0.0020 0.0020

𝜀2 0.0025 0.0025 0.0025 0.0025 0.0025

𝛾2 0.0015 0.0015 0.0015 0.0015 0.0015

𝜙g 10-4 0-10-4 10-4 10-4 10-4

R0(m) 2.0×10-6 2.0×10-6 2.0×10-6 2.0×10-6 2.0×10-6

D(m2/s) 2.4×10-5 2.4×10-5 2.4×10-5 2.4×10-5 2.4×10-5

𝜎(N/m) 72.25×10-3 72.25×10-3 72.25×10-3 72.25×10-3 72.25×10-3

P∞(Pa) 1.0×105 1.0×105 1.0×105 1.0×105 1.0×105

Γ 1.4 1.4 1.4 1.4 1.4

Table 1. Parameter values.



which is resulted in the additional attenuation caused by the squirt flow and bubble linear vibration.  
Moreover, the low-frequency attenuation characteristics of the slow P wave are similar to Biot’s theory slow P wave 
attenuation characteristics, with 1∕Q value approaching around two in the low-frequency limit.  

From those, we can discern that the proposed model is compatible with the characteristics of previous theory and 
can better describe the propagation of seismic waves in underground porous medium. 

 
 
4.2 Comparison of the proposed model with patchy-saturated model 
 
Figure 5(a) and (b) display the dispersion and attenuation for the P wave for patchy-saturated model [Vogelaar 

et al., 2010] and the proposed model in the frequency range of 10 to 107 Hz with logarithmic scale. It can be clearly 
seen from Figure 5(b) that in the two models, the attenuation parameter curve of the seismic wave presents “multiple 
peaks”. In the patchy-saturated model, those peaks are induced by mesoscopic flow, squirt flow caused by coin-
type crack and squirt flow caused by pinch-type crack. While in the proposed model, those peaks are induced by 
squirt flow caused by coin-type crack, squirt flow caused by pinch-type crack and bubble linear vibration. 
Furthermore, it is obvious to observe that the mechanism of attenuation induced by two-phase fluid on patchy-
saturated model is important at seismic frequencies while the mechanism of attenuation induced by two-phase 
fluid in proposed model plays a significant role in vibrate frequencies. 
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Figure 4. The attenuation and dispersion of the fast and slow P waves for different theories. The dispersion velocity (a) 
and attenuation (b) for the fast P wave, the dispersion velocity (c) and attenuation (d) for the slow P wave.

a) b)

c) d)



4.3 Wave dispersion and attenuation characteristics and frequency dependent parameter 
 
For the sake of describing the dispersion and attenuation characteristics of the seismic wave more clearly, we 

compare the seismic wave dispersion and attenuation curves for different bubble fluid volumes (Figure 6), porosity 
(Figure 7), permeability (Figure 8), and fluid viscosity (Figure 9). 

Figure 6 shows the dispersion and attenuation for the fast P wave and slow P wave for different bubble volume 
fraction in the frequency range of 10 to 107 Hz with logarithmic scale. As shown in Figure 6, the bubble volume 
fraction only affects the seismic attenuation and dispersion caused by the linear vibration of the bubble. The velocity 
attenuation and the dispersion become obvious with increasing of the bubble volume fraction, which indicates that 
the amplitude of velocity attenuation increases with increasing of the bubble volume fraction. In a summary, bubble 
volume fraction is a frequency dependent parameter. 

Figure 7 shows the dispersion and attenuation for the fast P wave and slow P wave for different porosity in the 
frequency range of 10 to 107 Hz with logarithmic scale. As shown in Figure 7, the curves of fast P-wave dispersion 
change obviously with increasing of the porosity while the curves of slow P-wave dispersion do not change obviously 
with increasing of the porosity. With increase of the porosity, the attenuation caused by the “squirt-flow” and caused 
by the linear vibration of the bubble does not move while their amplitude reduces. Moreover, the curves of P-wave 
velocity and the peaks caused by the “Biot flow” move toward high frequencies with the increase of the porosity. In 
a summary, porosity is a frequency dependent parameter. 

Figure 8 shows the dispersion and attenuation for the fast P wave and slow P wave for different permeability in 
the frequency range of 10 to 107 Hz with logarithmic scale. As shown from the figure 8, the bubble volume fraction 
only affects the seismic attenuation and dispersion caused by Biot mechanism. The curves of P-wave attenuation 
do not change obviously with increasing of the permeability. Furthermore, the curves of P-wave velocity and the 
peaks caused by the “Biot flow” move toward low frequencies with the decrease of the permeability. In a summary, 
permeability is a frequency dependent parameter. 

Figure 9 shows the dispersion and attenuation for the fast P wave and slow P wave for different fluid viscosity 
in the frequency range of 10 to 107 Hz with logarithmic scale. As shown in Figure 9, the curves of P-wave velocity 
and the peaks caused by the “Biot flow” move toward low frequencies with the increase of the fluid viscosity and 
the curves of P-wave velocity and the peaks caused by the “squirt flow” move toward low frequencies with the 
increase of the fluid viscosity. Both of the amplitude value reduced slightly. What attracts us most is the curves of 
P-wave velocity and the amplitude of the peak caused by the linear vibration increases with the increase of the 
fluid viscosity, which proves that fluid viscosity is an important factor affecting attenuation caused by the linear 
vibration. In a summary, fluid viscosity is a frequency dependent parameter.
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Figure 5. The attenuation and dispersion of the P waves for patchy-saturated model and the proposed model. The 
dispersion velocity (a) and attenuation (b) for the P wave.

a) b)
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Figure 6. The attenuation and dispersion of the fast and slow P waves for the porous medium containing different kinds 
of cracks and a small amount of bubbly fluid in the frame of Biot theory under condition of different bubbly 
fluid volume. The dispersion velocity (a) and attenuation (b) for the fast P wave, the dispersion velocity (c) and 
attenuation (d) for the slow P wave.

a) b)

c) d)
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Figure 7. The attenuation and dispersion of the fast and slow P waves for the porous medium containing different kinds 
of cracks and a small amount of bubbly fluid in the frame of Biot theory under condition of different porosity. 
The dispersion velocity (a) and attenuation (b) for the fast P wave, the dispersion velocity (c) and attenuation 
(d) for the slow P wave.

a) b)

c) d)
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Figure 8. The attenuation and dispersion of the fast and slow P waves for the porous medium containing different kinds 
of cracks and a small amount of bubbly fluid in the frame of Biot theory under condition of different permeability. 
The dispersion velocity (a) and attenuation (b) for the fast P wave, the dispersion velocity (c) and attenuation 
(d) for the slow P wave.

a) b)

c) d)
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Figure 9. The attenuation and dispersion of the fast and slow P waves for the porous medium including different kinds of 
cracks in the frame of Biot theory under condition of different fluid viscosity. The dispersion velocity (a) and 
attenuation (b) for the fast P wave, the dispersion velocity (c) and attenuation (d) for the slow P wave.

a) b)

c) d)



5. Conclusion 
 
Cracks and a small amount of bubbly fluid have an important influence on the propagation of elastic waves, 

which can produce considerable attenuation and dispersion of elastic wave propagation. Through the specific 
analysis of the squirt flow effect and the linear vibration of the bubble, we derive a theory of elastic wave that 
describes the porous medium containing various and a small amount of bubbly fluid. It can effectively simulate the 
influence of cracks and a small amount of bubbly fluid on elastic wave propagation and maintain the basic 
characteristics of Biot theory.  
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